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The hydrodynamic equations for solids are derived from the connection between hydrodynamic variables (and
linearized hydrodynamic modes) and continuous broken symmetries. A simple fluid has five hydrodynamic
variables (and modes), one for each conservation law (mass, three components of momentum and energy). As
pointed out by Martin, Pershan, and Parodi a crystal must have three additional hydrodynamic variables (and
modes) because it does not possess the (threefold) continuous translational invariance of the underlying
Hamiltonian of the system. Previous treatments of the hydrodynamics of solids gave only seven hydrodynamic
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modes. As suggested by Martin, Pershan, and Parodi, the additional mode which was omitted from other
earlier treatments, is associated with vacancy diffusion. Previous treatments of vacancy diffusion failed to
recognize its coupling with the other hydrodynamic variables. The recognition of the necessity of inclusion of
vacancy diffusion leads to the identification of two tensor transport coefficients (in addition to the usual
viscosity and thermal conductivity). One is associated with the vacancy flux while the other is connected with
the cross effect of thermal diffusion of vacancies (or equivalently a heat flow in a vacancy concentration
gradient). The linearized equations are solved for propagation along the [100], [110], and [111]

directions in cubic crystals. For these directions the longitudinal equations are isomorphic with those in a
binary mixture when vacancy concentration is identified with the concentration in the mixture. In these cases
the identification of the additional mode with vacancy diffusion is most clear. It is suggested that this
additional mode should appear in the spectrum of light scattered from such crystals.

I. INTRODUCTION

It is well known''? that the slowly varying spatial
and temporal disturbances of a mechanical system
can be described in terms of local (in space and
time) thermodynamic variables of that system. The
best-known example of such a description is that
of ordinary fluid mechanics, in which the slowly
varying nonequilibrium behavior of a fluid is given
in terms of five partial differential equations.?
This description is referred to as hydrodynamic
because of its extensive application to fluid flow.
By analogy the equations which describe the slowly
varying (in space and time) disturbances of any
system, be it a normal fluid! or superfluid, * mag-
net, ® crystal, %7 or liquid crystal, >8 are usually
referred to as the hydrodynamic equations of that
system.

The hydrodynamic behavior of a system is con-
veniently described in terms of a few “hydrodynam-
ic modes” (sound waves, thermal conduction, etc.).
These collective modes are characterized by slow
decay in times proportional to some power of their
wavelength, The existence and number of such
modes is determined by the sum of the number of
conservation laws and the number of “continuous
broken symmetries.”% An example of the con-
tribution of the latter is provided by the long-wave-
length spin waves in an isotropic antiferromagnet,
which behave hydrodynamically because the con-
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tinuous rotational symmetry of the spin system
(relative to the lattice) is broken in the ordered
phase. The importance of the continuous nature
of the broken symmetry is that it ensures the sys-
tem has equal energy for all orientations of the
staggered spin arrangement relative to the lattice
(i.e., the Hamiltonian is invariant under rotation).
Liquid crystals®® and superfluids* are other ex-
amples of ordered systems in which continuous
broken symmetries are responsible for hydrody-
namic modes.

Since the hydrodynamic description of a system
is a consequence of the assumption of local ther-
modynamic equilibrium and slowly varying dis-
turbances, it follows that there must be a thermo-
dynamic variable corresponding to each hydrody-
namic variable (or vice versa). Thus the descrip-
tion of ordered systems must include additional
thermodynamic variables, one corresponding to
each continuous symmetry broken.

In this paper we wish to consider in some detail
the thermodynamic and hydrodynamic equations for
solids. A simple crystalline solid, unlike a simple
fluid, is not translationally invariant even though
the underlying Hamiltonian of the system is trans-
lationally invariant. Therefore, since translation
is a three-dimensional continuous transformation,
we say that a crystalline phase has three continu-
ous broken symmetries. Since the system still
possesses the five conservation laws (mass, mo-
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mentum, and energy), a crystal must have eight
hydrodynamic modes. This fact was pointed out

by Martin ef al.? In particular they argued that a
distortion (or displacement) vector must be treated
as a hydrodynamic variable along with the five con-
served variables.

Earlier treatments®’ of hydrodynamics in solids
have included the distortion as a hydrodynamic
variable. However it has been generally assumed
that the fluctuations in the divergence of the dis-
tortion are simply proportional to those of the par-
ticle (or mass) density. It is easy to see how such
an identification is made. Suppose in a simple
crystal that the number of lattice sites denoted by
the running index « and the number of particles
(atoms or molecules) denoted by the running index
i are the same and that each particle is associated
with a particular lattice site (i.e., there is an a
associated with each 7). Then if R, labels a lattice
vector, the particle number density n(¥?) is given
in terms of the isotropic component v- R(F?) of the
strain v R(¥?) by

n(Ft) = 2 6(F — F4()) = 2 O(F ~ R, - OFo(2)

~2 0 8(F -Ry) -V REN (1.1)
where
R(F1) 2 6%, (1)6(F - R,) ,

with
T, (1)=F; -R, .

Thus in a perfect crystal (one with no vacancies)
the fluctuations in the particle density are the same
as those in the divergence of the distortion. How-
ever, a real crystal has vacancies, so that even
classically® it is impossible to identify each par-
ticle with a particular lattice site. Therefore
(1.1) is not valid in a real crystal and there are
indeed eight independent thermodynamic and hydro-
dynamic variables (along with a like number of hy-
drodynamic modes). Indeed the general mode the-
orem implies, in accordance with thermodynamics,
that any crystal in thermal equilibrium must have
vacancies. We shall see that the hydrodynamic
mode omitted from conventional treatments is re-
lated to diffusion of vacancies. °

Of course, vacancy diffusion is a well-known
phenomenon in solids. In particular, Allnatt and
Chadwick!! have discussed the effect of a tempera-
ture gradient on vacancy diffusion. This was uti-
lized to discuss the coupling of vacancy and heat
diffusion. They were not, however, concerned
with the full set of hydrodynamic equations which
involve these diffusions.

In Sec. II the thermodynamics of solids is dis-
cussed without the constraint implied by (1.1). In
Sec. III the constitutive equations relating the cur-
rents of the hydrodynamic variables to the thermo-
dynamic variables are derived from the entropy-
production formalism. In Sec. IV the general hy-
drodynamic equations for solids are derived and
discussed. In Sec. V the equations for cubic crys-
tals are discussed in some detail for particular
directions of propagation. In Sec. VI our results
are discussed and the number of thermodynamic
derivatives and transport coefficients necessary to
describe a crystal of a particular symmetry are
exhibited.

II. THERMODYNAMICS OF SOLIDS

As argued in the Introduction and in Ref. 2 the
(lattice) distortion R must be treated as a thermo-
dynamic and hydrodynamic variable. It is totally
equivalent? and more convenient to work with the
symmetric strain as a variable.!?* Hence, we de-
fine a strain-tensor density W(¥#) whose variation
is given by

du; 5(T) = - 2[ 8, Ry(F1) + 8, Ry(TD)] (2.1)

where R is the distortion density.

