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We compute exactly the spin-spin correlation functions (o.o Ocrl „)for the twoMimensional Ising model on a
square lattice in zero magnetic field for T& T, and T& T,. We then analyze the correlation functions in the
scaling limit T~ T„M'+N'~op such that (M'+N')'"(T —T,) is fixed. In this scaling limit

(00 po M N) = R F (t) + R Fl (t)+ o{R ) where t is the scaling variable R/( and F (t) aild Fl (t)
are the scaling functions ($ is the correlation length). We derive exact expressions for these scaling

functions, in terms of a Painleve function of the third kind and analyze both the small- and large- t behavior.
A table of values for F (t) (good to ten significant digits) is also given. As an application we compute the
coefficients Cs and C, in the exPansion k Trs(T} = Cs ~1

—T,/ft '" + C, ~1
—T,/Tl s~ +0(1)of the

zero-field susceptibility y(T) as T 1 T, .

I. INTRODUCTION

In this paper we calculate, in the scaling limit,
the spin-spin correlation function (o'p po'««) for the
two-dimensional Ising model in the absence of a
magnetic field. By scaling limit we mean the limit (1.4)

we will compute exactly the four numbers Co, and

C&, in the expansion, valid as T-T„
n.rx(T) = C~ Il —T./T I

~"
+ c,.Il —T./T I

"'+o(1) .

and

T Tc

M +N2 2 (1.2)

Here k~ is Boltzmann's constant and the subscript
+ (-) means that T- T, from above (below). Our
results supercede the extensive numerical studies
of these coefficients made during the last fifteen
years by means of series expansions. '4

such that

(M' 1)'~"(T-T )

is fixed. Here T, is the critical temperature and
the quantity in (1.3) may be either positive or nega-
tive (or zero).

In this limit the correlation function is express-
ible in terms of a function of one variable, which
is a simple combination M, N, T, and the interac-
t[on energies. This function is known as the scal-
ing function. Scaling functions have been found
useful under many circumstances, and general
properties of such scaling functions have been dis-
cussed by many authors ' in the last ten years.
However, the calculation reported here represents
the first time that an exact calculation of any non-
trivial scaling two-spin correlation function has
ever been achieved.

As an application of our result we will obtain,
for the zero-field magnetic susceptibility 11(T), all
terms which are unbounded at T,. More precisely,

II. SUMMARY OF RESULTS AND NOTATION

In view of the length and complexity of this paper
we collect together our principal results and nota-
tion in this section so that they are readily access-
ible for easy reference.

A. Definitions and notations

The two-dimensional Ising model on a square
lattice is specified by the interaction energy

Et + og, aug, a» Es ~ og, aog+t, a i
gek gsk

where the first (second) index of o& a specifies the
row (column) of the lattice and o& ~

ta- a 1.
In this section we will use the following notation

with regard to equation numbers. First, if an
equation number is followed by an S, such as (2. 28),
that equation applies only to the symmetrical case
E&=E&=E. Second, in order to facilitate the loca-
tion of the place in this paper where a particular
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zi = tanh(pE, ), z2 = tanh(pE2),

and for the symmetrical lattice,

2 = z 1 = z2 = tanh(PE),

where P= (kzT) . At T= T,

sinh2p, E1sinh2p, E2= 1

or, equivalently,

Z1cZ2c+ Z1c+ Z2c

In particular, for the symmetrical lattice,

(2. 2)

(2. 2S)

(2 3)

(2. 4)

(2.4S)

result is derived, the equation number for a result
is sometimes followed by a number in square brack-
ets. Thus, for example, (2. 9)-[3.66] means the
result (2. 9) is derived in the text shortly after
(3.66).

W'e define

When T &T„one has

(o0,0oN, N) S» exp( E(NN) )

where

S~ = [1—(sinh2PE, sinh2PE2) ]

and

(2.9)-[3.66]

(2. 10}

f/E = IP Po I
2W (zi, zzp) [Ei(1 zzp)

+E2(1—zip) ]+ O((p —p, ) )

= IP —P, I2(sinh2P, E1+ sinh2P, E2) '

x(E, coth2p, E,+Ezcoth2p, E2}+O((p —p, ) ) .
(2. 8)

For the symmetric lattice the behavior is

fj'& = IP- P. l
4E[1 2-1j2E(P P,-)+ O((P- P.)')] .

