
I'H Y S ICAL RE V I E% B VOLUME 14, NUMBER 4 1S AUGUST 1976

Far-infrared magnetospectroscopy of the hole pocket in bismuth. I. Band-structure effects
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Weak cyclotron, spin-flip, and combined resonances associated with the hole pocket of bismuth have been

studied in magnetotransmission experiments at far-infrared frequencies in both the Voigt and Faraday
configurations. The experiments were done on single-crystal samples at liquid-helium temperatures in magnetic
fields up to 140 kG using far-infrared molecular-gas lasers (HCN, H,O, D,O). The anisotropy of the spectra
was studied with emphasis on the case in which the magnetic field is oriented in the binary plane. The
experimental data have been analyzed in terms of a one-band effective Hamiltonian derived by P-m

perturbation theory. Since the observed transitions are forbidden in the effective-mass approximation, the
effective Hamiltonian was taken to fourth order in P and If. Higher-order terms can be neglected because the
kinetic energy of the holes is small compared with the energy gap to the nearest band. Using Golin's

calculations of the interband velocity matrix elements as a guide, the parameters of the effective Hamiltonian
have been adjusted to give good account of the positions, linewidths, and intensities of the absorption lines.

The resulting Hamiltonian is also consistent with the cyclotron masses and spin-splitting factors reported in

the literature for the holes in bismuth. In the single-particle approximation the effective Hamiltonian does not
account for the sharp fine structure that is observed on the absorption lines. Experiments show that these

features are intrinsic effects in undeformed bismuth. They have been interpreted in terms of electron~lectron
interaction effects. The analysis of these effects will be published separately.

I. INTRODUCTION

The hole pocket in bismuth has not been nearly
so well characterized as in the case for the elec-
trons. The reasons for this are presumably the
following: (i) interband magneto-optical transi-
tions involving the holes have not been obsexved,
(ii) cyclotron-resonance signals are weaker be-
cause of the heavier hole masses and the shorter
hole relaxation times, and (iii) the hole dispersion
relations are nearly parabolic and ellipsoidal and
the departures are not well described in terms of
simple models. Indeed in the several attempts to
interpret experimental data in terms of the non-
parabolicity of the holes by using an effective two-
band model, effective energy-gap parameters that
range between' 66 and 250 MeV have been obtained.
On the other hand, high-precision cyclotron-reso-
nance and Shubnikov-de Haas experiments have
not shown any departure from an ellipsoidal Fermi
surface for the holes. s

Recently, Blewitt and Sievers4 have made a study
of Alfven wave transmission in bismuth in the far
infrared in which they observed weak hole cyclo-
tron-resonance absorption although the propagat-
ing mode was cyclotron-resonance inactive. They
interpreted the occurrence of the lines in terms
of small departures of the hole Fermi surface from
ellipsoidity and noted that the observed lines were
not inconsistent with the crystal symmetry. The
discovery of these absorption lines leads to the
possibility of a thorough study of the electronic
structure for the holes since their oscillator
strength, positions, and linewidths will all be

sensitive to the details of the band structure of
the hole pocket. This paper presents the results
of such a study.

In the experiments performed at far-infrared
laser frequencies, electric-dipole-induced spin
flip and combined resonances have also been
observed in addition to the cyclotron harmonics.
All of these transitions have been studied as a
function of the orientation of the magnetic field in
the binary plane of bismuth in both the Faraday
and the Voigt configuration. Also some results
are presented fox other magnetic field orienta-
tions.

Since the hole Fermi-surface dimensions are
very small compared with the Brillouin-zone di-
mensions, it is convenient to describe the elec-
tronic structure of the holes in terms of k ~ p per-
turbation theory. %'e have developed a one-band
effective Hamiltonian X,« for the holes including
terms to fourth order in P =p+ (e/c)A. Starting
with the energy gaps and velocity matrix elements
(II) calculated by Golin, ' we get an estimate of
the fourth-order terms which are responsible for
the "forbidden" absorption lines. By fitting the
observed positions of the weak absorption l.ines,
the parameters of 3C,«are refined, and good
agreement with the present experiments and micro-
wave cyclotron-resonance results are found.

Sharp fine-structure features are also observed
on the absorption lines which are not accountable
in terms of band-structure effects. These fea-
tures have been interpreted in terms of collective
states of the electron-hole pairs produced in the
optical absorption. These effects, which are
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FIG. l. Bismuth band structure near the T point of
the Brillouin zone with the notation and relative positions
of the band edges as given by Golin. s Column 1 gives
Golin's calculated values of the energy gaps. In Col. 2
the values marked with * are "experimental gaps" de-
termined by Golin to adjust experimental hole effective
masses and g factor. Values marked with f are the val-
ues chosen by Bate et el. ~3 to fit Shubnikov-de Haas ex-
periments on Sn-doped Bi. Column 3 shows the values
that we have chosen. Values marked with * were ad-
justed to the latest 0 determination of hole effective mass-
es and our own determination, of the ™g2.

closely related to the Fermi-liquid effects that
have been observed in metals and to excitons in
semiconductors, are the subject of a second
paper (hereafter referred to as II).

The k. p (P ~ w in this ease) perturbation theory
calculation is presented in Sec. II and the ex-
perimental details are described in Sec. III. In
Sec. IV we present our experimental results.
This is followed by a discussion of the fitting
procedure to determine the best parameters for
X,«. Concluding remarks and observations are
made in Sec. V.

II. ELECTRON BAND THEORY

A. One-band effective Hamiltonian for holes

The one-electron band structure for bismuth has
been calculated using the orthogonalized-plane-wave
method with relativistic cox x ections by Ferreira'

X, x

I

h

FIG. 2. The Fermi surface for the bismuth holes with
the coordinate systems and angle notations used in this
paper. X, Y, and Z correspond to the binary, bisectrix,
and trigonal axes, respectively. z corresponds to the
magnetic field orientation.

and the pseudopotential method by Golin. ' These
calculations are useful for establishing the main
features and spacings of the energy levels at dif-
ferent points in the Brillouin zone. It has been
established that the holes in bismuth are located
around the T point of the Brillouin zone in one of
six closely spaced bands as shown in Fig. 1. The
hole Fermi surface is illustrated in Fig. 2. The
pseudopotential calculation by Golin is particularly
useful because his calculation of the velocity matrix
elements needed in P ~ m perturbation theory cal-
culations appears more reliable. '0

In the P ~ g perturbation theory approach the
Hamiltonian is effectively expanded in powers of
the momentum measured relative to the band
extrema point ko. Using the Luttinger-Kohn
representation the eigenfunctions can be wxitten
as linear combinations of Bloch functions at ko
and envelope functions. An effective Hamiltonian
can then be found which acts only on these envelope
functions and can be used to calculate the energy
levels and the transition matrix elements for the
optical transitions. We will follow the formalism
which is used when a magnetic field is present.
This formalism was reviewed by Yafet~~ and more
recently by Zeiger and Pratt'3 whose notation we
use.

To describe the hole states in bismuth it is
necessary to consider the coupling of the six bands
near the Fermi level at T which lie within +2 eV.
All other bands lie greater than -7 eV away.
Therefore, a precise treatment of these six
Kramer degenerate bands would lead to a 12&12
matrix for the effective Hamiltonian and 12-compo-
nent wave functions. This approach has been used by
Bate ef gf. " to account for the nonparaboiicity of
the hole band observed in Schubnikov-de Haas ex-
periments on bismuth alloys. To study transitions
between magnetic states with such a description
would be vexy complicated; however such an ap-
proach has been used for the case of InSb. ~4
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In bismuth, the nearest band to the Tss(l) band
extremum (the one which lies closest to the Fermi
level) appears to be about 200 MeV away, and the
Fermi energy of the holes (measured relative to
the top of the T,s(1) band) varies only between 10
and 25 MeV in the magnetic field range of our ex-
periments. Indeed these conditions are precisely
why nonparabolic and nonellipsoidal effects in the
hole pocket are so small. It is therefore a rea-
sonable approximation to reduce the six-band effec-
tive Hamiltonian to a one-band effective Hamiltonian
by the Brillouin-Wigner decoupling scheme. ' With
this reduction the effective Hamiltonian reduced to
a 2&& 2 matrix with two-component "wave functions. "
Using Brillouin-Wigner perturbation theory the
effective Hamiltonian for the band j (Tes in our
case) can be written"

2
g&p)( eff)ff f +

2
+ ~ (g g(0&)+ + ~

+19ff, +1u v + 1vj+ ~ (g g(0))(g g(0))

+1/u +1uv+1vn1n5+ ~ g g(o))(g g(o))(g g(o))+ '
~ (1)

where

(2)3C(, —II, ~ P+ (P /2mo)b + 2)f 0 S„„,~ H,

and in this expression P=p+ (e/c)A and II„„.and

S„„,are the velocity and spin matrix elements de-
fined in Ref 12

The momentum P is measured relative to the
T point and S„"' is the energy of an electronic
state at the T point in band n. We have used
Golin's results for the matrix elements of H, and
the matrix elements of S can be neglected in Eq.
(2) in comparison with the other terms.

