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The conduction-electron spin susceptibility g~ for Li and Na was measured as a function of pressure. By
combining the present data with the previously measured volume dependence of the Knight shift of these
metals, the volume dependence of the amplitude of the electron wave functions at the nucleus, PF( V), is
deduced for the first time. A comparison with theoretical predictions of PF( V) for Na indicates that they all
agree qualitatively and some agree numerically with the experimentally obtained results. None of the theories,
however, correctly predict the experimental results for Li. The Pauli susceptibility enhancement gp/gF for a
jellium model has been a favorite topic among many-body theoreticians. (Here gF is the free-electron gas
susceptibility. ) Dozens of theories of gp/QF as a function of the Wigner-Seitz radius rs have been published
since 1929. The attempts to compare the theories with experiments made one realize that an important link
was missing; the effect of the band structure in real metals on the many-body enhanced susceptibility was not
known. The Present data for gp/gF and dip/gp)/drs for Li suPPort the validity of the newly develoPed
general theory of susceptibility by Vosko and Perdew which incorporates the band-structure effect in a logical
way rather than in an ad hoc fashion. The perfect agreement between the present data and their calculation of
gp/gF and its derivative for Na strongly supports some of the jellium theories previously proposed.

I. INTRODUCTION

We measured the conduction-electron spin sus-
ceptibility y~ of Li and Na metal as a function of
hydrostatic pressure. '~ The purpose of this ex-
periment was twofold: (i) to derive the amplitude
of the electron wave functions at the nucleus,
(I P(0} I ~), as a function of volume and compare the
results with theoretical predictions [the volume
dependence of (I g(0) I ), which is designated as
P~, was thus determined experimentally for the
first time ]; (ii) to obtain the susceptibility en-
hancement factor as a function of interelectronic
distance directly. We wish to give a decisive
experimental answer to a longstanding many-body
effect problem in an electron liquid with metallic
density.

One of the outstanding theoretical problems3 in
basic metal physics is how to treat an exchange-
correlation (XC) effect. There has been little
conclusive experimental evidence to demonstrate
that one theory is significantly better than the
others. A theory of the XC effect, mostly dealing
with jellium, has to be tested by comparing it with
experimental results for real metals which are not
jellium. It is important to choose a phenomenon
which exhibits the XC effect prominently, and to
select the materials which are the closest replicas
of jellium.

Precise band-structure information3 is another
problem which has to be calculated on a first-
principles basis and checked against experimental
results. The precise knowledge of the wave func-
tion has not been well substantiated by experiment
even for simple metals such as alkali metals.

One would expect a significant improvement in
the understanding of the basic properties of in-
teracting electrons in solids only if (a} reliable
band-structure parameters are evaluated and
checked by the pertinent experiments, (b) the band-
structure effect is incorporated in a logical way,
rather than in an ad A,oc fashion, into the many-
body calculation of the XC effect, and (c) the re-
sults are compared with clear-cut experiments.

Up to now, there has been a great emphasis
on the calculation of energy bands, but very little
attention has been given to the electronic wave
functions. This is understandable since abundant
and detailed experimental information on the
Fermi surfaces is available to be compared with
the calculated eigenvalues &»„. However, direct
experimentally obtained knowledge of the wave
functions is scarce.

Most of the experimental information of g-„has
been obtained using de Haas-van Alphen (dHvA)
type experiments, their modifications, and the
anomalous skin effect. These experiments usually
require high-purity materials and/or high magnetic
field at low temperature, which imposes some
restriction on the samples to be studied. Never-
theless, many detailed studies have been published
on the experiments and the theoretical calculations
of &g in many metals.

It is obvious, however, that the knowledge of the
wave functions is as important as that of their
eigenvalues to the basic understanding of metal
physics. Since the pseudopotential method4 has
become popular, it has been noted that &-„ is not
sensitive to the choice of the potential in a one-
electron SchrMinger equation. It is quite pos-
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sible that the pseudopotential which reproduces
the experimentally observed E-„satisfactorily might
give poor wave functions. ' The success and the
great popularity of the pseudopotential method are
based on the insensitivity of the energy bands to
the crystal potential. s There seems to be no exact
evidence that the pseudopotential method gives
numerically correct wave functions. ~

As numerous calculations' ' have shown, the
wave function, particularly the nuclear contact
density (l P-(0) l ~} (

—Pr), -is much more difficult to
evaluate, since the P~ value critically depends
on the choice of the crystal potential. A compari-
son with the experimentally observed value of P~
is, therefore, a much more critical test for the
theory of the electronic states in metals. Un-
fortunately, reliable experimental values for P~
are available for only a few metals. Even if one
can find the experimental P~ value, P~ is a single
averaged quantity of I P-„(0) I

~ over the Fermi sur-
face. The agreement with the calculation could
easily be due to a fortuitious accident. The chance
of coincidence is much less in the case of the
eigenvalues, where detailed comparisons with
experiments are possible.

It is, therefore, important to increase the
amount of the experimentally obtained information
of P~ for the pertinent metal. The conventional,
and the most popular, method is to make alloys
with other elements and to study the change of P~
as a function of concentration (metallurgicai ap-
proach). Another method is to compare the prop-
erties related to P~ with those of metallic ele-
ments in the same or neighboring column of a
periodic table (chemical approach). A great deal
of the knowledge of P~ of metals has been ac-
cumulated by these approaches. Any interpreta-
tion based on these methods, however, inevitably
requires additional assumptions, some reason-
able and some dubious.

The volume-dependence measurement of P~
is one of the most clear-cut ways to increase the
information on the wave functions in metals. The
product of P~ and g~ (in cgs volume units) is ob-
tained experimentally as the Knight shift K for
the simple metals,

K=/ wy~QPz,

where 0 is an atomic volume. '3

We have noticed that some authors who are in-
terested in the calculations of P~ assume a crude
estimate for y~ (even a free-electron value) when

they compare their results with the experimental
values. Other authors, who have a profound
knowledge of an idealized metal, tend to compare
their calculated y~ with the experimental K values,
making little effort to check the validity of the P~
values obtained by the band-calculation specialists.

It is our impression that the reliability of the
theoretical estimate of P~ is not any better than
that of g„.

The volume dependence of K for alkali metals
was measured some time ago. " Since then it has
been realized that the volume dependence of g~
deviates considerably from the corresponding free-
electron values. "

In this paper we describe the first experiment
in which the volume dependence of y~ was mea-
sured. From our results we could deduce the
volume dependence of P„experimentally and
compare it with the theoretical predictions pub-
lished previously. The dX~/dV measurement gives
one of the most direct experimental checks of the
many-body effect at metallic density.

Most of the solid-state problems have been in-
terpreted in terms of the one-electron approxima-
tion,

[- (ff'/2m)v'+V. ,]y-,(r) = ~-„y-„(r) . (2)

The effective potential V„represents the interac-
tion between the electrons and the core ions as
well as some Of the interaction between the con-
duction electrons themselves. The simplest V„
is a boxlike potential (Sommerfeld model), which
replaces the positive-charge effects of the core
ions by an averaged uniform positive-charge dis-
tribution. It is surprising that such a simple
model with a minor modification explains the gross
properties of the metals. This is one of the
motivations for the recent development of the
pseudopotential theory. The Hartree and the Har-
tree-Fock potential are mell-known forms of the

Vef ~

The effects which cannot be described by the
one-electron model are called, somewhat loosely,
many-body effects. The many-body problem has
been a most difficult and challenging subject for
theoreticians. Most often, this electron-electron
interaction has been studied by the theorists in a
fictitious metal where the crystalline effect is re-
placed by a uniform charge distribution; this is
the equivalent of the Sommerfeld model for the
band-structure calculation. As mentioned above,
this idealized metal is commonly called "jellium"
or a Fermi liquid. Besides the theoretical dif-
ficulties, there are few experimentally accessible
quantities which can be compared with the theoret-
ical results directly. Many theories have to base
their validity check on self-consistency theorems
such as sum rules and/or a fluctuation-dissipation
theorem. These rules and theorems are, how-
ever, necessary but not sufficient conditions.
Experimentally many phenomena are affected to
some degree by many-body effects. The results of
the effects are usually too subtle to enable one to
single out any one theory as the correct one. For
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example, the effective mass of alkali metals de-
rived from cyclotron resonance or from the low-
temperature specific heat is known to be different
from the band-structure effective mass m~~ by
(20-20}%. The observed effective mass consists of
three components: m~, the electron-electron en-
hancement, and an electron-phonon enhancement. '
There is, however, no known way to separate
these three in alkali metals.