(2. 8S)
B. Results for correlation functions

The scaled variable t is defined by (2n)F&z~= ~ F&z~,
n=1

(2. 11)
M ~2 1/2

'='*'**""**'(*((- ')' ((- ')

zizz+ zi+z2 1
I

[ziz2(1 —zi) (1 —z2)]
' ft,

(2. 5)
where the appropriate radial measure of spatial
distance is

z2(1 —z,') z, (1 —z2)

&('") = (-1)"[2z (1-z')]'"(2)1) '(»)""
F T

X dQ, d@2 ~ ~ ~ d $4n

Here

2n
e '" @-1 " 2j singpzj, —$2, „)

j=1 +(42j-1 42j) 2(42j+ 42j+2)

(2. 12)-[3.84]

/

sinh2pE1 2 sinh2pE2 2

sinh2PE2 sinh2pE1

(2. 6)

(2. 5S)

(2. 6S)

For the symmetrical case one has simply

f = Iz'+ 2 —1I [z(1 -z2)]-'j2E

and

ft=(M2 X2)'j2

As T- T, we find

and

44n+1 41 2 44n+2 42 y

Img& & 0, j = 1, 2, . . . , 4n;

(@zj,, pzj) = (1+zi) (1+z2)
—2z2(1-zi) cospzj i

—2z, (1 —z22) cospzj .
When T & T„ the result is

(2. 13)

and

z iz2+ z 1+z2 —1- (P —P,)4z i,z2, [E1(1—zzp)

+ E2(1 - zip) ] (2. 7)
(, , „, ) =S' Es~s-'i e p —Q p,"„")),

&=1 n=1

(2. 14)-[4.87]
where

x)(NN)N = [- () 2z2(1 —z', )]" ' (2jj) " dp1 d|t)2- ~ ~ dp2q

a-1
8 2j 1 zj H sin 2(4)2j 1

—42jpi) 1 1x SS, ss . „'c s-, (p„~ p,g.,) cs-,(p s, ~ ps. ,))j =1 +(42j-1 42j j =1 2(42j+ 42j 2}

[if k =1, the second product is replaced by unity],

(2. 15)

F&„"»=(- 1)"[222(1 —zi}]"(2n) ' (2jj) "
d4)1 d4)2 ~ ~ ~ dpe,
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e '" af-1 '" z! sino(oaf 1 (t)af 1) 1 1x (] ] ) 1(] ] )
cosa((t 2(+ (t)21~2) cosa(42)-1+ 42(+1) (2. 16)

[with (It4„,1= (t)1 and 4I4„,2 = (t)2], Im(t)& & 0, and

S„=[421za(1 —z1) (1 —za)] [(sinh2PE1 sinh2PE2) —1] (2. 17)

~C y

R~oo,

with

(2. 18)

(2. 19)

The above results hold for all T. From here on
we concentrate on the scaling limit (l. 1)-(1.3).
Equivalently, this limit is

[Sao 1=F1]

and also

2tt ne- tyg
2 —1

(2. 2V)- [3.128]

t fixed .
In this limit we find that

(2. 20) F,(f)=G(t)F (f),
where

(2. 28)

(oo,oe..N ) =
I
1 —(sinh2PE1 sinh2PE2) ' I' f 4

x [F,(t)+ o(R )], (2. 21)

where F,(t) depends upon E1, Ea, M, and N only
through the variable t, and the subscript + (-)
means T &T, (T &T,). The first factor may be ex-
panded as a function of f/R, and we find

((fo,oo'z, „)=R f F,(t)+R f F (t1) o+(R f ),
(2. 22)

where

F,(f)= (2t)' (sinh2P, E,+ sinh2P, E2)' 'F,(t)
(2. 23)

and

(2. 29)

with

K' "'(t)= (-1}'z ' '
dy1 ~ ~ dyaa+1

1 1

20+1 2k
TT e TT- tyg

2
&& (y +y ~ ) II(y —1)

J=l

(2. 30)-[4. 150]
[for k =0 the last two products are replaced by
unity].

