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Pressure dependence of the angn&ar correlation of positron-a»+i»tion ra@'ation in sodium
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The pressure dependence of the angular correlation of positron-annihilation radiation in sodium was measured

in the range from 4 to 68 kbar. Below 55 kbar the measured value of 8+ was consistent with the predictions of
the nearly-free-electron model. Above 55 kbar, 8z deviated from the nearly-free-electron model, indicating that
above 55 kbar the electronic structure of sodium metal may no longer be free-electron-like. The percentage pf
core annihilations varied smoothly from 30% at 4 kbar to 42% at 68 kbar. As pointed out by Kubica and
Stott this incr~a= in the core-annihilation percentage with pressure allows the measurements of the pressure
dependence of the positron lifetime in sodium made by MaeKenxie, LeBlanc, and McKee to be explained. The
pressure dependence of the enhancement of the electrons at the positron was also ex~~ined. Reasonable
absolute agreement with the theories of Kahana and Carbotte was observed, but the variation in the ratios of
the enhancement coe%cients with pressure was not in agreement with the theoretical predictions.

I. INTRODUCTION

Sodium metal has several attributes which make
it attractive for a study of the pressure dependence
of the positron-annihilation characteristics: It is
highly compressible, ' thus large changes of the
electron density can be achieved with moderate
pressure. The low-pressure valence electron
structure is nearly free-electron-like with a Fer-
mi surface which is nearly spherical. ' 4 The ion
cores are much smaller than the interatomic sep-
aration resulting in a reasonably small core elec-
tron contribution to the annihilation characteristics
and in a core electron structure which does not
change significantly over the pressure range used
in this work.

MacKenzie, I eBlanc, and McKee' have mea-
sured the effect of pressure on the positron anni-
hilation rate in sodium and the other alkali metals.
They observed that the annihilation rate was both
somewhat larger and varied more rapidly than
predicted for annihilation with valence electrons
alone. ' These results, by themselves, were not
disturbing; they could be explained by including
the core contribution. Qualitatively, the argument
is simply that the increase in the zero pressure
result over the valence-electron prediction is the
result of annihilation with core electrons. The
increased variation of the annihilation rate with
pressure is due to increased positron penetration
into the cores as the material is compressed, thus
increasing the core annihilation rate more rapidly
than the valence annihilation rate. Recently Kubica
and Stott' have made quantitative calculations of
the core contribution as a function of pressure
and found that the results of MacKenzie et al.
could indeed be explained on this basis. However,
MacKenzie et al. had made an additional measure-

ment which was at variance with this interpreta-
tion. They had also measured the Doppler broad-
ening of the annihilation radiation spectrum as a
function of pressure using a Ge(Li} spectrometer.
This measurement yields the momentum distribu-
tion of the annihilating electron-positron pairs and
can be deconvoluted to yield the percentage of core
annihilation, albeit with only a very limited reso-
lution. They observed no change in the percentage
of core annihilation with pressure. If this were
indeed true, the theories of positron annihilation
would be in need of serious revision. Of course,
it was also possible that the change in the core
annihilation percentage was not observed because
of the inherently poor resolution of the Ge(Li)
spectrometer method. For this reason it was felt
that high-resolution angular correlation measure-
ments of the pressure dependence of the momen-
tum distribution should be made. Such measure-
ments would provide an accurate measurement of
the variation of the core contribution as a function
of pressure and thereby resolve the problem raised
by the measurements of MacKenzie et al. In addi-
tion, angular correlation measurements would
also yield values for the variation of the electron
enhancement at the positron as a function of elec-
tron density and provide information on the elec-
tronic structure of sodium metal at high pres-
sures.

II. EXPERIMENTAL PROCEDURE

The sa,mple consisted of two discs of high-purity
sodium metal, each 6 mm in diameter and 0.25
mm thick. The sodium metal was obtained from
the MSA Research Corp. The positron source
consisted of 30 mCi of Cobalt-58 plated on a 6-p, m
copper foil. The source was sandwiched between
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the two disks of sodium. Preparation of the sam-
ple was carried out in an inert gas atmosphere
and the sample-source assembly was immediately
pressurized to 4 kbar to seal it against atmospher-
ic deterioration. The necessity of sealing the sam-
ple from the atmosphere prevented measurement
at zero pressure. The samples were pressurized
in a Bridgman opposed-anvil high-pressure cell
described previously. ' The pressure cell was cal-
ibrated using the resistance discontinuities of bis-
muth which occur at 25, 28, and 76 kbar.

The angular correlations were measured with
conventional long-slit apparatus with a geometrical
resolution of 0.5 mrad. Measurements were made
over the pressure range from 4 to 68 kbar.

