
PHYSICAL REVIEW B VOLUME 13, NUMBER 9 MAY 1976
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Polarized-neutron techniques have been used to measure the coherent paramagnetic scattering amplitude of
high-purity single crystals of metallic erbium at 300 K. The angular dependence of the coherent-scattering
amplitude has been determined with the external magnetic field (H = 22 kOe) applied parallel as well as

perpendicular to the c axis of the crystal. It has been found that the angular dependence of the scattering
amplitude for H (( c as well as ((ilg is in good agreement, except at small scattering angles, with the 4f
electron magnetic form factor calculated using relativistic Dirac-Pock wave functions. At small scattering
angles the experimental points were found to'be systematically higher than the theoretical curves obtained by
least-square fitting of the calculated 4fclectron form factor to the large-angle experimental points. This small-

angle contribution, attributed to the polarization of the conduction bands of erbium, has an unusual angular

dependence; it is different from either a 5d or 6s atomic form factor and exhibits a non-negative oscillatory
character.

I. INTRODUCTION

Although the electronic band structure and re-
lated properties of rare-earth metals appear to be
well understood, direct information about the na-
ture of their wave functions has been difficult to
obtain. Neutron magnetic scattering experiments
allow the possibility of obtaining, through Fourier
inversion of the measured magnetic form factor,
detailed information about the spatial distribution
of the magnetization density. The precision deter-
mination of the magnetic form factor of Gd metal
by Moon, Kohler, Cable, and Child' serves to il-
lustrate both the promise and complexities of the
method.

In analyzing their results, Moon et al. ' sepa-
rated from the measured magnetic form factor a
contribution representing the localized 4f elec-
trons and obtained a form factor which is pre-
sumably characteristic of the polarized conduction
electrons. The 4f density was found to be spher-
ically symmetric with a radial dependence signifi-
cantly expanded relative to the Freeman-Watson non-
relativistic Hartree-Pock (HP) wave functions for
the free trivalent ion. The conduction-electron
density was found to be long range and oscillatory,
i.e. , quite different from that expected for the
atomic 5d and 6s orbitals.

Freeman and Desclaux, using relativistic Di-
rac-Fock (DP) solutions for the Gd~ ion, obtained
a 4f electron form factor in excellent agreement
with the localized form factor found by Moon et al. '
The expansion of the observed 4f radial density rela-
tive to the HF results was found to be an indirect

relativistic effect, the relativistic contraction of
the core electrons which results in a more effec-
tive screening of the nuclear charge. The magnet-
ic form factor of Tb3', obtained by polarized-
neturon measurements on a truly ionic material,
Tb(OH)s (in which the magnetization arises only
from the unpaired 4f electrons), was also found
to be in excellent agreement with the calculated
DF form factor. The theoretical situation for
the conduction-electron contribution to the form
factor is less clear. An extensive spin-polarized
augmented-plane-wave (APW) study of the band
structure, conduction-electron polarization, spin
densities, and neutron magnetic scattering in fer-
romagnetic Gd was performed by Harmon and
Freeman. ' The calculated conduction-electron
spin density was found to be in only qualitative
agreement with the experimental observations'
because of lack of agreement at the first of sever-
al inner reflections from which the spin density is
derived. Harmon and Freeman discussed other
possible contributions to the magnetization density
and concluded that a nonspherical contribution,
possibly arising from the 4f shell, was needed to
explain the discrepancy.

In this paper, we report results of a detailed
experimental and theoretical study of the coherent
paramagnetic scattering of neutrons in erbium, a
heavy-rare-earth metal whose open 4f shell, un-
like that of Gd, possesses an orbital magnetic
moment giving rise to a relatively large magnetic
anisotropy. At room temperature erbium is para-
magnetic and the 4f shell in the metal is in the
sIts&s state. The 4f shell possesses both spin and
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orbital magnetic moments and the relatively large
magnetic anisotropy can be easily observed in a
neutron-diffraction experiment. In the present
experiment we have chosen to study the spatial
distribution of the field-induced magnetization in
paramagnetic erbium by me.asuring the angular
distribution of the coherent paramagnetic scattering
amplitude. The polarized-neutron technique has
been used to perform the measurements, since
this method gives highly precise results when the
coherent paramagnetic scattering amplitude is
small in comparison with the coherent nuclear
scattering amplitude, a condition fulfilled in the
present experiment. For the same reason the de-
polarization of the incident beam by the sample is
small and its effect on the measurements can be
easily assessed. The measurements have been
performed using high-purity single crystals, whose
properties have been extensively studied by both
magnetization measurements6 and neutron diffrac-
tion techniques' at the Ames Laboratory.