The conduction-electron spin susceptibility is one
of the exceptions. '7 The enhancement due to the
electron-electron interaction is large. It is
believed to be 50% or more in jellium at metallic
density. The electron-phonon interaction does not
affect y~ in first order. ' '"' ~ The spin sus-
ceptibility is, therefore, one of the most ap-
propriate experimental parameters to study the
XC effect.

At the high-density limit, rz «I, where rz is
the Wigner-Seitz radius measured in Bohr units,
the problem has been well settled by a random-
phase-approximation (RPA) theory ~3'. In the
real-metal range, 2 r~ &6, the electron many-
body problem has thus far resisted attacks, 3' al-
though many promising attempts have been made.
Historically, Bloch3~ first pointed out almost a
half century ago that g~ becomes infinite at r~ -6,
if one uses the Hartree-Fock (HF} approximation.

The exchange interaction in the HF scheme
tends to align the parallel spins. Since the ex-
change energy (~rz') becomes more important
than the kinetic energy (~r a~) at lower density, the
HF electron system becomes magnetically un-
stable at the low end of the metallic density. Since
no such tendency is observed in Cs (rz =5.6}, the
correlation effect, which is neglected in the HF
approximation and which tends to increase anti-
parallel spin alignment, is strongly suppressing
the gr enhancement in the low-density region.

In the middle metallic range (r~ -4), direct
measurements of g„'~ 3 3' of Na and K give the
most reliable enhancement factor )t~/)tr, where

)fr is the susceptibility for a noninteracting elec-
tron gas; &~=2. 589 r~'&10 cgs volume units.
Since it is generally considered that Na and K are
almost a jellium, by combining the exact RPA
solution at the high-density limit and these experi-
mental values, we feel that the general trend of
the enhancement is understood reasonably well in
the region 0&r~ &4.

At the low metallic range 5 &r~ &6, however,
neither the experimental nor the theoretical situa-
tion was clear at all. There are numerous and
diversified theoretical predictions. Some of them
predict that g~/)(„keeps increasing as r~ in-
creases, which is similar to the HF result. The
others predict that the curve is going to flatten
off or bend down. A phase change of jellium has

also been suggested. ~ The Fermi energy of jel-
lium, 2. 21/rz Ry, becomes comparable to the
zero-point energy of plasmons at r8-4. 5. Other
types of phase changes or an instability before the
electron liquid finally (and presumably) freezes
to a Wigner lattice at large r~ have been proposed
by many authors. '~'3 Wiser and Cohen con-
sidered a mechanical (r~&5), a magnetic (r~&6),
and a thermodynamical (rz&4) instability of jel-
lium. The magnetic alignment (ferro or anti-
ferro) of the Wigner lattice is discussed by Her-
ring. '0

Since y~ is generally a function of q, there is a
possibility that g~(q)~, becomes unstable before
the onset of the instability of the static suscepti-
bility )f~(0). The possibility of such instability
which leads to a spin-density wave in jellium has
been an outstanding controversy. 4'

The measurement of g~ of degenerate semi-
conductors4~44 helped little in the understanding
of low-density jellium, since the band-structure
effect becomes more important relative to the
electron interaction, It is a risky step to extrap-
olate the high- and medium-density jellium to the
Wigner lattice state. '

The measurement of g~ for Rb and Cs using a
spin-wave method seems to be promising. The
observed values have, however, a large uncer-
tainty at present. " The g~ values for these
metals obtained from the dHvA effect are not
unique, since their experimental values give
cosines of the necessary quantities which lead to
the )(~ values. " Another difficulty in assessing
the low-density jellium g~ by using the observed
values of the Rb or Cs susceptibility is the un-
certainty in their band-structure effect.

These metals seem to have a considerable
deviation from jellium: (i) The deviation of ma/m
from unity may (or may not) be an indication of the
strength of the crystalline effect. Unfortunately,
m~ defined by the following relation is not ac-
cessible experimentally:

m', /m = N(~,)/N, (~,) . (2)

Here N(ez) and Nr(ar) are the density of states at
the Fermi surface for the real metal and the free-
electron gas, respectively. An optically mea-
sured effective mass is not necessarily equal to
rn~. ' As stated previously, the specific heat
or the cyclotron effective mass is dressed with
an unknown amount of the electron-electron and the
electron-phonon interaction. " The diversity of
the calculated values for m~ is so large that al-
most any experimentally observed X„value can
be used to justify any given jellium g~ by selecting
a suitable ma value. (ii) Even if one knows of the
correct values of m~~, and if one can assume that
m~~ represents the band-structure effect on Xpy
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there was no logical method to integrate the band-
structure effect into the Fermi-liquid theory. A
new general theory recently developed by Vosko
and Perdews~ seems to be the most promising
answer to these questions and will be discussed
later.

The spin-lattice relaxation time T, of NMR gives
some information on the electron-electron inter-
action. 3 The experimental results by Narath and
Weaver'3 for K, Rb, and Cs suggest that the en-
hancement in gp for these metals is approximately
the same. They concluded, however, that since the
analysis of the T, data requires an additional as-
sumption, their interpretation is of a tentative
nature. They realized that further speculation
must wait for the appearance of additional informa-
tion on the gp value.

Wolff'4 pointed out that the ratio of T, in a high
magnetic field and in a low magnetic field could
be used as an indication of the electron correla-
tion. Subsequent experimental and theoretical
studies"' revealed that the experimental ratio
cannot be uniquely correlated to the amount of the
electron-electron interaction without using as-
sumed models.

The Knight-shift experiments for alkali-metal
alloys by Kaeck" suggested that }I~/}(r is almost
constant for all the alkali metals except Li. The
data analysis was, however, based on certain as-
sumptions which are reassessed recently by van
Hemmen et al sa's9 and by another group eo

A study of the pressure dependence of the Na
(or K) susceptibility has unique advantages. It is
believed that m~~/m is almost exactly one. "0'"'""
According to Ham, ' dms/dr~ is very small for
Na. ~ Besides, r~ of Na (-4}is about at the mid-
point of the entire metallic range (2~r~~6). The
observed values of )|~/}I+ and d(XP /}I+)/Ch~ in
conjunction with the RPA result for ~~ «1 were
thought to give a reliable general trend of the
many-body enhancement for the total metallic
range. The influence of the remaining band-
structure effect and particularly its r~ depen-
dence has to be treated carefully, however, in
order to reach the final solution of this problem. s~

From two aspects of basic solid-state physics,
the critical evaluation of the calculations for the
wave functions in the simple metals and the ex-
perimental answer to the XC problem in the metal-
lic range, the observation of the volume dependence
of gp has been awaited a long time. e'4' 3'~ Now,
for the first time, we have the answer in Li and
Na.

