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Cluster model for lattice distortion effects on electronic structure: VO and VO2~
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Molecular cluster predictions for electronic energy levels, wave functions, momentum densities, and Compton
profiles of VO and VO, are examined within the Hartree-Fock-Slater model. VO, clusters are treated in 0„,
04„,and D» symmetry to obtain quantitative relations between distortion parameters and level shifts and

splittings. Effects of the crystal environment are taken into account by a potential field. Our results for VO
are consistent with the augmented plane-wave band calculation of Mattheiss and x-ray emission data; the VO,
levels are in good agreement with x-ray photoelectron spectroscopy data. A sizable anisotropy is predicted for
the Compton profile of VO and VO, .

I. INTRODUCTION

The varied and bizarre electronic transport and
magnetic properties of transition-metal oxides are
well known. ' 4 Despite considerable experimental
and theoretical efforts, many aspects of the abrupt
changes of electronic properties accompanying
phase transitions in these materials are not un-
derstood. The roles of one-electron properties,
d-electron localization, inter- and intra-atomic
correlations, and defect and impurity structures
have not been clearly established.

In this paper we apply the one-electron Hartree-
Fock-Slater (HFS} theory to VO and VO2 in an at-
tempt to relate the properties of these two mate-
rials. Using molecular cluster approximations to
the crystal we make a quantitative study of effects
on electronic structure of lattice distortion from
the perfect O„octahedral metal-site symmetry of
VO to the D» symmetry of VO, in the high-tem-
perature rutile phase.

In Sec. II we discuss the one-electron model
and computational methods used in this study.
Electronic structure, crystal field splittings, and
effects of lattice distortion are presented in Sec.
III. In addition to relating the level structure of
VO to that of VO~, we are able to predict the ef-
fects of uniaxial stress on the optical spectra of
VO. Our results compare favorably with the
augmented plane-wave (APW) calculations of
Mattheiss on VO, ' and with x-ray emission data.
The VO, levels are in good agreement with the
recent x-ray photoelectron spectroscopy (XPS)
data of Blaauw et al. '

We also present results for wave functions. Ef-
fects of the crystal environment were taken into
account by embedding the cluster in realistic ex-
ternal potentials. One-electron energies, and
cluster wave functions were obtained (in a Slater-
orbital basis) making use of the discrete variation-

al method. While self-consistent solutions were
not obtained, effects of varying the assumed crys-
tal charge distribution were examined. Although
the conventional picture of ionic bonding with a
full oxygen-2P valence band is verified, we do
find a significant metal-ligand covalency. The
covalent mixing between 0-2P and V-3d is seen
to be somewhat larger in VO„compared to VO.
The increased valence bandwidth observed is due
in large part to this interaction.

In Sec. IV momentum densities p(P) are ob-
tained by Fourier transforming the cluster eigen-
functions. Contributions to p(P} from the par-
tially occupied V-3d levels, and from the valence
band are presented and the anisotropy in both
VO and VOz is estimated. The resulting sizable
anisotropy predicted for inelastic x-ray scatter-
ing suggests that Compton profile measurements
would provide valuable new data allowing a pre-
cise comparison with model theories.

II. ONE-ELECTRON MODEL AND COMPUTATIONAL
METHOD

A. Hartree-Fock-Slater model

The model Hamiltonian based upon Slater's
statistical exchange approximation to the Hartree-
Fock one-electron Hamiltonian is now very well
known. ' In Hartree atomic units, it may be writ-
ten

h, = ——,'& + V, (r}+V„„(r).
Here V, is the usual Coulomb potential,

(2)

and V„,is the local exchange potential for an elec-
tron of spin .s, =a;

V„,= —3o.'[(3/4m) p, (r)] ' '.
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In the general spin-polarized case one obtains
different wave functions and energies for either
spin,

(k, —e„,) ti:„,(r) = 0

Rnd the corresponding density ls

tional method (DVM). ' In this method one chooses
a finite grid of sample points (r~} and defines a
matrix element (f) as a weighted sum over the
samPle grldy

&f) = & ~v(~&)f(r~).

The f„,are occupation numbers 0~ f„,~ 1 which
can be deterxnined by Fermi statistics, or some
more elaborate scheme. In the present work,
only spin restricted solutions of Eq. 4 are treated;
thus O, =-O, =-„';o. The Hartree-Fock-Slater (HFS)
eigenvalues and eigenfunctions to the Schrodinger
equation are thus determined by the charge densi-
ty. The exchange scaling parameter n can be
assigned different values —,

'~ n = 1 depending upon
the method of derivation, ' ' ' or it can be treated
as an adjustable parameter.

Ideally one would prefer to have self-consistent
solutions to Eq. 4, obtained by the usual iteration
on the charge density. However, a consistent
solution for a molecular cluster embedded in a
solid is made difficult by the boundary conditions.
Therefore, we have investigated the level struc-
ture Rnd wave functions determined by several
assumed charge densities. The resulting model
potentials span the range from neutral atom to
fully ionic configurations, and thus are expected
to encompass the results of self-consistent cal-
culations. We wish to emphasize that the Coulomb
and exchange potentials are evaluated according
to Eqs. (2) and (3), without recourse to the usual
"muffin-tin" spherical averaging approximations,
which can lead to errors of several eV in the
valence-elec tron energies.