We find that the localized part of the form factor
agrees well with that determined for the Er ' ion
from relativistic DF calculations. The difference
between the measured form factor and the DF
values, at small scattering angles, is different
from that expected for 5d and 6s atomic orbitals
and exhibits a non-negative oscillatory character.
This oscillatory contribution may be understood
as arising from the polarization of the conduction
electrons.

II. THEORY

A. Coherent paramagnetic scattering amplitude for Er3+

The quantity measured by the polarized-neutron
technique is the coherent paramagnetic scattering
amplitude P(8}. Following Moon et af. ' we assume
that P(8) consists of a localized part P, (8) due to
the field-induced 4f magnetization and the contri-
bution P,(8) of the conduction-electron polarization,

p(8) =j,(8}+j.(8) .
The conduction electrons are polarized by their
exchange coupling to the localized ionic moments

as well as by the external magnetic field. As a
result of the itinerant character of the 5d- and 6s-
like electrons in the metal their contribution to
the coherent scattering amplitude can be of signifi-
cance only at small scattering angles. No de-
tailed band-theoretical calculation of the conduc-
tion-electron contribution is presently available
for paramagnetic erbium. The 4f-electron con-
tribution P, (8) to the coherent paramagnetic scat-
tering amplitude, on the other hand, can be easily
calculated if one assumes that the 4f electrons in
the metal behave like those of the free tripositive
ion.

We assume that in the absence of the external
magnetic field the tripositive ion is in a single
Russel-Saunders state I n JM}, where n =ySL.
When a magnetic field H is externally applied, this
state is split into 2J+1 levels whoseprobabilityof
occupation is proportional to e~, where P=gps~/
kT and g is the Lande splitting factor of the ion.
If one denotes by P ~„(8}the neutron magnetic
scattering amplitude by the ion in the i n JM ) state,
then the coherent scattering amplitude in the pres-
ence of the magnetic field is

The magnetic scattering amplitude P ~„(8) can be
expressed in terms of odd magnetic moments of
the ion, whose order of multipolarity is less than
or equal to 2l+1, where 1 is the orbital quantum
number of the open ionic shell. However, this ex-
pression for the coherent scattering amplitude
can be considerably simplified if the measurements
are performed at high temperatures (p « I), a
condition fulfilled in the present experiment. In
this case e~"= 1+PM and only the magnetic dipole
term contributes to the coherent scattering am-
plitude. Thus the coherent paramagnetic scat-
tering amplitude can be written as

P &(8) = (0.484)X,(T)Hf (8) && 10 ~8 cm, (3)

where H is the magnetic field in G, }(,(T) is the
molar susceptibility, and f (8), the magnetic form
factor, is given by

J(7+ 1)+L(L + 1) —S(S+1) 2[2(J+ 1) (2J+ I)] 2 3l(l + 1) (2l + 1)
3J(X+I)+S(S+I) —L(L+1) 3J(J+1)+S(S+1)—L(L+1) (2/ —1) (2l +3)

S S

y I L 2 (~ II ~'&~~ II ~} (jm(8)), (4)

where W'~'~' is a Racah unit double tensor and (jo(8)) and (j2(8}) are the zero- and second-order +easel
transforms, respectively, of the electronic radial density. In the case of Er" (l=3, L=6,
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S = 23, and J=~&) the 9-j symbol is -+gg; from the
tableso of the reduced matrix elements of the Ra-
cah tensors (a ~~

W''~'
~~ n) =If'. Substituting

these values into Eq. (4) gives

f (8) = (j (8)) +@&j2(8)& .
The theoretical problem thus becomes one of ob-
taining realistic values of the (j&& radial integrals.

