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Measurement of the specific heat and magnetic susceptibility of the cubic sodium tungsten bronzes, Na, WO, ,

has been made for 0.22 ( x & 0.60. These measurements are consistent with earlier measurements for x ) 0.54

which show that the electronic density of states at the Fermi level, p(e„), varies linearly with Na concentration

instead of as x '" as would be expected in the free-electron model. By making an analogy to band-structure

calculations of the isostructural material ReO„ the linear dependence of p(eF) is found to be consistent with

the nearly-free-electron model and with the ReO, band shape.

I. INTRODUCTION

The metal-insulator (M1) transition in the cubic
sodium tungsten bronzes, Na„WO3, mas first noted
in absorption- syectra measurements made by
Brown and Banks' in 1954. Since then there have
been many experiments in which both the nature
of the transition at x=0.25 and the physical prop-
erties of Na„WO, mere examined. Particularly
intriguing was the observation by Greiner, Shanks,
and Wallace' that the density of states at the Fer-
mi energy p(e„), as determined from magnetic-
susceptibility and syecifie- heat measurements
for x ~ Q. 5, does not follow the concentration de-
pendence predicted by the nearly-free-electron
model but varies linearly with Na concentration.
The availability of cubic Na„WO, crystals cover-
ing the concentration range 0.22 —x —0.6 has given
us an opportunity to make measurements much
closer to the MI transition. Measurements near
the transition are essential if one is to have any
hope of seeing special manifestations of the tran-
sition, such as enhancement of the specific heat
or a deyarture from the linear dependence of
p(e ~) with Na concentration.

As a result of the extensive study of the MI tran-
sition in a number of materials during the past
decade, it has become evident that the MI tran-
sition must be considered to result from several
different effects. In the classic problem as pro-
posed by Mott, ' one considered the long-range
Coulomb interaction and correlations of electrons
in an ordered solid as the atoms are brought close
enough together to cause the transition from an in-
sulator to a metal. In practice, however, it is a
very difficult problem to expand or contract a lat-
tice sufficientlyby yressureto cause such a transi-
tion. Hence, other devices such as using doped
semiconductors, ' compressed metallic gases, '
or systems where interatomic distances are
changed with comyosition' have been tried. This
retreat from the ideal system introduces an ad-

ditional complication to the problem, in that the
existence of a nonuniform potential may cause
localization. Thus in any system in which dis-
order exists three mechanisms must be con-
sidered: electron-electron interactions as de-
scribed by Mott4 and Hubbard, ' localization-de-
localization in the Anderson sense, ' and perco-
lation. '

Percolation has been previously used to de-
scribe the metal-semiconductor transition in
heavily doped semieonduetors. In this case it is
assumed that a sphere of conductivity with a
radius approximately equal to the Bohr radius
of the charge carriers is associated with each
impurity site. As the impurity concentration in-
creases, more and more of the syheres overlay,
forming clusters. Eventually as the clusters
grow larger with increasing doping, they coalesce
to form a conducting bridge across the crystal.

The sodium tungsten bronzes crystallize in the
cubic yerovskite structure for 0.48 —x —0.95 with
the corner linked WG, octahedra at the corners
of the unit cell forming a large interstitial yosi-
tion for the Na. Although for x —0.48 Na„WO,
normally erystaQizes in a tetragonal structure,
I ightsey" has been able to make crystals of the
cubic phase with x as low as 0.22 by the process
of diffusion dilution introduced by McNeill and
Conroy. " Various earlier measurements indi-
cate that the Na atom is completely ionized with
the electron going into the 5d(t„) orbitals of the
tungsten. "

Sodium tungsten bronzes in the insulating state
bear a striking resemblance to heavily doped n-
tyye semiconductors in the semiconducting state.
In both, one expects isolated ionized impurity
atoms with electrons in extended orbits around
them, and a transition to a metallic state as the
impurity eoncentr ation is increased. Cubic
Na„WO, might be expected to be an ideal material
for investigating the applicability of percolation
theory to the MI transition since the x value for
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the transition suggests that the bound electron is
largely confined to a single lattice cell.

A percolation model has been used to interpret
several previous experimental results on the me-
tallic form of Na„WO, . Electrical- resistivity
measurements" for 0.22 —x—0.90 have been fitted
to a power-law relation predicted by Kirkpatrick'4
using a resistor network version of a site perco-
lation model. Also, Fuchs" showed that the linear
concentration dependence of p(e~) which we have
noted is consistent with a percolation model.