The unavoidable use of an internal positron
source in high-pressure positron studies results
in a significant fraction of the positrons annihilat-
ing in the copper source foil instead of in the so-
dium sample. The percentage of annihilations oc-
curring in the source foil was estimated by finding
the linear combination of a pure sodium angular
correlation" and a pure copper angular correla-
tion" which best fit the angular correlation mea-
sured at 4 kbar. The result was that it was esti-
mated that 18+4% of the positrons annihilated in
the copper source foil. All the measured angular
correlations were corrected for source foil annihi-
lations by subtracting a pure copper angular cor-
relation which had an area equal to 189& of the total
area of the measured angular correlation. No cor-
rection was made for the compression of the cop-
per foil since copper is not highly compressible;
the density of copper at 45 kbar is only 3% greater
than the zero pressure density. " The error in the
estimate of the source percentage was the largest
single source of error in the experiment. In all
cases this systematic error was as large or larger
than the statistical errors. The error bars shown
in the various figures include the systematic
source foil error. This is why the error bars in
most of the cases are far larger than the apparent
statistical variation of the data points.

N„(8) =A[(-,'a+ ,'b+ ~~ c) ——,'—a(8/8~)'

——,'5(e/8, )'- ', c(e/8 )6]. (2)

A is the normalization factor and (8/ez) = y, since
8 =p/mc. The experiment of Donaghy and Stewart'
has shown that a momentum-dependent enhance-
ment term is needed to explain the angular corre-
lation of sodium and that the form in Eq. (2) fits
the observed zero-pressure valence-electron
component.

It is empirically clear that the core component
in sodium is very close to Gaussian in shape be-
yond e~. Since theoretical estimates" of the so-
dium core component for 8 &8~ do not deviate
significantly from a Gaussian shape either, the
core component N, (8) was approximated by the
Gaussian

N, (8) = Bexp(-8'/82o) . (3)

The total angular correlation N(8) can be repre-
sented by

mentum components of the valence electrons. In
sodium this portion is not large and the results,
with one exception, are not affected significantly.
The exception is that the measured core percent-
age includes the higher momentum components of
the valence electrons and, therefore, the mea-
sured core percentage is expected to be slightly
larger than theoretical estimates of the core per-
centage. However, the amount of the overestimate
should be nearly independent of the pressure as
long as the valence electron structure is nearly-
free- electron-like.

If one assumes that the Fermi surface of sodium
is nearly spherical and that the enhancement of the
electron density at the positron &(y) has a momen-
tum dependence of the form calculated by Kahana, "

e(y) = a+ by'+ cy',

where y is the reduced electron momentum, y
= (p/p~), then the valence electron component of
the angular correlation N„(8) will be

N(8) =N„(8)+N,(8) . (4)
III. RESULTS AND DISCUSSION

A. Data analysis

The angular correlation from sodium has two
basic components: (i) the narrow central peak,
which is approximately parabolic in shape, which
results from annihilation with valence electrons,
and (ii) the wide, so-called, core component which
is nearly Gaussian in shape. The core component
is due primarily to annihilations with the electrons
in the inert gas core of the sodium atoms, but a
portion of the core component is due to higher mo-

However, Eq. (4) does not include the effect of ex-
perimental resolution. This was taken into account
by convoluting N(8) with a triangular resolution
function with a half-width of 0.8 mrad. This reso-
lution function is not exact, but it adequately ap-
proximates the convolution of the triangular geo-
metrical resolution and the broadening caused by
the thermal motion of the position. "

A least-squares fit of the function N(8), convo-
luted with the experimental resolution, was made
to the measured angular correlations. The six
fitting parameters were Aa, Ab, Ac, B, 8~, and
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FIG. 1. Angular correlation of positron-annihilation
radiation from sodium at 4 and 68 kbar. The lines are
the least-squares fit ofN(e). The source foil background
has been subtracted.

8~. The fit was consistent with the measurements
in all cases. Representative results for 4 and 68
kbar are shown in Fig. 1. The values of the fitting
parameters are given in Table I.

The errors caused by the uncertainty in the esti-
mate of the fraction of annihilations occurring in
the source foil were estimated by fitting represen-
tative angular correlations using source foil anni-
hilation percentages of 14 and 22%.

B. Valencewlectron structure

The measured values of 8~ as a function of pres-
sure are shown in Fig. 2. Also shown is the varia-
tion of 8~ with pressure predicted for a free-elec-
tron gas with a spherical Fermi surface. For
pressures below 45 kbar, the calculation of the
free-electron value of 8~ was made using the mea-
surements of the volume of sodium as a function
of pressure made by Vaidya, Getting, and Ken-
nedy. ' For pressures above 45 kbar, the compres-
sibility measurements of Bridgman" were used.

