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It is shown that, when interactions between quasiparticles are neglected, transmission of an electron (a 'He

atom) from the vacuum into a crystal (liquid He II) can be treated as a multichannel scattering process.
Thresholds of new channels correspond to the vacuum energy, and (i) for crystals, to the appearance of a new

diffracted wave either in the reflection or the transmission pattern, (ii) for 'He, to the roton ~t»mum. At
these points, the transmission coefficients must exhibit either discontinuities (reflection thresholds of solids) or
singularities with vertical slope (transmission thresholds of solids and roton minimum). The observability of
these singularities in emission experiments is discussed in the cases of photoemission and He II evaporation.

I. INTRODUCTION

In all experimental methods for studying con-
densed phases which rely on emission of particles,
the physical process resulting in the emission
current involves an excitation, which creates the
departure from equilibrium, and is specific of the
type of experiment (excitation by photons, elec-
trons, a heat pulse, an electrical bias, a difference
of pressure, . . . }; and a flow of the excited parti-
cles —or quasiparticles —out of the solid or liquid
into another medium, which may be either another
solid (tunnelling, internal photoemission, . . . } or
the vacuum. This flow process is common to all
types of emission.

%e want to show here that when interactions be-
tween the quasiparticles of the condensed phase
are neglected the flow process can be described
within the standard formalism of multichannel
scattering. General results of scattering theory
can then be directly applied, which provides pre-
dictions about the shape of the energy and angular
distribution of the emission current in the vicinity
of "threshold points" (energies and angles at which
excitations from a given branch of the spectrum
start or cease to contribute to the emission). We
will illustrate these results on two cases of such
thresholds: roton minimum singularity in the
evaporation spectrum of He II and diffraction
threshold effects in photoemission from crystals.
Modifications of these results due to lifetime ef-
fects will be discussed briefly. For the sake of
clarity, we restrict ourselves here to the case of
emission into the vacuum (the generalization to
emission into a solid then being straightforward).

II. TRANSMISSION AS MULTICHANNEL SCATTERING

Let us first forget about emission mechanisms,
and consider the following question only: Can one
describe the propagation of an electron in a semi-

infinite-crystal —plus-vacuum system as a scat-
tering process'P

Inside the solid, far from the surface (assumed
to lie in the y, z plane), the potential and the inter-
actions felt by the electron are those characteristic
of the infinite crystal. Far in the vacuum, the po-
tential has the form:

V(x) =E -e'/4x,

where E is the vacuum level, and the image po-
tential, (- e'/4x) describes the long-distance ef-
fect of Coulomb forces (note that it is absent in
the case of neutral particles such as He atoms}.

Close to the surface (in a region typically a few
atomic layers thick), the atomic arrangement is
perturbed compared with the bulk arrangement, as
well as exchange and correlation effects. That is,
the surface potential —which is defined with re-
spect to the bulk crystal potential —is composed
of (i) a short-range nonlocal and retarded (pseudo)
potential, which depends on the material, surface
state, etc. , and (ii) a long-range one-body poten-
tial corresponding to (i). This potential does not
go to zero at infinity; V(x-~) —V(x- ~) is finite. '
For example, for conduction electrons of a metal
emitter,

limV — hmV= p. +(II),

where p, is the Fermi energy and Q is the ex-
traction work of the metal. In 4He at low tempera-
ture, it is equal to the latent heat of evaporation.

Transmission of an electron from the solid to
the vacuum, of course, involves scattering by the
surface potential. However, since V(~) a V(- ~),
this cannot be described by ordinary potential
scattering theory (the effect on the outgoing waves
cannot be expressed in terms of phase shifts only,
since the group velocity at infinity in vacuum is
different from that at infinity in the solid). Inci-
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dent and transmitted waves, far from the surface,
refer to different zeros of kinetic energy. This
is precisely the situation which occurs in multi-
channel scattering; a particle is said to be scat-
tered into a channel different from the incidence
one when, in the scattering process, it has lost
a finite amount of energy E (which has been
transferred to the target). Here, the physical
source of the energy shift is slightly different;
the kinetic-energy shift

E =limV-limV
X X ~ oo

is balanced by an increase of potential energy. '
However, the mathematical formulation is com-
pletely identical, provided we assume that the
lifetime of the excitations in the solid is infinite
(or, equivalently, neglect interactions between
quasiparticles}. Indeed, within that assumption,
the wave functions of the excitations of the system
are solutions of a Schr6dinger-like equation

d'r'Z r, r' g r' =0, (2)

where V(r) is the one-body potential, and the self-
energy (or pseudopotential} Z is real, since life-
time effects have been neglected. Therefore the
corresponding complete pseudo-Hamiltonian

Finally, the two channel scattering Hamiltonians
associated with H„and H, ,

Hv, + = H~ —Hv, m and Hs, u = Hm Hs. w& (6)

6I= Is«„, « I' = Is«, , -„

= Is- -.i' = is-
(7)

satisfy all the requisites (Hermiticity, bounded. -
ness) necessary for multichannel scattering theory
to apply, and all of the results of that theory pro-
ceed in a straightforward manner.