II. EXPERIMENTAL PROCEDURE AND RESULTS

Since the original work by Schumacher and
Slichtter ~ on the absolute measurement of Xp in
Li and Na, Schumacher's group and his associates

have improved the accuracy and revised the re-
sults. se'~' ~~ The initial value for Na is~4 (0.95
+ 0. 1)x 10~ cgs volume units at 300 and 79 'K, and
the revised value is 1.12+0.05 at 77 K. The
experimental error for Li is smaller, since the
width of the conduction-electron spin resonance
(CESR) line is narrower. The original value by
Schumacher-Slichter~' is (2. 08 +0. 1)x10~, and
more recent values are~ 2.09' 10 at 298 'K and
2. 18x10~ at 4. 2'K with an accuracy of 5/p.

The area under the CESR absorption curve is
proportional to pp. Since it is difficult to mea-
sure the absolute magnitude of the resonance ab-
sorption, they first measured the CESR at a low
field (a few gauss) and then measured the NMR
signal in the same sample at a high field (a few
thousand gauss) without changing the condition of
a spectrometer system. The area ratio of the
two resonance curves gives the yp value in units
of the nuclear susceptibility which is well known.

The volume-dependence experiments measure the
change in atomic susceptibility 1~ (or molar sus-
ceptibility), since the number of atoms does not
change with the volume compression. The volume
dependence of )Ir goes as 0-' ~3 and y~ (= O}I„)
changes as O' . In order to get a meaningful
value for the change of yp or Xp associated with
a typical volume change, say 10%, due to hydro-
static pressure, the accuracy of the measurement
has to be increased by one order of magnitude
compared with the results by Schumacher's group.

It would have been a formidable task to increase
the accuracy of the absolute value by this amount.
They had to spend seven years to decrease the
experimental error by a factor of 2. Fortunately
what we needed was an improvement in the rela-
tive accuracy associated with the volume change.

The major source of systematic error in the
initial value for Na was ' '~ the difficulty in
estimating the area under the long tails of the
CESR line, most of which are hidden in the noise.
For the relative change due to pressure, however,
as long as the shape and the width of the observed
line are unchanged with pressure, the error from
this source is of a minor importance.

Background spurious signals are another prob-
lem which could contribute to the systematic error.
These signals have two sources: (i) a direct elec-
tromagnetic pickup and (ii}weak but broad near-
zero-field EPR lines caused by some impurities.

The swing of the magnetic field sweep for the
present Na CESR measurement was over 100 G.
Some amount of direct pickup is almost inevit-
able, and this contributes to the spurious back-
ground signal. A triangular shaped field sweep
was used. The CESR signals were measured both
during the upward and the downward sweeps. The
background signals had opposite polarity for these
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FIG. 1. Block diagram of the CESR and the NMR
area-measurement apparatus. The timing diagrams are
also shown.

successive sweeps and tended to cancel one an-
other during an area integration process. The
contribution of the pickup signals was unchanged
with pressure. We confirmed that the observed
pressure dependence of g~ did not change when
the sweep amplitude, and thereby the amount of
pickup, was changed.

The impurity EPR signals were most trouble-
some. Their intensity changes with temperature
and often with pressure. This problem and its
solution will be described later.

The effect of random statistical noise was reduced
by automating the measurement procedures and
taking the statistical average of many hundreds of
measurements.

The block diagram of the experimental setup is
shown in Fig. 1. The CESR and the NMR signal
of the sample, which is enclosed in a BeCu high-
pressure bomb, are detected with a Pound-Knight

type spectrometer. Since the magnetic field is
not modulated, contrary to conventional practice
for a magnetic-resonance experiment in solids,
the spectrometer response at low frequency had
to be improved by increasing the time constant of
the automatic level control of the spectrometer.

The rf frequency of the spectrometer was 10.5
MHz for Na, . For Li 10.5 and 14.9 MHz were
used. It was important to use spurious-EPR-free
material for the rf coil and its support. A clean
enamel-insulated copper coil with a thin coat of
epoxy resin (Hardman, Inc. , Belleville, N. J.,
Extra Fast Setting) was satisfactory at room tem-
perature. A similar coil covered with thin Mylar
films covered in turn with the epoxy coating worked
better at 200'K.

The dispersed Na metal was purchased from
Matheson, Coleman, and Bell. The Na particles
have a nominal size of 1 p, m and were dispersed
in a light oil when received. The light oil was
replaced by high-pressure transmitting oil which
has been precleaned. Since the skin depth at room

temperature is -30 p. m, the penetration of rf is
complete and no dispersion-mode signal was ob-
served. The CESR T, for this sample was 3
x 10~/T. The room-temperature linewidth of the
derivative curve was 11 Oe peak to peak. We al-
so made dispersion samples with an ultrasonic
technique, but we did not use these homemade
samples for the final data taking, since their CESR
width was somewhat larger than that of the pur-
chased samples.

The Li dispersion was prepared with a high-
speed mechanical agitator. The original material
was purchased from Matheson, Coleman, and
Bell, the nominal purity being 99.9%. The T,
value for the Li sample ranged between 4 and 9
x10 sec at room temperature. We prepared a
finer (5-30-pm particle diam. ) and a coarser
(20-80 p, m) dispersion. The latter sample showed
a slight mixture of the dispersion-mode signal.
The observed pressure dependence, y~p(P)/y~(0)
was the same as for the finer sample.

The density of the dispersed sample was in-
creased by spinning the sample ampoule in a
centrifuge. The increase of the density of metal-
lic particles enhanced the signal intensity of the
CESR and the NMR without increasing the back-
ground signals. If the dispersion was too tightly
packed, however, a hysteresis effect was noticed.
The meast. red value of y~p did not return to a zero-
pressure value after the pressure was released,
the difference being a few percent. The anomaly
was found to take place after an initial pressure
(-2000 kg/cm~) was applied. Beyond this pres-
sure range the pressure dependence of g~~ was
completely reproducible during the increase or
decrease of pressure The s. lope dIt~/dP in the
higher-pressure range was the same as that for
the nonhyste~esis samples. The hysteresis ef-
fect was probably due to contacts between the
particles caused by the pressure. It was noticed
that coating with a small amount of oleic acid re-
duced this effect. The coarse-particle samples
tended to have more hysteresis problems.

The elimination (or at least the minimization)
of the impurity background signals was the most
difficult problem in this experiment. These sig-
nals did not usually originate from the sample
dispersion itself. Their amplitude was not large;
they were often not noticeable on the monitor
oscilloscope screen. Signal accumulation in a
signal averager, however, revealed very broad
background signals (over 1000-G wide). Since the
intensity of these signals was distributed over a
large magnetic field range, their integrated in-
tensity was appreciable compared with the area
of the real signal. These signals were believed
to be due to the EPR signals of the impurities from
various origins. At near-zero field, the rf power
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absorption had a peak rather than a dip, which
would be expected if the cause was the magneto-
resistance.

The intensity and the width of the signal changed
with temperature. The integrated area of these
signals often depended on the pressure as well.
Qur preliminary data'9 for Na contained appreciable
error due to this origin. A clean inside surface of
the sample container was essential. Proper
shielding of the rf coil was necessary for the in-
side wall of the BeCu bomb which generated a
strong spurious signal at 200 'K.

After carefully cleaning the coil and sample
ampoule the pressure dependence of the residual
background signals was checked. Their contri-
bution to the observed pressure dependence of y~
was negligible. When the amplitude of the field
sweep was changed, the ratio between the area of
the spurious signal and the real signal would have
changed. Qur pressure-dependence data were un-
affected by the change in the sweep amplitude.
Since the intensity of the background signals de-
pends strongly on temperature, their pressure
dependence would most likely depend on the tem-
perature. Qur final results gave the same pres-
sure-dependence values for room temperature and
for 200 'K. We concluded that the present pres-
sure data is not affected by the residual-impurity
effect.