B. Dirac-Fock calculations for Er3+

In the absence of accurate solid-state calcula-
tions, we assume the validity of a highly localized
description of the 4f electrons and approximate
the (j,) integrals with those obtained from the
"best" free-ion solutions. Using our experience
with Gd' and Tb', we have obtained highly accu-
rate solutions of the DF equations for Ere' in its
ground-state I~, &~ configuration.

The Dirac-Fock approach, as the relativistic
counterpart of the HF scheme, has been discussed
in detail elsewhere. ' Solution of the DF equations
yields relativistic one-electron wave functions
which are conveniently expressed in four-com-
ponent spinor form, each with a large and small
radial function P(r) and Q(r). However, since the

Dirac Hamiltonian explicitly includes the spin-or-
bit interaction, the one-electron orbitals»e no
longer simultaneous eigenfunctions of the orbital
(l) and spin (s) angular momenta, but are only
eigenfunctions of the total angular momentum j
=1+s. Using these one-electron Dirac four-com-
ponent spinors, the many electron wave function
is built up as an antisymmetric product which is
an eigenfunction of only the total angular momen-
tum J=L+S of the system. By considering a sin-
gle configuration in the relativistic case, one is
restricted to pure jj coupling. This coupling
scheme is not justified for the rare-earth atoms,
since the Coulomb interaction is by no means neg-
ligible compared to the spin-orbit interaction.

To overcome this difficulty, the most accurate
procedure for determining the wave functions
would be to consider total wave functions defined
in intermediate coupling. While it may be worth-
while to undertake such a calculation to study in
detail some particular atomic case, we are dealing
here with atoms in a crystal; it would be meaning-
less to calculate the wave functions for a given
term as accurately as we could while ignoring the
crystal field.

In the nonrelativistic case, a useful approxima-
tion in HF calculations is the concept of the aver-
age energy. " In this approximation, the wave
functions are calculated not for each (I., S) state
but for the center of gravity of all the state be-
longing to the configuration under study. In the
relativistic case, it is straightforward to define
an average energy for a given jj subconfiguration,

but, as mentioned above, we cannot consider only
a single jj configuration. This implies that we
have to average over the entire configuration; the
most natural way to achieve this average is to con-
sider a weighted sum of average jj energies, with
weights proportional to the degeneracy of the sub-
configurations —an extension which has been pro-
posed independently by several authors. ~' Our
method of solution' and a description of the pro-
gram' have been given in detail elsewhere and we
shall not discuss these points here. Our results
have been obtained by using this generalized-av-
erage-energy procedure and are to be compared
with nonrelativistic calculations using the average-
energy approximation.

Having obtained mixed-configuration Dirac-
Fock (MDF) solutions, the resulting wave functions
may be used to calculate a number of physically
interesting quantities, i.e. , expectation values of
observable operators. Matrix elements of one-
electron radial operators, O(r), are simply given
in terms of P(r) and Q(r) by the expression

&O(r)&= t [P (r)+Q~(r)]O(r)dr.
0

(6)

TABLE I. Comparison between the (r") values for
Er, obtained by a MDF calculation, and the nonrela-
tivistic HF results.

MDF HF (Ref. 2)

3
2
4
6

ll. 63
0.6980
1.218
4.502

ll. 15
0.7210
l.309
5.052

ll. 36
0.7111
1.270
4.816

12.01
0.666
l.126
3.978

In Table I we present our results for the ex-
pectation values of the r" operators &r"& for Er'.
The results for n = —3 are needed for estimates
of the hyperfine interaction and the results for n
= 2, 4, 6 are useful in determining crystal-field
splitting parameters. Table I shows &r "& expecta-
tion values over the 4f (j= 2} and the 4f (j =2~}

wavefunctions as obtained from the MDF calcula-
tions and a weighted average obtained from their
degeneracies by

&&"&.,=~4&&"&/+,4 && I .

Table I also compares these results with the Free-
man-Watson HF solutions obtained earlier. It
is clear from this comparison that the indirect
relativistic effect on the 4f-shell electrons causes
the MDF radial wavefunctions to be expanded spa-
tially relative to the HF values.