Following standard procedures' the one-band
effective Hamiltonian to fourth order in P and H

becomes

( &
P ~ P TIp II

p P
' ~ P II& H ~

- P Q ~ P ~ II~„H„~ P
( eff)ff f +

2
+ ~ (g(0) g(0)) ~ (g&0) g&0))2 si 2m M (g(0) g&0))

P ~ IIf„(P /2mo)P ~ II, f ~ P ~ Ilf, P ~ II,„P ~ 11 P ~ II„f
(g(0) g(0))2 + ~ (g(0& g(0&)(g(0) g&0&)(g(0) g(0))

V

where [A, B)s =2(AB+ BA). This can be rewritten

X X( + X2 (3Cef f ) f f

1
X) ——

2
P &2 P+ p 0(G((f(+ Gs(&2) FIe,

7WO

(3a)

(3b)

3C2 = —
2 [A((P4 +PQ+ ,'(P P—P„P„))+B((P P P„P )—(P„P„P„P))Pl p

+ C((Px Px Pz Pz )+(Pr Pr Pz Pz))+ DP z~+ P (f&e Hs G&es»f(P( Pf)+ )) 0 [Qf (Hx+ H r) + Qe H 2 ] (3c)
V7 P C(f g

In the above expression [AB ] means the sum of
all possible and different permutations of A., B, . . . ,
and the a are the Pauli spin matrices. Using the
energy gaps indicated in Fig. 1 and Golin's matrix
elements, we have calculated the coefficients in-
volved in (3c). The results are presented in
Table I.

With these energy gaps we can estimate the mag-
nitude of the fourth-order correction terms (Xs).
From q. (3) it is seen that these higher-order
terms are smaller than the second-order terms
by a factor of order I P ~ Il/E, ~l 2 where E, should
be the smallest energy gap 4, . This part of the
Hamiltonian will contribute corrections to the

parabolic dispersion relations of order

(I I P ~ II I I ) m„, E„1
Similar arguments indicate that the sixth-order
terms would produce a -1% correction so that
stopping at the fourth-order terms in K,« is a
reasonable approximation.

The calculated parameters present a starting
point for the determination of the best effective
Hamiltonian for the holes. On the other hand Eq.
(3) represents the general form of the effective
Hamiltonian for the holes in bismuth to fourth
order in I, and as such it provides a convenient
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+XX +XY
0'zz

From Golin's
velocity matrix

elementsb

15.87
l.529

Chosen to fit
experiments

16.87
l.626

G2

-3.64
-0.221
-0.0669
-0.0156

1.82
-0.110
-0.0334
-0.0078

TABLE I. Parameters for the effective Hamiltonian
(4a)-(4c) and expressions (6c)-(10) (cgs. units)~.

m (uf (kyP+kgg) y 0 c
&ny kgi ty I n

i

x x —f, k+ —'k, is),
1

y (x) =2""v'"(nt) ' 'e * 'H„(x), (5b)

top of the T45(l) band.
For the case in mhich X is on the binary plane

(corresponding to the experiments) we have for
the eigenvalues and eigenfunctions of X,

1 1
2

8„,, „=(n+ p+ ps@) h~, +
2

' n„,
Wl 0

Gii, i2= Giis2f
&ii, is = &ii si

6 i2sii = G12s22
G i2v23 ~i2s32

6 issii GiSt22

Gi3,33

G22 ii 622 22

622, 23
= 622,32

1"
23,33

Gsi, ii = Gsi, 22

&si, is = &si,si

l.67
0.702

l.67
0.702

16.25
-0.001

93
.24

12,8
0.93

-1.90
-0.10

0.67
0.28

0.67
0.28

6.5
-0.Q0041

-0.37
0.095

-0.37
0.095

5.1
0.37

-0.76
-0.04

where

'&e = (nsn2) ~co i
i /2

C, +iG,

1

f'= l'(n /n )'~'

%2=8, sin g+ gscos g
~ 2 2

a, = g, cos g+ Pssin 9,2 ~ 2

n, = (g —p ) sing cosg .

y= 2 [(G,'+ Ga)/(n, nz)P "cosy,
ns = ns n4/n2 i

l 0
= kc/eH,

(5d)

(5e)

(5f)

(5g)

Gs2, i2= Gs2, 2i

G32,23
= Gs2, 32

l.90
-0.10

0.76
-0.04

%e are introducing here the following definitions:

Gss, ii = Gss, 22 0.20

a = 0.5811& sgn(8)
X) =-as, Z;=-bs,

Q = Q. 8139x sgn(g)
A. =03

parametrization in which to fit the experimental
resonance positions, widths, and oscillator
strengths.

B. Hole dispersion relations

Coefficients A, 8, C, D, Qi, Q~ and the elements of
the tensor G~~, »; are given in units of 10i4.

"Energy gaps used in the calculation were those shown
in Col. (3) of Fig. l.

p, = p2-=nx»=n„r-=1/M, =l/M2, p, —= nxx=1/M, .

5S„', = a(h(u, )s(n'+ n+ ~2)

+(BR(d~(s+ 2)p g /P10+ 6$ g/mo i

cos P 3 cos Q8=A. —~+ +—
G i Qi Q2 2 (VP

(6a)

38
sin2$ 1 ——cos (I()

Qi

Q2

The H„(x) are the Hermetian polynomials.
The first-order perturbation theory correction

to the part of the energy which is spin independent
(the orbital part) produced by K~ is

Regarding K2 as a perturbation of K, ((K2)/
(K,)-~) under conditions for which any two levels
of X, coupled by X2 do not come too close to-
gether, the eigenvalues of X can be found by first-
order nondegenerate perturbation theory. In the
remainder of the paper the sign of the enexgy and
the sign of the electron charge will be changed to
correspond to hole states instead of electron
states. Also, me mill measure energies from the

(6c)

6 =Au -4Bu v+6Cu v +Dv

In these expressions u and v are given by

(6d)

+ sin Q(1+cos P)+ —,D
3C s1n Q

CPi Q2 Q2

~ = —u 1+ 2 —cos P +12Bsin2$ sin Q —
3

~2 2 p
2

Qi Q2 Q2

~ —(1 —3uv sin2$)+ —v sin p,6C ~ 6D
CV2
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l~ lI 1F
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tonian are given by an expression similar to that
derived by Bate et al. "except that their coeffi-
cients are functions of the energy while A, B, C,
and D are constants in our approach.

C. Matrix elements and optical absorption

The effective Hamiltonian Eq. (3) can be used to
calculate transition matrix elements for different
kinds of transitions by the method described by
Zeiger and Pratt. ' For the long-wavelength
propagating magnetoplasma waves in our experi-
ments we can neglect the spatial dispersion of
the time varying electromagnetic field (the dipole
approximation). The matrix elements are then
calculated from

+
FL

lel-7'
Mn —(fl x'

I
f& (10)

n+2
CI

l~

SF

+

where K' is the time-dependent part of the Hamil-
tonian obtained by taking the vector potential to be
A+ A'(f) where

n- I CI

+ 0-+—.--—FL [e[-zo
+

l~

C03 SF

FIG. 3. Optical transitions in the hole pocket allowed
by the effective Hamiltonian taken to fourth order in 0 &

perturbation theory. C1, C2, and C3 are the fundamen-
tal and the second and third harmonics of cyclotron res-
onance. SF is a spin-flip transition and CO1, CO2, and
CO3 denote the different kinds of combined resonances.

u= Pssinp/(P, cos P+ P, sin P),
v= P2 cosQ/(P2cos Q+ Pssin P) .

(7a)

(7b)

&is=pa Q G 8„~~'Ifs
ega

A.
' = (s

I
o

I
s&,

where G z &&
is the tensor obtained from G z,.&

when we represent P, in the x, y, z coordinate
system. Table I gives the values of A.

' .
For H=O, the effective Hamiltonian reduces to

(8b)

(8c)

1
3C= P ~ o ~ P+ ~ [AP,

2mo tpl0

+ 4f3PI
I

P~i
'

(3@)+ 8 CP~i Pll + DP Ill

where p~=pxX+p~ Y, pll=pz, and 4 is the angle
between p, and Y. The eigenvalues of this Hamil-

For the spin-dependent part the correction term is

gS ~S"" + " (n+ —,') )f(u
nv Agys

1 2
2 c

2-

A'(f) = —,
' [- (c/i~)E+ e'"'+ c.c. ]

and keeping only terms linear in E.
It is consistent with the perturbational approach

we are adopting to take the wave functions for the
effective Hamiltonian obtained by first-order per-
turbation theory,

IP&= Ip&+2 '
I
p'&&a„a, &, , ;, , (11)

(p' I X~ I p&

P & P

where p and p' stand for (n, k„k„s) and (n', k„',
k,', s'), respectively. The zero-order wave func-
tions will be taken to be normalized to 1, so that
we are ignoring the normalization condition for the
envelope functions. ' ' This approximation intro-
duces an error of order Ez/E -~~ which is unim-
portant to our aim of getting an order-of-magni-
tude estimate of the absorption.

The time-dependent Hamiltonian has terms
coming from both K, and Kz. To get a first-
order result in the coefficients A, B, D, and
G ~, &

we must consider both the transition matrix
elements corresponding to K~, taken between the
envelope functions including first-order corrections
and keeping terms of first order in those coeffi-
cients, and the transition matrix elements of Kz
taken between zero-order envelope functions. This
procedure is equivalent to the one used by Rashba
and Sheka. ' Therefore, the matrix element be-
comes

(12)

The transitions allowed by K,«are shown in
Fig. 3. The corresponding transition matrix
elements are given in the Appendix. We note
here that the magnetic dipole transitions and transi-
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TABLE II. Far-infrared Laser lines used in the ex-
periments.

%wavelength
(IM,m)

118'591
171.67
311.08"
336.85"

Frequency
(0Hz)

2527.9
1746.3
963.7
889.9

Molecular-
gas laser

H20
D2O
HCN
HCN

Reference 41. "Reference 42.

tions induced by the effective spin-orbit interac-
tion considered by Vfolff'7 for the electrons have
also been examined, but their contributions are
small compared with the transitions corresponding
to Ecl. (12).