8. Computational methods

The wave functions (t)„areapproximated by an
expansion ln symmetx'y RdRpted lineal combina-
tions of Slater-type orbitals centered on every
nuclear site,

By forcing certain error moments to vanish,

«F(f -e.) 4.) =0, (10)

one obtains Eg. 8. hen the weights so(r~) are
chosen to form an integration grid, the DVM solu-
tions converge to the Bayleigh-Ritz integral solu-
tions as the number of points is increased. The
main advantages of the DVM are: (i) No restric-
tions are placed on the type or complexity of basis
functions. (ii) No restrictions are placed on the
form of the Hamiltonian. (iii) Since only discrete
sums are evaluated the "multicenter integral prob-
lem" is avoided. (iv) Preliminary calculations can
be made economically with a small number of
sample points.

The STO basis set used in these calculations on

VQ, clusters is given in Table I. The oxygen ba-
sis is the "marginal" basis of Baguset al. ~;
the vanadium basis, of Ioughly double g quality,
was extended to include 4s and 4P character on the
vanadium site. Some experimentation was done
with orbital exponents, but no systematic param-
eter optimizationwas undertaken.

Charge densities p were obtained by summing
spherical atomic (ionic) charge densities of free
atoms (ions), calculated by means of the Herman-
Skillman self-consistent field program. "

Previous MQ and energy-band ca.lculations on
systems like' MgO and" TiS2 have led to the con-
clusion that occupied levels of such ionic crystals
were not very sensitive to choice of atomic/ionic
configuration. Potentials constructed from HF or

P.(r) = P V;(r) C;.. TABLE I. Slater-type-orbital basis used for VO; clus-
ter calculations.

The symmetry orbitals can be expressecf as

&(r)= Z g' Iti(&)&r (').
W„' are the symmetrization coefficients obtained
from group theory; n, l, and n~ are the quantum
numbers of the atomic orbitals at site u; v„is the
distance from nucleus v to point x. The familiar
seculRl equation

(H- cS)C=0

18
28 2P
2~s 2P

3~~ 3P~ 3d
3p

38~ 3d
4s

4p

22. 78
19.54
9.37
5.4
3, 0
2. Q

1.7
1.4

Is 7.38
2s 9.569
2g 2~3
2P 3.692
2P l. 656

is obtained and solved by use of the discrete varia- "Marginal set, " from Ref. 12.
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FIG. 1. Molecular clus-
ters used in the calcula-
tion. Dark spheres are
the vanadium atoms and

open spheres the oxygen
atoms. (a) Cubic unit cell
of VO (a=7.735 a.u. ).
Dashed lin.es indicate a
V06 (Oz) cluster. (b) Dis-
tortion Oz —

D41, by com-
pression along the z axis.
(c) Tetragonal unit cell of
rutile VO~ (a=8. 57947
a.u. , c=5.44249 a.u. ) V-
0(f) V-0&2& =- 3.606 a.u.
V-0(3) '3O 7006 a.u.
Dashed lines indicate a
V06 (D&) cluster.

HFS atomic and ionic charge densities resulted in
energy levels more or less rigidly shifted. Thus
the APW calculations of Mattheiss' on VO were
based upon neutral atom HFS densities. However,
our results show that the O(2P) —V(3d) band gap
is strongly affected by choice of potential, with
neutral atom densities producing the most satis-
factory picture.

III. ELECTRONIC STRUCTURE

A. Vanadium monoxide

VO has the rocksalt structure, with O„octa-
hedral point group symmetry about both metal and
ligand sites [see Figs. 1(a)]. The bond length
Rv 0 is taken as 3. 8675 a. u. ,

' as indicated in
Table II. (Lengths are given in Bohrs, and ener-
gies in Hartree a. u. unless specified otherwise. )
While stoichiometric VO contains approximately
16% vacancies, "theoretical models of the per-
fectly ordered crystal are of considerable interest.
First-principles APW energy-band calculations
have been reported by Mattheiss, ' and a linear
combination of atomic orbitals (LCAO) band struc-
ture was obtained by Norwood and Fry. The
semiempirical band model of Goodenough" has been
used to interpret optical and transport properties.
Molecular cluster calculations using the semi-
empirical Mulliken-Wolfsbe rg-Helmholz method
and the multiple scattering-Xo (MS-Xo) method
were performed by Gubanov et al.

Electrical conductivity measurements on VO„
0. 8& x& 1.3, show semimetallic behavior for x
& 1.0 and semiconducting properties for x & 1. The
semiconductor energy gap is very small, -10 ~-
10 ' eV. Optical data do not seem to be avail-
able; however, x-ray emission data can be used
to infer some features of the valence and conduc-
tion levels. High resolution XPS experiments
would be similarly useful. X-ray data can be suc-

TABLE 1I„Structural parameters for VO and VO&

used in the present calculation.