We have obtained radial integrals (j;) for Er'
using the MDF solutions,
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TABLE II. Radial integrals (j~) for Er ' obtained by a mixed-configuration DF cal-
culation. The induced-moment form factors have been calculated using Eq. (5).

sin&/A

i0

0.05
0.1
0.15
0, 2
0.25
0, 3
0.35
0, 4
0.45
0.5
0.6
0.7
0.8
0.9
1.0

&jo&

1
0.987 03
0.949 58
0.89169
0.818 93
0.737 22
0.651 93
0.567 39
0.486 68
0.41182
0.343 93
0.230 45
0.145 22
0.084 04
0.041 87
0.014 02

(j2)
0

0.005 17
0.01983
0.041 75
0.067 92
0.095 33
0.12144
0.14449
0.163 45
0.177 92
0.187 90
0.19584
0.19115
0.178 10
0.160 32
0.140 55

(j4)
0

0.000 02
0.000 24
0.001 13
0.003 16
0.006 69
0.01179
0.018 29
0.025 85
0.034 08
0.042 55
0.058 86
0.072 72
0.083 11
0.089 79
0.093 04

0
0.000 00
0.000 00
0.000 03
0.000 14
0.000 43
0.001 04
0.002 07
0.003 61
0.005 67
0.008 23
0.014 55
0.021 83
0.029 32
0.036 40
0.042 62

1
0.990 400
0.962 506
0.918 905
0.863 204
0.799 361
0.731091
0.661 576
0.593 225
0.527 797
0.466 413
0.358 109
0.269 821
0.200 135
0.146 375
0.105 638

HF

0.965 385

0.870 719

0.744 615

0.611644

0.486 244
0.376 415
0.285763
0.212 593
0.156 163
0.113126

(i;)=f fs"( )+0'(~)l j,.(q )dr,
0

(6)

P(8) ~ft —1 P,(8) p„(8)
b MR+1 b b

(9)

where P~(8) and P„(8) are the diamagnetic~6 and
neutron -spin- neutron-orbit~~ scat tering ampli-
tudes, respectively. The diamagnetic term arises
from the interaction of the magnetic moment of
the neutron with the field-induced diamagnetic mo-
ment and the spin-orbit term is due to the neutron-

where q is the scattering vector and j,(qr) i.s the
usual spherical Bessel function. These (j,) values
and the magnetic form factor obtained from Eq.
(6) are given in Table H, where we also give, for
comparison, the form factor calculated using ra-
dial integrals obtained by HF calculations. "
in the case of Gd3' and Tb', it is seen that the
form factor of Er ' obtained by using DF radial
wave hxnctions decreases with increasing scat-
tering angle faster than that obtained by using HF
radial wave functions.

III. EXPERIMENT

In the present experiment a polarized monochro-
matic beam is diffracted by the crystal oriented
for Bragg reflection and subjected to an external
magnetic field normal to the scattering plane. The
quantity measured is the polarization ratio R, de-
fined as the ratio of the coherent diffracted inten-
sities for the two neutron spin orientations, paral-
lel and antiparallel, respectively, to the applied
magnetic field. Under the conditions of the present
experiment the ratio of the coherent paramagnetic
scattering amplitude P(8) to the coherent nuclear
scattering amplitude b is given by

spin-neutron-orbit interaction in the Coulomb
field of the ion. Both the diamagnetic and spin-
orbit contributions to the coherent scattering am-
plitude of Er are small in comparisons with the
paramagnetic contribution: for the (100) reflec-
tion the diamagnetic and spin-oribt contributions
amount to approximately one part per thousand and
five parts per ten thousand, respectively, of the
measured scattering amplitude. Thus the experi-
mental data, corrected for the negligibly smal1
diamagnetic and spin-orbit contributions, provide
the paramagnetic scattering amplitude p(8), which
can be compared with the theoretical calculations.

For intensity reasons the experiments were
performed using single crystals. The single crys-
tals have been grown by the strain-anneal tech-
nique~ from high-purity material (better than
99.9 at. %) prepared at the Ames Laboratory. The
following impurities (in ppm) by weight of Er metal
were detected: H (2}, N (5), 0 (43), C (40), F
(50), Si (100), Ca (90), Ni (30), Ho (& 100), Yb
(& 50}. Four single crystals were used in the pres-
ent experiment: two slices 2 and 1 mm thick,
respectively, a pillar with dimensions 1&&1&&6 mm,
and a large 7-mm-thick crystal.