As t- ~ we have

where

=-tR1, (2. 24)

F,(f) = (sinh2P, E1+ sinh2P, Ea)'

x(2t)'f4)T 'Ko(t)+0(e ") (2. 31a)-[4.155]

and

+ 10z1,—8)+ Ea(1 —z1,) (- 521, —Sza,

~ 6z1,+ 10za, —8)] .
For the symmetric lattice R, reduces to

(2. 25)

R1= (16&2) (z1/2, ) (z1,+za, ) [E1(1—za, )
'

+Ea(l-z„) '] '[E1(l-za~) ( 5zao Sza, +6za,

F (t) = (sinh2P+1+ sinh2P, Ea) (2t)

X (1+ 2 (P[K1(f)—Ko(f)] —fKo(t)K1(t)

+ 2Ko(t)j+0(e '}}. (2. 31b)-[3.151]

(2. 258)

The ratio R1 is plotted in Fig. 1 for fixed T, as a
function of the ratio E1/Ea.

Furthermore, we find explicitly

IO—

7
-R .

I
'

6

F(~(t}
—R(=-

tFp(t }

(2. 26)

with 0.0 O.I

I I I I

0.2 0.3 024 0, 5 0.6 0.7 O. B 0.9 I.O

E( /Ea

dy2
1

FIG. l. Ratio R1=F&,(t)/[tF, (t)] as a function of x
=E&/E2 for fixed T . For x=1, B&=-2
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I I I I I I I I I I

5
M 4

yz = 0. 577 215 664 901 53 ~ ~ ~

is Euler's constant, and

g = 1.28242712910062- ~ ~

(2. 34)

(2. 35)

0
0 I 2 5 4 5 (o 7 8 9 IO I I l2 I 3 14 I5 I6 l7

FIG. 2. Ellipses in the M, N plane along which
R F~(t) (for fixed t) is a constant. Three different el-
lipses corresponding to the ratios E2/E~=- l. 0, 0. 5 and

0. 1. are shown. Note that for M =N the value of
R F,(t) is independent of the ratio E«'E2.

is Glaisher's constant.
In Fig. 2, we plot, for various values of the ra-

tio I:.'&//E&, the ellipses in the M, N plane along
which R 't4F, (t) is constant for fixed t as T- T,.
Note in particular that for M =N the value of
R t4F,(t) is independent of the ratio E&/Ea.

The functions F,(t) may also be expressed in
terms of a Painlevh function (of the third kind)
which we denote by q(0). This function satisfies the
second-order nonlinear differential equation

Conversely, as t-0 we obtain

dq 1 dg ~ 3 qdq
de q d8

z= — —-l +n —~
d6I ' (2. 36)

F,(t)= (sinh2P, E,+ sinh2P, Eo)'~ e'~

x 2 ~ A [1+ ,' t0+ ~o t —s~q t 0
+ ~o t ( 0+ 0+ (-'))+ O(t 0 )],

(2. 32)-[5.53], [6.123]

with the boundary conditions

q (8) = —8[in( —,
'

8) + yz] + O(8 ln'8)

as 8-0, and

(2. 37)-[S8]

q(8) = 1 —2]} Ro(28)+ O(e +) (2. 38)-[6.95]
where

0 = ln(t/8)+ ye, (2. 33)
l

as 8- ~ [see Sec. VI for further discussion]. We
then have

F(l)=2 't (si h,22+ ~
'

l 22,2 )' 2 [i h(lt)]tl-' (2' 2( 2 -', ss ( )[[i—tl (*)] —[tl'( )] })

--2 'l (s' h22, E, si 222E) 2' ,[is't(s))e 2( s**t [i —tl (*)]—h(s)) (2. 39)-[6.67]

where

6I -- —t1
2

and, in the last line, we have

g2
h(2)= — [O-2')'-2"])) 2

2q 4g

(2. 40)

(2. 41)

P 'X(T) = Z + [&oo,oov, ]((&
—'(T, o)l

N=- &

(2. 43)
where

(T, O)=(S„) ~ if T &T,

The functions F,(t) for E, =Ea are plotted in Fig.
3. The function [F (t) —(sinh2P, E, + sinh2P, Eo) '
x(2t)'~ ] for E, = E, is plotted in Fig. 4.