The "forbidden" transitions permitted by Xz
are typically orders of magnitude weaker than
the "allowed" transitions from X . We can
therefore neglect the contributions of these weak
transitions to the real part of the dielectx ic func-
tion in calculating the absorption. The transition
rate calculated from the Fermi golden rule is then

taking 6 constant and defining a relaxation time by
8 = 8-/~.

The absorption coefficient is then given by

n((u) = h~~ wq, ((o)/P,

where P is the modulus of the time-average Point-
ing vector. P =(c38/8wv)(I E, I2 IE+, I ) for the
Faraday configuration and P = (c s8/8v~~) I E, I

~ for
the Voigt configuration.

III. EXPERIMENTAL DETAILS

A. Far-infrared magneto-optical spectroscopy

Most of the experiments were done using mono-
chromatic far-infrared radiation produced by
molecular-gas lasers pumped by an electrical dis-
charge. The available frequencies are listed in
Table II. The lasers are of conventional design
consisting of Fabry-Perot cavities with one flat
and one spherical mirror whose radius is some-
what larger than the mirror separation. The
electrodes are made of copper and are in the shape

~.~(~) = —,
" Z IM~i(p'. p) I' [f(~.) -f(~, )]

xS{g,, 8, @&&)5, @„8~

where p and p' stand for (n, k„k„s)and (n', k,',
k,', s'), respectively, and f($) is the Fermi-Dirac
distribution function.

Scattering processes will be accounted for only
in the relaxation time approximation by writing

6 m
&(&)= gs 8a+

FROM
FIR SAMPLE
LASER POSITIONING

«w~/KNOB

0
TO

DETECTOR FIR
LASER

LIQUID
HELIUM

NORM 5 GEAR
ROTAT ING

SAMPLE HOLDER

MODULATION
COIL

SUPERCONDUCTING ~
SOLENOID

QUARTZ
WINDON

~N l

Ge BOLOMET
DETECTOR

FIG. 4. Schematic representation of the experimental
arrangement and the cryostate design. The inset shows
details of the rotating sample holder for the Voigt con-
figuration.

of hollow cylinders. Invar rods are used to main-
tain constant mirror separation in spite of the
thermal expansion of the glass cavity. The di-
mensions of the HzQ laser are as fo11ows: laser
tube diameter, 10 cm; mirror separation, 5.4 m;
mirror radius, 10 m; electrode separation, 4.9
m. The far-infrared radiation is coupled out
through a 2-3-mm-diam hole in the center of the
fixed flat mirror. The output is of the order of
milliwatts for 118-p, m radiation and the short-
term stability is typically 0. 1k for a 1-Hz band-
width.

The experimental arrangement for the different
sample configurations of interest are shown in
Fig. 4. The radiation was channeled to the sam-
ple and detector using &-in. brass and stainless-
steel light pipe optics. The far-infrared detector
was a 4. 2 'K Ga-doped Ge bolometer which has
been described elsewhere. '

The room temperature window was a 0. 5-mm poly-
ethylene disk. The low-temperature window of the
Faraday configuration cryostat was made with a
quartz disk with 0-ring vacuum seal so that the
detector chamber could be kept under vacuum con-
ditions. To produce thermal contact of the sam-
ple to the liquid-He bath, a small amount of He ex-
change gas was admitted to the sample compart-
ment. To minimize thermal leak from room tem-
perature the light pipe inside the cryostats was
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ma. de from thin-wall stainless-steel tubing.
The sample was held lightly up against the lower

end of the light pipe with a berylium-copper spring.
Attached to the sample holder was a carbon resis-
tor for temperature measurement and a heater.
These two elements were used in a regulation loop
to provide temperature control. The detector cham-
ber was located 13 in. below the superconducting
solenoid and surrounded with a lead superconducting
shield to avoid magnetic field effects on the FIR
detector.

Magnetic fields up to 100 kG were produced by
a superconducting solenoid with a bore diameter
of 38 mm. The magnetic field was measured by
current calibration using a NMR probe and 'H and
' F resonances with a reproducibility better
than 0. 2/p in the range from 15 to 100 kG. The
alignment of the magnetic field with the cryostat
axis was checked by using the orientation sensi-
tivity of the combined resonance in bismuth near
the bisectrix axis (COl in Figs. 5 and 8). For
orientations where the magnetic field is close to
the bisectrix axis and for the 311-p, m radiation
from the HCN laser the sensitivity is 7. 8 kG/deg.
By this technique the magnetic field was deter-
mined to have a misorientation of no more than
0. 5'. The accuracy in the positioning of the sam-
ple in the sample holder of the Faraday configura-
tion cryostat was estimated to be better than 0. 1'.
The magnetic field homogeneity was al.so checked
by NMR and was found to be better than 0. 3% in
a 2-in. length along the axis at the center of the
s ol enoid.

Magnetic field modulation was available from a
coil wound externally around the 1&-in. -diam
stainless-steel outer wall of the cryostat at the
level of the sample holder. This coil was capable
of producing a modulation of 200 G peak to peak
with a power dissipation of 0. 1 W at H= 0 and
-0.3 W at 100 kG.

In the Voigt configuration cryostat, the sample
holder was constructed to permit 360' rotation of
the sample around a horizontal axis. The orienta-
tion was controlled by means of a worm-gear
arrangement that could be adjusted externally dur-
ing the experiments. To avoid strain effects,
the sample was attached to the rotating holder by
glueing it in only a small area (about 2 mm) on its
periphery using QE 7031 varnish. The positioning
accuracy was to within 0. 2 .

Some of the far-infrared measurements were
made at the facility for magneto-optical studies
at the Naval Research Laboratory in Washington,
D. C. In this case many far-infrared (FIR) lines
from an optically pumped molecular-gas laser
and magnetic fields up to 140 kG produced by a
Bitter magnet were available. The character-
istics of this facility have been described else-

where. 9

B. Sample preparation

The crystal. s were grown either directly from
0.999999 purity bismuth available commerically
or from a zone-refined batch of this material.
The zone refining was done following standard
procedures. ' The crystal growing procedure was
essentially the same as described by Strom. ~'

Only single-crystal samples without twinning
planes or other morphological defects were used
in the experiments to avoid possible straining ef-
fects that could be produced when the crystal was
cooled to liquid-helium temperatures. The crys-
tals were spark-cut and spark-planed to the de-
sired size and shape and then etched in a nitric
acid solution to remove the damaged layers.
Typically 50 p, m of material was removed. This
etch produced a rough surface which was desirable
for reducing the amplitude of the Fabry-Perot inter-
ferrometric oscillations in the transmission ex-
periments. The sample orientation was determined
to within & from back-reflection x-ray Laue pat-
terns using a Cu cathode, and by comparison with
the spectra obtained in Voigt configuration using
the rotating sample holders.

Resistivity ratio measurements were made on

specimens cut from some of our crystals using
the four-lead technique. For the zone-refined
bismuth the resistivity ratio was typically about
300. Since the specimens had rather small cross
sections (-0. 5&& 2 mm) the ratio was limited by the
size effect. From the results of Friedman, the
bulk ratios are estimated to be about 750 for these
samples.

IV. EXPERIMENTAL RESULTS

A. Magnetic field in the binary plane

Typical magnetotransmission spectra for Faraday
configuration samples are shown in Fig. 5. The
spectrum for the 9 = —2. 1' sample has examples
of many of the features that we will be referring
to throughout the remainder of this paper. A

sharp transmission edge is seen at about 27 ko.
This is the magnetic field for which all of the
electron pockets go into the extreme quantum
limit, and the increased transmission is thought
to arise from a reduction of carrier scattering
processes owing to phase-space restrictions in
the extreme quantum case. Over most of the high-
transmission part of the spectrum a fine oscilla-
tory signal is seen whose period and amplitude in-
creases with magnetic field. These are Fabry-
Perot interference fringes of the propagating
magnetoplasma waves in the parallel face sample.
At 35-, 63-, and 75-kG regions attenuation is
seen which is either broad absorption or a collec-
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mission spectra in the Fa-
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tion of several narrow absorption peaks which, in
either case, typically span an interval of about
10% of the magnetic field corresponding to their
center of gravity. We will call these features
absorption lines, and the narrow component fea-
tures will be referred to as the fine structure of
the absorption line. A series of Faraday geom-
etry spectra for different laser frequencies and
different sample orientations are shown in Figs.

5-7. In Fig. 8 we show the orientation depen-
dence Voigt geometry spectra at 337 p. m.

In the spectra of Fig. 5 (8 = —2. 1') and Fig. 6,
or in the spectrum of Fig. 7, it is easy to identify
a series of cyclotron-resonance harmonics. This
series was first identified by Blewitt and Sievers'
as cyclotron resonance of the carriers in the hole
pocket by comparison with the hole cyclotron
masses observed at microwave frequencies. The
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property of the holes, and so it is natural to as-
sume that these absorption peaks are related with
transitions involving a spin-flip.

The peaks with positions on curve B of Fig. 8
almost collapse into the fundamental cyclotron-
resonance line at 9-0, and so they must corre-
spond to transitions in which the Landau quantum

number changes by + 1. This identifies these
lines a,s combined resonances involving transitions
of the type CQ1 and C02 defined in Fig. 3.