The eigenstates of the system can be classified
into in and out states, which develop, respectively,
from and into free channel waves, and satisfy
Lippman-Sc(winger equations. For example, in-
states gk„, /~, describe waves which develop fromQ)

a free wave of energy u incident onto the surface
from the vacuum (solid) side into a reflected and
a transmitted part. They are labeled by the value
of the momentum of the corresponding free channel
wavesofenergy(d; rp«, y«). The reflected part
corresponds to the part of 4' which is scattered
in the incidence channel.

It is seen immediately, when comparing the
usual definitions of the reflection and transmission
coefficients 6t and y'of the surface barrier (ratios
of reflected and transmitted to incident flux) with
the definition of the multichannel S matrix, ' that

H~ =p /2m+ V+K

is Hermitian. Moreover, channel Hamiltonians
are easily defined as

where k„' (k;) are the momenta of the reflected
parts of e'„-'(+(«'i) and

H„= lim H (r, r')=6(r —r') [p'/2m+E] (4)
XIX ~

for the "vacuum channel, " and

lim H (r, r')—= 6(r- r')ip /2m+V, (r)]
X~ X

s «; «, = &v'«; I
s

I v«, ) .

The unitarity of the S matrix is simply
equivalent to the flux conservation relation

g+& =1.

(7a)

(7b)

+Z, „(r,r')

for the "solid channel. "
V, and Z, are the poten-

tial and seU-energy in the bulk solid. The eigen-
waves corresponding to H„and H, are the free
channel waves of scattering theory. They are,
naturally, free-electron plane waves for the
vacuum, and the bulk quasiparticle waves for the
solid.

Let us for the sake of simplicity of the present
argument, assume that the solid channel defined by
H, is unique as well as the vacuum one, i.e., that
to a wave incident from the vacuum correspond
only one transmitted and one reflected wave (this
assumption will be discussed and relaxed later on}.

Let us recall one more definition: A channel is
said to be open when waves can propagate in this
channel. Here, for example, the vacuum channel
is open, for a one-dimensional system, for
energies ~ &E.4 Below its threshold E, only the
solid channel is open; scattering reduces to total
reflection.

We will make use of the following general re-
sults, 3 which are concerned with the energy
variation of the S-matrix elements (or, equiva-
lently, scattering cross sections) close to the
thresholds corresponding to the opening of new
channels. Let e be such a threshold, for channel
a, and let i label the other channels which are
open in the energy range (v —(((„(here a -=v, i = s).
Two cases occur:
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(a) Channel scattering Potential is short ranged
(no Coulomb part). Then close to co,

note the following fact: Results (a) and (b) quoted
above hold if and only if close above the threshold

of the opening channel the flux P transmitted
into that channel has the form'

(which are zero for ~ «u ) vary, for &o & &u„, as
(const) (&u —~ „}'t'. Sz 1; characterizes scatter-
ing inside the new channel (here, vacuum-vacuum
reflection). Also,

-C, ((u —(u)'t'+G;, ((u).
(8)

(a}

(b)

(c}

FIG. 1. (a), (b) Cusp and (c), (d) rounded step non-
Coulombian singularities of transmission or reflection
coefficients.

G, , (~) is a function of &u which is regular at &a .
The constants C, and C, are in general different;

each of them may be either positive or negative
(or, accidentally, zero). Their values and signs
depend on the details of the system, and can be
calculated only by completely solving the specific
scattering problem at hand. The corresponding
scattering cross sections (here, reflection or
transmission coefficients) therefore exhibit vertical
structures with infinite slope and either cusp or
rounded step shapes (Fig. 1).

(b) Potential contains an attractive Coulomb part
This is precisely what occurs in the case of
electron emission because of the image potential.
In this case, all of the IS q pI' have finite dis-
continuities at (d =(d .

The above results are completely general in
the case, considered in scattering theory, where
the free channel waves correspond to propagation
of a free particle in the vacuum. In the case that
we are studying here of scattering into a condensed
medium, one must be slightly more cautious and

P„=const (&u —~„)' 'IAI',

where A is the scattering amplitude for the process
considered, and is regular at the threshold. That
is, the current j carried by the n-channel state
of energy u must be proportional to (iu —u„)' '
close to cu . We will define as well behaved a
threshold at which this condition is fulfilled. It
is clear that all ~ 's are well behaved in the
standard situation of scattering theory, where

j cch =I(2m„/if' )(+ —u )j' ', while when free
channel states correspond to excitations in a
condensed medium one must check in detail on
the nature of the thresholds. This will be dis-
cussed in Secs. II and IV.