The precautions for the NMB calibration of the
CESR signal are as follows: (a) Any saturation of
the NMR line would make it unsuitable for use as
a calibrator for the CESR line, since the degree
of saturation might change with pressure. There-
fore, any saturation effect must be eliminated.
(b) Motionally narrowed NMR lines at room tem-
perature have their width determined by the in-
homogeneity of the magnet. By changing the
amount of the inhomogeneity of the magnet we con-
firmed that our results were independent of the
field homogeneity. Since an increase of the field
sweep amplitude did not change our results, the
total intensity of the NMR line was indeed covered
by the present field swing. Although the line did
not change with pressure at room temperature, the
lifting of the motional narrowing took place at ap-
proximately 4000 kg/cm~ at 200 K. The pressure-
dependence data for X~ showed no change at this
pressure. We believe that the change of the line
shape of the NMB signal due to these origins does
not affect the present results. (c) If the sweep
speed is too fast, an adiabatic condition is vio-
lated and the NMR line is distorted. The degree
of distortion ("wiggle" ) could depend on the pres-
sure. Since it was difficult to avoid this type of
distortion completely for the motionally narrowed
NMR line, the possible effects on the pressure
data were checked experimentally. The speed of

the sweep was changed by a factor of 6. The re-
sults were independent of the sweep speed. As a
second check, the atmospheric pressure value of

y~ was measured at 77 'K, where the motional
narrowing is absent and no wiggle exists. We ob-
tained the same value as that at room temperature.
The same check was made on the CESR lines. We
concluded that any small distortions of the reso-
nance lines due to the transient effect do not affect
our results.

As mentioned before, the most difficult correc-
tion for the absolute measurement of yp, the tail-
area estimate of the Lorentzian-shaped CESR
line33' ' fortunately is not a serious problem in
the present experiment. In order to check the
importance of the effect of the tail cutoff in our
pressure change, y~(P}/It~p(0), we reduced the
sweep amplitude by a factor of 3. Although the
observed (apparent} value of X~(0) decreased
appreciably due to the increase of the uncounted
tail area, the ratio g~(P)/)(~(0) did not change. The
linewidth was unchanged with pressure.

Since the nuclear susceptibility is inversely
proportional to T, the temperature of the bomb
was monitored with a thermocouple.

The field sweep coil was wound directly on the
outside of the bomb. The swing of the sweep was
+125 Oe for the CESR observation. The sweep
rate was 6 or 12 Hz. The triangular shape of the
sweep at the sample cavity in the bomb was dis-
torted due to the eddy-current effect. When the
sweep direction was reversed, the inside field did
not follow the reversal immediately. The es-
sential part of the field sweep in the bomb was,
however, sufficiently linear.

The NMR signal was observed in a Varian 12-in.
magnet. The same sweep coil was used. The
sweep amplitude was, however, reduced to ~,
since the NMR line is narrow at room tempera-
ture. The distortion at the peak of the wave form
in the bomb was worse, because of the presence
of the pole pieces of the magnet. The center
parts of the sweep where the NMB line was dis-
played were sufficiently linear, however.

The high-pressure bomb, the sweep coil, and
the spectrometer were rigidly suspended on a
sliding deck. The deck was rolled into and out of
the magnet. The deck was moved by a digitially
controlled stepping motor. The location of the
deck, whether inside or outside the magnet, was
precisely reproducible.

The high pressure was generated with a Bridg-
man-type ram which was purchased from Harwood
Engineering Co. and extensively modified to ob-
tain satisfactory operation. In the room tempera-
ture measurement the pressure transmitting liquid
was petroleum ether. A mixture of pentane and
n-butyl butane (equal amounts by volume) was
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used for the 200 'K experiment. Both liquids
were pretreated with sodium-metal pieces.

The integration of the resonance curves was per-
formed as follows (Fig 1): .The output of the
spectrometer was sent to a voltage-to-frequency
converter (VFC). The frequency of the pulse out-
put of the VFC was precisely proportional to the
input voltage. The number of pulses was counted
with an up-down counter. The combination of the
VFC and the counter acts as a digital integrator, and
the integration accuracy is determined by the
accuracy of the VFC alone. Thus we could avoid
the drift problem of an analog integrator. Be-
sides, the counter mode can be changed electrical-
ly by sending an up-down command signal (UP-DN).
In the up-count mode the content of the counter in-
creases as the pulses enter the counter. In the
down-count mode the counter content decreases.
Another advantage of this digital integrator is that
many integrated signals can be accumulated in the
counter in a digital form and can be printed out on
a read-out command.

A troublesome problem associated with an elec-
tronic integrator is the integration error due to an
improperly set zero level at the input. The dc
output level of the signal amplifier (0' in Fig. 2)
has to be exactly adjusted to the base line of the
signal (0 in the figure). If 0' is lower than 0, as
is the case shown in the figure, the integrator in-
tegrates the total area between the signal and the
electronic base line O'. The integrator output
keeps increasing even after the integration of the
resonance curve is completed. If 0' is higher
than the 0 level, the integrator output keeps de-
creasing after the desired integration is completed.
It is very difficult to adjust the 0' level properly
by monitoring the signal on a scope screen be-
cause of the random noise. Even if one can adjust
the electronic base line perfectly once, the elec-
tronic base line tends to drift gradually and re-

ELECTRONICS BASELINE
FIG. 2. Automatic area integration. of the resonance

curve. The digital integrator "counts up" during periods
II and III, "counts down" during periods I and IV, and
cancels the area between the base line of the resonance
curve (0) and the electronics base line (0').

quires continuous readjustments.
This problem was solved as follows: The in-

tegration period was divided into four equally
spaced ranges (I, II, III, and IV in the figure).
Ranges II and III contain the resonance line whose
center was approximately adjusted to the boundary
of II and III. Ranges I and IV correspond to the base
line of the signal. The electronic base line 0'
was adjusted so that the signal (including the as-
sociated noise) level was always higher than 0'.
The counter was operated in the down mode at
ranges I and IV and in the up mode at the center
ranges II and III. The areas between the elec-
tronics and the signal base lines cancel. The
counter content at the end of range IV is the area
under the resonance curve alone. An input gate
of the counter (Fig. 1) opens only during the in-
tegration periods, ranges I through IV. After the
required number of signal accumulations, the
counter content was printed out. The same pro-
cedures were repeated alternatively for the CESR
and the NMR lines.

It is important to alternate the procedure as
rapidly as possible in order to minimize the cali. —

bration error due to the gain drift of the electronic
system between the CESR and the NMR measure-
ments. It is not desirable, however, to move the
bomb-spectrometer system too fast. The mechan-
ical disturbance of the sample dispersion should
be avoided. The compromise we adopted was as
follows: (i) The NMR signals were accumulated
640 times. (ii) The CESR was also measured 640
times. (iii} Then the procedures (i) and (ii) were
repeated 5 times. The field sweep rate was 6 or
12 Hz. The same sequence was repeated at each
pressure point.

A sequence generator, which is often called a
word generator, is a homemade universal pro-
grammer. The appropriate commands, such as
triggering a triangle wave generator, gating the
VFC output, and the up-down and the readout in-
structions for the counter, are issued at appropri-
ate times. The programming can be changed by
altering plug positions at a diode matrix board.