From the known dependence of y upon 9, it is
expected that the spin-splitting will be equal to
the separation between Landau levels for I 9 I

-10'
so that the peaks corresponding to curve C of Fig.
9 must be spin-flip resonances. Finally, since
y is larger than 1 for l 9 I & 10', combined reso-
nances involving a change of —1 in the Landau
quantum number are possible, and the absorption
lines represented by curve D correspond to these
kinds of transitions (C03 transitions Fig. 3). The
peak marked MP in Fig. 6 is an example of a
magnetoplasma resonance that has been identified
by Blewitt and Sievers. 4

B. Magnetic field in the trigonal plane

FIG. 6. Magnetotransmission spectra in the Faraday
configuration at 1746 GHz and 2528 GHz. T=4.3 K.

dependence of the position of the absorption peak
that corresponds to the fundamental hole cyclotron
resonance with the magnetic field orientation in
the binary plane is shown in Fig. 9. This plot con-
tains the experimental results obtained in Voigt
configuration (Fig. 8) and the peak position has
been marked at the high magnetic field side where
there is always a sharp edge or sharp "fine-struc-
ture" feature like a narrow peak emerging from a
broader structure.

In all these figures of spectra there are several
other absorption lines with positions that change
rapidly with orientation. The relation between the
position of these peaks and the magnetic field
orientation on the binary plane is also shown in
Fig. 9, again for the Voigt configuration spectra
(Fig. 8). The peak positions have been marked
in a similar fashion as for the fundamental hole
cyclotron resonance (HCR).

The strong and almost symmetric dependence of
positions versus the angle 9 that the magnetic field
makes with the bisectrix axis indicates that these
absorption peaks must be related with a very
anisotropic property "f holes. From previous
studies of the hole magnetic levels~3 ~ the spin-
splitting y for holes is known to be almost zero
for H parallel to the bisectric axis (8 = 0') and
near2 for Hparallel to the trigonal axis (8 = + 90').
Clearly, this spin-splitting is a very anisotropic

The transmission spectra at 311 and 337 p, m
for H in the trigonal plane are shown in Figs. 10
and 11. The absorption peak marked P2 has also
been seen very weakly in some bisectrix samples.
This fact suggests that the intensity of this peak

O
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o F

e

20 30 40 50 60 70 80

25 50 75 IOO

Magnetic Field (kG)

l 25 I 50

FIG. 7. Magnetotransmission spectra in the Faraday
configuration at 522. 5 GHz and 1612 GHz. T=4.3 K.
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FIG. 8. Magnetotransmission spectra in the Voigt configuration for H in the binary plane. The sample thickness is
3 mxn and the frequency is 890 6Hz. T= 4.3'K. The arrows indicate a change in the vertical scale.

is zero for H parallel to the bisectrix axis and in-
creases when H moves away from this orientation
in the trigonal plane. In the spectrum for g = 6',
the peaks marked as C1, C2, and CQl look quite
similar to the same peaks that we have for H in
the binary plane and L9 = —2.1, suggesting that for
this sample H was about —2' from the tx'igonal

plane.
For Bparallel to the binary axis, one electron

pocket has a cyclotx"on mass which is about half
the cyclotron mass for holes. This electron pocket
produces a strong cyclotron-resonance absorption
around 30 ko for 311-p, m radiation since the prop-
agating mode corresponds to the cyclotron active
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the Fermi function for this transition in the 964-
GHz spectrum.

C. Experimental investigation of the origin of the forbidden

transitions
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FIG. 9. Plot of the magnetic field positions vs mag-
netic field orientation corresponding to the absorptio~
peaks observed at 890 GHz in Voigt configuration cor-
responding to Fig. 8. The zero has been chosen to cor-
respond approximately with the bisectrix orientation.
(A), Fundan;ental. cyclotron resonance (Cl in Fig. 3).
(B), Combined resonance (CO1 and COB in Fig. 3). (C),
Spin-flip resonance (SF in Fig. 3). (D), Combined res-
onance (CO3 in Fig. 3). The solid line does not repre-
sent any theoretical fit.

It is known from FIR magneto-optical studies
in semiconductors that multiple internal reflec-
tion in the sample can cause pseudostructure to
appear around an absorption line as well as to
produce absorption in the inactive mode. It is al-
so known that impurities can produce structure,
through impurity shifted cyclotron resonance, ~

for example. Dislocations, like impurities, can
also produce new localized quasibound states~9

that could cause similar effects as impurities in

the FIB magneto-optical spectra. Therefore, it
was necessary to perform a series of experiments
in order to determine as conclusively as possible
whether or not these absorption peaks and their
structure were due to intrinsic effects of pure

Frequency =964 GHz

/=6

polarization for the electrons. In the spectrum
corresponding to this orientation in Fig. 10, the
hole fundamental cyclotron-resonance absorption
peak C1 is seen to be shifted about 1% toward
higher magnetic fields compared with the case with
H along the bisectrix axis. Otherwise the struc-
ture of this peak is similar to that in the bisectrix
case except for the sharp structure in the high
magnetic field side of this peak which corresponds
to the combined resonance.

The peak marked I 3 in the spectra of Fig. 11
that corresponds to g = 24' can be identified as the
combined resonance for the heavy electrons cor-
responding to the transition 0'-1 . This conclusion
follows from the results of Sakai et al. ~' in which
an experimental spin-splitting factor of about 0. 7
is reported for these electrons in this orientation.
Using the orbital masses and energy gaps of Table
III we find that, for H=83 kG (upper spectrum in

Fig. 18), S, —Sp+ —4o5 MeV which is closed to
the photon energy (4 MeV). This identification is
also supported by the striking increase in the in-
tensity of this absorption peak in going from 964
to 890 GHz. At around 75 kG the level 0' passes
through the Fermi level so that the population of
this level must be changing rapidly between these
two cases. Thus the 0' level lies in the tail of

C/l
+
C

O

D

P2

C2
5025

O

Frequency = 964 GHz

E 0

O
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I

75
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IOO

FIG. 10. Faraday configuration magnetotransmission
spectra for two different magnetic field orientations on
the trigonal plnae. 4' is the angle between the magnetic
field projection on the trigonal plane and the bisectrix
axis. Cl = 30' corresponds to H parallel to the binary
axis ~
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magnetic field strengths.
To test for impurity effects at 10-cm-long bisec-

trix plane single crystal was grown at a rather low
speed (approximately 2 mm/h) in order to have
a segregation coefficient as different from one as
practically possible for the different impurities
present in the as received 6-9 grade bismuth.
Impurities with a segregation factor greater than
one should concentrate in the seed end of the crys-
tal, while impurities whose segregation factors
are less than one concentration in the opposite
end. Samples were cut from each end of the boule
which were therefore expected to have different
impurity contents. In these samples some changes
in the over-all transmissivity were observed,
but there were no changes in the appearance of

CI

TABLE III. Bi paraxneters used in the calculations
on magnetoplasma behavior.

I

60

x 10~

I

70 80 70
Magnetic Field (kG)

CI
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80 90 Eg= 26. 5 meV"

E~ = 13.6 meV'

Ep = 37 5 xxieV

Ep =180 meV'

Two-band-model energy paraxneters for electrons and
holes

FIG. 11. Faraday configurations magnetotransmission
spectra at two different frequencies. The magnetic field
orientation corresponds to 0-0 and 4 =24'. The sam-
ple thickness is 3.44 mm.

bismuth. With this aim in sight we studied (i) a
wedged sample to sort out the effects due to the
interference of the internally multireflected radia-
tion, an effect that changes with the sample geome-
try, (ii) samples with different amounts of impuri-
ties, and (iii) plastically deformed samples to in-
crease the density of dislocations and/or twinned
layers.

For a wedged sample with an angle of 3' between
faces no change was observed either in the pres-
ence of the absorption peaks or in their fine
structure. However the Fabry- Perot interference
oscillations were absent. Some broad structure in
the spectra was attributable to the fact that for
a 3' wedged sample the radiation emerging from
the far side of the sample was refracted at a large
angle from the light-pipe axis (the index of refrac-
tion of bismuth is 10-15) causing many reflections
in the wall of the light pipe connecting the sample
holder with the detector. Since the index of refrac-
tion of the magnetoplasma wave changes with the
magnetic field, the exit angle also changes. This
presumably caused broad pseudostructure to ap-
pear in the spectrum owing to differences in the
attenuation and/or coupling of the radiation to the
detector by the concentrating cone at different

Orbital effective-mass tensors at the Ferxni level

Electrons'

m~= 0.00705

m2= 1.547

m3 = 0.0295

m4 = 0.175

Holesf
Mg =M2= 0.063

M3= 0.654

Electron-spin effective-mass tensor at the Fermi
level~

my = .00488

m2= 10.22

m3 =.0525

m4 =.628

Hole effective g-tensor and spin-splitting factor at
Fermi level~

gXX g YY
1

'Y= gzzmc I sin8 I

2

Lattice dielectric tensor~

g22= 63.2

XX= EYY=100 ~zz = 60

'See Fig. 2 for definition of these parameters.
Determined by the condition n, + nf, + n~+n".

'From Ref. 44.
Adjusted to give fair agreement with experimental re-

sults of Smith, Baraff, and Rowell (Ref. 23) on Shubnikov-
de Haas oscillations from holes for H parallel to the
Qisectrix axis.

Froxn cyclotron resonance experiments (Ref. 43).
From Ref. 45.

IFrom Smith, Baraff, and Rowell (Ref. 23).
"From our experiments.
~Froxn Ref. 33.
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FIG. 12. Faraday configuration magnetotransmission
spectra of Sample A. Before and after plastic deforma-
tion by compressing the sample along the bisectrix axis.

the peaks and their fine structure. Samples pre-
pared from zone-refined bismuth processed as
described in Sec. III were found to give a larger
transmission, but again no change in the intensity
of the absorption peaks Or in their fine structure
was found.