II. EXPERIMENTAL PROCEDURES

The Na„WO, samples used in this work were
prepared by diffusing Na ions from thin slices of
Na 0 60WO, that had been made by cathodic reduc-
tion of a tungsten oxide-sodium tungstate melt.
This diffusion was done by annealing an appro-
priate mixture of the thin slices of Nag 6pWO3,
powdered Na, «WO„and WO, in an evacuated
quartz tube until a uniform mixture of concen-
tration x was achieved. In this way it was pos-
sible to prepare cubic Na„WO, with Na concentra-
tions as low as x= 0.22. This technique is de-
scribed in somewhat more detail in a forthcoming
paper. "

Concentrations were determined by x-ray powder
diffraction measurements of the unit cell dimen-
sion. Previous measurements" had shown that
Vegard's law was applied for 0.3 —x —0.8. Chemi-
cal analysis of a fraction of our samples indicated
that Vegard's law is valid down to our lowest con-
centrations. Nonuniformity of the Na distribution
was determined to be less that 20%0 by electron
microprobe and x- ray line broadening. The sam-
ples were initially screened by discarding those
which had nonuniform color, indicative of non-
uniform sodium concentration, and those which
showed anomalously high resistivity.

The calorimeter was essentially a copper can
which could be maintained at a constant tempera-
ture (to within about 10 p. K) and could be evacuated
or filled with exchange gas as required. The sam-
ple was mounted on a silicon chip platform 0.10
& 0.20 && 0.005 in. which was attached to the sam-
ple container, which served as the heat sink, by
0.07-mm Mo-Re wire. The sample heater and
sample thermometer were small 2-mg chips of
a 0.1-W 100-0 Allen-Bradley resistor epoxied
to the underside of the silicon chip. The leads to
the sample were made from the 0.07-mm Mo-Re
wire which was superconducting during all the
specific-heat measurements so that all heat could
be assumed dissipated in the sample heater and
so that a four-probe measurement of the resis-
tance of the sample thermometer could be made

well away from the sample. The thermometers
were calibrated against a calibrated Cryocal ger-
manium resistance thermometer prior to each
run, and all subsequent measurements were made
without allowing the thermometers to be heated
to greater than 10 K. The total thermal mass of
the sample holder, heater, thermometer, and
lead wires was less than 30% of the sample ther-
mal mass in all cases.

Measurements were made by the time-honored
technique of measuring the thermal time constant
of the sample assembly as it relaxes back to the
heat sink temperature. Typically decay constants
ranged from 1 to 30 sec depending on sample
sizes and the lengths of lead wire used.

Besides the basic simplicity of this technique
in the measurement of small heat capacities,
there are some advantages which are not readily
apparent. First and possibly most important is
the fact that one need only provide good tempera-
ture stability for times of approximately 10', 5v
to determine the equilibrium temperature and
5w to measure 7. Another advantage is that as a
result of the comparatively short time constant
atliquid-He temperatures, it is possible to purge
the sample of any adsorbed He gas that may have
accumulated during cool down by heating the sam-
ple assembly to 15 K for a short period of time.
Additionally, since the time constant measure-
ment is basically a cooling process, one measures
only the specific heat of the He gas itself and not
an apparent specific heat caused by the heat of
vaporization during a heat pulse.

Measurements were made on samples of mass
ranging from 50 to 300 mg with Na concentrations
of 0.22 —x —0.60. The samples were thermally
linked to the sample holder with less than 1 mg
of dilute GE 7031 varnish. The time constants
were determined by a least-squares fit to the
digitized data assuming an exponential decay. In
no case was there a variance greater than 2% to
the fitted data. No evidence of failure of the sam-
ple thermometer to track the sample was seen in
any of the reported runs.