The measured polarization ratios obtained with
single crystals must be corrected for secondary
extinction effects. To minimize this problem the
mosaic spread of the two slices and the pillar were
increased gradua11y by successive compressions.
After each compression the mosaic spread of the
crystals was assessed by measuring the full width
at half maximum (FWHM) of their rocking curves,
using a monochromatic neutron beam obtained by
Bragg reQection from a perfect Ge crystal.
These crystals were compressed until their FTHM
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increased from a few minutes of arc to approxi-
mately 17 minutes of arc. The secondary extinc-
tion problem has been systematically examined,
for the pillar, by measuring the integrated re-
flectivities of the (100), (200), (300), (400}, (002},
(004), (006), (008), (101), and (202) nuclear re-
flections at room temperature. The measured
integrated reflectivities, corrected for absorption,
were consistent with negligible secondary extinc-
tion and a Debye-Wailer correction corresponding
to a Debye temperature of 181+ 5 K and were
checked by two independent measurements. The
integrated ref lectivities of the nuclear reflections
were compared at liquid-N~ and liquid-He tem-
peratures. The Debye temperature obtained for
these measurements agreed, to within experimen-
tal precision, with that obtained from the room-
temperature measurements. In addition, the or-
dered-state magnetic form factor was measured
at liquid-He temperature and found to be in good
agreement with previous measurements. '~ In
order to determine that secondary extinction ef-
fects did not affect the present experiments, the
polarization ratios of all but the outermost nuclear
reflections were measured using four different
crystals: a composite cystal consisting of the 2-
and 1-mm slices cemented together with Duco
Cement (measured FWHM~ 26'}, the 2-mm-thick
slice, the 1-mm-thick slice, and the pillar. The
polarization ratios obtained in these measurements
were found to agree to within experimental preci-
sion. The 7-mm-thick crystal has not been de-
formed (measured FWHM = 6') and it was used
only to improve the statistical precision of the
polarization ratios of the (008) and (207) reflec-
tions. The polarization ratios of these reflections,
as measured with the 7-mm-thick crystal, were
found to agree to within experimental precision
with those obtained using the 2-mm-thick slice.

Renninger-type experiments were performed
to ascertain whether the measured polarization
ratios were contaminated by simultaneous Bragg
scattering. %'ith the counter and crystal positions
optimized for a particular reflection the crystal
was rotated about the scattering vector. It was
concluded that the inner reflections, of particular
interest in the present experiments, were not af-
fected by simultaneous Bragg scattering, since no
change in the polarization ratios was observed
upon rotation of the crystal.

The measurements, with a 22-koe magnetic
field on the sample, were performed using a highly
polarized neutron beam at the Ames Laboratory
Research Reactor. The neutron wavelength t was
1.05 A with a ~X contamination of approximately
0. 6%%uo. The temperature of the sample mounted in
the 1-in. gap of a conventional electromagnet, as
measured by a thermocouple, was found to be ap-

The angular dependence of the coherent para-
magnetic scattering amplitude of erbium at 300 K
was measured with the external magnetic field of
22 koe both perpendicular and parallel to the c
axis of the crystal. The polarization ratios of 29
reflections were determined, 20 with the field
perpendicular and the rest with the field parallel
to the c axis of the crystal. The ratios P(e)/b,
obtained from the measured polarization ratios
are summarized in Figs. 1 and 2.

Assuming the validity of Eq. (1}let us compare
the calculated free-ion form factor with the ex-
perimental data at large scattering angles. The
normalization constant needed for this comparison
can be obtained by a least-squares fit to the data
at large scattering angles (in our case sine/X
$0. 35 A '}, where the conduction-electron con-
tribution to the magnetic scattering amplitude is
expected to be negligibly small. In Fig. 1 the
theoretical free-ion 4f-electron form factors cal-

6"
Er

5.8 .