To test for the effects of mechanical deforma-
tion on the magnetotransmission spectra we pre-
pared two differently deformed bisectrix plane
samples. Sample A was prepared by squeezing it
at room temperature along the bisectrix direction
until a 10% permanent deformation was obtained.
After etching, both twinned layers and slip planes
were observed with an optical microscope. Sam-
ple B was bent by pushing it against a curved sur-
face with a radius of curvature of 15 cm. The
bending axis was parallel to the trigonal axis and
the resulting plastic deformation corresponded to
a 20-cm radius of curvature. This sample re-
vealed a large number of twinned layers. It is
difficult to determine what modes of deformation
are operative in these samples and we were not
attempting to study any specific kinds of defect
structures. The interest in the study of these sam-
ples is that their magnetotransmission spectra
give examples of the effects when large numbers
of different defect structures are present.

Figures 12 and 13 show the magneto-optical
transmission spectra in Faraday configuration
for sample A and B, respectively. In each case
the spectra obtained before and after plastic de-

Undeformed Sample

Thickness = 3.7 mm

Frequency =

964 GHz

O

C)

O
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E
C
O

I

0

Magnetic Field (kG)

FIG. 13. Faraday configuration magnetotransmission
spectra of Sample B. Before and after plastic deforma-
tion by bending the sample about the trigonal axis.

formation are shown. A quantitative value for the
change in transmission cannot be given since the
experimental measurements were performed with-
out a measure of the output of the laser for each
run. But since the laser operating conditions were
the same and the setting of detector sensitivity
was also the same for both spectra shown in Fig.
12, we can say that the transmission for sample
A, before and after deformation, was approxi-
mately the same at high magnetic fields. It can
also be noted that the total strength of peak C1
has decreased by approximately 20% (about half
of this can be accounted for by the decrease in
thickness) and that its width and shape seems to
have remained the same while peak C2 seems to
have broadened after the plastic deformation.
The largest change introduced by deformation is
associated with the transmission edge, that starts
at around 25 kG, which has become less sharp
and a second not well-defined edge at around 59
kG seems to have appeared.

The spectrum for sample B after plastic de-
formation was taken with a sensitivity 10 times
larger than for the spectrum of the undeformed
sample. Therefore, transmission has decreased
significantly. The position of the peak C1 has not
changed, and it appears that the edge of trans-
mission has moved to higher magnetic field (at
approximately 60 kG).
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different absorption lines depend on the wave vec-
tor and electric field components of the propagating
modes as is apparent from the matrix elements
given in Appendix A. Therefore, in order to in-
terpret the results fully it is necessaxy to know

the characteristics of the propagating modes which
we review in this section.

There have been extensive studies of magneto-
plasma waves in bismuth at microwave frequencies
in the 100-ko range. ' ' At far-infrared frequen-
cies the j II H (Faraday configuration) case has
recently been investigated by Blewitt and Sievers. 4

Because there is an extensive literature on mag-
netoplasma waves in solid-state plasmas we need
only to point out some features of the modes ob-
served in our experiments that will be required
for a discussion of our experimental results.

50 75
Magne t ic F ie Id (kG)

FIQ. 14. Temperature dependence of the Faraday con-
figuration magnetotransmission spectra.

D. Temperature dependence of the magneto-optical spectra

The temperature dependence of the transmission
spectra of a bisectrix sample was studied in the
Faraday configuration between 1.8 and 25 'K.
Some of these results are shown in Fig. 14 where
it is noticed that the fine structure of peaks C1
and C2 become less sharp and conspicuous at
higher temperatures and essentially di, sappear
at about 8 K. As the temperature increases, the
integrated absorption of the fundamental of cyclo-
tron resonance increases somewhat, while the
same effect is not so clearly observed for the
second harmonic. There is no shift of the posi-
tions of the absorption peaks with temperature ex-
cept for the combined resonance in the 3 'K case.
However, this trace was made on a different
sample than the others and the shift of the {„Q1
resonance is probably an orientation effect.

V. ANALYSIS OF THE EXPERIMENTS

A. Magnetoplasma waves

The transmission of far-infrared power observed
in the experiments reported here is understood in
terms of the excitation of propagating magneto-
plasma waves in bismuth. The absorption lines
identified and discussed in Sec. IIIC represent
attenuation of these magnetoplasma waves due to
weak electric-dipole-induced resonant tx'ansitions
of the holes. The strength and line shape of the

In compensated plasmalike bismuth it is well
known'~ that there ar e propagating magnetoplasma
waves which are called Alfven waves in the low-
frequency limit. There are two polarization
modes; the electron active mode which propagates
for frequencies up to the first electron cyclotron
resonance and the hole active mode which propa-
gates up to the first hole cyclotron resonance.

To analyze the characteristics of these modes we
have made several simplifying assumptions. We
have used the local conductivity tensox derived for
carriers with a parabolic dispersion relation.
For the highly nonparabolic electrons the effective
mass at the Fermi level. is used. This gives an
"average mass" which for @co «E~ should be suf-
ficient to give an approximate description of the
propagating magnetoplasma modes not too close
to the electron cyclotron resonances. The Fexmi
level and carrier densities at each magnetic field
have been calculated self-consistently as described
elsewhere, ~3 and we have used the approach of
Takano and Kawamura" to account for the shift of
the lowest electron Landau level with magnetic
field.

For the magnetic field in the binary plane of
bismuth, the case of interest in this work, two of
the three electron pockets are equivalent so that
we have a magnetoplasma with two electron cyclo-
tron frequencies, (d,', and v~„and one hole cyclo-
tron frequency (d,„. Also for orientations such
that 8 (Fig. 2) satisfies I 8 I &35', &a,„«~,'„~2„
which is the case for our experiments.

In Fig. 12 an example of the results of a cal-
culation of several important propexties of these
modes with the above described approximations
is shown. The parameters used in the calcula-
tions are those in Table III. The propagating mode
in our magnetic field range is the electron active
mode since the hole active mode is strongly at-
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vs H for the hole active mode polarization. (C) Real
part of Eg/E~ for mode (A). (D) Imaginary part of E„/E~
for mode (A).

tenuated. It is seen in Fig. 15 that no absorption
takes place at the hole cyclotron-resonance fre-
quency in the electron active mode. However,
some absorption has been observed in this mode
in microwave-frequency experiments which has
been explained in terms of a mode-mixing effects
produced by the combination of the nonlocal effects
in the conductivity tensor and the anisotropy of the
hole Fermi surface. For the hole cyclotron-
resonance harmonics and spin-flip and combined
resonances no absorption is predicted from these
effects.

Therefore, except for the fundamental hole
cyclotron resonance, it should be sufficient to
use the local approximation to characterize the
electron active mode since qR, «1 (R, is the cyclo-
tron radius). This is the approximation that we
will adopt in this paper for the calculation of the
line shapes of the weak transitions observed in
our experiments.

2. qlA

In the Voigt geometry the propagating magneto-
plasma waves in bismuth have not been studied at
far-infrared frequencies. However, extensive
microwave studies have been reported. With
the same approximations described above in the
conductivity tensor only one propagating mode is
predicted which is called the "fast" magnetosonic
wave. This mode propagates for frequencies up to
the lowest hybrid frequency u„„(w„„=(&u, „~d,',)'~~

for H in the binary plane). " For isotropic carrier
masses the fast magnetosonic mode is polarized
transverse to the magnetic field. However, for
an anisotropic system such as bismuth the mode
is never really transverse and only approximately
so in special cases (H parallel to bisectric axis,
for example).

When the nonlocal character of the conductivity
tensor is considered in the Voigt geometry, ad-
ditional modes appear that propagate close to the
cyclotron-resonance frequencies which have been
called cyclotron waves. ' For an isotropic system
these waves can be polarized transverse to the
magnetic field (extraordinary waves) and along the
magnetic field (ordinary waves). Akahane and
Uemura" have discussed magnetoplasma waves
for a multicomponent anisotropic plasma like
bismuth. Experimental studies of bismuth at
microwave frequencies have been reported by
Nakahara et al. and by Naberezhnikh et al.
These studies show that the magnetosonic wave
interacts with the cyclotron waves clos e to cyclotron-
resonance harmonics producing hybridized modes.
The case of q parallel to bisectrix axis, corre-
sponding to our experiments, has been studied
at microwave frequencies by Nakahara. ' The
hybridization effect was found to be very strong at
the second harmonic of hole cyclotron resonance
but almost negligible near the fundamental. Be-
cause of this hybridization total reflection can oc-
cur in a small interval of ~a/a, „near the second
harmonic, which accounts for the large attenua-
tion near the second harmonics observed in our
far-infrared experiments (Fig. 8). Away from the
hole cyclotron-resonance harmonics the hy-
bridization effects will be small, and local cal-
culations like these described for the Faraday
geometry are adequate to obtain the characteristics
of the propagating magnetosomic wave for our
line shape calculations.

B. Experimental determination of the effective Hamiltonian

To find the best parameters for K,« it is pos-
sible, in principle, to use the resonance positions,
the linewidths, and the oscillator strengths for all
the observed lines. However there are limitations
to the accuracy of the theory which make such a
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program unjustified at this stage. First, the ef-
fective Hamiltonian has too many parameters to
reasonably attempt a unique fitting to the experi-
ments. In addition, there are uncertainties in the
marking of the proper resonance position owing to
the electron-electron interaction effects on the line
shapes and inaccuracies in the transitions matrix
elements owing to the perturbation expansions of
wave functions [Eq. (ll)]. The electron-electron
interaction effects will be discussed in II.