In addition we must introduce an additional vari-
able which is thermodynamically conjugate to the
strain. It is most simply defined in terms of the
energy density € by

- 9€

Clearly & can be taken symmetric without loss
of generality. The requirement that the energy be
stationary with respect to strain variations fixes
the equilibrium value of 75 to be zero. A similar
recognition is present in conventional elasticity
theory. &7

We introduce the auxiliary quantity »y(¥f), which
we shall refer to as the lattice-site density. Its
fluctuations are assumed to be related to the local
strain by

ony(Tt) =TroU(Ft) =- v« R(F1) . (2.3)

This identification is motivated by (1.1), with

8T ,(#) identified with a fluctuating lattice-site posi-
tion rather than a fluctuating particle position.
This variable allows us to identify the vacancy-
(or hole-) concentration variable

c=1-n/n,, (2.4)

where 7 is the particle number density.
We specify the thermodynamics of a solid in
terms of the energy-density differential

de=Td(ps)+udp+¥. dg+Trd - dT, (2.5)
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where p =mmn is the mass density, s is the entropy
per unit mass, p is the chemical potential per unit
mass, V is the velocity of the system, and g is the
momentum density. p is related to the pressure
by

pp=P+e-Tps—E-V-Trd.u. (2.6)
Galilean invariance requires that

g=pV (2. 7a)
and

€=e"+3p0%, (2. o)

where €° is the energy density in the rest frame,
The differential of the chemical potential is seen
to be

pd(i +50?) =dP - psdT —Tr¥ -do . (2.8)

This is alternatively interpreted as a Gibbs-Duhem
relation since it can be rewritten as

psdT-dP+E+ dv+Tru-dp+pdp=0. (2.9)

Note that the finite-strain chemical potential
(2.6) and its differential (2. 8) arise naturally in the
development presented here. The chemical poten-
tial (2.6) allows absolute comparison of relative
stability of strained states. This is to be con-
trasted with recent discussions!® of stressed solids
involving finite strain which have appeared in the
geophysical literature.

It is instructive to examine the energy differen-
tial when the vacancy concentration is employed as
a variable. We see that

de:d(g—):: Tds+ ﬂ‘_'r_rz_‘l__@ dp
+V-dV+Tr%-dU. (2.10)
We see from the definition (2. 4)
de-£% _ b 2.11)
mng mn,
Then (2.10) becomes
*R
mngy - - o -
de=Tds - — lldc+V+ dV + Tr— - du
p nop ’
(2.12)

where
M=P-Tru. §
and
k= HT+ n0$ .

In Sec. III we shall see that GF is the reactive
(reversible or thermodynamic) part of the stress
tensor. Thus equation (2.12) reduces to the energy
differential usually employed in elasticity theory
if there are no fluctuations in the vacancy concen-
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tration. II, the variable conjugate to the vacancy
concentration, is essentially a “vacancy pressure.”
The stress OF is conjugate to the strain only when
the energy is considered as a function of entropy,
vacancy concentration, and strain. The variables
II and GF are related to the energy by the corre-
sponding derivatives

2
H=_L<3_‘3>
mny \9C /43
and

oe

-

TR=npl =) .
Op(au)s,c

We can use equations (2. 5), (2.8), or (2.12), or
their Legendre transforms to derive sets of Max-
well relations amongst the variables s, p, ¥, and
Uor s, ¢, ¥, and U and their conjugate variables.
For example, (2.5) can be written in a form con-
venient for deriving Maxwell relations with use of
(2.6),

(2.13a)

(2.13p)

-

Pie-Z.V-Tru. o
0
+V. dE+Trd . du.

de=Tpds +

dp

(2.14)

By equating the appropriate cross derivatives
we obtain (neglecting terms which vanish for an
equilibrium system at rest)

(a_T_) 1 <2£> i (&7)
oz PE\BS oz o7 \es J, 3
- (2.15a)
(22) -4(&)
ol s.o_p S /o5’

(2.15b)
£), (). ()
o = - +True| —= 2. 15¢
<8u 8P P ap U 9u e " ( )
We have assumed ¥=0 and ¢ =0 in equilibrium and
that!*

-

U=3n,1#0 .

and

(2.16)

We can neglect cross derivatives involving the ve-
locity or momentum and omit the symbol indicating
that derivatives are taken at constant ¥ when all
derivatives are evaluated at V=0, The thermody-
namic variables for nonzero ¥V can be obtained from
(2.7). The remaining Maxwell relations amongst
the appropriate variables are derived in Appendix A.

In Sec. III we shall use the thermodynamic equa-
tions in this section to derive the constitutive equa-
tions from the entropy-production formalism,

III. DERIVATION OF CONSTITUTIVE EQUATIONS

In this section we shall obtain the constitutive
equations which couple the currents (or fluxes) of
the hydrodynamic variables back to the hydrody-
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namic variables themselves. For solids, these
currents are defined by the usual five local con-
servation laws plus equations of motion for the
strain. These equations are

op(¥'t)

mass: == +V. g(Ft)=0; (3.1a)
momentum: 3§{§ft) +V.5(F)=0; (3. 1b)
energy: 955(-?-)-+V. J«Ft)=0; (3.1c)
strain; % +V. JYTH =0 ; (3.1d)

where T is the stress tensor, J¢ is the energy cur-
rent, and J" plays the role of strain current. In
particular

Jrjk(Ft):%[ékiJf(Ft)*'5ijf(ft)] ) (3-2)

where we have assumed that the distortion satisfies
the dynamical equation®

aR(F)

e
et (¥2) .

(3.3)
We see that one advantage of working with the
strain as a variable instead of the distortion itself
is that (3. 1d) has the appearance of a local con-
servation law. Of course (3.1d) contains no more
information than (3. 3).

Although Egs. (3.1) are formally exact and apply
to arbitrary disturbances, they are of use only when
the currents can be related back to the hydrodynam-
ic variables themselves. This can be done when
these variables are slowly varying in space and
time. For sufficiently slowly varying disturbances
it is possible to assume that the system is in local
thermodynamic equilibrium. Then Egs. (2.5),
(2.6), and (2. 8) are valid locally around each point
in space and time. This allows us to write for the
rate of entropy production (temporarily suppress-
ing spatial and temporal arguments)

_loe _pop T B . ¢ 2u
T
(3.4)

The requirement that the work done on the sys-
tem by external forces must be positive for a sta-
ble system? implies that

rR=1Z [arps>0. (3.5)
dt
When we use (3.1) R can be written in terms of the
currents as
R 1

o - .“’e E - i. ."’ 2. ‘R)
T dF( TV I+ TV gz v G+Tro - VIF).