In the case of the simple two-channel model
depicted above, there is one single threshold, E.
It corresponds to the opening of the vacuum chan-
nel, and is therefore well behaved. Then results
(a) and (b) simply amount to stating that for a one
dimensional system (i) the transmission coefficient
for uncharged particles increases as (u —E)' 2

close to the vacuum level, and (ii) the transmis-
sion coefficient for charged particles jumps, at
u =E, from zero to a finite value. These results
hold whatever the details of the short-range part
of the surface potential. Result (ii}, in particular,
is of importance in the study of the thermionic
effect. '

III. TRANSMISSION INTO CRYSTAL

As we will now see, the threshold effects in the
case of solids derive from the band structure of
the energy spectrum. Therefore, as a first-order
approximation we will completely neglect inter-
actions in the solid. That is, we assume that v
lies in a range where self-energy effects are
negligible, so that the potential in the "solid
Hamiltonian" reduces to the local periodic term
v, (r).

Let us now come back to discuss the simplifying
assumption that the Hamiltonian H, of Eq. (5)
corresponds to only one solid channel. As we shall
now see, this is actually not true in general.
Indeed, owing to the periodic atomic structure,
when an electron wave falls on a crystal (which we

assume to be perfect with a perfect plane surface},
it is partly specularly reflected, and partly back-
diffracted (which gives rise to the low-energy-
electron diffraction pattern). For the same reason,
it gives rise, inside the solid, not only to the
ordinary refracted wave, but also to a superposi-
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tion of this and other, diffracted, transmitted
waves. Moreover, as has been analyzed in detail
by Stern, Perry, and Boudreaux, ' there also
appears, both in the vacuum and in the solid, a
quasi-infinite number of evanescent waves. This
is easily found in the simplest model (independent
electrons and steplike surface potential) by mere
inspection of the matching equations which must
be satisfied by the wave function at the surface.

Equivalently, this result follows from the nature
of the energy spectrum of electrons in a crystal.
As developed in Ref. (6), the dispersion relation
&cr = e(k) for a band spectrum can be considered, in
the reduced zone scheme, as a multivalued
function, each sheet corresponding to a given band.
When an electron is sent onto the solid, with given
energy &u and direction (8, P)(given parallel mo-
mentum k,

~
at infinity in vacuum), ur is conserved

in the transmission process, and k)~ is conserved
up to a vector Q of the reciprocal surface lattice.
That is, the reduced parallel wave vector k~~' is
conserved, and the incident electron excites as
many transmitted waves as there are bands or,
equivalently, sheets of the e(k„k'„) —e =0 surface.
Of course, only a few of the corresponding values
of k, are real; most (even possibly all, in case of
total reflection) transmitted waves are evanescent.
Real solutions for k„occur in pairs, corresponding
to waves travelling towards and from the surface.
Obviously, only those with a negative x component
of the group velocity v~, =d/vk, e(k) are of interest
in our problem.

The transmission problem thus reduces, in the
reduced zone scheme, to a one-dimensional
scattering, where the occurrence (or disappearance}
of a new diffracted travelling wave (i.e., new real
value of k, ) appears as the opening (or closing) of
a new channel. The points at which a new pair of
real solutions of the &u —e(k, ,P",

~ }=0 equation
appears or disappears we shall define as "dif-
fraction thresholds. " Their positions, of course,
depend on the kind of experiment that is performed
(e.g. , scanning v at constant k„, scanning incidence
angle at constant ra, etc.). They appear as thresh-
olds in the variable g ($ —= u, 8, P, . . . ) which is
scanned in the experiment.

In order for these to be mell-behaved thresh-
olds in the sense of multichannel scattering the-
ory, one more condition must be satisfied: Close
above the threshold point, the z component of the
current carried by the electronic excitation in the
new channel, j',i, must vary as ~$

—$ ~' '. Since
the channel functions are Bloch functions, the
current j „ is simply the group velocity &~„.
Therefore a well-behaved threshold implies a
t) —g (' ' behavior of v,',i near g =( . This is
most generally the case, the only exception

r k=k

Therefore on the open-channel side of the thresh-
old which is defined by

a'
sgn(ur —v ) =sgn

8 „k-k(0()

~~ does have the wanted square-root behavior.
This holds provided that e(k) can be expanded in
power series around P, i.e. , that k is a regu-

I I

vs@"ss

COL~0 VACUUM

FIG. 2. Intersections between the k~) =k~~ line and
surfaces of constant energy ~ =e(k). Surface g) cor-
responds to a transmission threshold ~ =co and sur-
face (2) to an energy ~ close to ~„. Intersectionk„&,
for which v~, & 0, defines the wave transmitted into
channel u.

occurring when the threshold corresponds to a
conic point of the z = e(k) hypersurface.