Because of these limitations we have chosen to
fit only the positions of the resonances by adjust-
ing the K,«parameters self-consistently within
the framework of theoretical calculations of these
parameters. The line shapes and intensities are
then calculated from 3C,«and compared with the
experiments. Also, the cyclotron masses and g
factors corresponding to microwave and Shubnikov-
de Haas measurements are deduced and compared
with experiments.

l. Line shape calculations

Calculations of the line shapes have been done
excluding electron-electron interaction effects and
using the approach described in Sec. II. In order
to compare the experimental results with the cal-
culations, we have marked the position of the peaks
at the magnetic field that corresponds to the maxi-
mum absorption, since we believe this best repre-
sents the combined effect of the dependence on
momentum and the Landau quantum number of the
joint density of states and transition matrix
elements when the e-e interaction is neglected.
In II it will be seen that the shape of absorption
lines is strongly modified by the e-e interaction.
Consequently the comparison between the experi-
mental position of the absorption peak and the cal-
culated one without e-e interaction effects deter-
mined at the point of maximum absorption is not
strictly justifiable. Nevertheless since the e-e
interaction effects amount to a shift of the strong-
est absorption point by (2-3)% (not including self-
energy corrections) this comparison is at least
good enough to determine a first approximation
of the values of the parameters of $C,«. The in-
clusion of self-energy corrections owing to e-e
interaction produces a shift in the position of the
absorption peaks that can reach values as high as
10%%u~. However, the effective Hamiltonian can be
regarded as already including this effect in the
lattice potential in an average way.

In the calculations of the line shape it is only
feasible to take the magnetic field as fixed and to
calculate the absorption as a function of frequency.
The experimentally observed values of the mag-
netic field corresponding to the maximum of the
absorption peak under consideration have been
taken. Qn the other hand, the experiments were

performed at fixed frequency and sweeping the
magnetic field. Since it would be too difficult and
costly to perform the calculations in this way, we
have instead made a semiempirical conversion be-
tween the frequency scale in the calculations and
the magnetic field scale in the experiments. The
scaling law for the conversion of frequencies into
magnetic fields is

H= H, u&o/&u,

where Ho and (do are the magnetic field and the
frequency that correspond to the absorption
peaks, and ~ is the calculated frequency for a
given transition corresponding to the magnetic
field Ho. Then H is the magnetic field at which
the transition, which occurs at the frequency w when
the magnetic field is kept fixed to the value H0,
is observed if radiation of frequency v0 is used.

This conversion of frequencies into magnetic
fields is only strictly correct for a peak width
that is vanishingly small in comparison with its
position. It omits correction terms to the dis-
persion relation during the small shift in mag-
netic field. Also, the change in the relative posi-
tions of the Landau level ladders and the Fermi
level is ignored. This effect can cause rapid
changes in the line shapes if the highest occupied
Landau level passes through the Fermi level while
the field is swept through the resonance. These
effects are small for most of our lines which are
only 2-3% in width. Moreover, these effects are
more important in modifying the line shapes than
in affecting their widths, and so we are justified
in ignoring them in these calculations which do
not include the electron-electron interaction ef-
fects. In Fig. 16 we show, as examples, the cal-
culated line shape for the case of the 2nd harmonic
of cyclotron resonance in the Faraday geometry
for e= —1.50 at 171 p, m and the spin-flip reso-
nance in the Faraday geometry for 8=-8' at 311
p, m. The experimental results are shown in Figs.
5 and 6. In the case of the 171-pm spectrum the
fine structure from electron-electron interaction
effects is absent. From the calculated line shapes
we have also calculated the corresponding integrated
absorption defined as

ee ~0

(~) =
I

"H~(H)
(d0 „0 ~0

2. jf,ff parameters

In Golin's studys of the bismuth band structure
by the pseudopotential method he notes that the
matrix elements of the velocity operator If at the
T point of the Brillouin zone are less sensitive to
small changes in the pseudopotential parameters
than are the energy gaps. This observation pro-
vides the justification for his procedure of deter-
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TABLE IV. Experimental and calculated absorption peak positions, widths, and integrated intensities; Faraday
configuration only. ~

-21.5'

—21.5'
-21.5'

Cl
CO3

964

964
964

Transi- Freq.
tion (GHz)

He~&
(kG)

28. 9
(29.8*)
49.9
71.8

29.0

51.0
71.4

1.4
6, 1

(kG) (kG)

1.3
5.1

0.90

0.89

0.36

0.73

~~ie A~)
(kG) (cm ~ kG) (cm ~ kG) Obs i

-13.0'

-13.0'
SF

Cl

964

964

48.5
( )

48. 8

63..1 63.1

4.3 4 ~ 7 5.5 1.9

-8.0'

Cl

C2

964

964

964

6.7

35.0 33.3 1.9

81.9
(84 04)

83 7 10'0

71.0 71.0

13.6
6.0

19.0
14.8

6.45

8.21

12.8
7.8

83.1

q =0.350
g=0.355

:3.4'

3 ~ 4o

-3.4

C1

C2
C3

1612

1612
1612

(130)
134*
62. 2
41.0

62. 9
41.0

5.8
2.9

134.5 15.0 14.0

5 ~ 3
3.Q

~ 2~ 3 Cl 452. 2
(34.6)
34.9* 34.0 3.3 3 ~ 0

~ 2~ 3

~ 2~ 3
~ 2» 3

2 Q 3

Cl

Col
CO2

SF

525.5

525.5
525.5

337.0

40.6
(41.3*)
32.45
57.5
(85)

(104)
(111)
121

39.7 3.6
30.44 1.9
56.8 1.3
94.3
99 5 oso

105.7 -~

112.3

3.1
2.5
3.6

14.0

0.104
0.902

10.0

-2.1'

-2.1

-2.1'

-2.1'

2 ~ 1

C1

C2

C2

COl

890

890

964

964

964

(69.6)
71.6*
34.0

(34.8+)
(74.9)
77.5
36.8

(37.64)
60.3 57.1

7.0

2.3

6.7

3.1
7.0

5.0

2.4

6.0

2.5

3.9

14.8

4.8

2.9

6.51

83.1

2.02

g=0.328

C2
C3

1746
1746

69.5
46.0

69.8
45.1

5.7
3.8

6.0
3.4

10.5 380

21.0'

21 0'

C1

CO3

964

964

50.5

(73.4*)
(74.4*)
77.4

50.2 6.0

&25 4.2

'The calculated values have been obtained using the Hamiltonian (3a)-(3c) with the set of parameters shown in the
last column of Table I.

g= I E,/E„l .

ing as Sn is added to bismuth.
In Table IV we present the value of the experi-

mental and calculated resonance positions in the
Faraday configuration using the parameters of

Table I. ' When the observed absorption peak
shows fine structure we also include the position
of the other maximum, written between brackets,
noting the sharpest structure with a star (~). The
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calculated values for the integrated intensity A

and some experimental values are also shown in
Table IV. The agreement between the calculated
and the observed positions with the parameters
of the last column of Table I is reasonably good.
Also, the calculated and observed integrated
absorption for the spin-flip and combined reso-
nance absorption peaks agree in order of magni-
tude which is also a satisfactory agreement con-
sidering the approximations and the assumptions
that have been made in the theory. It is interest-
ing to note that the calculation does show the re-
markably asymmetric behavior of the intensity
the absorption peak CO3 with 9. (See Figs. 5 and
8. ) In the case of the 2nd and 3rd harmonics of the
cyclotron resonance, the calculated integrated
absorption is about an order of magnitude larger
than the observed one.

The case of the second harmonic of cyclotron reso-
nance is interesting because in this case, for the
orientation that corresponds to 9 = 0, the value
of the calculated absorption depends only on the
parameter 8 of the effective Hamiltonian K~. The
calculated absorption could be made to agree with
the observed one by reducing this parameter by
about a factor of 4. However, we think that the
validity of our theoretical calculations (using first-
order perturbation theory) for the transition ma-
trix elements is rather limited, so that we prefer
not to give a strong weight to estimations of the
value of the parameters of K, through compari-
sons of experimental and calculated absorption
strengths at this stage. Similarly the calculated
absorption for the third harmonic of the cyclotron
resonance depends on several parameters (A, C,
and D) of the Hamiltonian K, and is very sensitive
to their relative values.

The calculated absorption for the fundamental of
cyclotron resonance is not very reliable since the
result is very sensitive to the ratio of the x and y
components of the electric field of the propagating
mode which determines the amount of the cyclo-
tron-active mode present. Qle present the result
for a value of E„/E, chosen to give the minimum
absorption. This value of E, /E, differs by 6%
from the value calculated as described in Sec.
VA. If the calculated value for E„/E„ is taken,
the calculated absorption strength comes out to
be two orders of magnitude larger than the one
reported in Table III. This sensitivity to E„/E,
is due to the fact that the expression for the transi-
tion matrix element, givenby Eq. (A6), involves the
difference D=iE„*~a~-E,*v n~ with a factor that is
of zero order in the parameters of Kz (considered
to be a perturbation) and first order in the parame-
ters of X, (the zero-order Hamiltonian). If
holes in Bi could be described by X, only, then it
can be shown that E,*=i(a, /n2)'~2E„" at the position

of resonance and then D woul. d be zero. Since the
magnetoplasma-mode calculation is done using a
two-band model for holes it is expected to give
only an approximate value for E„/E, ~ Because
of these problems the fundamental of cyclotron
resonance is not a very good case for line-shape
analysis.