The pressure scale of Bridgman's results was ad-
justed to a bismuth III-V transition pressure of
76 kbar instead of Bridgman's original value of
88 kbar. " When this was done, only a very slight
adjustment in Bridgman's result was needed to
connect it smoothly to the results of Vaidya et al.

Below 55 kbar the measured values of 8~ are in
complete agreement with the free-electron- model
prediction. The slight deviation of the nominal
4-kbar point is most likely the result of the actual
pressure in the cell being considerably less than
4 kbar, an event which occurs more often than not
with Bridgman-type high-pressure cells in the
range below 10 kbar. Below 10 kbar the gasket
often carries a disproportionate, but unreproduci-
ble, share of the press load, thus reducing the
actual pressure in the sample below the nominal
value.

Above 55 kbar the measured value of 8~ deviates
significantly from the free-electron prediction.
This indicates that above 55 kbar the electronic
structure of sodium metal may start to deviate
from nearly-f ree-electron-like. This hypothesis
is consistent with the high-pressure behavior of
the resistivity of sodium which starts to increase
significantly in the same pressure range. " It
would be fruitless to speculate about the fundamen-
tal cause of the observed deviation with only the

TABLE I. Parameters used to fit observed angular correlations.

Pressure
(kbar) Aa Ab Ac

ep
(mr ad)

eg
(mrad)

4
15
25
34
43
52
60
68

0.495
0.436
0.402
0.380
0.360
0.348
0.341
0.330

0.0809
0.0869
0.0918
0.0980
0.1006
0.1034
0.1049
0.1045

0.0903
0.0826
0.08 14
0.0781
0.0756
0.0746
0.0738
0.0694

3.53
3.73
3.83
3.90
3.96
4.01
4.00
3.99

0.0536
0.0573
0.0600
0.0614
0.0626
0.0631
0.0649
0.0693

6.42
6.72
6.79
6.90
7.03
7.12
7.07
6.94
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present results, the variation of the resistivity,
and the few other bits of information that are
available concerning the high-pressure behavior of
sodium metal. Distortion of the Fermi surface,
many-body effects, mixing of the valence states
with other states, and other things are possibili-
ties. The effects of several of these on the angular
correlation were calculated and it was found that
most of them could produce a deviation of the type
observed. Unless a way was found to measure the
angular correlation at high pressures using single-
crystal samples of sodium, it is unlikely that the
angular correlation method could be used to dis-
tinguish among the various possibilities.
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FIG. 4. Pressure dependence of the width (8(.-) of the
least-squares Gaussian fit to the core component of the
angular correlation from sodium. The line is a visual
fit.
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FIG. 3. Percentage of core annihilations as a function
of pressure. The line is a visual fit.

The percentage of annihilations taking place with
the core electrons was estimated by comparing
the area of the fitted Gaussian with the total area
of the angular correlation. This, of course, over-
estimates the actual core fraction slightly since the
Gaussian part also contains a small portion due to
higher momentum components of the valence elec-
trons. The percentage of core annihilations as a func-
tion of pressure is shown in Fig. 3. The percentage of
core annihilations varies from 30%at 4 kbar to 42% at
68 kbar with an uncertainty of +2%. As pointed out by
Kubica and Stott, ' this change in the core percent-
age with pressure explains the pressure depen-
dence of the positron lifetime in sodium observed
by MacKenzie et al. ' Kubica and Stott have calcu-
lated that the core percentage should be 25% at
15 kbar and 32% at 75 kbar. These values are
slightly smaller than the measured values but this
is not surprising since the measured core percent-
ages include a substantial contribution from high-
momentum valence-electron components.

The width of the fitted Gaussian as a function of
pressure is shown in Fig. 4. The gradual increase
in width below 55 kbar is probably the result of in-
creased positron penetration into the atom core

as the sodium is compressed. As Kubica and
Stott's' calculation of the positron wave function
in compressed sodium shows, the positron wave
function increases most rapidly in the central re-
gion of the core as the sodium is compressed.
This results in an increase in the percentage of
annihilations occurring with the high-momentum
electrons in the inner atomic core, thus producing
a broadening of the core component of the angular
correlation. The rather abrupt narrowing of the
core component above 55 kbar is consistent with
the previously discussed deviation of 8~ from the
free- electron prediction. As the valence-electron
structure, for whatever reason, deviates from
nearly-free-electron-like, the percentage of high-
er-momentum components would increase, with
the most rapid increase occurring in the region
just beyond 8~, thus resulting in a narrowing of
the so-called core contribution. This would also
result in a small increase in the area of the Gaus-
sian part beyond that expected, due to increased
penetration of the positron into the core. Indeed
a slight upturn in the core fraction does seem to
occur in the region above 55 kbar.