The specific-heat results were analyzed by at-
tempting to fit the data to following relation:

C=yT+PT,

where in the simple theory of metals y is to be
associated with the specific heat of the conduction
electrons and g with that of the lattice. Figure 1
shows a plot of C/T vs T' for one of the samples
as well as a least-squares fit to the data. The
quality of fit shown here is typical of the measure-
ments on all of the samples and of the measure-
ments made on the empty sample holder. Table
I summarizes the values of y and g calculated for
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FIG. 1. Plot of C/T vs T of Nap 3pWO3. The solid
line is the least-squares fit of C/T =y +P T2 to the data
and *, the experimental results.
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Thus X, can be calculated using the previously
measured value of y„o = 13.9 && 10 ' emu/mole'

-6and yN, + = -6.1 && 10 ' emu/mole. '8 The calculated
room temperature values of X, are shown in
Table I.

ture in both cases is the corner linked WO, octa-
hedron. In the case of the bronzes, however, Na'
ions fill the large interstitial vacancies in the
cubic perovskite structure. A reasonable deter-
mination of X, can thus be made by assuming that
the contribution of the WO, lattice is essentially
independent of Na concentration and that the Na
is completely ionized. In this case, the mea-
sured susceptibility can be written

I3 = ', (12'—4)nP(1/eD)', (2)

where R is the gas constant and n& the number of
atoms per formula weight.

The magnetic susceptibility was measured using
a commercially available Faraday balance at room
temperature. Test runs at low temperature
showed Curie-like paramagnetism below 25 K
which was most likely due to unreacted sodium
tungstate. Near room temperature, no tempera-
ture dependence of X was measurable and it was
assumed that the only contributions to the suscep-
tibility came from the core diamagnetism X» the
Van Vleck paramagnetism X», and the paramag-
netism due to the conduction electrons X,. Thus
after any contributions to the measured X from
the quartz suspension were subtracted, the re-
sultant X could be assumed to be the sum of X~,
X~» and X,. In attempting to determine the mag-
nitude of each of these terms, we can note that al-
though the crystal structure of WO, is different
from that of Na„WO„ the basic unit of the struc-

each sample after corrections had been made for
the specific heat of the sample holder. Also shown
in Table I are values of the Debye temperatures
8D, calculated from the following definition of O~:

y(x) = ~s'ks p(e~), (4)

where k~ is Boltzman's constant. In the nearly-
free- electron model

p(e ) = (4m*/h')(3v'x/a )'

where m* is the reduced electron mass, h is
Planck's constant, and ao is the dimension of the
unit cell. From Eq. (5) we see that y(x) should
be proportional to x' '. As seen in Fig. 2, this
result is in conflict with the experimental values.

The susceptibility of the conduction electrons
in the nearly- free-electron model is

y, = p2ep(e~)(1 —m'/3m*'), (6)

where p. ~ is the Bohr magneton. Here again, us-
ing (5) and (6) we see in Fig. 3 that the predicted
behavior disagrees with experimental measure-
ments.

Clearly some explanation other than that of the
nearly-free-electron model with a parabolic band

III. DISCUSSION

Wilson" shows, to first approximation, that
when exchange and correlation forces are ignored,
the electronic specific-heat coefficient may be
written

TABLE I. Summary of results.

Composition y (mJ/mole K2) P (mJ/mole K4) OD (K) X (10 6 emu/mole)

Nap 23WO3
Nap 24WO3

Nap 25WO3

Nap 2)WO3
Nap 3pWO3

Nap 33WO3

Nap 36WO3
Nap 6pWO3

1.11
0.93
0.96
0.90
1.16

1.22
1.89

0.254
0.360
0.320
0.276
0.328

0.217
0.170

255
284
295
311
294

339
375

5.3
5.9
5.4
7.0
7.2

11.2
18.6
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FIG. 2. Plot of yg) vs concentration. The solid line
is the concentration dependence predicted by the free-
electron theory. 4, results from present work.
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is needed. To meet this need Fuchs" proposed
a yercolation model that gave a linear relation-
ship between p(e~) and x. In this model each unit
cell in the crystal whiqh contains a Na atom is
considered try4e an isolated particle of metal with
its Fermi lethal the same as that of the idealized
bulk material NaWOS. As the number of Na atoms
increases and the isolated cells form clusters and
eventually a spongy, nearly totally connected
mass, the Fermi energy is assumed to remain
constant with only the density of states at &~ in-
creasing linearly with the addition of each Na
atom.