The values for )t~(P }/g~(0) observed under vari-
ous conditions were compared. The effect of the
size of the particles, the degree of their packing,
and the sweep rate and amplitude did not affect the
experimental results as stated previously. The
influence of the amount of the sample in the rf coil
%as also checked. If the effective rf field in the
coil was not uniform over the sample, a possible
deformation of the coil accompanying the pressure
change would have changed the inhomogeneity of
the rf field. If the change in the inhomogeneity
had any effect on the experimental values, the
results would have been dependent on the amount
of the sample. We checked the effect of the oleic
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FIG. 3. Pressure dependence of atomic susceptibility
XJ for Na and Li. X~ is normalized to its atmospheric
value.

acid which kept the sample particle surface oxide
free. We compared the results obtained using
enamel-wire coils and clean bare copper coils
which occasionally short circuited between turns
as the pressure was increased. The results ob-
tained using petroleum ether and the two-com-
ponent mixture mentioned before were compared.
The time constant and the rf level of the spectrom-
eter were varied. It was confirmed that the
results were independent of the changes in these
experimental conditions.

For Na six sets of pressure data were taken
under different conditions at room temperature,
and three sets were obtained at 200 K. No sys-
tematic differences were noticed among all the
data. Since the CESR of Li has much better sig-
nal-to-noise ratio, two sets of data at room tem-
perature were sufficient.

The experimental results are shown in Fig. 3.
The room-temperature data are shown in the fig-
ure. Thedata at 200'K for Na are the same as that
at room temperature within experimental error
+ 0. O'Pp.

The measured pressure dependence of the sus-
ceptibility is converted into the volume dependence
by using available compressibility data. Swenson's
values of the P- T —V relation are used for Li.
For the compressibility of Na, Beecroft and Swen-
son's values ' are utilized with the subsequently
published correction for their pressure calibra-
tion. ss The volume dePendence of gas (the circles)

and )(s (the triangles) are shown in Fig. 4. Both
the susceptibility and the volume are normalized
to their atmospheric values.

A striking deviation from the free-electron
slope, ding~/dlnV= ——,', is noticed for Li.

The absolute value of )is(0) was also obtained
from the present data, although this was not the
main objective of the present experiment. The
uncertainty in the estimate of the hidden tails for
the CESR lines, a possible effect of the residual
background signal which does not affect the pres-
sure results, and uncertainty in the calibration
of the field sweep were the main sources of ex-
perimental error in the absolute values. The
amount of the errors due to the three causes is
believed to be approximately the same.

The results are:

[1~(0)]„,= (1.07 a 0. 03) x 10~,

[)ts(0)]L,= (1.98+0, 04) x10~ .
Previously obtained values by other workers using
various methods are compared with our values in
Table I. All the recently measured values agree
with the present values, within the quoted experi-
mental errors, except the X„deduced from the
dHvA effect, where the ambiguity and the uncer-

I.03

0.95

00t.
I I I I I I I I I

I.OO Vl V(0) 0.90
FIG. 4. Volume dependence of the atomic suscepti-

bility Xp and the volume susceptibility Xz. The suscepti-
bility and the volume are normalized to their atmospheric
values, respectively.
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TABLE I. Summary of the observed values for Xp in Li and Na.

(10 cgs volume units)

2. 08+0.1 0.95+0.1

0. 89 + 0. 04 4. 20 K

1.13+0.05 20'K
1.12+0.05 77 K
1.09+0.08 4. 2 K

Schumacher and Slichter, CESB area. '
Schumacher and Vehse, CESR area.

Schumacher and Vehse, CESR area. '

2. 09+0.06

2. 09+5 jp

2. 18+5%

l. 96+0.10

2. 13 +0.07 1.09+ 0. 05

room temp.

room temp.
4.2'K

300 'K

Kettler, Shanholtzer, and Vehse,
CESR area.

Kettler, Shanholtzer, and Vehse,
CESR area.

Hecht, CESB saturation; no temp.
dependence was noticed at 300,
77, and 1.5 K. '

Ryter day-shift.

1.98+0.04

1, 04 + 0. 04 -4. 2 'K

1.77, 1.55 & 4. 2 'K

1.77, 1.4 &4. 2'K

room temp.

1.07+0.03 room temp.
and 200 K

Dunifer, Pinkel, and Schultz,
spin waves. I

Knecht, Bandies, and Shoenberg,
dHvA effect.

Knecht, Handles, and Shoenberg,
dHvA effect. '

Present data, CESB area.

Present data, CESB area

Schumacher and Slichter, Ref. 74. Although these values have been quoted by

many authors, these results are in error. See Ref. 33.
Reference 75 (1960). The same notion as in Ref. a may be applicable to this value.

cBeference 33.
Reference 77.

~Reference 83.
Reference 84, der ived from $ given in Ref. 84 and the Knight shift.
Reference 17, derived from Bo in their paper (Bo = —0.215 + 0.03) and the observed

cyclotron resonance mass (mQ/m = 1.24 + 0.02, Ref. 85) by using the relation

X~IX@= (~(pl~)(1+Bo) . The free-electron susceptibility Xz (= 2. 589 rq && 10 )

is determined by the r& value corresponding to the lattice constant at 5 K (Bef.
86). The effect of the difference in rz values for a bcc structure (r~~~= 3.931)
and for an hcp structure {rz„~~=3.935) is much smaller than the experimental
uncertainty in m$z and in. Bo.

"From Bo derived from dHvA effect (Ref. 35) as quoted by Dunifer et at, . in

Ref. 17.
'Reference 35. Presumably due to th: martensitic transformation in Na, the Bp

values obtained from the dHvA effect contain a relatively large uncertainty.
The inherent ambiguity of this method of obtaining 80 is discussed in Ref. 35.
See also Ref. 87.

tainty in deriving y~/yr are large. In particular,
the present values agree well with the one derived
from the spin-wave experiment by Dunifer, Pinkel,
and Schultz. '~

III. COMPARISON WITH THEORETICAL PREDICTIONS-A.
THE VOLUME DEPENDENCE OF PF

It is not obvious that the effect of exchange and

correlation almost cancel each other ' in the

band-structure and the wave-function calculations.
The distortion of the Fermi surface could be af-
fected significantly by the nonlocal exchange and
correlation. '9 It is, however, generally believed
that the P~ value is insensitive to the electron-
electron interaction.

The theoretical predictions for P~, which are
usually based on the one-electron approximation,
are compared with the experimental values derived
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6,7

tion (2),
For Na all the theories (1-10 in Fig. 5, except

4 which is the experimental curve) are correct in
their general trend. The charge density at the
nucleus increases as the atomic volume is squeezed.
This is in agreement with a naive picture.

A simplified pseudopotential approach was pro-
posed by Hollando' and extended by Heighway et
aI,.Q~ to include the second-order correction. Their
results are shown by 1 and 1', respectively. The
first-order result by Holland is

P,=fy['/nP,
where

I.05— 5,7
II and

y =1-g b„e„,

100~&=-~--—--'—l -- 40 0
I I i I I I I 1 I I

I.OO 0.95 0.90
v/v(0)

from the observed K and y~ using Eq. (1). The
volume dependence of P~ was obtained by combin-

ing the present values for 1~(V) with the previous
pressure measurement of K. '4 The results are
indicated in Fig. 5 by the circles for Li and Na.
The theoretical predictions are also shown in the

figure. The P~ value and the volume are normal-
ized to their respective values at atmospheric
pressure.