(3.6)
If we integrate (3.6) by parts we obtain using
(2.8), (2.8) and neglecting surface terms

T~ T

-_ "_ - . - TR -
+Tr(c PlTpvx7) Vv+‘_1%_'(va¢)_

”e_ .o -."o_-—.-o_"R.
R fdf([J (€e-g.V=-Tru.9)v-0.vV-J

Trv. Vo« U

) . 3.7)

Since we shall only be concerned with the linearized hydrodynamic equations we can drop all terms in
(8. 7) which are of higher order than quadratic in fluctuations from equilibrium. Then (3. 7) becomes

R=- Idf([‘js'(“mﬂ' VT (G- PT-ngd")- V7 + (3% —ngd)- (v-?ﬁ)) ,

T

where
$’ = <‘5— ¢o 1

is the symmetric-traceless part of ¢ with ¢,

=+Trd. In (3.8) we have used the fact that
V¢o =V. ($— $’)

and integrated n,7 - (V- ') by parts, neglecting the

surface term.

The requirement that R be positive restricts the
currents to be of the form (putting the spatial and
temporal variables into the nonequilibrium quanti-
ties and denoting equilibrium quantities as those
without such variables)

(3.9)

(3.10)

(3.8)

[

FFt) = (e + PH(E) - T VT (Ft) - E- [V $(D)],
(3.11a)

T(F) = P(F1) 1+ nod' (F1) - 1: VI(EL) , (3.11b)
FREE) = ng@(Ft) - T [V BEFD] - E7/ T+ VT(FY) .

(3.11c)
&, a second-rank tensor, is related to the pure
thermal conductivity % as will be shown below, 1,
a fourth-rank tensor, is the viscosity. Tand &
(‘5”' is the transpose of ) are new (tensor) trans-
port coefficients which appear because V - Risa
variable independent of the density (mass or par-
ticle). 'E is related to the vacancy diffusion con-
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stant while .5. is related to the cross effect of
“thermal diffusion” of vacancies.

Note there are no cross terms coupling J to
V¥, etc., because J° and ¥ have the same behav-
ior under time reversal. A fundamental property
of transport coefficients is that they always relate
quantities with opposite time-reversal behavior?
(e.g., T is even and ¥ is odd under time reversal),

We see that the reactive or reversible part (that
which is simply proportional to thermodynamic
quantities with no gradients) of the stress tensor
is

GR(Tt) =[ P(Ft) - nopo(FD] T + nob(Ft)

=TI(F) T + n B (Ft) (3.12)

to linear order in fluctuations from equilibrium.
As was seen in Sec. II GF is conjugate to the strain
when the vacancy concentration is used as a vari-
able.

Equations (3.11) are the desired constitutive
equations relating the currents to the hydrodynamic
variables. When combined with the assumption
that the fluctuations of the local thermodynamic
variables are related to one another by thermody-
namic derivatives, they close our system of hydro-
dynamic equations. In Sec. IV we will derive and
discuss these equations.

IV. GENERAL HYDRODYNAMIC EQUATIONS

In this section we will derive the general hydro-
dynamic equations for solids. We can obtain these
equations by substitution of (3.11) into (3.1). This
yields the four equations

a—pgi)w. gFt) =0, (4.1a)
(Ti V'ﬂ°v> S +V . OREFN =0 4.1b)
i > cg(Ft)+V. of(Ft)=0, (4.
3€St) PG EE-TvvT(FY)
- Z:9[v. 3(F] =0, (4.1c)
ST, i) - 99 0 - T)
P
‘gr
—<V—T—-VT(Ft)> =0, (4.1c)
where

[Vé(?t)]“ =3[8;8,(Ft) + 9,8,(FH)] ,

[vv. &(F1)- Ty =3(8150; +£119,)8,0,(F1) ,

N a‘a’R>
o (rt)—<—a.II

- 1 [80F - Yo
Ju(FD) + —<—> (rt)+<—-—)
s ( Tp \ 8s 'ﬁ.cq ac

c(Tt) ,
,C
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- -
(viT . VT(Ft)) =3 (Ery0; + £0s 85) a—”%(,—rt—) .

ij
A summation convention over repeated indices has
been employed.

We can close these equations if we assume that
the small fluctuations of the conjugate variables
T®, @, and T are related to the variables p, T,
and € by a linear combination of thermodynamic
derivatives. It is convenient, however, to first
replace the scalar variables p and € by two other
scalar variables which to linear order are given by

€+P

q(Tt) = Tps(Ft) = €(Ft) - > p(¥?) , (4.2)
c(Ft) = -7;1%% (no(Ft) - %ﬁ p(Ft)> . (4.3)

The first, g(¥¢), has been introduced by Kadanoff

and Martin® as the heat-energy density and is pro-

portional to the fluctuation in entropy; the second,

¢(¥t), is the fluctuation in vacancy concentration.
We can then write

9c(Ft) P 7. olv. 5(F
oF -m—ngTrg V[V . &(F1)]

Io)

—mTrg' VVT(ft)=0, (4.1a’)

29 Tra - VVT(¥t) - Tré- v[v. &F)]=0.

o (4.1c")
We now‘note that if the vacancy diffusion flux
(p/mnd) I%(7, £) = ng¥(7, t)] is zero, we have pure

thermal conduction since

- - T
Tr- v[v - 3EH) +Tr§7 CVVT(F)-0, (4.4)
which when substituted in (4. 1c’) yields
7/ . E.T.FT
2q(¥1) —Tr(a _ _£_§_§> « VYT(FH)=0 .
at T
(4.5)
This equation may be rewritten as
3q(Tt - -
%)-—TrK'VVT(rt)ZO, (4.6)

which defines the thermal conductivity tensor % of
the system.

Our set of hydrodynamic equations for the fluc-
tuations of the thermodynamic variables may be
taken to consist of (4.1a’), (4.1b), (4.1lc’), and
(4.1d). We can close these equations by relating
the variables ¥, T, and & to the variables 1, c,
and g via thermodynamic derivatives. Thus we
assume in accordance with local equilibrium

(4. 7a)



13 HYDRODYNAMICS OF SOLIDS 505

BN = ( gj& )M (E) + Tip ( %)mcq(ﬂ) + ( -2?)_ 6D, (4.70)
T(Ft)=Tr (—Z—% ) CTED + Tlp (g)ﬁycqm) . (Z’Q- (). (4.7¢)
When these relations are substituted into our chosen set of Eqs. (4.1) we obtain

(’1’% ~v.DF. v)- 2(Ft) + n—lov- [C: TEN] + ;1;6«. vq(Ft) + ;1;6% Vet =0, (4. 8a)

<l4 % -D*: vv) DT + %l[vg’(xft)] -D%:VVqg(Ft) - D¥: VVe(FH) =0, (4. 8b)

(% -TrDe. VV> q(Ft) - TrD* . VVe(Ft) - VV :D™:u(ft)=0, (4. 8c)