The prime motivation for this theory was that
it did not seem reasonable to expect a band with

82 P'

12m h'c'
s'~ s'e s'e sfo-
ak ah gk'„gA' 9z

the functional dependence necessary to give p(c„)
increasing linearly with x. Band theory calcula-
tions on the isostructural material ReO» by
Mattheiss, ~ however, show just such a depen-
dence. The density of states curve calculated by
Mattheiss can be fitted reasonably well by a re-
lationship of the form p(e) =Re'~'o, which gives
the desired linear dependence to p(&„,x),"i.e. ,

p(e„)= (x/e, a', )+A.
Also in a calculation of the properties of a band
in which the electron energy is a function of only
two directions in k space, Wolfram" shows that
the density of states has an ayyropriate form to
give a linear dependence to the specific heat. One
should note that a band formed of these two-di-
mensional electron states could be a reasonable
approximation for Na„WO, since the electrons ap-
parently fill the 5d(t„) orbitals which are re-
stricted to the faces of the unit cell.

It is interesting now to see how the coefficients
A and e» determined from a least-squares fit
of the specific-heat data using Fig. 2 compare
with those determined by fitting the published
data of Mattheiss of the adjusted band structure
for ReQ, . When this is done, one finds the re-
markably good agreement shown in Table II.

Assuming that the previous discussion validates
our approximation to the correct density of states,
it is now possible to predict the susceptibility of
the conduction electrons. y, can be represented
by a sunl of the Pauli-spin paramagnetism Xp,
and of a diamagnetic part X~. To first approxima-
tion, the syin paramagnetism can be written

Xp
= p e p (&p) ~

Wilson" shows that the most important contribu-
tion to the molar diamagnetism of the conduction
electrons is

X

10

0 I
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I I I I I
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where the magnetic field is in the k, direction and
V is the molar volume, e the electronic charge,
c the speed of light, and f, the Fermi distribu-
tion function. Assuming only that & is a function
of

~

k ~, it is possible to show that to zeroth order
in kT/ez,

I"IG. 3. Plot of &, (x) vs concentration. The solid line
is the concentration dependence predicted by the free-
electron theory. The dashed line is that calculated using
p(&) =&e' '0 where& and ~() have been deter~~~ed from
the experimental values of y(x). 4, results from present
work. x, results from Greiner, Shanks, and Wallace,
Ref. 2. +, results from Kupka and Seinko, J. Chem.
Phys. 18, 1296 (1950).

A (states/eV cm3} &p (eV)

Re 03
Nax WO

22

0.26 x10"
1.26
0.92

TABLE II. Comparison of band parameters for Re03
and Na„W03 ~
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—e'V' d& d'&
9h'c' dk dk'

6y
(10)

y, can now be calculated using (8), (9), (10), and

(11) where kz is related to x by

n = x/e3 = k3~/8v'.

The results of this calculation are compared with
the experimental results in Fig. 3. The fit, while
not exact, is considerably better than that ob-
tained using the free- electron model. Primarily
this is due to the fact that by using the density of
states given in Eg. (11), m* is now dependent on
the band filling. It would be a little surprising if
the agreement were much better since in deriving
(10), an assumption was made that k was isotro-
pic, whereas the wolfram calculation implies a
strong anisotropy. It is also possible that the in-
creasing departure from the predicted behavior
at small x is some, as yet unexplained, effect of
the MI transition.

It should be noted that the model described here
makes several simplifying assumptions which
might affect the results. Possible effects on X of
changes in the electron-phonon coupling are ig-
nored as is the possibility of any Coulomb en-
hancement of X. Also, yvv is assumed to be con-
centration independent.

IV. CONCLUSIONS

One is now left with the necessity of reconciling
the two models. As noted before, the percolation
model gives a good approximate value for the
critical concentration, a good fit to the resistivity
results, and also yieMs the linear dependence of
p(~~) vs x. However, it seems unlikely to be
valid at high Na concentration when every cell

It is easy to show that for a band with a density
of states given by p(e) =Ae'~'0 that

e (k) = e, in[(ka/8v2&e. ) + 1].

must be considered part of the bulk material.
Recent work supports such skepticism. X- ray
photoemission measurements'~ indicate that there
is a uniform electron density at the 8' sites, and
that there is a well defined conduction band with
the number of states increasing with increasing
concentration. In addition, Tunstal12' shows that
the x dependence of NMR relaxation times is in-
consistent with extension of the percolation model
to values of x substantially above the MI transi-
tion at x—= 0.25.