Let us first prove this statement in the simple
(although not very realistic, experimentally) case
where ~ is varied at constant E~~. For a given ~,
the possible values of k, in the solid correspond
to the intersections of the various sheets of the
surface of constant energy u& = c(k) with the straight
line k~~ =k~~ =const. A diffraction threshold is
reached for each value e of ~ at which the line
becomes tangent to the surface, at a point
k = (k g k ) where v~~, = 0. (Of course the
tangent may also intersect the surface. ) For
co=(d, the double intersection at k, evolves into
two distinct intersections k„(&u) and k„. (~), which
are either real or imaginary, depending on the
sign of u&- ~, (see Fig. 2). Let k, , be the real
intersection at which v& 0 vg (k

& kI~ ) is easily
calculated by developing e(k) in the vicinity of k
It is found that



3888 C. CAROL I, B. ROUL ET, AND D. SAINT - J AM E S 13

lar rather than a conic point of the dispersion
hypersurf ace.

Analogous geometrical analyses can be made
for the other possible experimental situations
[variable u&, constant 8, Q; variable 8(P), constant
~ and P(8)]. Itis found that in all situations, close
to the threshold g, on the open-channel side,
provided that e (k) is regular around the corre-
sponding ki ~ point, v~, —= C

& ~ $ —$ ~

' '. The
proportionality constant C& depends both on the
geometrical properties of the surface of constant
energy at point k and on the nature of the scan-
ning parameter E.

In the foregoing discussion we have concentrated
on transmitted waves. Quite obviously, the
same analysis can be repeated for reflected waves.
To each possible vector G of the surface recipro-
cal lattice corresponds a possible reflection
channel and an associated threshold. This may
look at first sight somewhat paradoxical, since
reflected waves propagate in the vacuum, as
does the incident wave. However, since in the
reflection process %g is changed into k~~+ G, the
transverse energy, which is the energy relevanc
to the one-dimensional reduced scattering problem,
is shifted by (V/2m)[kj~ (k~~+G} ]. This shift is
finite, and therefore the reflection channel is
different from the incidence one, except for
specular reflection (G= 0). It can therefore be
concluded that a semi-infinite crystal behaves
with respect to reflection and transmission as a
regular multichannel scatterer, offering an in-
finite number of channels for forward (trans-
mission) as well as backward (reflection) scatter-
ing, only a few of which are open at the same time.

The generalization of Eqs. (7) is obvious. Let
us call (ij ((v] ) the transmission (reflection)
charnels which are open in a given situation,
(given incidence momentum k). The partial
transmission and reflection coefficients, which
measure what fraction of the incident flux is
scattered into channel i or v are defined by

where S is the standard multichannel S -matrix,
and they satisfy the unitarity condition

(11a)

It is now possible, with the help of the general
results (a) and (b), to predict the threshold be-
havior. of these coefficients. Obviously, two cases
must be distinguished, depending on the structure
of the channel scattering potential.

(i) Reflection channels At their th.resholds, the

transverse kinetic energy in the opening channel

(r) (in the reduced one-dimensional scattering
problem) is zero. In the reflection region (i.e.,
the vacuum), the potential contains the image-
force Coulomb contribution. These are precisely
the conditions required for result (b) to apply.
Namely, the new reflection coefficient Q,„starts
discontinuously from zero at the threshold value
g„of the scanning variable (i.e., when a diffrac-
tion spot appears or disappears on the reflection
pattern), while the f& and other (R„( evr} must ex-
hibit, at that point, finite discontinuities.

(ii} Transmission channels. At their thresholds,
the transverse kinetic energy in the vacuum
channels is finite. That is, the Coulomb potential
in the vacuum does not induce any singularity
(since the Coulomb-induced discontinuous be-
havior appears at the zero of the Coulomb poten-
tial, which is a point of accumulation of bound

states). On the other hand, there is no Coulomb

potential inside the crystal, i.e., in the trans-
mission region. Consequently, at a transmission
threshold (, , the reflection and transmission co-
efficients behave according to result (1}; E, in-
creases as ] ( —g, ~

'~' on the open side of g, ,
while the S„and v; (i et ) have cusp or
rounded step singularities.