(% —Trb¢. vv) o(Ft) - TrD?e. YVg(Ft) - vV : D*: u(F) =0 , (4. 8d)
where

cwena(FE), (50,

Cij=nyg (é§>ﬁ,s’ Dijui = nzu ’

Dfjuimn=2(8ym8j50 + Gjmfij')<8£:;: )M + 'Z‘l‘T‘(ézmijn + 6]m£¢n><%§ )s'c )

Diffe1 = ﬁ(f’ugn' + 51k§u')( 3‘2;’1 )_u.'c + 5}12; (015&51 + ij‘gu)(%)mc )

8¢, 1 aT
Diffnr =3(04x8 550 + ‘Sjkgu')(_ajcl ) o+ o (Oiedgr+ éngu)(a_c) 0
Su Su

Qi 5;k<3¢m> 9s
D, = Six ce = T2
Y pCue T\ s oz’ CWe (”)ﬁ.c’
aT 3Py, 8T <3¢jj'
1=y — Difpr = ay( —
4 ”<ac )s,'z? * g“?( 3¢ /53’ HRE ”(a“kz )s.c+ b By /s,c’
P 8% p aT
D§y= L L
Y mnog“‘< ac )S.;;+ mnsT S\ 3e 55
1 890,; £
Dff= z §ik( .t ’
0 u,C

Z
Tmn as mnyTCyg, .

o 5T 0 8¢
Diju=—rmbis| =) +—z&ul—— ,
T Sc sc

mmny Uy mng Oy,
and
l%jhl :%(6”6“ +06,0;,) .
—
These equations are a set of complicated coupled ag(Tt) L - 1 - -
equations which describe the hydrodynamic modes ot n, veCiuEn+ ng C?- V()

of a general crystal. It is not obvious that they

describe six propagating sound modes and two dif- 1 -

fusive modes. However, we can identify the prop- + o C¢- Ve(FH) =0, (4.9a)
agating modes of a general crystal by examining

the reversible Euler equations (i.e., the equations —_
obtained by neglecting all terms involving trans- 8u(¥?) + MovgEn] -0, (4. 9b)
port coefficients). These equations are at p
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ag(T?) _
T =0, (4. 9c)
ac(Tt)
ot =0. (4.94d)

These can be reduced to one nontrivial second-
order equation by taking 8/8¢ of (4. 9a),

Y (4.10)

- 8 1 -
I—T-EV-Q-V « (¥t =0

Equation (4. 10) is the usual®"!° equation de-
scribing sound propagation in solids. We can most
easily solve (4.10) by Fourier-Laplace transforma-

tion. The transformed equation is
- k-C-k
(—zz 1+ T) g(kz) = @) - izg (k) ,
(4.11)
where

g(kz) = f dtId et gtk gy

g0 = [ are®ig, -0,

The sound velocities are obtained from the solu-
tion to the eigenvalue problem

k-C-k R
—-c?). 4,=0, (4.12)
o
where £ is the unit vector along E, r=1,2,3 labels
J

(-izl+k-Df+ K)- g(k2)+ ;:—E - [C : U(k2)] + ;Z—C"Eq(lzz) + -’-E-C"l?c(lzz) =g(k) ,
- 0 - 0 0

(-iz1*+D": kk): u(kz)+

(-iz+ D“kz)q(Ez) + D“ckzc(lzz) +kk: D™:

[kg(kz) +E8(K2)k] + D"k kq(kz) +D*Kke(kz) =1(K) ,

Ukz) = (k) ,
(- iz+ D°kP)c(Kz) + DR%q(Kz) + Kk : D™*: T(kz) = c(K) .
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the eigenvalues, and the eigenvectors are denoted
by él.

We can solve (4. 8) in terms of these eigenvalues
and eigenvectors,

(k) - izg, (k)

=l (4.13)

k) =g(kz) - &=
Thus (4.13) describes six propagating sound modes
z=% Cyk, of the system. These modes are not at-
tenuated in this approximation since we have ne-
glected the dissipative coefficients.

When dissipation is included, (4.9c) and (4. 9d)
are replaced by (coupled) diffusion equations. In
the Sec. V the full equations, including dissipation
for certain selected directions of propagation in
cubic crystals, will be discussed. In a subsequent
paper!® the solutions of these equations will be dis-
cussed for isotropic amorphous solids.

I

V. HYDRODYNAMIC EQUATIONS FOR CUBIC CRYSTALS

In this section we will discuss the hydrodynamic
equations for the particular case of cubic crystals.
We shall see that the equations simplify somewhat
and can be analytically solved for certain directions
of propagation.

The thermodynamic derivatives and transport
coefficients for cubic crystals are simpler than for
any other type of crystal. The simplifications are
summarized in Appendix B. With these simplifica-
tions of coefficients, the Fourier-Laplace trans-
forms of the hydrodynamic equations are of the
form

(5.1a)

(5. 1b)

(5.1c)
(5.1d)

Although these equations are simpler than in a general crystal, they still involve couplings amongst all

of the eight hydrodynamlc variables for most directions of propagation.

However, for certam special di-

rections of k the equations separate into subsets. When the directions of propagation (k) are the [100],
[110], [111], or equivalent directions, the equations can be separated into longitudinal and transverse com-

ponents.

Then the equations separate into one set of four equations and two sets of two equations each.

For these directions we have the set of four longitudinal equations:

- ., - 8, - o - -,
(- iz+ DERIgL (2) + 2 Cymo(le) 4§ S g(Re) i CE )= ®
0 0 0

(- iz+ DEEIno(K2) + i 2 hg, (K2) + D*Rk2q(K2) + D¥R2c(Kz) = n o(K)
L p L 0 ’

(- iz + D%?)q(kz) + D*°RPc(kz) + DYk2ny(k2) = q(K) ,
(- iz+ D°R?)c(kz) + D*k%(K2) + D{*kny(K2) = c(K) ,

where

(5.2a)

(5. 2b)

(5.2¢)
(5. 2d)



g (K2) =g(K2) - B, noe)=u(Rz)=k- Gk2): &,

/P if I;:éx, é,, or é,,
DE = [Myy+3(ny +M2))/p if k=3V2(8,+8,), etc
G+ 3ma+3m)/p ik=3V3(8,+2,+8),
Cy if k=e,, etc. ,
Cp={ Cu+5(Cyy+Cy2) if k=3V2(é,+¢,), etc. ,
$C +3C+5Cyy if I;':%\/—'(e +é,+8,),
Dy, if k=é,, etc. ,
D% =< D, +%(Dy; +Dyp) fEZ%\/—(e,+ey), etc. ,
§D11+’§‘D12 +§D,M k=3V3 (ex+ey+8,),

(5/"(2:)611
5/"0) Gyt z(Gu + G12)]
(5/"0)( Gy + 3G12+§ Gy)

D“".—a(aT _g—p_. %
Ny /s ", 8p

-
)

and
pev_ P& _«'31) p® (3¢ _ B¢ .
LT mnsT\ong /e mnx,5 op mng L

The quantities 7y, Cy;, Gy, etc., are defined in Appendix B.
The two pairs of transverse equations are of the form

(- iz+ DfR*)g(Re) + 2oy (R2) =)
0

(- iz+ D')uy(k2) + ’zipﬂkgi(iz) = u(K)

where
g,(K2)=8,-8[Kz), w(Kz)=k-U(Kz)-8,, i=1,2,
ey, e,
é,= V2, -é,), éy= é,
any unit vector orthogonal to %, kxé /| kxé,|
AN
7144/0 s Df
Di= (hy = e2)/20, D=4 Ny/p
(%7744 + %nu - émz)/p, Df
Cyy | G
C = %(Cu - sz), Co=q Cy
§C44+§Q1 - éciz, G
Dy, Dy
Di= %(Du - D12), Di={ Dy,
5Dy + 5Dy = 5Dy, DY

The two transverse equations can be solved immediately.