If one believes in some form of universality,
then in the scaling limit (2. 39) gives (aside from
some lattice-dependent factors which are indepen-
dent of t) the spin-spin correlation not only for the
two-dimensional Ising model but also for a large
class of two-dimensional models with short-range
inter actions.

C. Results for magnetic susceptibility

The magnetic susceptibility at II = 0,

=0 lf T~ Tc ~ (2. 44)

As T T, we find that

p 'x(T) = C„I1 —T, /T
I

' '

+ c„l1 —T, /T I-'&'+ o(1),
where

(2. 45)

C, =D d8 8[1 —]1(8)]
0

x exp dx 1 —q~(x) xlru —h 8), (2. 46a - 7. 6

(37 t

C =D d88 [1+q(8)]
0

83P(T, H)
H=O

is related to (&ro oo„~ ) by

(2. 42)
x exp dx[1 —]1 (x)]x lnx —h(8) —2

8
(2. 46b)- [V. 1 t]
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(a) o.cc
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0.0
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2.5

2.0

1.5

1.0
0.0 O. l

Co& (EI E2)2=
Co+ (EI, E

I I

0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 10

2

I6
F (t)

l4

FIG. 5. Amplitude ratio R2 =CO~(E[ E2)/Cp~(Ef E~) as
a function of the ratio E&/E2 for fixed T,.

I.O

0.8

0.6 -—

04

0.2—
O.O

O.O 0,5 I.O
I

1.5 20 2.5
t

I

3.0 3.5 4.0

and

Ro = [E1zoc(1+6Z1,+ z 1c)+Eoz1,(1+6z2, + z2, )

8EIE2ZIcz2c(Z1c+ zoc) ] (8Z1,22,(z 1,+ z2, )

x[E,(1 —z„)+E,(1 —zzc)]) ' . (2. 49)

and

C1, /Co, = —CI /Co = —RoP, ,

with

(2. 47)

D = 2 If(Z1czoc) (zlc+Z2c)

xfpc[E, (1 —Z2, ) '+E,(1 —ZI, ) ']) '

= 2 11(sinh2p, E1+ sinh2p, E2)

x(pc[E, coth2p, E,+Ezcoth2pcE2] j
(2. 48)

FIG. 3. (a) Scaling function F,(t) as a function of t for
E& =E2. Note that F,(0) =0.703 380157 7 ~ ~ ~ . (b) Scaling
function F (t) as a function of t for E~ =E,. At t=0 F (0)
=F,(0).

In the symmetric case we have

D= '2"w[ l(nil)) '",
Ro-——2&2E .

In Fig. 5 we plot

R2 oc(E1 y E2)/Coc(E11 1)

(2. 48S)

(2. 50S)

(2. 51)

for fixed T, as a function of E, /E2.
In Fig. 6 we plot the dimensionless quantity

Ro(E1+E2) for fixed T, as a function of E1/E2
Note that this Ituantity is —,

' at E, /E2= 0 and -~2&2
at Eg=E2.

To compare these results for Co, and C&, with the
available series-expansion results, we specialize
to the symmetric lattice and numerically evaluate
Co, and C&, to find

070—
0.65—
0.60—
0.55—
0.50—
045—e

eI 040—
035—

I

030
~l

0.25

0.20

0.15

0.10

lgF-(t )-2

I I I

0.5—
04—

CV
tiJ
+ 03-
LU

0.2-
& Oi-

0.0
0.0

-O.l-

0.2 0.4 GS 08 IO

E)/E2

0.05
0.0

0.0
I I I I

0.1 0.2 03 04 05 06 07 08 09 1.0
t

FIG. 4. Function F (t) -2 t as a function of t for
Note that for E~ =E2 S„-2 t

FIG. 6. Dimensionless quantity Ro/(E&+ E2) as a func-
tion of x=E&/E2. When @=1 the value is —-'W2. As16
x —0 the function behaves as 2+ 3/(21nx). Curve crosses
zero at -0.1993.
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Cp = 0. 962 581 732 2

Cp = 0 025 5369V1 9' ' '

C g
= 0, 074 988 153 8 ' ' '

C = —0.001 989 410 7 ~ ~ ~ .