Table IV also shows the calculated and observed
widths for the various kinds of observed transi-
tions. The widths were measured close to the
bottom of the absorption peak, which is not a
rigorous procedure but it gives some account for
the spread in the resonances due to nonparabolic
effects. That the widths come out reasonably well
from the Hamiltonian adjusted to fit only the posi-
tions of the absorption lines is regarded as con-
firming evidence that a reasonable approximation
to 3C ff has been found.

C. Cyclotron masses and spin-splitting factors

For the case of H parallel to the trigonal or
bisectrix axis the expressions for the effective
cyclotron masses in the limit of vanishing H (the
case of microwave experiments) and for the ex-
tremal sections of the Fermi surface can be easily
derived from Fq. (4) and Eqs. (6a) and (6b) using
the relation

+68'"') =0SeH 1
nikgyS+ nykg kg-0 c

—('.-~. a...+« l, a)a =o (18)

and for H parallel to the trigonal axis,

m,"™,(1 —8moM f S.A) . (20)

Table V shows the values for these masses tak-
ing the parameters of the second and third columns
of Table I and SF= && MeV.

It can be seen that the parameters of the last

TABLE V. Comparison between the calculated cyclo-
tron masses using the parameters of Table I and the ex-
perimental values determined by Edelman and Khaikin
(EK) (Ref. 45).

0.0758

0.2291'

0.0646"

0.2030~

0.063+.001

0.203+.004

Result of the calculations using the Hef f parameters
shown in column 2 of Table I.

Result of the calculationsusing Hff parameters
shown in column 3 of Table I. Our experimental values.

'Experimental values determined by EK.

and considering n» 1 and nba, = S~. The result for
H parallel to the bisectrix axis is

m, "= (M~M2) ~ [I —3ma $.(AM ~+ DMl+ 2CM, MS)],
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column of Table I also fit the values of the cyclotron
masses determined in the low magnetic field ex-
periments reasonably well. However, these re-
sults must be interpreted cautiously. The re-
sults for m~" are likely more IeliaMe than for
w,"because the parameters for 3C,«mere de-
termined mainly from data close to the bisectrix
axis. Also, the electron-electron interaction ef-
fects complicate the interpretation. The experi-
mental masses should be the dressed masses while
the masses from X,«determined from the FIB ex-
periments are probably closer to the bare mass.

Although the concept of a spin-splitting factor,
y= ~, /m, becomes imprecise for a nonparabolic
Hamiltonian, it can still be useful for describing
the average ratio of spin splittings to I.andau level
spacings if it gives with some -accuracy the positions
of the spin-flip and combined resonances. Also,
the far-infrared results are then more easily com-
pared with the microwave and equilibrium mea-
surements of the g factors.

If is is assumed that the dispersion relation for
holes is parabolic as given by Eq. (4), the separa-
tion bebveen magnetic levels is constant in this
model for all 0, and proportional to the magnetic
field. Therefore a value for y could be determined
from the experiments using the following relations.

y = -.' g» m„(p+ cot'e)-'&',

g„=(G',+ G,)8 1/2
(22)

derived using Eqs. (5e) and (5g) and where m, r
is the cyclotron effective mass for H along the
bisectrix axis and p= M~/M~

Choosing m, ~ and p to fit approximately our
experimental results for the position of the funda-
mental cyclotron resonance as a function of the

persion relation. We will mark the absorption
peaks as described earlier (Sec. IVA). This
marking is self-consistent in the sense that the
values of y obtained using expressions (21a) and
(28b), when two kinds of combined resonances are
observed on the same spectrum, differ by no more
than 2%. A similar agreement is found when both
combined resonance and spin-fli. p resonance are
observed in the same spectrum,

The plot of y as a function of the orientation of
the magnetic field on the binary plane obtained in
this way from our experiments is shown in Fig.
17, Close to 9 = 0, the experiments indicate that
y= 0. If it is assumed that y is exactly zero at
9 = 0' then, since g must be a tensor in this
"parabolic" model, we get the following expression
for p:

y= Hcq /Hco( —1,
1 Hcg /Hood

y-H„/H„, 1,
y= Hcq/H~~ .

(21a)

(21b)

(21c)

(21d)
0

0

00

In the Voigt configuration the width of the ab-
sorption peaks, in this model, mould be entirely
due to broadening of the Landau levels produced
by scattering processes with phonons or impurities.
However, the experimental results show a rather
broad structure in the absorption peaks with a
total width that cannot be entirely attributable to
this effect since me observe very sharp features
in them indicating that (av -100. The width of these
absorption peaks must be due, then, to dispersion
relation effects and electron-electron interaction
effects. If me ignore electron-electron interaction
effects, the experiments mould then reflect a de-
parture from the above simple model which me
call "nonparabolicity effect".

The broadening of the absorption peaks by this
nonparabolicity effect makes it difficult to define
the position of an absorption peak in terms of a
value for the magnetic field or frequency around
which it occurs. Although only a better model
than that defined by Eq. (4) can resolve the am-
biguity of marking the position of the absorption
peaks it is interesting to interpret the experi-
mental results with this simple "parabolic" dis-

z'
1.0—

t-

Q
EA

0
0

30 20

OO

I I I l

10 0 -10 -20 -30
ANGLE 8

glo. 17. Experimental hole spin-splitting factor de-
termined by assuming a parabolic dispersion relation
for holes as described in the text. The zero for the
hoxizontal scale has been chosen to correspond approxi-
mately with the bisectrix axis.
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magnetic field orientation on the binary plane
shown in Fig. 8, we get m, „=0.226 and p =11.8.
Using these values and fitting approximately the
values of y plotted in Fig. 13, we get gzz = (63.2

+1.8.
The value of y for II parallel to the trigonal

axis (9 =90') from Eq. (22) with the above parame-
ters is 2. 08+0.06. We can also derive an ex-
pression for y from

y" = — zz [1~ AS~(3M f+ 2M,M, + 3M,')] ' .
&zz

(23)
Using the parameters of the last column of Table
I we find y"= 2. 3. The values reported in the
literature for this orientation are always less than
two (y = 1.94, ~

y = 1.86 + 0. 02, 3' y = 1.87 + 0. 01).~
This disagreement is outside the range of experi-
mental error and suggests the need for reexamina-
tion of the interpretation of the Sh-dH experi-
ments.

D. Fine structure on the absorption lines

In the experiments the absorption lines generally
appear to be composed of one or more sharp fea-
tures (hH//H-0. 01) as well as a broad absorption
peak (aK/H-0. 1). These sharp-fine structure
features are not found in the line-shape calcula-
tions in the single particle approximation. In
Sec. IV C we described a series of experiments
aimed to resolve whether or not this fine struc-
ture is related to sample geometry, impurities
or dislocations, or other crystal irregularities.
The conclusion of these experiments was that there
was no evidence that these effects were responsible
for the observed structure.

There are two intrinsic effects that could be con-
sidered as candidates for the source of this fine
structure that we want to discuss here. One is
related with phonon-assisted transitions and the
other with the electron-electron interaction.

The analysis of the process in which an acoustic
phonon is absorbed or emitted in the transitions
has been done by Weiler et al. ' and we will draw
on their results throughout this discussion. Let
us assume that the hole dispersion relation is
parabolic and neglect spin. Let us also assume
that H is along the bisectrix axis and that the
electron-phonon interaction is sufficiently small
that perturbation theory is applicable. Since we
are looking for absorption in the inactive-mode
polarization the second-order process must be
considered in which first, a virtual excitation of
a hole from the initial state occurs with the simul-
taneous emission or absorption of a phonon, and
then a photon with the cyclotron-resonance inactive
polarization is absorbed and the hole fall. s to the
next lower Landau level. From the analysis by

Weiler et al. a peak in the absorption is expected
when the component of the phonon momentum Q
along the magnetic field is zero (the photon mo-
mentum is being neglected) since the joint density
of states will have a sharp maximum for this case.
The absorption is zero for Q, =0 and there can be
maxima for certain values of Q,. Therefore if the
unshifted cyclotron resonance is seen, we expect
to find satellites at either side related with these
acoustical phonon-assisted processes and their
relative intensities should be temperature depen-
dent.

Examining the line shapes of the absorption lines
obtained in our experiments, the best candidate to
support this picture is the triplet structure of the
C1 absorption line which is seen in Faraday con-
figuration for 8= —2. 1 (Fig. 5). Here we could
identify the central peak as the unshifted cyclotron
resonance produced by the mode-mixing mechanism,
for example, and the other two peaks as due to
the acoustical phonon-assisted resonance. How-
ever, the line shape of this peak does not look
like a triplet in the Voigt configuration (Fig. 8).
Other cases are even harder to understand in
terms of the acoustic-phonon process; for example,
the sharp feature on the high-field side of the spin-
flip transition in the Faraday configuration (Fig.
5) and the absence of this feature in the Voigt con-
figuration (Fig. 8).

We have not done any detailed line-shape analysis
or temperature-dependence studies for the acoustic
phonon-assisted resonances to conclusively
eliminate it as an explanation for the observed fine
structure. However, the detailed success of the
electron-electron interaction picture presented in
the subsequent paper is an indication that the
acoustical phonon-assisted resonance is not re-
sponsible for the fine structure observed in our
experiments.