- - - - e - - e - - [
L)
E R

-
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-
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n

1}
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il
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-

=e,, etc.,

Ny

O
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Wl Dol

W= N

=3V2(&,+e,), etc.,
=4V3 (&, +8,+8,),

Nl

\/—2—(§x+é\y),

V3 (e, +8,+8,),
V2(e +é,)
V3(8,+é,+8,),
x

\/—(éx+éy),
V3(8,+8,+8,),
ﬁ(é,+éy),
V3(é,+é,+8,)

It is easy to show that
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(5. 3a)

(5. 3b)
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- — iz + D'%3) gy (K) + (26C b/ ng )uy (K)
gi(kz)=( :zzg-‘i'zD{;%é?kzo il ’ (5. 4a)

(= iz + DER2)uy(K) + 5 (6)(ng/ p)gy (K)
— 22— izDT k% + cTR? ’

u,(kz) = (5. 4b)

where
2 _ Ci T u &
C¢ = ) and D{ = ,+D{ .

These solutions are identical to those obtained in the usual treatment® ™!® of the transverse sound equa-
tions in solids except for the appearance of the new transport coefficient (in Djf).

The longitudinal equations can also be solved in a reasonably transparent form. The equations can be
put in a more suggestive form in terms of the variables p, g;, ¢, and c instead of the variables n,, g;, g,
and ¢. The transformed equations are

- izp(kz) + ikgy (Kz) = p(k) , (5. 5a)

(—iz+ DERRg, (R2) + %ch(Ez) + % Cig(iz) + ;—k;?:%(iz) —g @), (5. 5b)

(- iz+ DR?)q(kz) + D*k%c(kz) + D*E%0(k2) = q(K) , (5. 5¢)

(- iz+ D°R?)c(kz) + Dk2q(kz) + D*k%(k2) = c(K) , (5. 5d)
where

2 =R
— - ) -
C°=Cc+ﬂn-°'cx,=nok'<"i> -k,
p 8¢ /s,p

2
chquc+ngu=a<£> LI
p 9¢ /g0 p

DaF - E_Q_qu;u, DC? - nJ_Diu ,

) p
. -
5 Zp (3¢ pf (8T =
Dc=Dc+%szkk:[ (_ N aT\ 11
p E mna\ac J,," mny\oc /s,

Equations (5. 5) are isomorphic with the hydrodynamic equations in a binary mixture. '’ The vacancy
concentr“ation ¢ is identified with the concentration of one of the species in the mixture. The longitudinal
part of ¢ is to be identified with the chemical potential. In particular we identify

_ ul(Ez) ua(lzz) mnl s e~ mnd -
kz)= - — k- p(kz) k= —=2 ¢, (kz 5.6
u(kz) — — P #(kz) ) ¢ (kz) (5.6)
for the mixture and the solid, respectively. (mn2/p?)¢, is essentially a “chemical potential” of vacancies.!!
The pressures in the binary mixtures must here be identified with the longitudinal stress (a kind of “longi-
tudinal pressure”)

P(kz) — Py (kz)=k+ GR(kz)+ kb=P(kz)+nohk-3'(kz)- & . (5.7)
On the other hand, one can show that (Appendix C)

ke F(k2)- k=30, (2) . (5.8)
We then have for the longitudinal pressure

Py (kz2) = P(kz) + ing ¢, (k2) . (5.9)

With these identifications we can easily solve Eqs. (5.5) by following the corresponding solution in the
binary-mixture case. The full solutions are complicated and will not be explicitly provided here. How-
ever, it is instructive to display the mode structure of the solution. This structure is seen most easily in
the determinant of the 4 x4 matrix defined by the left-hand side of (5.5). This determinant, which when
set equal to zero gives the dispersion relation for the hydrodynamic modes, is seen to be of the form?'’

detM=(-iz+ Dik?) (- iz+ Dk?) (= iz +icgk+ Tk?) ( = iz = icok + TR?), (5.10)
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where

¢o=(Cr/p)V? (sound velocity) ,

]
2T = D% + Dp(yy — 1) + Dmnicd (—‘pl)P T<PZ, Dy =
L

ac
2

5 CPpc 9s
K=o — = c =T
T§ ’ 7L Cp,c ’ Prsc 6T>PL.C

gp (3¢ kp  kror
D=—> L X  TTT
mn < ac )T Py, ’ ¢ p * pCPL.c’

Dy =3(Dr+ D) +3[(Dr + DY -4D D]V
D,=3(Dp+ D) - 3[(Dr+ DY - 4Dy |2,
with

kamn <a¢
D=D [1 + 0 ——L) .
TCPL.cp ac P T

The thermodynamic derivatives evaluated at con-
stant P; are not easily identified with a simple ex-
periment. However, we can easily relate these to
the corresponding constant-pressure derivatives
with use of (5.9). For example,

3 )rrh (1),
(8c PL.T =k 8¢ /p,,r k

_(301) L (30L) (2P
“\oac /pr aP >m(ac >PL_T :
.11
But from (5.9) (5. 11)

(), (2
o Jp,r O O\ dc Jp r”

Substituting into (5.11) and solving for (8¢,/8¢)p,, 7
we obtain

(5.12)

(3¢./8¢)p, 1

3¢
99PrL -
( 8¢ )p,,.r 1+3n4(80,/8P)z,. (5.13)
In a similar manner we can show that
C =C - %(88/3P)c, T(8¢L/a T)P,cnoT
Pr,c=Cp,c 1+§'n0(3¢L/aP)T'c s
(5. 14a)
3\ ___ (8¢p/8P)r,c
(3PL )T,c— 1+%n0(B¢L/aP)T’c ) (5. 14b)
8 (8¢,/87T)
L = L P, C
(8T>C.PL 1+§fno(8¢L/aP)T'c 4 (5' 140)

__1i(m
= p (aT)P,c+ 1 +%no(3¢1,/3p)1,c
(5.14d)

Equations (5.4) and (5. 10) constitute a complete
description of the hydrodynamic mode structure of

B=p(

.__2__9 __1l(op
[ +T§< 3T>c pL]m”oD’ or= p(3T>PL.c

2(ny/p)(8p/8P)e,7(3¢L/8T)p,c .