VO"
VO

V-0 distance
along g axis

(in a. u. )

3.8675
3.7006

V-0 distance
in xy p].ane~

(in a. u. )

3.8675
3.6060

0 = 0-V-0 angles
in xy plane

90 90
82', 98'

Axes are indicated in Fig. 1.
"From Ref. 16.
'From Ref. 29. However, more recent determination

of V02 lattice parameters by D. B. McWhan, M. Mare-
zio, J. P. Remeika, and P. D. Dernier [Phys. Rev. B
10, 490 (1974)] suggests a smaller lattice distortion for
VOp .

cessfully related to molecular orbital (MO) or
cluster models for the solid; Fischer has given an
empirical MO level scheme for a number of oxides,
sulfides, etc.

We have previously shown for MgO, ' and TiS2, "
that the empirical MO model is supported and
made quantitative by first-principles HFS cluster
calculations. Work reported by Johnson et al. on
YiQ," complexes" and by Tossel et al. on anions"
using the multiple-scattering technique (MS-Xo)
further support the utility of cluster models. Of
course, the results must be treated with care,
since the desired external boundary conditions are
not realized in practice. Thus the MS-Xn method
makes use of a surrounding charged sphere, and
the DVM results depend upon the choice of external
charge density. Furthermore, effects of the Pauli
exclusion principle operating between cluster states
states and "exterior" states are generally ignored.
With these reservations in mind we proceed to dis-
cuss our results on the octahedral VO6 cluster,
representative of crystalline VO.

It has been found that a superposition of neutral
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FIG. 2. Comparison of energy levels of free atoms,
0& cluster appropriate for VO crystal and D+ cluster
appropriate for VO2 crystal, calculations were per-
formed with the scaling exchange parameter e =1.0.

TABLE III. Molecular energy eigenvalues for VO6
cluster (0. symmetry) in Hartree a.u. ,' the bond length
Rv o is that of the VO crystal. HFS neutral atom
charge densities were used to construct the potential,
with an exchange parameter e = 1.

-198.55
-22. 66
-19.77
—2. 78
—1.12
—0.60
-0.06

-19.77
~lgll
-0.60
-0.30

ig ig

-0.54 —19.77
+1.60' -19.33

—l.85
—l.11
-0.58
-0.55
+ l. 27

—0, 58 —0.56-0, 35" + 1.48
+ O. 73~

Unoccupied. ~Half occupied.

atom charge densities forms a good initial esti-
mate of the crystal charge density, even for ionic
systems. '~8 Therefore a series of isolated plas-
ter calculations were carried out in this mode.
Energy levels of VQ6 clusters with Q„and D»
point group symmetries are shown in Fig. 2, along
with the corresponding HFS atomic levels. About
2500 sample points were required by the DVM
procedure in order to obtain a precision of -0.1
eV in valence levels. The D» levels of VQ~ are
discussed later; the O„energy levels calculated
with bond length R v~ = 3. 8675 a. u. appropriate
for VQ and with a value of the exchange scaling
parameter of Q. =1.0 are presented in Table III.

FIG. 3. VO6 (0&} valence eigenfunctions plotted
along V-O bond direction (a} 6ag 0' bonding V3&-02&.
(b} 3e o bonding Vs&-02&.

Inner shell levels are not expected to be very ac-
curate, because of the truncated basis and diffuse
point sampling which was utilized.

The levels

form the "oxygen-2P" valence band. As predicted
by the semiempirical description given by Good-
enough~ the oxygen 2P band is separated from the
next group of levels (principally of 3d-like charac-
ter) by a large gap - 5. l eV and hence will be fully
occupied in the solid if we take into account the
stoichiometry of the crystal. In the VQ crystal,
three electrons per vanadium atom remain to oc-
cupy the 3d levels. The width of the O(2P) band
from the 6a« level to the t„level is about l. 7 eV,
comparable to the value of 1.9 eV given by Mat-
theiss's band calculation. In order to analyze the
character of the wave functions, we plot as an ex-
ample in Fig, 3, the wave functions for the 6a&~

and 3e, levels, along one of the six equivalent V-
Q bonds. They show V4,-Q» and V,„-Q»bonding
character, respectively. The strong mixture of
metal d function with Q~~ in the 3e, valence level
appears clearly in Fig. 3(b). The next level as
we go up in the energy diagram is a m bonding lta~
state constructed from V3~ and Qa& functions while
1t„and lt~„are nonbonding ligand m states.

The half occupied (2t2,)' and unoccupied 4e~
levels, respectively, of m and o' antibonding V~&-

Q» character, have the ordering predicted by
simple crystal-field theory. Thus the 3d orbitals
of the metal lying between the ligands lead to more
stable states than the 3d orbitals pointing towards
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them; the level splitting is l. 4 eV. The fact that
the 2t~~ level is half filled explains the observed
metallic conductivity in the solid. This result is
also in agreement with Mattheiss's band-structure
calculation, where the Fermi level is found in the
3d band. The highest unoccupied level shown in
Fig. 2, 7a~~, is an antibonding state of mainly V4,
character.