IY. CHANNEL THRESHOLD SINGULARITIES
IN PHOTOEMISSION SPECTRA

Now the question naturally arises of the possible
observability of the singularities predicted in

Sec. III. This would of course be of interest, on
one hand, for the study of the transmission
process itself, but also, on the other hand, be-
cause it should yield information on the band
spectra of solids. In particular, do such
singularities appear in emission spectra, and
how? In order to answer this question, we will
now analyze it in the particular case of photo-
emiss ion.

When the lifetime (or, equivalently, the mean
free path) of excitations in the emitter is assumed
to be infinite (therefore when, for coherence,
inelastic effects are also neglected), the ex-
citation and flow processes responsible for photo-
emission become separable. This has been
proved by Feibelman and Eastman, who have thus
shown that, under the above stated ideal condi-
tions, the semiclassical step model" is exact.
More exactly, in the infinite mean-free-path
limit, they find that the photocurrent at energy co

and in the direction R (angles 8,$) is given at a
distance R from the emitter by [Eq. (17) of Ref.
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R j, (u, 8, Q) =Cv(u) Z o(tu —E„-0)
occupied n

x)(4,)l(A p+p A) IP.&I',

(12}

where v(tv) = [(2/m}(~ -E))' ' is the velocity in
vacuum, C is a numerical constant, n labels the
occupied electron states in the crystal at equili-
brium, and Q is the frequency of the photons.

The final-state wave function Q (r) which
appears in the optical matrix element is exactly
the ingoing function of scattering 4 '-„' defined in
Sec. II for k„=- [(2m/if' )(ru -E)]' 'R. That is,
P, is the wave function describing an electron
incident onto the solid from the vacuum side at
energy &u and in the direction (8, P). As discussed
in Sec. II, Q, therefore contains, in the vacuum
region, an incident and one or several reflected
parts, depending on whether some nonspecular
reflection channels are open for state (u, 8, Q).
Far inside the solid (i.e. , at distances from the
surface larger than the thickness d of the layer
in which the potential is different from that of the
perfect bulk crystal) Q, is a. superposition of
purely transmitted Bloch waves:

y, (r) = Q t, y- k(r), x&-a, (13)

(v~/vo )lt [2 (14)

where v~'„= v(cu) cos8 is the x component of the
group velocity of the incident electron and the

U~ are the group velocities along x of the
"channel states" cp'-' . At that stage, one does
not seem to recover from Eq. (12) the step model,
since j„does not appear as the sum of contri-
butions of all possible optical transitions, weigh-
ted by the corresponding transmission coeffi-
cients, but as due to optical excitation into the sin-
gle coherent superposition of final states described
by Eq. (13}. (In other words, it seems a Priori
that j„measures not a sum of intensities but the
square of a sum of amplitudes. ) However, it is
shown in Ref. 9 that in the long —mean-free-path
limit, in spite of the presence of the perturbed
surface layer, the matrix element of expression
(12) imposes that, as in a bulk crystal, the electron
momentum —which is of course the momentum

where i labels the transmission channels open for
the incident state (&u, 8, P }and the k,' are the corre-
sponding channel wave vectors (k,'~~ =P~~', where
P~~' is the value, reduced to the first Brillouin zone,
of the incident parallel wave vector). The
transmission amplitudes t; are related to the
partial transmission coefficients by

inside the solid —must be conserved in the optical
transition. This reduces considerably the number
of final states which can contribute to the photo-
current. Feibelman and Eastman then rightly
argue that owing to the selection rule in general
only at most one of the y'-„' ' of Eq. (13) gives a
nonzero contribution. In tLat case, the step
model is recovered, with either none or one final
state that we will call q & contributing to
j„(~,8, P). In the directions of emission,

j, (~, 8, @)- It; I*IM., I' (15)

where M„, is the optical matrix element between
initial and final Bloch states y„and y&&

In practice, the shape of the emission pattern
at energy (d can be obtained with the help of the
following geometrical construction: (i) Draw the
surfaces of constant energy S (surface e(k) = u in
the reduced k space) and S „; (ii) build the curve
C of intersection between S~ and S~ „(C is in gen-
eral a skew curve); (iii) build the projection Po of
C on the plane of the surface and the projection cylin-
der 8 based on Po parallel to the x-axis; (iv) build
all of the cylinders 6'; obtained from 8 by all
translations G; of the reciprocal surface lattice of
the solid; (v) the angular photocurrent pattern is
given by the (warped) cone(s) of apex k = 0 based
on the curve of intersection, C, of the various
Q with the half-sphere Z defined by

Pi + h', = 2 nt/A(~ —E ), h,'& 0.
Note that the projected emission curve P~ may

have, accidentally, double points. If such is the
case, at these points two y& contribute to j„,
which at the corresponding (8, Q) s is given not by
(15) but by more general expression [Eqs. (12)
and (13}]including interference effects.