A
8P )1, 8¢ ) r,p; ’

[

a cubic crystal when the wave vector is along cer-
tain special directions. For these directions of
propagation, we do see the predicted eight hydro-
dynamic modes; two longitudinal diffusive modes,
two longitudinal propagating sound modes, and
four transverse propagating sound modes. We
would expect that the spectrum of light scattered
with momentum transfer in the [100], [110], [111],
or equivalent directions would be indicative of this
mode structure. The sound modes are well known
as the Brillouin components of both polarized and
depolarized spectra.™!® In the case of the polar-
ized Brillouin components, the width of these com-
ponents (2I'#?), which represents the sound-ab-
sorption coefficient, contains an extra term due to
vacancy diffusion. The two coupled diffusive modes
described by D, and D, should appear as the central
(unshifted) Rayleigh component of the spectra. This
component could be resolved into two components
(exponential in time or Lorentzian in frequency)
described by D and D; if the thermal diffusion co-
efficient k, is negligible or if'” Dy > D; both are
reasonable assumptions.

To our knowledge, these components have not
been resolved for the spectrum of any crystalline
system. Such a resolution may be possible in the
spectra of light scattered from crystals near their
melting point. At these relatively high tempera-
tures the vacancy concentration should be high
enough that their diffusion will give an appreciable
contribution to the scattering.

V1. DISCUSSION

In this paper we have derived the general hydro-
dynamic equations for solids. This derivation has



510 PAUL D. FLEMING,

been based on the recognition that a crystal has
three continuous broken symmetries in addition to
the usual conservation laws of mass, momentum,
and energy. Since a crystal breaks the transla-
tional invariance of the Hamiltonian of the system,
it is necessary to treat the distortion R (here ac-
tually its gradient) as a hydrodynamic variable.
The recognition that lattice motion and particle
motion need not be identical?® required that %,
=-V.R and the density p be independent variables.
This led us naturally to introduce the vacancy con-
centration as an auxiliary variable. The additional
hydrodynamic mode omitted from previous®’ treat-
ments of hydrodynamics of solids was identified
with vacancy diffusion.

For particular propagation directions in cubic
crystals the longitudinal hydrodynamic equations
obtained are identical to those of a binary mixture.
In that case vacancy diffusion indeed plays the role
of particle diffusion in a binary mixture. Itis
reasonable to expect that this interpretation is still
approximately valid for arbitrary directions of
propagation even in anisotropic crystals.

As in ordinary simple fluids, the hydrodynam-
ics of solids are characterizedby two kinds of co-
efficients, thermodynamic (reactive) and dissipa-
tive. The dissipative coefficients can be repre-
sented as a symmetric matrix of transport coef-
ficients which connect the currents G, J¢, and J®
[cf. Eq. (3.11)] to the gradients of ¥, T, and ¢:

g_OO
0o @ ¥ (6.1)
0T T

The reactive coefficients can be represented by a
matrix of thermodynamic derivatives which relate
the fluctuations of the conjugate variables to those
of the direct hydrodynamic variables?:

&) B G
<§—5Pi>o,ﬁ (Z_ST)D,TI <§?l.ﬁ
&), @), 6

au 530 ou 530 au )

As seen in Sec. IV it is often convenient to work
in terms of the equivalent matrix

(8?" aT) (2L
00 /. \8U/,. \9U/,
(*”FR T an

8s Ju,e \8S /5o \9s /g :
057\ (aT) (o

ac :.S ac .I..l..s ac '\.I.'S

The Maxwell relations require that these matrices

(6.2)

(6.3)
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be equivalent to symmetric matrices.
One thermodynamic derivative,

s (6.4)

is omitted from the matrices (6.2) and (6. 3) since
it is trivially separated from the others by Galilean
invariance,

For a general (anisotropic) crystal there are
21 +6+6+9=42 independent elements in the dispa-
tive matrix (6.1) and 21 + 6 + 6 + 3 =36 independent
elements in the reactive matrix (6. 2) or (6. 3).
This is too large a number to reasonably sort out
in any set of experiments. However, for a uniax-
ial crystal these numbers reduce to 5+2+2+2=11
transport coefficients and 5+2+2+3 =12 thermo-
dynamic derivatives. In a cubic crystal there are
3+1+1+1=6 transport and 3+1+1+3=8 reactive
coefficients., For an isotropic (amorphous) solid
there is one less viscosity and one less elastic
constant than in a cubic crystal. This count of co-
efficients is summarized in Table I. In cubic and
amorphous solids it seems reasonable to hope to
determine the reactive and dissipative coefficients
in a small set of mechanical or scattering experi-
ments,

As pointed out in Ref. 2 the hydrodynamic equa-
tions for smectic B liquid crystals are identical to
those in a uniaxial crystal except that two of the
five elastic constants, (85%/81), ., must be of or-
der K2, Thus our equations are formally valid,
with the appropriate modification for smectic B
liquid crystals. Recently!® it has been shown that
the low-temperature “crystal” phase in phospho-
lipid bilayers and biological membranes may be
described essentially as a smectic Bliquid crystal.
Our equations would hence also describe the me-
chanical and hydrodynamic properties of certain
biological membranes.

In a subsequent paper we will apply our equations
specifically to amorphous solids. In particular we
will discuss in detail the expected spectrum of
scattered light in amorphous solids.
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APPENDIX A: MAXWELL RELATIONS

In this appendix we derive the other Maxwell re-
lations which must be employed in the thermody-
namics of solids. We have already derived the
relations involving the variables p, s, g, and ¥
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TABLE I.

Number of independent components associated with the various dissipative

(transport) and reactive (thermodynamic) coefficients.