We see that the molecular cluster description
leads to a charged cluster (VO6)' even when one
starts from neutral atom densities. Self-consis-
tent calculations for such anions require the im-
position of an external stabilizing field. MS-Xn
calculations of this type have been performed by
Gubanov et al. However, one must carefully ex-
clude "nonphysical" states occurring near the
cluster bounding sphere. We have made a num-
ber of calculations in which various modifications
to the potential were explored. The results may
be summarized as follows:

l. Effect of exchange scaling

All previously described results were obtained
with the exchange scaling parameter n =1.0; de-
creasing a below l. 0 leads to less tightly bound
levels. The differential shifts were such as to
increase O(2P)-V(3d) band gap from 5. 1 (n = 1.0)
to 6. 5 eV for a =0. 7. Other features were little
changed. The value of the gap obtained with n
= 0. 7 disagrees with x-ray emission data ' and

hence all the results reported below will be cal-
culated with n =1.0.

lie at the periphery of the cluster, are most
strongly affected. As a consequence the O(2P)-
V(3d) band gap is increased from 5. 1 to 9. 5 eV.
This shift is certainly an overestimate, because
of the neglect of Pauli exclusion between cluster
and exterior.

Next, a potential corresponding to V ', O ion s
was constructed for both the VO6 cluster and the
surrounding three nearest-neighbor shells. The
effect of the external ionic potential was a decrease
of the O(2P)-V(3d) band gap from 11.2 to 8. 5 eV.
Both values greatly exceed estimates from x-ray
emission data. ' We conclude that the isolated
cluster model, with potential generated from free
atom densities is a good starting point, but that
one would certainly prefe r self-consistent em-
bedded cluster results.

As pointed out previously, owing to the difficulty
in obtaining good stoichiometric crystals, experi-
mental data for VO are not as extensive as that
for oxides of higher valency. In the absence of
XPS data to provide energies of V and O inner
levels in VO, we will follow the same absolute
scale given by Gubanov et al. The experimental
spectra are reproduced from Ref. 20 in Fig. 4;
the use of dipole selection rules gives a prediction
of which molecular levels may participate in tran-

0 Ka

2. Effect of ionic potentials

Cluster potentials were generated corresponding
to V ', 0 free ion configurations, the latter
having been calculated in a stabilizing potential
well. The main effect observed was an overall
shift of levels toward less binding. Some signifi-
cant changes in level ordering occurred, and rela-
tive shifts of - 5 eV were seen. For example the
O(2P)-V(3d) gap (calculated with o =1.0) increased
to ll. 2 eV. By comparison with results for" MgO
one might expect that these ionic relative shifts are
largely spurious, disappearing with the application
of the external crystal potential. Unfortunately,
the greater sensitivity of the V„level is apparent
in these results, as discussed below.

3. Effect of external potentials
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The octahedral VO6 cluster was embedded in the
potential field of the three nearest shells of neigh-
bors. First, the charge density due to the super-
position of neutral atoms was assumed, and the
exchange parameter was taken as n = l. All oc-
cupied levels of the embedded cluster were low-
ered, compared to free-cluster results. Obvious-
ly levels constructed on oxygen functions, which
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FIG. 4. Experimental x-ray emission spectra for
VO from Ref. 20. Vertical lines indicate the position
of the energy levels of VO6 (0„)cluster.



MICHE LE GUPTA AND D. E. E LLIS 13

TABLE IV. Compatibility relations bebveen represen-
tations of the point groups 0„,D4„, and D2I, .

0&

A.~+ B)~

A~+ E~

&~~+ &~

B2u+ E~

At +Bg

Bfq+BP +BE
Bio+ B2u+ B3&

Ag+Bp +B3

&~+ B2~+ B3~

sitions to oxygen and vanadium core levels. The
molecular cluster transitions are plotted against
the experimental 0 Ko ("1s-2P"), V f o ("2P- 3d,
4s"), and V K&("1s-4P")spectra in the Fig. 4.
To obtain an energy scale we matched the calcu-
lated 6„level to the experimental O„energy ob-
tained by Blaauw e~ al. 'by XPS data on a VO~

crystal. The uncertainty caused by this procedure
is expected to be of the same order of magnitude
as that in aligning the experimental spectra. ' o

The calculated spectrum was thus shifted uniform-
ly by 8. 6 eV. As transition probabilities were not
calculated, the height of the molecular lines shown
in Fig. 4 is arbitrary. The calculated position of
0(2s), 0(2P), and V(3d) bands is seen to be in good
agreement with the x-ray emission data, The 0
KQ, spectrum suggests, however, tha, t the gap
0(2P)-V(3rl) should be about 4 eV. Our "best" cal-
culated value is 5. 1 eV; a shift of this magnitude
could certainly be expected from self-consistent
core-relaxation effects. In addition, we may con-
sider spin-polarization effects; MS-Xe calcula-
tions show that exchange splitting is small and
reduces the 0(2P)-V(3d) band gap by —1 eV.

B. Distortions and level splittings

We have tested the response of the molecular
cluster model to changes in the geometry, and the
results obtained for the shifts and splittings of the
molecula. r energy levels can be useful for de-
scribing the pressure dependence of the energy
spectrum. Free-cluster calculations were made,
starting from neutral-atom charge densities.