In order to know whether threshold singularities
may manifest themselves in the energy and angular
distribution of photocurrent, let us consider the
following experimental set up: ~ is kept constant,
and j, (u&, 8, Q) is measured along the emission
Pattern [i.e. , the detection angles 8, P are varied
with the constraint P f (8) provided by the
equation of the emission cone]. When these con-
ditions are fulfilled, the transmission channel j
is, by definition, open. But, besides this, other
transmission" (i) or nonspecular reflection (v)
channels may also be open for some values of
(8, P}. When 8 and P are scanned along the
emission pattern, these other channels may close,
at threshold points g;~„~ —= [8;&„&, P«„& =f (8;&,~)].
Since at these points v~~„and v '„are regular,
l t; )' has singularities of the same nature as those
of ~, , and so does j,. That is, one should be able
to detect two types of singularities of j„along the
constant-~ emission cones: at transmission
thresholds g;, vertical singularities (cusps or
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rounded steps) exist; at reflection thresholds („,
discontinuities exist.

The thresholds, if they exist for a given co, are
again best defined geometrically. Consider the
intersection of the cylinder 6 with the surface of
constant energy S . If 6 cuts S at points other
than those belonging to C, there are for a given
direction of emission (&u, k', ~) as many other
transmission channels open (isj ) as there are
intersections of the line kt, =k

~~
with S not

belonging to C and having v,', & 0. The threshold
$& of such a nonphotoemitting transmission
channel is reached when and if, as 8 and Q vary
along the emission cone, the k

)~

= k~~~" line be-
comes tangent to S, out of curve C, i.e., when
the cylinder t: merges out of S„. Nonspecular re-
flection thresholds g, , analogously, correspond
to the points where one of the 6& merges out of
the free-electron-half sphere Z.

Therefore it appears that threshold effects of
the two types (vertical slope and discontinuity)
should appear on the angular distribution of the
photocurrent at constant energy, at least in
particular ranges of values of final-state energy

They should correspond to values (ca, 8, P) of
the detection parameters at which, when following
the emission cone, one spot appears or disappears
either on the transmission or the reflection
electron diffraction pattern.

Of course, this result holds as such only if, as
we have assumed, electronic excitations at the
final energy cu have a mean free path much
larger than atomic distances. If this condition is
not fulfilled, it breaks down for two different
reasons:
(i) As discussed in Ref. 9, the elastic current

is no longer given by the step-model expression.
Indeed, owing to interaction effects, the only
region which now contributes effectively to the
matrix element of Eq. (12) is the elastic ex-
traction layer, of thickness 5=1 (one can say
that P, now decays on a length I ). In that region,
P, is no longer given by its asymptotic expression
(13}, so that j, is no longer expressible in terms
of transmission coefficients.

(ii}Moreover, if excitations in the solid have
a finite lifetime T, the general results (a) and (5)
of Sec. II about threshold behavior are modified.
This is readily understandable; a finite lifetime
means that the self-energy part Z (r, r') of the
potential in the pseudo-Hamiltonian H of Eq. (3)
now has a nonzero imaginary part. H is no
longer Hermitian, and consequently the S matrix
on the energy shell is no longer unitary. Unitarity
is recovered only in its less restrictive form in-
cluding contributions, off the energy shell, of
final states involving more than one particle. In

other words, when an electron is sent on the solid,
part of it is scattered elastically, and part, be-
cause of interaction processes, inelastically,
the energy balance being provided by some ex-
citation of the electrons of the solid. In emis-
sion processes, this corresponds to the existence
of the so-called inelastic current. This of course
affects the threshold behavior of the elastic
transmission and reflection coeff icients. One
shows' that as can be expected the singularities
are smoothed out and spread on a width n. &u-5/T.

For all of these reasons, one cannot hope to ob-
serve any threshold singularity in the range of
values of e characteristic of far-uv photoemission
and low-energy-electron diff raction experiments
(typically 15~&v —EK50 eV) where I (&u) is at most
of atom. ic order. The x-ray range, ~ —E&1keV,
where scattering effects due to the surface po-
tential are very small, is not suitable either.
Finally, it is at the small values of ~ —E typical
of visible or near-uv photoemission that the
singularities of j, (u&, 0, Q} should be narrow enough
to become observable. Since, in that regime,
I (~) increases when &u decreases, the lowest
possible ~ are the more favorable. In practice,
the best case should be met with those cesiated
semiconductors in which, at cu close above the
(lowered} photoelectric threshold, an electron
cannot decay into pairs, and l (cu), being limited
only by phonon scattering, is much larger than it
is at the same energies in metals. Moreover, if
these singularities are observed, it will be quite
difficult to use them to get detailed information
about the band spectrum because of the complex-
ity of the geometrical operation defined above
which is necessary to connect them with the sur-
face of constant energy S . This results from a
feature characteristic of photoemission itself:
owing to the optical selection rule, the population
of final states at a given energy is highly selec-
t ve. Therefore it is of interest to search for
channel singularities in order to check their exis-
tence in angular photoemission spectra, which
are presently measured with very good accuracy.
In particular, their observation would be a check
of the validity and practical applicability of the
step model. But it seems that systematic exploita-
tion should be much more fruitful if in the emission
process all of the states at the detection energy
are equally populated. This situation is met in
thermoemission, and the behavior of the angular
distribution of the thermoionic current j&(&u, 8, Q)