Dissipative Reactive
. e o o [P oT 8%
Solid n Kk ¢ <——) (——) ( ) ( ) < ) (—.-:)
9P Jsa 90 Jo, 5 8s Jo,% s, 8s /o7 U s p

General crystal 21 6 9 6 1 1 1 6 6 21

Uniaxial crystal 5 2 2 2 1 1 1 2 2 5

Cubic crystal 3 1 1 1 1 1 1 1 1 3

Isotropic 2 1 1 1 1 1 1 1 1 2

from the differential of the energy density. We ob- (8p/8s)p, %

tain the relations appropriate for the variables P,
s, ¥, and U from the enthalpy (per unit mass)

h=(e+P)/p . (A1)
Then we have
dh=Tds+ ?w. dv+Trd - d(-;‘;) ) (A2)

The natural variables for % are s, P, and u/p
(strain per unit mass). The corresponding Max-
well relations are

T 1 3p

(ap),u,, - EZ(BS)P.'J/;:’ (A3a)
8T _ 3@

<8(‘ﬁ/p))s,p '(as )P';,; (A3Db)

2(}: __ 1 ap

8P)s,a,p' ?(a(ﬁ/p)l',,- (A3c)

We can convert these to relations involving the
variables s, P, and U via an exercise in partial

derivatives. For example we have
8T 8T 9T ol
—_ +Tr{—== o . A4)
(ap)s,?:’/p (8P 590 <8u>s’, (ap)s,?/o ¢
But
B W /0p
ot === A5
<3P>s.'t?/n p(BP),';/,, (4%)
and
) 5 ()5 75, 562)
- =\ +Tr|—= ¢ =
<3p sae \90 /s,% 93U /s, P\OP /550
(ap/SP)s,T;
= = . A6
T=Tr(W/p) - (9p/5T),,, (A8)
So
(5% )5~ (55)
9P s u/p 8P £aTs
Tr(U/p) - (8T/81)s,0(8p/8P)s,& (A7)

1-Tr(W/p)- (8p/871);,,

By a similar argument we can show that

o\
(as >p,m “T=(a/p)- (ap/0%),, ° (48)

Thus equating (A7) and (A8) and simplifying the ex-
pressions, we obtain

-1/3p aT U /8T ap
8, (B3 () G5)., - o
Similarily, we have
8T\ _(38\ () (2%) .T
(7)., G2 (B)6%) 5 o

and

2% (ap) (a$> T 1<3p)
— =(=) Tr(==) —=--=l=) . (All
(8P)s,-,; 3S Jp,3 3 /)g,p P pP\aU /s, ( )

Next we derive the Maxwell relations appropriate
for the variables 7, p, g, and U. Thus we con-
sider the Helmholtz free-energy density

f=€e-Tps, (A12)
which has the differential
df:-spdT+(P+f—Trl:)' o-g: v)dp
+V.dE +Trd.du. (A13)
This leads to the set of Maxwell relations
8s\ _ 1 /sP (a0
<6p)m - 7(ar>,,, v (aT)M (A142)
as _ 99
<a‘ﬁ>7'.a P (6T>u o’ (A14D)
aP\ _ (3\ & .(38
<aﬁ)n.rﬂp<ap>r,'u'+ " '<871.>a.r (A1de)

In order to obtain the Maxwell relations appro-
priate for the variables s, p, g, and ¢ we consider
a quantity which is equal to the energy in equilib-
rium, but differs from it outside,

(A15)

for which
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de = Tpds+<ﬁigﬂ>dp+v. dg -Trd-dd .

(A16)

Hence we obtain
(gg)s,az %(a’e) ’ (A17a)
<Z_7¢T’>s.p=' ;17(_> 3’ (A17b)
1(:(11:) _%‘@;)s,; : (A17c)

Next, the free energy which has as its natural
variables 7, P, V, and U/p is the Gibbs free ener-
gy (per unit mass),

€+P-Tps—=§-V

0 (A18)

=

& is equal to the chemical potential in equilibrium.
Its differential is

d(L+3v?)=dP/p—sdT+$ - d(F/p) . (A19)
Thus we obtain

<gip)r.ﬁ/p ) #(g—% e (A20a)

(@) (F)p

o) (om0

To obtain the relations involving the variables
T, P, and U we employ a procedure similar to that
used to obtain (A9). This procedure yields

Ei E . _ai _aﬁ' _ 1 a_p
(8P)T,’G to (3‘6>T,P<ap>n.‘; = EE(B T),,,; , (A21a)

8s _ g_ai ap 8¢ .
p<ﬁ)P.T-(aT>P.-J +(3T>P u(aﬁ) o P’ (A12D)

1/9p 9% ap 5% .E
;(3‘1)9 T <ﬁ>r,u (3P>T,u(au)r P - (A2le)

In order to obtain the Maxwell relations appro-
priate for the variables 7, p, g, and & we need to
consider a free energy which is equal to the Helm-
holtz free energy in equilibrium,

f=f-Tru- &.

Its differential is

©

(A22)

YR - s e e - e e e e
C= "o( = ) =(Cp +2C,)ToTo+ (Cyy = Cia) (T Ty + TpTp) + 2C4, (T3 5 + Ty Ty + T5T5) ,
8§ C

9 - - e e e e e e
G=n} (“% )s - (G11 +2G12)TgTo +(Gyy = Gra) (T Ty + Tp L) + 2G4 (T3 Ty + Ty Ty + T5Ts)

n=(My+ 2m15) T To + (Myy =
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aF=—sar+ 2L =8 ¥ 4 5. ag —TrE. dF .
p (A23)
From this we obtain the Maxwell relations
8s 1 /9P
(s =7 (7). 2t
8s au
bs A24b
<3¢ )T <8T> ( :
l(a_f :E_(a_“> (A24c)
P\ad Jo,r P 0 /1,0

Finally for the variables P, 7, and & we need

consider the chemical potential (2.6). From (2. 8)
we can obtain
1 /op as
— =(— A25a
F_J?(aT)p.o <3P>T,o ’ ( )

(A25b)

LR 1 U/ap
(5;>T,6‘ E(B—¢-)P T+_5<_8—P>T,3 ’
e S E
p 3T>p,7€ —(3$>P,T+ u<3p>r,$

It might seem that we could obtain additional
Maxwell relations from (2. 12) in terms of the vari-
ables s, ¢, and U or their conjugates. For example,
we could obtain

(A25¢)

aT mn oIl
(EL:" 0 <§)~ . (A26)
But (2. 152)
aT 1 /sl 1 /8l
<79?>s,: - E"’(% ),,,H = 52<§>c,: (A27)
and
8T -1 /8T
(5)3.: " ng ('a? )S,; (a28)

Substitution into (A27) yields (A26).

Thus we can obtain all the relations involving s,
¢, and U and their conjugates from the ones already
obtained.

APPENDIX B: THERMODYNAMIC DERIVATIVES AND
TRANSPORT COEFFICIENTS IN CUBIC CRYSTALS

For cubic crystals the thermodynamic deriva-
tives and transport coefficients are more isotropic
than any other crystal. In particular, we have for
the fourth-rank tensor elastic constants and vis-
cosities

(Bla)

(B1b)

7712)(¥1¥1 + :i:z:fz) + 27"44((}’3‘{3 + ?4?4 + :r’s:r’s) ,



To=3V31, T,=3V6(6e,~31), T,=3V2(ée,
3 =3V 2(8,6,+6,8,), T,=3V2(é,8,+é6,8,), T;

- a

é., é,, and &, are the unit vectors along the coordi-
nate axes which are taken to be the principal axes

of the crystal.