As stated previously, ' it is our belief that the
basic understanding of metal physics is incomplete
until the numerically correct wave functions can be
derived for the simple metals with an accuracy of,
say 10'. This would have to take into account the

usually neglected effect of the electron-electron
interaction and other approximations. The eigen-
values &-„, are not a crucial test of the basic equa-

FIG. 5. Volume dependence of Pz for Na and Li. Both

Pz and V are normalized to their atmospheric values,
respectively. 1, Holland, Ref. 91; 1', Heighway and

Seymour, Ref. 92; 2, Alekeev and Kochkin, Ref. 93;
3, Asano and Yamashita, Ref. 9; 4, present experimental
values; 5, Micah, Stocks and Young, Ref. 63; 6, Brooks,
quoted by Renedek and Kushida, Ref. 14; 7, Moore and

Vosko, Ref. 90; 8, Tong and Pant, Ref. 5; 9, Ritter
and Gardner, Ref. 12; 10, Kjeldaas and Kohn, Ref. 97;
11, Perdew, Nickerson, Vosko, and Moore, spherical
cell model, Ref. 72; 11' Perdew, Nickerson, Vosko,
and Moore, APW, Ref. 72; ll" Perdew, Nickerson,
Vosko, and Moore, all OPW's, Ref. 72; 12, Mahanti,
Ref. 99.

n„ is the amplitude of the nth core function at the
nucleus 4'„(0), and

b„= 4„"(r)dr .

The volume dependence of P~ in first order is
simply

dlnP„/din V = —1/ P, (8)

if one neglects the volume dependence of cy„. The
P~ value derived from Eq. (4) in conjunction with
the experimental y~ value ' gives a Knight shift
which is 20%%up larger than the observed value. This
is remarkably good agreement if one considers
the simplicity of this model. The volume depen-
dence given by Eq. (8) is, however, twice as large
as the observed value. The second-order cor-
rection hardly improves the volume dependence.
This example may indicate the usefulness of the
volume-dependence experiment in revealing the

adequacy of the various models.
Alekseef and Kochkin calculated the volume

dependence of Pz for Na (curve 2) using the Wig-
ner-Seitz cellular method. They neglected the XC
effect assuming a parabolic band structure. K is
about a factor 4 too large. The predicted volume
dependence of Pr is 80%%uo larger than the experi-
mental value.

The augmented-plane-wave (A PW) calculation
by Asano and Yamashita' (curve 8) agrees well
with our experimental data in spite of their claimed
uncertainty in deriving the numerically correct
value of P~ (and its volume dependence) based
on the present knowledge of the crystal potential.
The calculated values critically depend on the
choice of the crystal potential. It may be said
that the present experiment is a critical test for the
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crystal potential. Asano and Yamashita gave the
P~ values also; P~=0. 40 with the Hartree-Fock
approximation and 0. 54 with an Xo. method (a =0.8).
The experimental value is 0.445 + 0.022.

Micah, Stocks, and Young ' calculated Pr(V)
using a "generalized orthogonalized-plane-wave
(OPW} method. "9' They obtained an almost per-
fect agreement (-1%) for P~ in Na (Table 5 in Ref.
94). The volume dependence of Pr (curve 5) is in
reasonable agreement with the experimental
value.

Curves 6 and 7 are indistinguishable in Fig. 5.
One is derived by Brooks ' using a quantum de-
fect method; the other is the calculation by Moore
and Tosko based on a modified cellular approxi-
mation with a Prokofjev potential. Moore and
Vosko's value for P~, which is expressed in terms
of the ratio between P~ and its atomic value P„,
agrees with the experimental value within 10%.
Curve 8 was calculated by Tong and Pant5 with a
Kohn-Sham self-consistent scheme. Their P~
for Na is in good agreement with the observed
value. More recently Ritter and Gardner cal-
culated Pr(V) using the pseudopotential method.
The results are shown in curve 9. Their P~
agrees with the observed value within 3%. Al-
though they are more optimistic about their
volume-dependence calculation, their P~ value
for V/Vo= 0.90 is approximately 40/o smaller than
the measured value. Curve 10 is a relatively
old variational calculation by Kjeldaas and Kohn
is 1956 9~

Although the P„values, experimental and theo-
retical, increase with decreasing volume, the
experimental results indicate that the increment
is considerably smaller than is expected from a
straight normalization effect of the wave function
which predicts P~ going as V '. But the observed
fact that P~ does increase with a volume decrease
is in contrast to the assumption of volume inde-
pendent P~. This assumption has been used in in-
terpreting the NMR alloy data.

The Li results are also shown in Fig. 5. The
experimental results (curve 4) indicate that Pr
is unchanged or even tends to decrease with de-
creasing volume, whereas all the theories pre-
dict that P~ increases much the same way as in
the case of Na. The slopes given by Holland et al.
(1 and 1') are about the same as for Na. Their
volume dependence is roughly what is to be ex-
pected from a straight normalization effect of the
wave functions. The good agreement obtained
by Asano and Yamashita, by Micah, Stocks, and
Young, and by Moore and Vosko for Na is absent
for Li. Perdew, Nickerson, Vosko, and Moore7~
calculated the volume dependence of P~ using
three independent methods: the spherical cell, the
APW, and the OPW-pseudopotential method. They

calculated the direct contribution P~~, excluding
the core-polarization effect P~~. ' 3 Curves 11
and 11' are their results based on the cellular and
the APW method, respectively. Their OPW cal-
culations using over 100 OPW's are indicated by
11". Since the results obtained using these three
independent methods are in good agreement, they
believe that the calculations of P~~ are reliable.
However, P~~by itself does not agree with the
present volume-dependence experiment.

Mahanti estimated the effect of the core po-
larization on the volume dependence of the total
Pr(= Pr'+ Pg ~}. Based on the previously calculated
values of P~~ and P~~, he demonstrated the pos-
sibility that the total Pr could have a considerably
smaller volume dependence than P~~. His result
is shown by the curve 12. Although a reasonable
agreement with the experimental results is
achieved, it seems that more detailed calculations
are required to substantiate this estimate.

We feel that the first-principl. es calculation of the
electronic structure of the simplest metal Li is
still a chal. lenge for the solid-state theoreticians. '

To conclude this section, the present experi-
mental results for Na are in agreement with all
the theories within -+100/o. Some of the theories
agree within 10%, which is quite satisfactory in
view of the approximations involved. The Li re-
sults do not agree with any of the first-principles
calculations. The correlation effect may not be
important. ~o The relativistic effect is negligible
for Li. eo The core polarization has to be taken
into account. Finally it is noted that some doubt
has been cast on the validity of the working equa-
tion ( ) for Li. Since the anisotropy in I )(f (0) I

and ag is large, is it valid to express K as a
product of the two averaged values, (I y~ (0}I ) and
y~? How important is the quasiparticle anisotropy
effect ' in the Knight shift for Li?
IV. COMPARISON WITH THEORETICAL PREDICTIONS —B.

THE VOLUME DEPENDENCE OF xp

The main purpose of the comparison between
the observed susceptibility and the theoretical
predictions is to get a clear picture of the degree
of XC enhancement of the susceptibility. The
ratio )(~/)(~, rather than y~ itself, is more ap-
propriate for this purpose since )(~/yr emphasizes
the enhancement.

Table II summarizes the experimentally derived
values for y~/X~ and d()(~/y~)/dr~ together with
the most recent theoretical results which will be
discussed later.

As stated in the Introduction it is most tempting
to plot X~/g~ vs rz by smoothly connecting the
RPA slope for r~ «1, the If~/yr value and its slope
for Na, and to compare the result with numerous
theoretical predictions based on the jellium model,
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f $
(Xp/XF), ~'
(Xp/ XF)t~opy b

[d(Xp/XF)/dr$], ~ ~

td (Xp/XF)/d&$ ]t~~ b

Li

3.26
2. 50 +0.05
2. 68

—1.44 +0.12
—1.137

Na

3.99
1.65+0. 05
1.62
0. 04+0. 03
0. 011

QF is derived from the relation; XF= 2. 589 r$' x 10
preference 134.

since Na is believed to be the best replica of the
ideal jellium. Some of the results were shown in
Ref. 1. As stated before, however, this attempt
coul. d not escape from a pitfall due to the lack of
knowledge about the remaining band-structure ef-
fect.