5,6

~ 0-F
~ ~ ~ o H-F

~ ~ ~
~ ~

oo
0

0

0.7

O.l 0.2 0.3 0.4 0.5 0.6 0.7
sin e

FIG. 1. Comparison of the coherent paramagnetic
scattering amplitude for H j.c with DF and HF calcula-
tions of the magnetic form factor of erbium. The nor-
malization factor for the theoretical curves has been ob-
tained by least-squares fitting to the large-angle (sin8/A,
~ 0.35) experimental data. The better fit to the large-
scattering-angle data of the DF calculation is illustrated
in the inset, where we plot the ratios of the measured
p/b values to the calculated DF and HF form factors.

proximately 300 K. In order to avoid correcting
the polarization ratios for the drifting of the dif-
fraction peak intensity the neutron spin was flipped
20 times/sec and the neutrons of the two spin
states were counted in two separate scalers.

The static susceptibilities were determined by
measurements~ on crystals cut from the same in-
got as the pillar crystal used in the present ex-
periment. At 300 K }( =ssss emu/g and X,=sees
emu/g for H ~~ c and 8& c, respectively; the cor-
responding values of P(0)/b are 0. 06861 and
0. 060 S5, respectively. These values were calcu-
lated using Eq. (4) and b = 0. 80x 10 ss cm.

IU. ANALYSIS AND DISCUSSION OF RESULTS
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Er H =22000 Oe

O.I 0.2 0.3 0.4 0.5 0.6 0.7
Sin(}l

FIG. 2. Comparison of the coherent paramagnetic
scattering amplitudes for H ll c and H ic with DF calcu-
lations of the magnetic form factor of erbium. The nor-
malization factor for the theoretical curves has been ob-
tained by least-squares fitting to the large-angle (sin&/X
~ 0.35) experimental data.

culated using DF and HF radial wave functions
given in Table II are compared with the experi-
mental data obtained with the magnetic field ap-
plied perpendicularly to the c axis of the crystal.
It is seen from Fig. 1 that for sin8/X & 0. 5 A ~ the
DF calculations are in substantially better agree-
ment with the experimental data than the HF cal-
culations. A more striking illustration of this is
given in the inset of Fig. 1, where we plotted
[P(8}/5]/f (8} for both the DF and HF form factors.
From Fig. 2 the DF form factor is seen to be also
in good agreement with the experimental data ob-
tained with the field applied parallel to the c axis
of the crystal. Thus the 4f-electron form factor
of the Ers' ion, calculated using DF radial wave
functions, is in quite good agreement with the
measured form factor for the metal. The large
difference between the magnetic scattering am-
plitudes obtained for the two directions of the ex-
ternal magnetic field is due to the magnetic an-
isotropy of erbium. The ratio of the zero-angle
magnetic scattering amplitudes for H II c and gJ. c,
obtained by extrapolation, is 1.124+ 0. 011. This
value, which is, of course, the ratio of the 4f
electron susceptibilities for g l~ c and Sic, re-
spectively, is in excellent agreement with the
ratio 1.127 obtained from the measured static
susceptibilities. This result is not surprising,
since any conduction-electron polarization is ex-
pected to be proportional to the induced localized
moment.

It is seen that although the agreement between
the experimental data and the free-ion DF calcula-
tions of the 4f-electron form factor is quite satis-
factory (Fig. 2), the experimental points at small
scattering angles are systematically higher than
the theoretical curves. These differences are

larger than the experimental errors and are
larger than the average standard deviation of these
curves from the experimental points at large
scattering angles. The deviations of the experi-
mental points from the DF theoretical curves are,
of course, very sensitive to any small changes in
the values of the localized form factor used in the
analysis. Let us then consider the approximations
used in the evaluation of the localized form factor.
This form factor has been calculated using Eq.
(5), which has been derived by considering the
coupling of the magnetic moment of the neutron to
the spin and convection electronic current of the
atom. The convection part of the electronic cur-
rent has been assumed to be that associated w'ith