Equations (Bla) and (Blb) are the form that the
elastic constants would take in cubic crystals if the
strain U really had six independent components.
However, as we’ve stated before, the strain can
only have three independent components. This is
most easily seen in a Fourier representation in
which
T®) - J' dr IR - - LERRE ROE), (B2

It then follows that

UK) = no(R)K K + 2, (K)(BE, + &, 2) + us(K)(RE, + &,F) |
(83)

where é; and é, are unit vectors transverse to k.

That is U cannot have any components which are

totally transverse to k.

Therefore when applied to the Fourier repre-
sentation of the hydrodynamic equations, only the
components of (Bla) and (Blb) which are compati-
ble with (B2) and (B3) can contribute. The cor-
rected expressions for C and G can be most easily
obtained by multiplication on both left and right by
the projection operation

Py = %(’:’i’;kéj + 7;1};16“) . (B4)
Then, for example, (Bla) becomes?®2!
C =(Cyy +2Cyp) Ty (R) Ty ()
+(Cyy = C)[ T (BT, (B) + T (k) Ty (B)]
+2Cy[Ty(R)T3(R) + Ty () T4(k) + Ts(R)T5(R)]
(Bla’)
where
Ty(B)=4(T,- ke+ kR T,), A=0-5.

The scalar coefficients of C and G are not all in-
dependent of one another. We see this since

Yo
C =n°<—=r)
-_ au se

- 8l 2 (29
_nokk<a.ﬁ)s,c+no<a.ﬁ>m . (B5)
But
a?p’) (a?q's’ <a7¢>' (8p)
={—= +(— = B6
(ﬁ se au)s.n ap).s.’u' du /¢ (B6)
and
_3_[_)_) =£_(8Trﬁ) _ AE};
(a‘ﬁ se Mo\ 80 Jo . m (B7)
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—élét)l (Ble)
3V2(8,6,+8,8,);
[
So
C=n Eﬁ(ﬂ) +pn <-°3) kE+G (B8)
= 70 \e1 /,, °\op /o3 =
From the Maxwell relation (2.15c)
89 il
()2~ (%)
9 /g% du /g,
oIl p (8l an
={—= - —(— kE . B9
(au )a,c ng <8p >s,'ﬁ ( )

Thus we have

~~ (911 all aa oIl pana
C=n kk(—;) +n (—..) kk + (— kkkRk+G .
- 0 du 8P 0\61 8P p ap 80 —
(B10)
We obtain the corresponding components by identi-
fication of components,

all all
%(Cn +2012) =2n0<_—> +p<——> + é(Gu +2(;12),
37[0 S P Bp s,-l:
(Blla)
Ci1-C12=Gyy = Gyz (B11b)
Ciy=Gy . (Bllc)
The tensor coefficients C?and C¢ must be of the
form
*R
Ge_(897\ _cepp-cep: T
C T( v )M Ckk=CP : 1 (B12a)
and
‘-oR ~n
c°=no(a° ) - Cchh (B12b)
8¢ Jus

The tensor transport coefficients must be propor-
tional to the unit tensor

d=al, (B13a)
T=tT, (B13Db)
F=k1=(a-t¥T10T . (B13c)

Similarily we have for the other tensor coefficients

().

s (B14a)

8T 8T \ 22

CIRICARCE @14
A AN

(2, ().
AN AN

(36),2~(36). 7% @140)

The sixth-rank tensor D* then takes the simple
form
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D“=(Dy; +2D13)To+(Dyy = Di2)(Ty +T)
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(Tx)ijkxmn =% [5lmT).(E)Jn + ajme(E)in]Tx(E)kh A=0-5,

+Dyy(T3+ Ty +Ts5) , (B15) The fourth-rank tensor coefficients D** and D*
are of the form
where
& (98¢ £ (8T
c <[5, )
Dll +2D12 = E(Gll + 2012) - Tp 8s Uy € T p\9s we ™
= pDW
+3tn, (22 +35-<3—T- = (Bl
°\op Joz T\omg/sc ' and
¢ o[22 £ (8T
Dy = Dyp= ;g(Gu -Gp) D*= [:(ac >s'.a. * 7T\ %5 oF P
g =
Dy = ;(2)‘644 s =D*P . (B16b)
The other fourth-rank tensor coefficients D** and
and D are more complicated,
]
8T p (3% ==, &
D%=| 3a ———> +3 —( > ]TT )+ =G Bl7a
- [ (8"0 sc no\30 /5% ool ;1_02-_ ( )
and
3pt (8T 3¢p® (99 ]»«— pt
cu: P e
L P MR ) I R (B17)
The remaining second-rank tensor D’s are
= [T ¢ (5¢>) --] ax Qe s
D= + === Rk |=DkE + 1 - kR) Bl8a
l:pcu,c T 53 c,'l'f pcu.c ( ’ ( )
5= [o(2) _Toe(22) ik]=pwiiea(2E) (T-#b), (B18b)
s,? Su c s,‘ﬁ'
= o (39\ sz _pE (BT ~] ~a  pE [8T\ ,= =22
¢ = — 1]= —_— -
D I:M(BC )s'zkk+m 5¢ )ox Dckk-#W P s'u(l kk) , (B18c)
= & (39 22 3 <3T - 2z £ (aT\ = 22
ca _ i 22) Tl=p~ 22\ (I-
D [T—mng S )c':kk+m—n02—7—, 55 ). D° kk+W S qu( kE) . (B18d)
r
APPENDIX C: PROOF THAT - §'(Kz)-k=2%-$(ko)- & ¢, (kz)=F- P(kz)- b= F"ig{z) ,
The easiest way to see this is to recall that Zﬁ . . F (Ez)
actually appears only as V- ¢.% That is to say, P1(k2) =k O(kz)- &, = _lzk_ ’
rather than having the freedom to independently
specify the tensor ¢, we only have the freedom to and
specify the vector V- ¢. Clearly this must be the -
; . i - PO ~ Fo(kz
case since all that can be relgvant is a_vector vari by(kz) =+ B(kz)- &,= z.( )
able conjugate to the vector distortion R. ik

Therefore_.we can write for the Fourier trans-
form of V. ¢
F(kz) = - &k - p(Kz) = F,(K2)k + Fy(K2)é, + Fy(K2)é, ,
(c1)
where &, and €, are any two unit orthonormal vec-
tors orthogonal to k. (C1) allows us to identify
B(kz) = ¢ 1 (k2)kk + by (Kk2) (kE, + &, )
+Oy(k2) (B8, + 8,8) (c2)

where

We have symmetrized Zﬁ, although this is un-
necessary, because we have chosen to work with
the symmetric strain. Of course (C1) only deter-
mines ¢ up to terms which are totally orthogonal
to k (i.e. , orthogonal in both indices). But such
terms must be irrelevant and cannot contribute to
either the thermodynamics or hydrodynamics.

It then follows that
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= ¢, (K2)(BE - 3 T) + ¢, (K2)(Fe, + &, )
+ 05 (K2)(RE, + 6,F) | (C3)

and therefore

B.P'(kz). E=2¢,(kz) . Q.E.D.
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