Postponing a detailed discussion of the crystal-

TABLE II. The enhancement in the susceptivility Xp/

XF and its derivative d(Xp/XF)/«$.
line effects, let us summarize the theoreticians's
predictions for the }(~/yz vs rz relations in Fig,
6. These are all for jellium models. No crystal-
line effects (band-structure effects) are accounted
for. Since it is not our purpose to discuss the
theoretical aspects of the many-body effects,
we restrict ourselves to brief comments on these
curves.

The curves, P (Pines), SI (Silverstein), and
SH (Shimizu) were calculated based on a Sampson-
Seitz scheme~ with improved expressions for the
correlation energy. It is noted that the inclusion
of the correlation effect supresses the exchange
enhancement at large x$; without the correlation
suppression }(~/}(~becomes infinite at rz-6 as
mentioned before. '~ The correlation suppression
seems, however, to be overestimated in these
models.

The theories by Singwi's group (LST, VS, BPS,
SSTL) were derived from a "self-consistent re-

t
I I I I I I

0 I 2 3t 4 t5, (6
Li Na K RbCs

Theoretical predictions for many-body susceptibility enhancement Xp/XF as a function of Wigner-Seitz ra-
dius y$. No band-structure effects are accounted for (a jellium model). LST, Lobo, Singwi, and Tosi Ref. 102; BS,
Brueckner and Sawada, Ref. 29, see also Ref. 30; W, Watabe, Ref. 103; HS, Hasegawa and Shimizu, Ref. 104; DG,
Dupree and Geldart, Ref. 105; HO, Hamann and Overhauser, Ref. 106; PTV, Pizzimenti, Tosi, and Villari, Ref. 23,
VS, Vashishta and Singwi, Ref. 107; IT, Isihara and Tsai, Ref. 108; BPS, Bhattacharyya, Pathak, and Singwi, Ref. 109~

HL, Hedin and Lundqvist, Ref. 18; R-H, Rice based on a Hubbard model, Ref. 110; R-NP, Rice, based on a Nozieres-
Pines's model, Ref. 110; H, Hedin, quoted in Rice's article, Ref. 22; SH, Shimizu, Ref. 111; SSTL, Singwi, Sjolander,
Tosi, and Land, Ref. 112; SI, Silverstein, Ref. 113; P, Pines, Ref. 114; KW, Keiser and Wu, Ref. 115; L, Lam,
Ref. 116; L-RPA, Lam, RPA, Ref. 116; SJR, Shastry, Jha, and Rajagopal, Ref. 117; BH, von Barth and Hedin, Ref.
118; S, Singh, Ref. 119; HL', Hedin and Lundqvist, Ref. 120; IT', Isihara and Tsai, Ref. 121; IK& ~, Isihara and
Kojima, Ref. 122; IK~ 2, Isihara and Kojima, Ref. 122.
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sponse function scheme. " In their results,

x&(q~)
x (q~) 1-f(q)x (q~)

' (9)

lowing equation:

XXC
1+ (m/m~s —1)X„,/Xr

(10)

The molecular-field parameter f(q), '~~ which
represents an additional magnetic field felt by an
electron surrounded by other magnetically polarized
electrons, is written in terms of pair correlation
functions [or their Fourier transform structure
factor S(q)]. 'o@'~'0 '"

X~(q~z) and S(q) are
bootstrapped in such a way as to satisfy a neces-
sary condition, the Quctuation-dissipation rela-
tion. '~ The curve BPS (Bhattacharyya, Pathak,
and Singwi) is a scaled-up version of the curve
SSTL (Singwi, Sjt|lander, Tosi, and Land) in order
to fit the experimental value of X~/Xr for Na.

Isihara's theories (IT; IT'; IK, )=1; IK, 5=2)
are based on statistical mechanical calculations,
applicable to a relatively high-density region,
r~&3. '+ $ is a cut-off parameter for the q inte-
gration.

The curves DG (Dupree a,nd Geldart), HO (Ha-
mann and Overhauser), PTV (Pizzimenti, Tosi,
and Villari), VS (Vashishta and Singwi), and L-RPA
(Lam) agree with each other almost completely,
in spite of differences in their models and their
methods of calculation. These curves are also
close to BH (von Barth and Hedin) and IK, $ = 1.
The agreement of these theories is often quoted
as a strong indication that these results are indeed
a correct answer to the susceptibility enhance-
ment in jellium. '~' ' "9 This statement seems
to be quite plausible; A relatively orthodox Qreen's
function approach (DG), the PTV theory based on
the framework of Landau theory combined with the
correlation treatment by SSTL, a different re-
normalization approach by Ho, BH and HL'
theory based on the density-functional formalism
by Hohenberg, Kohn, and Sham '~'~7 and an in-
genious self-consistent method by VS in lieu of a
frontal attack by means of many-body methods
all agree with each other. Even a relatively
simplified theory, S (Singh), agrees with these
results for ~~ &4. Although L-RPA and IK,
are in agreement with these calculations, the
authors seem to prefer L and IK, )=2, respec-
tively.

Despite the agreement among the theories, it
is highly desirable that the results should be com-
pared with experiments. Unfortunately, an im-
portant bridge between the jellium model and real
metals was missing until recently.

All the conduction electrons in the real metals
are subjected to the periodic crystalline potential
in addition to the mutual interactions among the
electrons. The most common practice to take in-
to account the crystalline effect is to use the ef-
fective mass m~B. Silverstein ' proposed the fol-

where gxc and yxcB are the spin susceptibilities
which include the XC effect alone (the jellium
susceptibility) and the real-metal susceptibility
with both the XC and the crystalline effect, re-
spectively. Equation (10) is based on the assump-
tion that the crystalline effect affects the sus-
ceptibility via a modification of the kinetic energy
alone. The XC effect is assumed to be unchanged.
The validity of these assumptions is not clear,
however.

The same equation can be derived (Appendix)
using the Landau model by assuming that a Landau
parameter, ~~9

fo "', is not affected by the crystal-
line field. Both the band-structure effective mass
m~ and the electron-electron renormalization ef-
fective mass mac are accounted for. This model
gives the same relation as one of the proposed
forms by Rice. "0

1 1 1 1
+

xcB IÃxc Vl B m

More integral approaches have been pro-
posed. "'7 For instance, the results by Timbie
and White" as quoted by Mahanti and Das' were
rather surprising. The crystalline effect on the
susceptibility enhancement Xe/Xz is less than 1%
for all the alkali metals except Li, whereas the
m~s/m values given by Ham49 are 1.00, 1.09, 1.21,
and 1.30 for Na, K, Rb, and Cs, respectively.
They considered that for the susceptibility the
changes in the wave functions and in the chemical
potential reduce the influence of the crystalline
effect represented by m~B. Using a naive molecular
field model it appears that the increase in the
density of states enhances xxc in two ways: (i)
Xr(00) in Eq. (9) is enhanced by m~s/m, and (ii)
the enchancement due to the molecular field,
[1 —I(0)X~(00)] ', is also increased via the enhance-
ment in Xr(00), provided the molecular field pa-
rameter f(0) is not reduced by the crystalline ef-
fect.