In the electron-electron interaction picture the
final state interactions of the electron-hole pairs
produced in the optical absorption produces col-
lective states with a different excitation spectrum
than that given by the noninteracting particle pic-
ture. For the direct band-gap absorption in semi-
conductors this process leads to excitonic states
and corresponding excitonic structure on the ab-
sorption edges. We are considering similar
excitonic effects associated with the transitions
between the magnetic subbands in bismuth. This
case has been treated semiclassically and semi-
phenomenologically for isotropic metals within the
Landau-Silin theory of Fermi liquids. This theory
also predicts collective states with energies dif-
ferent than the single-particle states and these ef-
fects have been seen in microwave experiments on
the alkali metals. The new features involved in
our experiments are the anisotropic carrier
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masses and their highly quantized condition (Kur-E~ and h~, E-~) .Since Fermi-liquid theory as-
sumes Sco «E~ and Sar, «E~ it is inappropriate
for these measurements.

We have developed a microscopic theory of these
excitonic effects within the generalized random
phase approximation. A. preliminary account of
this interpretation has been published elsewhere.
We will present a more thorough analysis of these
effects in a separate paper.

VI. CONCLUDING REMARKS

We have found that a satisfactory description of
the hole pocket dispersion laws is provided by the
one-band effective Hamiltonian adjusted to fit the
far-infrared resonance studies. For the purposes
of this first attempt the accuracy of the one-band
Hamiltonian and the first-order perturbation theory
calculation of its eigenvalues is adequate for ob-
taining reasonable quantitative agreement with the
far-infrared experiments and the low-frequency
cyclotron masses and spin-splitting factors for
the holes. No doubt these results could be im-
proved somewhat by extending the far-infrared
experiments to a larger range of orientations and
frequencies. Indeed it is noteworthy that only
the 311-p, m Faraday geometry data which were
taken between —22 & 9&22 were used to fit the
parameters of the effective Hamiltonian in this
work. At higher frequencies, which would have
permitted a larger range for 9, measurements
were not successful because the greater attenua-
tion of the rnagnetoplasma waves for this case
made the transmitted signal too small for spectro-
scopy in the Voigt geometry. However, any at-
tempt to improve the characterization of the hole
pocket dispersion laws should incorporate the
more exact six-band effective Hamiltonian and its
exact eigenvalues. It is possible that an exhaustive
far-infrared study would enable direct experimental
determination of the many parameters entering the
effective Hamiltonian without recourse to the
scaling scheme based on Golin's interband matrix
elements that we have used. However, the prob-
lem that remains with any such program would
be to properly incorporate the many-body effects
on the calculated absorption line shapes. Other-
wise as we will see in II the (2-10)% uncertainty
in the proper "resonance field" position would re-
main.

As we have seen, the effective Hamiltonian does
not account for the very striking fine structure
that is observed on many of the absorption lines.
It is always possible to artificially construct a
dispersion relation that will fit a particular reso-
nance line shape. However, these model dis-
persion relations are then totally inadequate for

describing the other resonance lines in our wealth
of spectral data. We interpreted these fine-struc-
ture features in terms of electron-electron inter-
action effects in an earlier preliminary report
on this work. In this picture these features are
excitonic effects which arise from the final state
interactions of the electron-hole pairs produced
in the optical absorption process. A more detailed
analysis of these effects will be presented in a
subsequent paper' (II). Indeed a proper descrip-
tion of these excitonic effects required a knowledge
of the carrier dispersion relations and transition
matrix elements calculated in this paper. The
electron-electron interaction effects are found
to account for the diverse fine-structure features
in the far-infrared experiments in a natural and
simple way.

Complications arising from the highly aniso-
tropic band structure of bismuth and difficulties
in testing the electron-electron interaction effects
correctly under conditions of high magnetic fields
make an exact calculation of the absorption line
shape and position impossible at this stage. We
must therefore be satisfied for the present with the
rather empirical peak-marking procedure employed
in this paper and the resulting approximate de-
termination of the carrier dispersion laws.

The results of this paper should therefore be
regarded as indicative of the kinds of corrections
to the carrier dispersion laws produced by the
higher-order terms in the P ~ w perturbation theory
and giving the approximate magnitude of these non-
parabolic corrections for the hole pocket in bis-
muth. These effects are seen to be non-negligible.
The approach we have used should be easily
adapted to other semimetals and narrow-gap semi-
conductors. Particularly, these experiments
should be useful for BiSb alloys, PbTe, SnTe, PbSe,
and SnSe and the alloys of these Pb and Sn
salts.
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APPENDIX: MATRIX ELEMENTS FOR CYCLOTRON RESONANCE, SPIN-FLIP RESONANCE, AND SEVERAL KINDS OF
COMBINED RESONANCES

A. Fundamental cyclotron resonance

The matrix elements are calculated as outlined in Sec. IIC.
a/2

X[= ——.
' [i(E,e'"' —c.c) v n, (a'- a) —(E„e'"' c. c-)~a,(a'+ u)]

Sh) 2tFE0

—(E,e'"' —c.c}~ (u'+ u)+ {E,e'"'- c.c)a, —'
va, fP 0

X2= ——. —[Ka, r][(E„e'"'—c.c. )x+ (E,e'"' —c.c. ) y+ (E,e'"' —c.c.)x],
ZCa)

M"(e) =- M" (e) M"(s),
M,c'(s) = {p'iXIip),
Ma"(s) = &p'i'] i p),

(A2)

(A3)

(A4)

(A5)

where p' and p are {n+1, k„k„s)and (n, k„k„s), respectively, and I ) means the state corresponding
to the wave function with first-order corrections [Fq. (11)].

Neglecting E, are get4a

MPi(s) = ——
2

' (n+ 1)i i~[iE„~ai(l+ 2 W) — E~a~(l ——,
'

W)], (A6)

W=IA[cos'(t( —(aa/a, )']+ 2a cos (t(sin2(t + —,Csin22P+ Dsin'P] 2' (u+ 1)+2 4
38'«d

& 8,', 8'„
«I 2 &a &2

———GBu —+ (v —using) + 3C[(v cos (t]+ u sin Q —2uv sin2(((])/az —v /ai]
3&2 cos2$ u v cosf 2 2 2 . 2 2 2P

02 Ga Oa 02 mn

(A7)

e
ai'2

a 2 ~ ~ ~ CO sin Q 5M
M,"{s)=-— ' (u+1)'" 12iE+

i W —+ ——sin2y+ C ' (n+1)
2 4p 3aa Q2

cos p ~ +sin (((i +Bsin2$ 1 —— +C cos P+ —sin P ~+25,',
i

2 & . 2
' &4 2 &4

'
23. Q2 Q2 . Rl 0

—n," —[n(noon'(+(is(n'(] ~ Si(cos (orna( ~ C i(as(n] —(neon ( —i((oman( casing))
C2 Qa

x 8'(v, (n+ 1)+{A[12(a, /a2) cos'(t(+ 3 sin 2(t] —6(a, /az)i cos/ sin2$]

+ 8 [24(a, /aa) cos~(t] sin2$+ 12(a, /aa) cos~(t] (1 —4 sin2&) —12 sin2& cos2$]

+ C [18(a&/a2)~ sin~2$+ 18(a(]/a2} sin2(ti cos2$+ 12(l ——', sin 2(t])]+D [12(a4/aa)

2 I

+ 3 sin32@ + 6(a, /a2) sin (((] sin2$]] —' + 2g;,
Vl 0 (A8)

B. Second- and third-harmonic cyclotron resonances

For these txansitions ere have only considered
8 = 0', and for the third harmonic the contribution
from the spin-dependent pari of the Hamiltonian
and the z component of the electric field has been
neglected. Thus, these results are only for the
purpose of obtaining order-of-magnitude estimates
for the intensity of these transitions for the case
8 parallel to the bisectrix axis or close to this
condition

2nd-harmonic cyclotron resonance:

3rd-harmonic cyclotron resonance:

1)(n+ 2)(u+ 3)]'i'

sE* 15C 7
(a|}'" aa

E~ &5C 7
+

( )1/2

3 Dna
2 Q2

D 3 A@2
2 0

Q2 2 Qa
(Al0)

= ——&—' [(n+ 1)(u+ 2)] i 128'(v,
es P, a 2 &Ex

2 v mo )1 /o



FAR-INFRARED MAGNETOSPECTROSCOPY OF THE. . . I. . 1393

C. Spin-flip resonance

W= (T —T„)/(1 —y),
Z =(T„+Ts)/(1+ y),
T„=[T„,(a, /as) —r„,]/v a, ,

T, = [T,„(a,/a, ) —T„]/v a, ,

Try= v'g Hv G~v,

(Al ld)

(Alle)

~, =(-1/a. /+1),
~ s

7$ $9 p 72 SQ p T3 1 s

(A13)

(A14)

D. Combined resonance

ei Sv
( 1)'/' E* ~(W-Z )-3 ~—

2 (o 2ms
"+ ' ' " (a,)'" (a,)'"

vv xv a +4 Pg e gg
s+s ~+2 ( +Z1 s) 2 I )1/s + I xs/s +s I 11/s (W+Z1 s) 3 I %1/s + s I %1/s

~&1~

2 (d 2' o

(A15)

)/ ~yg ~ xg—Fs was(Ws+Zs) —2
( )s/s

—s
( )s/s

—F~
( )s/s (Ws+Zs) —2

(a )q/s
—s

( )
(A16)

In the above expression we have

W=- (1/y)(T„„/a,.T,„/ .),
z = XX QQ 2 xv

( ~.)'") 'kg

~S=-Z2

Z3 = —8'.

(A17)

(Ale)

(A19)
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