is currently being investigated.

V. EVAPORATION OF He II

Let us now turn to the case of transmission of
an atom from the vacuum into the liquid phase of
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its own species (the reverse of the evaporation
process). In order for a microscopic scattering
analysis to be meaningful —especially since we
require quasiparticles in the liquid to be well-
defined, i.e. , long lived —we must restrict our-
selves to a quantum liquid. Thus we will consider
here only the particular case of superfluid ~He. "
Let ~ and k

~[
be the energy and parallel momentum

of the atom at infinity in the vacuum. k [, is now
conserved in transmission, "which thus reduces
to a one-dimensional problem in the x direction.
The excitation spectrum of liquid He II is repre-
sented on Fig. 3 for the low-temperature case
( T«T~), where the roton minimum cu„ lies 1.5 'K
above the vacuum energy (which, for T-0 is equal
to the latent heat of evaporation L,}. It is immedi-
ately seen that while at energies smaller than (d„
only one excitation (a phonon) can propagate in the
liquid, for &u ~&a„ three modes (two rotons and one
phonon) exist. That is, a double new channel
(containing the two roton modes k &k„and k & k„)
opens at ~=+„.

The fact that the position of the threshold does
not depend on k [, results from the particular shape
of the roton spectrum, together with the numerical
values of L„and ~„. As is shown in Ref. 15, since
at energies e=(d„, k„ is much larger than the
wave vector in vacuum, the refraction indices for
atom-roton and atom-phonon transmission are
larger than 1. In particular, roton waves can
propagate as soon as rotons exist, whatever the
direction of incidence in vacuum.

Of course, owing to the zero slope of the 2(k)
curve at (&u„k, ), the group velocity close to the
threshold varies as (~ —&u„)' '. However, the
analysis of the threshold behavior is slightly more
subtle than in the case of crystals. Indeed, the
existence of the roton minimum does not derive
from a one-body potential effect, but results from
the interaction between 'He atoms. That is, the

reaL self-energy term of the pseudo-Hamil-

~.= 8.65'K .
L =71%

2

FIG. 3. Dispersion curve for quasiparticles in super-
fluid He below T y. Lp is the heat of evaporation of the
liquid.

(k2 k2)1/2 ~B(k )(~ ~ )1/2

k =——(k —k )' +B(k„)((u—(s& )' '
(16}

where

B(k „)=[(2}2,/k }k,/(k —k P

and p,„ is the roton mass.
The flux transmitted into the opening double-

roton channel is therefore, to lowest order in
(a) —cu„),

$.22
= (k„+k 2) IA (~„,k 2) I

where the scattering amplitude A is the same for
the two modes since to lowest order it must be
calculated at the minimum itself. Finally, using
Eq. (16), it is seen that Q„,-C(k 2)(u& —&u„)' ', and
owing to the compensation between the two roton
branches, 22„appears as a regular well-behaved
threshold.

Since there is no Coulomb potential present,
transmission and reflection coefficients behave
close to ~„according to result (a}. The atom-
roton transmission coefficient, for (d &x„, in-
creases from zero as (u& —&u„)' ', while the atom-
phonon transmission and atom-atom reflection
coefficients must have the cusp or rounded step
singularities predicted by Eq. (8).

Let us consider the (ideal) experimental situa-
tion of evaporation of the liquid at temperature
T («T„) into the vacuum and study how, in that
case, the roton threshold singularity may be

tonian [Eq. (5)] is by no means negligible. " The
excitations we are dealing with are quasiparticles,
so that the current carried by an excitation of
momentum R is k/M, where M is the mass of the
bare atom, and not its group velocity v2(k). (The
difference represents the backflow current
associated with the presence of the "dressing
cloud""). Therefore, close above the roton
threshold, the current carried by a single roton
is not-(~ —e„}'', but finite and of magnitude

Thus it could seem at first sight that the
roton minimum is not a well-behaved scattering
threshold in the sense defined in Sec. II.