A model Hamiltonian scheme proposed by Hedin'
is another attempt to include the band-structure
effect in the susceptibility, with some improve-
ment:

(12)

An effective interelectronic distance ~~~ is defined
by

r*, mr, /~m=,

where & is the dielectric constant due to the core
electrons. A similar concept of the effective x~,
but without e, has been introduced' ' to account for
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the susceptibility of semimetals
It is quite clear that, unless this missing theo-

retical link is established, the present experi-
mental slope d(y~/yr)/dr~ for Na cannot be used
to prove or disprove the particular jellium cal-
culations. Other experimental data are more
unreliable for this purpose. For instance, the

yp/gr values derived from the spin-wave experi-
ments 7 are 1.58+0.07 for Na and 1.69+0.06
for K. Within experimental error d(}l~/yr)/dr~
can be anywhere between the slopes predicted by
S and by BPS, if one can assume the crystalline

d(1xc /y r)/dr ~
= 0. 15 + 0.03, (14)

since

effect is the same for both metals. The uncer-
tainties are more serious for Hb and Cs.

For instance, if one selects rather arbitrarily
Silverstein's relation (10) and the effective-mass
slope given by Ham, 4~ dlnm~~/dr& ———0. 159 for Na;
the slope of the jellium enhancement d(yxc /}(r)/dr~
can be derived from the experimental slope 0.04
+0. 03 (Table II) as

d(Xxc /yr) d(}lxcs /}(r)/dr~ —(yxc s /}(r)~(m/m~s) (1/r, ) (dlnm~~/dlnr, ) (15)

from Eq. (10).
yxc /yr and yxcs /}(r should be identified as

}(p/g„ in Fig. 6 and (y~/}(r)„„respectively.
This value, Eq. (14), is close to the slope at

~~ =4 for the consensus theoretical curves:

d(X, /X )/«, =
0.20 for DG, etc.

, 0. 18 for BH, HL .
The experimental deduction, however, does not
necessarily support the consensus trend, because
of the -mbiguity in dlnm~s/dlnrz and the treatment
of the crystalline effect in general.

The difficulty in the crystalline-effect correc
tion is most dramatically observed in the case of
Li, where this effect is very large. For ex-
ample, let us adopt Eq. (10) again and Ham's

values for the effective mass and its slope:

m~s /m = 1.65 and dlnm~s/dlnr~ = —1.722,

be quite confident for Na, where the crystalline
effect is much smaller than that of Li. We may
expect to get a definitive experimental check for
the jellium susceptibility calculation using our

g~/yr and its slope for Na. In this way, we ob-
tain, for the first time, a reliable experimental
check of many-body interactions in the lower part
of the metallic density range.

After the pioneering work by Hohenberg, Kohn,
and Sham' ' and by Pant and Tong' to apply the
density-functional formalism to the susceptibility
theory, ""3'Vosko and Perdew (VP) have de-
veloped an improved variational expression for an
inhomogeneous electron gas. Now a simultaneous
treatment of the band and the XC effect in real
metals is feasible. The VP results are sum-
marized as follows:

X„'„[n] }(s'[n]+n
~

drdr'y[r; n)

or x G„c[r, r'; n]y [r'; n], (16)

m~s, /m = 1.32 and dlnm~s, /dlnrz

= —0.666 for r ~
= 3.26 .

Here rn~, is the value calculated with a spherical
approximation. The results are d(}(xc/yr)/dr~
=+ 0. 14 + 0.04, or d(yxc /yr)/dr~ = —0. 18 + 0.05.
The latter value corresponds to the spherical ap-
proximation. Since the m~ value and the distor-
tion of the Fermi surface given by Ham is believed
to be overestimated, "~ the slope of yxc /yr de-
duced from this model is likely smaller than 0. 14
and does not agree with the slope of the consensus
curves, =+0.18.

It is essential to develop an integrated, rather
than a heuristic, theory to account for the crystal-
line effect on the spin susceptibility. If the theory
gives a reasonable agreement for Li, we would

where the susceptibility is a functional of elec-
tron number density n(r). ys is the susceptibility
of the noninteracting electron gas affected by the
band-structure effect alone. A functional y is de-
fined by

Gxc [n ml = Exc[n ml +xc[n] (18)

where m(r) is the magnetic moment density de-

y[r; n]=-P5(~ —~$)~44(F)~' g5(p —~g)
f (17}

Here P, and c, are the ith wave function and the
eigenvalue, respectively, for the self-consistent
single-particle Schrodinger equation derived from
the Kohn-Sham scheme. p, is the chemical po-
tential. Gxc [r, r'; n] is derived from m(r) depen-
dent part of the XC energy E„c,
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fined by

m(r}= p, [n, (r) —n, (r)] . (19)

Xz„[n]= X,[nl+ & ' dr [Xz,(n(r)) —Xp(n(r))] .
(21)

The result (16), when ~ is replaced by =, re-
duces to the Sampson-Seitz-type approach, ~'~'
when (i) the wave functions at the Fermi surface
are of plane-wave form, and (ii) n(r) is uniform.
The susceptibility expression based on Landau's
Fermi-liquid theory'0 gives the same formal re-
sults. The VP equation is, however, more
tractable.

In a local spin-density approximation, Gzc [r,
r'; n] is reduced to

Gzo [r, r'; n]~ = J(n(r})6(r —r'),
where

J(n) = Xzc(n) —X~(n),

Xzc(n) = Xzc(q = 0; n), and X~(n) = X~(q= 0; n) .

(22)

The long-wavelength limit susceptibility x„c(n)
is the jellium susceptibility X~ shown in Fig. 6.
The VP theory enables one to pick one of the
jellium results, to dress it with the band-struc-
ture effect using Eqs. (16), (22), and (23), and to
compare with the experimental results Xzcs(rz).

MacDonald, Perdew, and Vosko recently
calculated Xzcs/X~ and d(Xzcs/X~)/dr~ for Li and
Na using the VP theory. They used the consensus
curves, DG, Ho, PTV, VS, L-RPA, BH, HL' in
Fig. 6 as X„c(n) in Eq. (22). The results are
shown in Table II. The reasonable agreement be-
tween the experimental and the theoretical values
for Li is most encouraging and assures us that
the band-structure correction for Na is reliable.

The excellent agreement for Na, therefore,
indicates that the consensus curves have now ac-
quired a concrete experimental support at least
for r~ &4. This is one of the rare experimental
results which can be directly compared with the
XC effect for the interacting electron gas in the
metallic-density range.

CONCLUSION

The pressure dependence of the Pauli suscep-
tibility in Li and Na yielded the volume dependence
of the amplitude of the wave function for conduction
electrons. This was compared with theoretical

p., is the electron Bohr magneton. Gzc[r, r'; n]
is the leading term of the expansion for Gzc[n, m]
with respect to m,

Gzc[r, r'; n]=6 Ezc[n, m]/6m(r}5m(r')~ .0. (20)

Equation(16) is a natural extension of the equation
given by Kohn and Sham, ' 7

predictions. The same data revealed that the
four experimental values; (X~/Xrj«, (X~/X~)„„
[d(X~/Xz)/dr&]«, and [d(g~/Xr)/dr&]s, com-
bined with the new general theory by Vosko and
Perdew, led to the definitive experimental verifica-
tion of longstanding theories for the exchange-
correlation effect in an electron liquid of metallic
density. A comparison between the I.i experimen-
tal results and calculation strongly supports the
validity of the VP scheme, which incorporates
exchange-correlation and band-structure effects
in the Pauli susceptibility without heuristic as-
sumptions�.
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1 m 1 1—+~fo ~

Xxc mxc Xs &e
(A5)

m

Xxcs X xc mxca
my 1

mxc]' XE
(A6)

Again fo is assumed to be independent of the
strength of the band-structure effect. From (A4)
and (A5),

By using (A3), Eq. (A6) reduces to

Xxc
Xxca = Xxc 1+

(mg Xy
(A7)
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