It would seem that a reasonable explanation of
what is happening would be a combination of both
models. In a range near the transition, a perco-
lation model should be a reasonable approxima-
tion. The model should be able to predict the
critical concentration and perhaps the initial form
of the resistivity versus concentration results.
However, as the electron concentration increases
substantially above that of the MI transition, the
metallic clusters are fully overlapped and perco-
lation ideas lose their utility. Although percola-
tion theory with the electron fully restricted to a
single lattice cell does predict the cox rect con-
centration dependence of p(a~) and of the resis-
tivity over the full range of x, these results ap-
pear to be coincidental. A far more useful model
and one that is consistent with all experimental
measurements is one in which added electrons
fill a rigid nonparabolic band of the shape pre-
dicted by band structure calculations.

ACKNOW'LEDGMENTS

I would like to acknowledge the support and ad-
vice of D. F. Holcomb and to thank P. A. Lightsey
for the use of his samples and for many useful
comments. I would also like to thank J. Thomas
for his assistance in making the susceptibility
measurements. Finally, I would like to acknow-
ledge discussions with H. S. Jarrett, D A.
Lilienfeld, T. P. Pearsa11, A. Suna, and D. P.
Tunstall which have been most helpful.

~ This work is supported in part by the Cornell Material
Science Center under NSF Grant No. GH 33637.

*Present address: Central Research and Development
Dept. , E. I. du Pont de Nemours @ Co. , Inc. , Wil-
mington, Del. 19898.

B W Brown and E Banks J Am Chem Soc 76 963
(1954}.

2J. D. Greiner, H. B. She~Ra, and D. C. Wallace, J.
Chem. Phys. 36, 772 (1962).

3B. W. Vest, M. Griffel, and J. F. Smith, J. Chem.
Phys. 28, 293 (1958).

N. F. Mott, Philos. Mag. 6, 287 (1961).
~D. F. Holcomb and J. J. Rehr, Jr., Phys. Bev. 183,

773 (1969).
6W. Even and J. Jortner, Phys. Rev. B 8, 2536 (1973).
TD. B.Me%ban and J. P. Bemeika, Phys. Bev. B 2,

3734 (197O}.
J. Hubbard, Proc. B. Soc. A 281, 401 (1964).

SB. Abou-Chacra, P. %'. Anderson, D. J. Thouless,
J. Phys. Chem. 6, 1734 (1973).

OP. A. Lightsey, Ph.D. thesis (Cornell University, 1972)
(unpublished).

~~W. McNeill and L. E. Conroy, J. Chem. Phys. 36, 87
(1962).

~2M. J. Sienko, J. Am. Chem. Soc. 81, 5556 (1959).
~3P. A. Lightsey, Phys. Bev. B 8, 3586 (1973).



14 HEAT CAPACITY AND MAGNETIC SUSCEPTIBILITY OF Na„WO3 1411

~ S. Kirkpatrick, Phys. Rev. Lett. 27, 1722 (1971).
R. Fuchs, J. Chem. Phys. 42, 3781 (1965).
D. F. Holcomb, P. A. Lightsey, D. A. Lilienfeld,
D. P. Tunstall, B.R. Weinberger, and F. C. Zumsteg
(unpublished) .

VM. E. Strauss~»s, J. Am. Chem. Soc. 71, 679 (1949).
G. W. Brindley and F. E. Hoare, Proc. Phys. Soc.
Lond. 49, 619 (1937).
A. H. Wilson, The Theory of Metals (Cambridge U.P.,
Cambridge, England, 1954), 2nd ed.
L. F. Mattheiss, Phys. Rev. 181, 987 (1969).

+The fact that Ae' '0 represents a reasonable fit to the
Re03 density of states and that the same functional
form would cause p (&z3) to vary linearly with & in
Na„WO3 has been pointed out by R. S. Silberglitt, Bull.
Am. Phys. Soc. 20, 308 (1975) and by D. P. Tunstall,
Phys. Rev. B 11, 2821 (1975).

22T. Wolfram, Phys. Rev. Lett. 29, 1383 (1972).
A. H. Wilson, Proc. Camb. Philos. Soc. 49, 292 (1953).

2 M. Campagna, G. K. Wertheim, H. R. Shanks, F. Zum-
steg, and E. Banks, phys. Rev. Lett. 34, 738 (1975).