However, one must keep in mind the following
fact: In the limit of energies close above ~„,
roton states can be excited only in pairs. Indeed,
for example, in the transmission situation con-
sidered above, for a given value of k.

~[
there are

two roton states available in the liquid, namely,
those with a negative x component of the group
velocity. They correspond to transverse mo-
menta
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pictured in the evaporation spectrum. If one ne-
glects interactions between quasiparticles, again
the excitation and flow processes separate simply
in the expression of the current. Indeed, a micro-
scopic formal calculation of the current based on
the same techniques as those used in the theory
of tunneling shows that the kinetic model applies'
even in the presence of nonlocal self-energy
(pseudopotential) in the liquid phase, provided
this is assumed real; namely, the energy distri-
bution of the total current is given by

(18)

where C is a numerical constant and f, ([d) is the
thermal occupation function in the liquid. R(~, k,})
is the specular reflection coefficient for a 4He

atom incident onto the liquid from the vacuum
side with energy e and parallel momentum k

~,
."

Of course, 8 can be expressed immediately in
terms of the partial transmission coefficients into
the channels which are open in the ((d k}})situation
of incidence,

(19)

As we have seen in Sec. II B, for energies ~
close to the roton minimum ~„ the phonon channel
is always open. The roton channels open, whatever
k }}, at [}}= [}}„.Consequently, close above (below)

spectrum. Lifetime effects, as were discussed
in Sec. Df, result in a broadening of the structure. "
Note that since the threshold of the roton channel
is independent of k)~ it is not necessary, contrary
to what occurs with solids, to study the angular
distribution of the current to observe the associa-
ted singularity.

The ideal experiment considered above, in
practice, cannot be realized as such, nor, it
seems, could be the also ideal experiment anal-
ogous to tunneling in solids, this would consist
of pumping on the gas so as to maintain a constant
pressure p smaller than that of the saturating vapor and
measuring the rate of flow in the pumpl Present
evaporation experiments" use a heat pulse as
the excitation, so that the relevant population
factor is no longer f, (u) but a quantity character-
izing the pulse and the thermalization processes in
the liquid, which is, to a large extent, unknown.
There is much more hope of observing the pre-
dicted threshold singularity if one may perform
experiments with excitations of definite and known
energy. This is realized in the recent reflection
experiments of Edwards et a/. " These confirm
the absence of the enhancement of transmission
(d, predicted by earlier theories, but in order to
check on the presence (or absence) of a vertical
slope singularity a more detailed study of the
roton-minimum region is needed.

VI. CONCLUSION

1 —R([}},k „)= G, (a, k „)+ C, (k }})((a)—[d„)'
(20)

That is, j (u) must exhibit a vertical singularity
at e, (cusp or rounded edge). This result, which
contradicts previous predictions based on an
approach inspired by Bardeen's tunneling Hamil-
tonian, was first derived" from a direct micro-
scopic approach. This calculation relies on the
assumptions that the self-energy in the liquid
phase is local in the surface region, and that the
liquid density has there a steplike shape. The
present approach shows that the result is not an
artifact of these approximations, but an exact
consequence of the structure of the 'He energy

In conclusion, studying channel threshold
singularities in emission spectra of 'He and of
solids should be of interest as a first step for a
better understanding of transmission processes
and, later, as a possible tool in the study of
energy spectra. Although such singularities have
been observed mostly in particle physics, one
case exists in solid-state physics where this
phenomenon has been observed and interpreted. 2'

The optical ref lectivity of CdS exhibits a cusp
owing to a threshold in the polariton spectrum.
This gives good hope for the observability of the
roton and diffraction thresholds which have been
described in this paper.

When V(-~) is not a constant but a periodic function
(or when, as in 4He, interaction effects do not reduce
to a one-body potential), the quantity V( ) —V(-~)
should be replaced by E -e, where e is the energy, in
the bulk solid or liquid, of the excitation of zero mo-
mentum.

2Moreover, here the two different channels correspond
to different regions of the geometrical space, while in

usual multichannel scattering various channels cor-
respond to different "regions" of the Hilbert space of
the particle plus target system.

3See, for example, R. G. Newton, Scattering Theory of
Waves and Particles (McGraw Hill, New York, 1966),
Chaps. 16 and 17; L. D. Landau and E. M. Lifshitz,
Quantum Mechanics, Nonrelativ istic Theory (Perga-
mon, Oxford, 1958), p. 565.
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4For a two- or three-dimensional system, if trans-
mission conserves the component kl~ of the momentum
parallel to the surface, the vacuum channel opens, for
electrons of parallel momentum k ~~, at E+8 k~~/2'.
The general case, where k~) is not conserved, will be
discussed below.
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