06 + 04h 66$foffloll

Starting with a VO6 cluster corresponding to the
geometry of the O„point-group symmetry, we
compressed the perfect octahedron by reducing
the distance of the two vertical ligands on the ~

axis [see Fig. 1(b)]. This leads to the D4„point-
group symmetry. Qf course the core levels of
1a ~ 4e essentially retain their atomic charac-
ter and are only slightly affected by symmetry
changes. As the symmetry is lowered from O„

(O)

(b)
(c)
(d)

0.0
0.2 0.6

-6, h ((j. U. )

FIG. 5. Energy-level splittings owing to 0I, —D~
distortion; -LUs is shift of axial ligand position in a.u.
(compression). {a) sa~ -3b~z,' (b) 4b~ —&Oa~,' (c)
le~-lb2~, ' (d) 6e„-lb2„,(e) 2b~ —3e~.

to D,„,the degeneracy of e, and ~i„ti„, ~p„and
t2„representations is respectively fully and partial-
ly lifted. The compatibility relations between
representations of the point groups O„and D,„are
listed in Table IV. Some valence levels remain
unaffected by the compression of the octahedron
along the ~ axis: they correspond either to non-
bonding states constructed from orbitals of the
planar ligands like 1b2„and 1a~~ levels, or to
bonding and antibonding states constructed from
the planar ligands and vanadium functions having
their lobes in the equatorial plane (like 3d„,and

3d, 2,2); in the second category fall the bonding

16~~, and antibonding 4bs 2~& states. But,
as expected, a valence level like 5a~„which cor-
responds to a o bonding orbital (Vp„O&,) along the
z axis becomes more stable as the V-0 bond
length on the a axis is decreased. The same trend
is observed for all bonding levels involving the t-
axis ligand: the le,(V„,0~,) and Ba„(V„,V„,0&,)
levels are lowered in energy.

For a relative compression of the octahedron by
10%, the stabilization of bonding levels increases
the valence bandwidth by - 1 eV. Unfortunately,
compressibility data do not seem to be available,
so it is not possible to make a direct prediction of
optical levels under axial stress.

In Fig. 5 we show the splittings —bE between
several levels which are degenerate in O„sym-
metry. Thus curves (a), (c), and (d) show the
splittings of levels belonging to the O-2P valence
band. corresponding respectively to degenerate
levels in "e„""t2„""~~„"representations of the
O„point group. We note that levels of the valence
band are very sensitive to the compression of the
octahedron. The Oz~-V3„gap increases at about
a rate of 0. 8 eV/a. u. with z-axis compression.
We should point out that even though the metal-
ligand inter a.ction is described in terms of molec-
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dral array were taken from the values given by
Westman, characteristic of the rutile structure
of metallic VO, . In Fig. 6(a) we show the (lb„
—262,) splitting of m bonding combinations of ligand
2p functions and the 3d orbitals of vanadium, The
m bond between planar ligand 2P, and V —d„be-
comes stronger as 4 increases, hence lowering
the energy of the 26„level. Since 26~, is con-
structed mainly on the 2P„function of the vertical
ligands and 3d„ofthe vanadium, it remains fairly
constant. This metal-ligand interaction leads to
a splittings of about 2 eV at @= 30'. The splitting
observed in curve (b) is characteristic of the
ligand-ligand interaction, marked by the formation
of stronger bonds between the ligands in the xy
plane, e.g. , 5'„level. The level 5b„„con-
structed mainly on the 2P„functions of the vertical
ligands„remains unaffected by the angular distor-
tion. Nevertheless, let us mention that 5b~„and
553„levels have some residual V» character.

C. Vanadium dioxide
FIG. 6. Additional splittings owing to D4&-D& dis-

tortion characterized by 4 =90' —&, where 0=0(f) V
-0~2) angle. ~a) lb3g lb+,' (b) 5b2„-5b3„.

ular orbitals in the cluster model, the splitting of
the "d" levels, as the octahedral array of ligands
becomes progressively distorted by reducing the
distance of the two ~-axis ligands, is in qualitative
agreement with the predictions of simple crystal-
fieid theory. Namely, the "d,2,2" level (4 b~) be-
comes more stable than "d, 2" (10a~) as shown in
Fig. 5(b); the degenerate "d„," "d„"(3 e,) levels
become less stable than the "d„," (2 5„}level [see
Fig. 5(e)]. However, even for highly distorted
configurations, the "d„2,3" level does not drop
below the degenerate "d, ""d„." As could be
expected, the departure from the perfect O„sym-
metry is accompanied by a larger splitting of the
e, representation, than within the t„representa-
tion as it appears in Fig. 5 by comparison of
curves (b) and (e). Some splittings are seen to be
almost linear with compression; for example
"d„a,a —d, 2" splitting (curve b} is - 2. 5 eV/a. u.