(2. 52S)

quantity is asymptotically equal to e "times some
power of t. Then if we define Cp,""as the con-
tribution to Co„coming from the term in (2. 57) be-
having as e ' "' "as t- ~, and Cp

"' as the contri-
bution to Co coming from the terms in (2. 56) be-
having as e "' as t-~, we have

These are to be compared with the series-expan-
sion estimates of Sykes, Gaunt, Roberts, and

Wyles ' above T,
Co, = Z Cog"' ',

n=p
(2. 58a)

Cp, = 0. 962 59 + 0.000 03,

Cg, —0. OV42,

(2. 53S)

(2. 54S)
Cp-= Q Co

fI =1
(2. 58b)

and of Essam and Hunter' below 7,
C = 0.02568+0. 00012 . (2. 55S)

I" -(f)=I f"'(I) -{f"'(f)——[f"'(~)]']'

and expanding (2. 28) as

I'.(f)=su'(I)+ [g "'(f)-r"'(f)f "'(f)]

+ (g "'(f) g"'(f)f-"'(f)

(2. 56)

Some insight into the close agreement of the
exact results (2. 52S) and the series results (2. 53S)-
(2. 55S) is obtained by expanding (2. 26) as

Numerically we find for E,=E2

C&'&= [2ln(1+ W~)] '"2""
= 0.961 V9761676

Cp, '= 0.000783 34815 ~ ~ ~

Cp, '= 0.000000766 5

and

C = [21n(l+ v 2 )] 2 (127r)

= 0.025 51247416 ~ ~ ~

Cp = 0.000 024 476 ' ' '

(2. 59S)-[7.8]

(2. 60S)

(2. 61S)

(2. 62S)- [7.20]

(2. 63S)

-Z"'(f) Ef"'(f)—-'[f"'(f)]'))+ ~ ~ (2 57)

In (2. 56), f ' '(t) behaves as e ' as f-~, and the
third term behaves as e ". In (2. 57), g u'(I) be-
haves as e ' as t-~, the second term behaves as
e ", and the third term behaves as e '. Here the
phrase "behaves as e ""means that as t ~ the

These perturbation-expansion results are compared
with the exact results (2. 52S) and the series-expan-
sion results (2. 53S)-(2. 55S) in Table 1.

Finally a remark must be made concerning the
O(1) term of (1.4). This term arises from short-
range contributions to the sum (2. 43) and hence
cannot be obtained from the scaling functions F,(f).

TABLE I. As T —T, the zero-fieId susceptibility X(T) behaves as P X(T) =Cp~ I 1 —T~/T ]

+ C~~ }1—T,/T ( +O(1). The four numbers Cp~ and C~~ for the symmetric lattice E(=E2 are
given. See the text for the definition of the numbers Cp~~ .

Quantity
Exact
result

Series-expansion
result

Perturbation-expansion
approximation

Cp, 0. 962 581 7322 ~ ~ ~ 0. 962 59+ 0. 000 03 Cp+ 0. 961 797 616 76 ~ ~ ~

Cp + Cp, = 0. 962 580 964 91 ~ ' '

C() +C() +Cp =0 962581 7314' ' '

Cp

Cp J'Cp

0. 025 536 971 9 ~ ~ ~ 0. 025 68 + 0. 000 12

37.693 652 01

C~ =0.02551247416

C() + C() =0 025 536 950 ' ' '

Cp&,'&/C ~'& =12~
= 37.69911184

(C + Cp3 )/(C()2 +Cp- ) —37 6936543

c,, 0. 074 988 153 8 ~ ~ 0. 0742a

Cg —0. 001 989410 7 ~

Reference 14a. Reference 14b.
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From the series-expansion results this term is
known to be nonzero.

D. Outline of main text

As a guide to the remainder of the paper, we
present the following outline.

APPENDIX A: NUMERICAL WORK

APPENDIX B: INTEGRAL EQUATION AND
PAINLEVE FUNCTION rt(8)

APPENDIX C: VARIOUS IDENTITIES FOR ISING
MODEL

III. PERTURBATION EXPANSION FOR (op, po, )
FOR T&T, AND LARGE (M +N )

A.

B.

C.

D.