the kinetic energy term of the atomic Hamiltonian,
which is an excellent approximation for light
atoms. However, in a heavy atom such as Er the
convection current associated with the spin-orbit
and mass-velocity correction terms could be of
some importance. The contribution of these
terms to the magnetic scattering amplitude can be
easily evaluated. ' The effect of these terms on
the calculated form factor for the Ers' ion has
been found to be small —of the order of a few
parts per thousand at large scattering angles
(sin8/X - 1.0). Although these relativistic effects
are in the right direction, they are too small to
account for the deviations observed at small scat-
tering angles in the present experiment. On the
other hand, the accuracy of the DF radial wave
functions used in the evaluation of the magnetic
form factor cannot be as easily ascertained. The
DF radial wave functions have been calculated
using the mixed-configuration approximation.
The effect of this approximation on the radial
wave functions, assessed by performing a multi-
configurational self-consistent-field calculation,
shows that the error introduced by this approxi-
mation is small in comparison with the uncer-
tainties introduced by assuming that the calculated
form factor for the Er~' ion correctly describes
the localized part of the form factor in the metal.
Finally, by making this latter assumption, one
neglects effects such as screening of the nuclear
charge by the conduction electrons, interband
mixing, and core polarization effects, which
could affect the theoretical localized magnetic
form factor. Harmon and Freeman examined
these effects in some detail in their study of Qd

metal and concluded that these effects cannot fully
account for the small-scattering-angle deviations
observed jn Gd.

In view of this discussion, it appears reasonable
to assume that the DF-calculated form factor for
the Er ' ion is an adequate approximation for the
localized part of the magnetic form factor. Two
facts support this assumption. First, the devia-
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0.8—
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O~ 0.6—
E
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0.2—

Er

o HJ0
~ H//c

H=22000 Oe

0.0

O.I 0.2 . 0.3
sin 8

tions of the experimental points from the theoret-
ical curves (Fig. 2) are of the same order of
magnitude as those observed in Qd. ~ Second, the
ratio of the localized susceptibilities obtained by
the neutron-diffraction measurements is in good
agreement with the ratio of the measured static
susceptibilities; i.e. , the additional moment ob-
served in the static-susceptibility measurements
is approximately proportional to the localized
moment, in agreement with the assumption that
this additional moment is due to the polarization
of the conduction band.

The angular dependence of the conduction-elec-
tron contribution to the coherent scattering am-
plitude given in Fig. 3 is obtained by subtracting
from the experimentat values of Fig. 2 the 4f con-
tribution given by the DF calculations. The ob-
served angular distribution is quite different from
an atomic 5d or 6s atomic form factor3; it ex-
hibits an oscillatory character which shows the
unusual, but interesting, feature of remaining
positive for all the significant reflections (sine/X
&0. 3} shown in Fig. 3. In the absence of energy-
band determinations of the conduction-electron

FIG. 3. Angular dependence of the conduction-elec-
tron contribution to the coherent paramagnetic scattering
amplitude of erbium.

magnetization density for Er, a detailed compari-
son of the experimental data with theory is not
possible at present. The magnetization density of
neither ferromagnetic' nor paramagnetic~a Qd
metal yields an oscillatory form factor. Recently,
a detailed APW calculation for paramagnetic Sc
by Qupta and Freeman gave a magnetic form
factor with an angular dependence which is quaj. i-
tatively similar to that obtained by us here, and
in very good agreement with the measurements of
Koehler et al. on Sc metal. Qupta and Free-
man+ found their theoretical APW magnetization
density to be greatly expanded spatially relative
to that expected from a free-ion-atom 3d density.
They attributed the unusual angular dependence to
the asphericity of the spin density and to inter-
ference effects, through the Fourier transform,
between the inner and outer parts of the radial
density. The qualitative similarity between their
observations for Sc and ours for Er is consistent
with the assumption that the small-angle contri-
bution to the magnetic scattering amplitude is due
to the polarization of the conduction band, since
it is well known that the conduction-band structure
of the heavy-rare-earth metals is similar to that
of the hcp 3d transition metals. '

In conclusion, this combined experimental and
theoretical study has revealed that some challeng-
ing information about the distribution and nature
of the conduction electrons is contained in the
neutron magnetic scattering data. Clearly, fur-
ther theoretical and experimental work is neces-
sary to elucidate the problem. Lutetium is an
attractive candidate for a systematic study, since
in this metal the 4f electrons form a closed shell.
Measurements of the induced-moment form factor
of Lu, as well as band-theoretical calculations,
are presently in progress.
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