2. D4P, D2g dESXOPtlOEE

By a change in the value of &(0&»-V-O&z& angle)
in the x —y plane, [see Fig. 1(c)] the symmetry
is lowered from D4„to D2„. The degeneracy of the
following representations: e„e„ofthe D~„point
group is now lifted and the consequent splittings
of the levels belonging to those representations are
in some sense characteristic of the symmetry
lowering. We show in Fig. 6 the splittings of oc-
cupied levels of the O(2P) valence band as a func-
tion of @'=90' —8. The bond lengths of the octahe-

For temperatures above 340'K, VO, possesses
the tetragonal rutile structure with the metal atom
at a site of D2„symmetry, see Fig. 1(c). The
octahedral cluster considered for cubic VO can be
distorted to the VO, geometry as follows (see also
Table II): (i} A compression of the z-axis ligands
to a distance Rv~ = 3. 7006 a. u. (ii) A shear dis-
tortion in the x —y plane which changes O-V-O
angles from 90 to 82 and 98', with bond distances
R ~~ = 3.606 a. u. The low-temperature transfor-
mation to monoclinic structure is accompanied by
a change in metal-metal distance and a semicon-
ductor- to- metal transition.

The correlation diagram between the representa-
tions of O„and Dz„point groups is given in Table
IV, corresponding to the axes shown in Fig. 2.
In lowering the symmetry of the octahedron from0„to D2„, the degeneracies of the molecular levels
are fully lifted (see Table V). The oxygen valence
band is spanned by the 8a, ~ ~ ~ 263' levels, the band-
width having increased from 1.7 (in VO) to 2. 5
eV. The composition of the valence wave functions
is quite similar to that found in O„symmetry. The
8a~ state at the bottom of the band is a bonding
combination of 2P functions on the planar ligands
and the 3d„a,a function of vanadium. The top of
the band is a nonbonding O~~„level with energy
identical to that of the corresponding 1t„level in
O„symmetry, see Fig. 2. The valence levels
corresponding to 02~-V3d m bonding are less strong-
ly bound than the corresponding 0 bonding levels;
however, they are more stable than predicted by
Goodenough, ' and do not form a separate subband.

The value of the valence-to-conduction band gap
(4. 9 eV) is practically unchanged by the distortion
of the octahedron. This value compares very
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TABLE V. Molecular energy eigenvalues for VQ6
cluster (D~ symmetry) in Hartree a.u. ; the geometry is
that of the VO2 rutile structure. HFS neutral atom
charge densities were used to construct the potential
with an exchange parameter e = l.0.

—198.55

-22. 66

-19.78

-19.77

-2.79

-1.15

—l.12

—0.63

-0.61

-0.60

-0.356

-0.28'

-o.04'

-19.78

1~ 13

-0, 62

-0.55

—0.27

-19.77

-19.34

-l.85

1 ~

—0.59

—0.56

+1.25"

-0.60

-0.55

-0.36

+ 0.75

-19.78

-19.35

—l.86

-1.13

—0.61

—0.56

-0.55

+1.26"

B3g

-0.60

-0.54

—0.36

+ 0.73

-19.78

~ 19' 33

—l.86

—1.12

-0.58

-0.56

-0.56

+1.54'

~Partially occupied

well with the energy gap of 4. 5 eV at F found in
the ab initio band-structure calculation of Mitra
et al. starting with the potential of superimposed
neutral atoms. We cannot compare our results
with the band-structure calculation of Caruthers
et al. ,

3» as these authors used a semiempirical
potential chosen to give agreement with experi-
mentally derived (optical) estimates of the O(2P)-
V(3d) band gap of - 2. 5 eV.

The "tag —e," crystal-field splitting of the con-
duction band increases from 1.4 to 2. 2 eV as me

lower the symmetry from 0„to Dz„. The splitting
of the kg level into 3b2„363g and 1lag is very
small compared to the splitting of the eg level.
This is not surprising if we remember that the
corresponding dm orbitals lie between the ligands,
and the geometry of the cluster of D» symmetry
with an angle 8 = 82' in the &y plane is not very
different from the D4„point group (8 = 90') for
which the 62g and bsg representations are degener-
ate. The results obtained in our molecular clus-
ter model lead to discrete molecular levels and
cannot provide full information about the band
width; however, the fact that 3d„„3d~,and

3d„2,2 form a group of quasidegenerate levels sug-
gests that the corresponding bands in the solid
mill overlap. This is in agreement with the quali-

02p

~ ~
~ ~ ~ ~

~ + ~

~ ~

~ ~

~ ' ~

t
~ ~

I ~

~ ~ e ~ ~ ~ ~ ~ea ~ ~ ~~ ~ ~ ~
0

6 I I I

I5 I 0 5 0 -5
BINDiNG ENERGY (eV)

FIG. 7. Comparison with the experimental XPS data
after Blaauw et gl. (dotted curve) from Ref. 7. Verti-
cal lines show the position of the energy levels of VOG

(D~) cluster.

tative band picture given by Goodenough' where
the m antibonding d band is predicted to overlap
with the so-called d band, Of course, our model
does not take into account. the V-V interaction
along the (.- axis; such an interaction could lower
the llag level. The results obtained by Sommexs
et al. ' using the self-consistent MS-Xn method
to describe the cluster in Dz„symmetry also give
three quasidegenerate A 1.evels but with a some-
what different ordering. Since these authors only
presented the d levels, we are unable to make de-
tailed comparisons with our results.