D. Enhancement

The values of the individual enhancement coeffi-
cients, a, b, and c, cannot be measured with the
angular correlation method because the shape of
the angular correlation is independent of the total
annihilation rate; i.e. , the normalization coeffi-
cient A is unknown. Only the ratios of the enhance-
ment coefficients, such as b/a and c/a, can be
extracted from the results. There is also a further
difficulty in that the exact shape of the core con-
tribution in the region 8 & 8~ is unknown and the
values of the extracted ratios are sensitive to the
choice of the approximation used for the core con-
tribution. The measured values of b/a and c/a for
sodium are shown in Fig. 5. The values are plot-
ted against x„ the radius of a sphere containing
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FIG. 5. Ratios of the enhancement coefficients, b/a
and c/a, in sodium as a function of electron density. r,
is in atomic units. Al.so shown are the theoretical pre-
dictions of Kahana (Ref. 13) and Carbotte Qef. 19), the
zero pressure values for sodium measured by Donaghy
and Stewart (Ref. 4), and the values measured in alumi-
num at zero pressure.

and Stewart and the present results could not be
determined. It did not appear to be the difference
in the core approximation used. The b/a and c/a
ratios were also computed using a MgO angular
correlation" to approximate the core component,
as Donaghy and Stewart did. The results were the
same, within experimental error, as those calcu-
lated using the Gaussian core approximation.

The slopes of the experimentally measured
ratios of the enhancement coefficients versus x,
are obviously in disagreement with the theoretical
predictions and this disagreement remains unex-
plained. The discrepancy does not appear to be
due to the systematic error caused by the source
foil correction; as mentioned, the error bars in-
clude this error. Nor does it seem likely that the
core correction uncertainty could cause such a
large error. The core percentage only changes
from 30 to 42% over the pressure range used and
no large change in the core shape is expected or
observed. While the results shown in Fig. 5 were
calculated with the core width varying as shown in
Fig. 4, the enhancement ratios were also extracted
using fixed width core component approximations.
One approximation was a Gaussian fixed at the 4
kbar width, the other was the MgO angular corre-
lation. " These approximations yielded the same
enhancement ratio, within experimental error, as
the variable width Gaussian approximation did.
The possibility of the discrepancy being caused by
the fitting procedure can be ruled out by the follow-
ing considerations: There are four features of the
angular correlations which are quite distinct with
very sharp chi-squared minima. These are the
maximum height of the curve 8~ and the two Gaus-
sian parameters. If the Gaussian is subtracted
and the peak height and 8~ are normalized, the
valence electron contribution will be

one valence electron on the average. The values
of r, were calculated using the same pressure de-
pendence of the volume as used in Sec. III B. Also
shown in Fig. 5 are the values of b/a and c/a pre-
dicted by Kahana" and the more recent predictions
of Carbotte. " The values measured by Donaghy
and Stewart4 for sodium at zero pressure are
given, as are the values measured for an annealed
aluminum sample. The aluminum angular corre-
lation was measured using an external positron
source and the ratios were extracted using the
same fitting procedures as were used for sodium.
Considering the magnitude of the error that uncer-
tainties in the core approximation might introduce,
the results are in reasonable absolute agreement
with the theoretical predictions. The source of
the discrepancy between the results of Donaghy

(l —y')+ b[.'(y' y')]+-c[ ,'(y-' y')], -- (5)

where y=k/k~= 8/8~. Over the range of interest
from y = 0 to y = l, —,'(y —y') and -', (y' — y') are not
too different in either shape or value. Thus the
fitted values of b and c are subject to some error;
however, the errors will be compensating to pre-
serve the fit because both the b and c terms are
positive. That is, (b+ c) will be essentially con-
stant. We can see from Fig. 5 that if some change
in the fitting procedure were to improve the fit of
the measured values of b/a to the theoretical
curve, the fit of c/a would become worse and vice
versa. Therefore the fundamental discrepancy be-
tween the measured and theoretical values is not
likely to be an artifact of the fitting procedure.

The measured and predicted enhancement coeffi-



5198 D. R. GUSTAFSON AND J. D. WILLENBERG 13

cient ratios for aluminum, which also has a nearly
spherical Fermi surface, are in close agreement.
This rules out the possibility that the trend ob-
served in sodium could be a simple consequence of
the change in electron density.
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