Let. us recall that in going from the 0„to the

Da„point group, the V-O bond lengths along the z

axis are reduced by 4. 5%, whereas the bond

lengths in the xy plane are reduced by 7%. As the
prism corresponding to the Dl„symmetry is long-
est in the ~ direction, me except, as observed, the

12a,(3d, 2) level to be more stable than the 56„(3d)
level constructed from orbitals pointing towards
the ligands in the xy plane. These "eg" levels are
split by 0. 3 eV. The small splitting of the d, "t~g"

levels is consistent with a. weak response to the
variation of the angle, see Fig. 6.

The oxygen 2P "band" for the distorted cluster
in VO2 is found to be considerably lower in energy
than the V (3d) band. Hence the 0 (2P) band will
be filled in a VO~ crystal and there remains only
one 3d electron per vanadium atom in the 363g
level. This would correspond to a (VO~) cluster.

In Fig. 7 we plotted our energy levels on the

graph of the XPS spectrum given by Blaaum etal. ,
'

after matching the theoretical. O, , level to the ex-
perimental value given by these authors. To do
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so we shifted our entire spectrum by 8. 6 eV, as
discussed previously. We then find the partially
occupied 3d level to coincide with the peak "V„"
observed experimentally. Similarly the group of
levels forming the 0 (2P) band falls around the
maximum of the broad experimental peak. The
maximum of the peak coincides with a region of
high density of states in our spectrum. Qur cal-
culation reproduces the essential features of the
observed spectrum; me should, however, point
out that this direct comparison of the one-eLectron
energy spectrum to experimental values does not
include the relaxation of the core orbitals during
the photoemission process.

Verleur eI; al. "fitted optical ref lectivity
and transmission data for VQ~ to a classi-
cal oscillator model, obtaining tmo peaks in
the imaginary part of the dielectric constant
around 2. 6 and 3. 6 eV. This result was inter-
preted in a band model with the 0 (2P) band sepa-
rated by a gap of -2. 5 eV from the partially oc-
cupied V (3d) band, in contrast to the value of 4. 9
eV calculated here. The difficulties of obtaining
a. theoretical gap from ab initio calculations which
mould agree mith these data has been discussed
previously. o We made several further calcula-
tions to determine the dependence of this gap upon
the form of the potential. An alternative atomic
configuration for vanadium, 4s 3d, was investi-
gated, a reduction of the exchange scaling param-
eter from 1.0 to 0. 7 was studied, and effects of
the potential of external atoms (ious) were ex-
amined. In every case the band gap mas increased
over the 4. 9 eV reported above.

IV. MOMENTUM DENSITIES AND CQMPTON PROFILES

It has been known for many years~ that broad-
ening of the inelastic Compton x-ray line by the
Doppler effect is related to the momentum dis-
tribution of electrons in the target. Experimental
procedures and theoretical analysis have nom pro-
gressed to a point where much useful information
can be obtained about structure and bonding in
solids3"6 by the inelastic scattering technique.
While a rather large number of solids have been
studied, there is a considerable need for the de-
velopment of theoretical models capable of ac-
curately describing the anisotropy and bonding ef-
fects which are observed. The molecular cluster
approach offers attractive possibilities, providing
that boundary-condition effects are not too serious.

Experimental Compton scattering data for the
oxides seem to be limited to MgO,

' and NiO. '
for MgO, Fukamachi and Hosoya improved upon
the O "ion in a well" model by including solid-
state effects obtained from Yamashita and Asano's
spherically averaged Korringa-Kohn-Rostoker

(KKR) energy band charge density. 4' However, the
KKR wave functions mere not directly used to cal-
culate the Compton profile.

A. Momentum densities

Using the one-electron wave functions defined
previously in Eq. (6), the momentum density can
be written in the following way:

where N is the total number of electrons, the n,
are the occupation numbers of the one-electron
wave functions; y, (p), their Fourier transform in

momentum space is

(13)

After expanding the plane wave in spherical har-
monics and carrying out the angular integration
one can show that

C&& and S'~' are the '.near combination coefficients
deftnedtnE(ls. (6), (7), R„is the position vector of
the vth nucleus, Q„((P)is the atomic integral defined
in terms of the radial atomic function R„„andj,
is the Bessel function of order l;

This integral mas evaluated by using mell-known
analytic expressions. 4~ A study of the direction-
dependent momentum density of the molecular
clusters mas made; our purpose here is to give an
estimate of the anisotropies of the momentum
density in VO and VOz crystals derived from the
cluster model.

Obviously, the (VO6)' cluster (appropriate for
VO} and (VO, }8 results (appropriate for VO2) can-
not be used directly to represent crystal momen-
tum densities. A simple scaling procedure mas

developed, by which the contributions of the oxy-
gen valence and core levels mere reduced to
match the stoichiometry of the solid. Then it is
possible to compare metal and ligand components
of p(p), and it is especially interesting to deter-
mine the magnitude and position of d-electron
contributions. Figures 8-11 show the anisotropies
of the momentum densities derived for VO and VOz.
For intermediate values of the momentum (1«p
& 3 a. u. ) sizable anisotropies are observed. For
example at p =2 a. u. differences as large as 3(P~

appear between the [100] and [110]directions for
VO and between the [100]and [001]directions for
VOg.
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cI (o.U. )

FIG. 13. Spherically averaged Compton profile of
the valence and conduction electrons. Full line: VO;
dot-dashed line: atomic model V(3d 4s 3+ O(2p ) con-
structed with Clementi*s wave functions from Ref. 44.

averaged Compton profiles of the valence and con-
duction electrons for VQ and VQz are compared to
an atomic superposition model obtained by means
of Clementi's' atomic functions. Realizing that
the 4s electrons have been essentially transferred
to the oxygen-2p band, we have oeeupied the atomic
orbitals as V(3d'4s'), O(2p~); this model is in
rough agreement (within 5/o) with the cluster cal-
culation. Comparison with a free-ion superposi-
tion model would not be very useful, since the 0
density depends strongly upon the external boundary
condition imposed. ' As seen from the comparison
of the averaged momentum densities, the molecu-
lar clusters show a, greater extention of f(p) in

momentum space than the superimposed-atoms
model does; therefore the value of the cluster
Compton profile is expected to be smaller at q= 0.
The relative decrease Z(0) is of the order of 4/o

for both VQ and VQz. Consequently, if we keep in
mind the normalization relation, the profile of the
cluster is broader as observed in Figs. 13 and 14.

The contribution of the conduction electrons was
plotted in Fig. 15 and compared with the atomic 3d
averaged Compton profile obtained with Clementi's
functions. J(0) decrea. ses by 10' from the free
atom to the 3d electrons in VQ. This general trend
accompanying the formation of bonds has been

energy conservation is expressed by means of the
6 function. In the direction-dependent Compton
profile J(k, q) the variable q=0 ~ p is the projection
of the electron momentum onto the unit scattering
vector.

In Eq. (17) the presence of the 5 function leads
to an integration of the momentum density o(p) in
planes perpendicular to the scattering vector k. In
order to perform the integration and then obtain a
direction-dependent Compton profile, we used a
two-dimensional spline interpolation of the momen-
tum density leading to about 98 000 interpolated
points in each plane; our results are obtained with
an accuracy of about 0. 1%.

The spherically averaged Compton profiles
defined as

with the normalization condition J'„"Z(q) dq = N were
also calculated. The one-dimensional integration in
Eq. (18) was performed numerically, using Simp-
son's rule.

For Compton-profile calculations, unlike for
momentum densities, we studied only the valence
and conduction electrons; as pointed out previously,
the impulse approximation cannot describe accu-
rately the tightly bound core electrons of the vana-
dium atom. In Figs. 13 and 14, the spherically

FIG. 14. Spherically averaged Compton profile of
the valence and conduction electrons. Full line: VO2,'
dot-dashed line: atomic model V(3434so)+ 2 &&O(2p")

calculated with Clementi's wave functions from Ref. 44.
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FIG.15. Spherically averaged Compton profile: the
separate contribution of the 3t~ electrons in VO (full
line) and the 3d electrons in the free V atom (dot-
dashed line).

stressed by several authors. "' ' A comparison
between the averaged Compton profile of one d
electron in VQ and VQz shows relative differences
of the order of 1%, the Compton profile of the d
electron in VO2 being lower at J= 0 and broader
than in VO. This trend in momentum space can
be associated in real space with a greater local-
ization of the 3d electron in VQz than in VQ. The
anisotropies of the Compton profile appear in Figs.
16 and 17. For VQ, the anisotropy between the
[100]and [110]directions at q= 0 represents about
3/q of the total value and a maximum of 6/o at p = 1.5

a. u. For VO2 the directions [001] and [100] show
differences of the order of 1% of the total value at
q=0; this reduction is primarily owing to the
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PIG. 16. Anisotropies of the Compton profile of VO
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FIG. 17. Anisotropies of the Compton. profile of V02
for some symmetry directions; { — ) ~~ =~,„-~«,
(- -) 4O' = 0~ —J gc .

smaller number of d electrons in VQz. For both
compounds, the Compton line shape along the direc-
tion of the V-Q bond is broader, and has a lower
value J'(0) than the Compton profile along a direc-
tion off the V-Q bond. The same general, trend
has been observed experimentally on NiQ sam-
ples': we hope that data on va. nadium oxides will
soon be available for comparison with our theo-
retical model.

C. Conclusion

We have seen that in vanadium oxides, the
anisotropies are mainly due to the 3d electrons.
However, the oxygen 2p band also contributes to
the anisotropy, because of the covalent mixing
with the 3d functions. For MgQ, the experimental
data show no significant anisotropy, since this
compound is highly ionic with a full oxygen 2p band
and no "3d" electrons. Thus, Compton-profile
measurements are an interesting probe for 3d elec-
trons in transition-metal compounds. We have
obtained differences of several per cent between
direction-dependent Compton profiles, and a dif-
ference of the order of 1/o between the spherically
averaged Compton profiles for "3d" electrons in
VO and VQ2. We may further speculate that a
Compton-profile analysis could give measurable
differences between the low- and high-temperature
phases of the dioxide, where substantial bond

length changes are observed.
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