E.
F.

Preliminary notation

Perturbation expansion, T (T,
Recursion relations

Quantity f»
(op poi( «) in terms of f„„

for arbitrary n

(op, po„,„)in scaling limit (T& T,)

IV. PERTURBATION EXPANSION FOR (o'p po««)
FOR T& T, AND LARGE (M +N )

III. PERTURBATION EXPANSION FOR (gp pa& &.)

FOR T&Tc AND LARGE (!if +N )

Using the Pfaffian approach" to the two-dimen-
sional Ising model, Cheng and Wu (CW) developed
a perturbation expansion for (op, po« „)for T & T,
(and T & T,) and large Mp+t((' which they then ana-
lyzed to leading order. Here we examine in this
perturbation expansion scheme the nth-order terms,
To facilitate the readability of this paper, we sum-
marize all relevant results of CW that we will need.
The interested reader should consult either CW or
Chap. 12 of Ref. 5 whenever we say "it has been
shown that. . ." for a demonstration of the stated
result. In this way the reader is able to follow the
derivations of this section (and Sec. IV) without be-
ing familiar with the results of CW.

A.

B.

C.

Perturbation- expansion formalism

Recursion relations

Quantity f„„

A. Preliminary notation

We first define the following infinite matrices:

D. Quantity I'» S „= (2(() dye" i (tl ln)((tS(ei 4) (3. 1)

E.

F

x& gN and Q& gg
(A) (?tl)

(op, po„,„)in scaling limit (T &T,)
V „= (2(() d@ e " '""V(e' ), (3. 2)

V. PERTURBATION EXPANSION FOR (op po«, «)
FOR LARGE N AND SMALL NI T —T, 'I

A. Preliminary notation

ft „=(2p) i

T „= (2(()

( + )pp(e p)

t (fn+n) o T(

(3.3)

(3.4)

B.

C.

D.

Analysis of 6 in the scaling limit

Quantity Tr [(A A p )"] in limit n - ~, T- T„
s fixed

Small-t expansion of F,(t)

for in, n=0, &, 2, . . . , where the generating func-
tions S(e' ), V(e' ), U(e' ), and T(e' ) are given

x(1 —n, e 'P) '(1 —npe'P) J'i, (3. 5)

VI. SCALING FUNCTIONS F(,(t) IN TERMS OF
PAINLEVE FUNCTION OF THIRD KIND

B.
C.

D.

VII.

A.

B.

C.

Relating xp(f(t) to integral equations

xp(N) in terms of il(8)

F,(t) in terms of ii(8)

E,(t) for t-0 and t-~ as derived from 7l(8)
representation

SUSCEPTIBILITY )((T)

Leading divergence of y(T) as T- T,'

g(T) for T&T,

y(T) for T &T,

and

- gee~- apr ype
~(~ ~ )

e ""&((t'i, —(t'p),

(3.6)

e ig(fi g-iN(tip

dg, 2iep sing, , (3.7)
n(4(, 4p)

T(e'PP) = —(1 —e'() (2(() '

e- &40j- &112
&( t' (4p(), (3 3)

A 4i, 4p)
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and with z, and zz given by (2. 2), n(Qq, Po) by
(2. 13),

nent of the vectors x3, x4, x3, and x4, respective-
ly, which are defined by

X(Q~, pz)= 1 —zo —zq(l+zo+ 2zzcos(f~q)e
(3.9)

Cx —y 3 and Cx' = y4

where

(3.19)

nq —z~(l —zz) (1+zz)

o=zg'( -zz)( + z)
' . (3.10)

The square root in (3. 5) is defined so that S(e")
&0. It is convenient to define (following Refs. 15
and 1V)

xg

X2

xg

X2
I

$1I 0 3

0

0

0

y4= 0

(3.20)

a = (1+z,) (1+zz),

xi= 2zz(l-zi), (3.11)

and 5 is the unit vec'„, ;;. :n!, i~en by

(3.21)

From (2. 4) it follows that the T= T, condition can
be expressed either as

or as

o —V~-ro=(zgzo+z~+zo-1) =o.2 (3. 13)

0 0 0

We also note that for T & T, (0 & o, & no & 1) the in-
dex~o of the generating function (3. 5) is zero.

We define the matrices A, B, and C by

0

Since C is antisymmetric it follow s that x» = x«
= 0 and xoo = —x~o. Thus from (3. 18)

That x and x' exist is guaranteed by:...". lact thai.
C exists.

The perturbation expansion of CW consisLs in
expanding C ' as

C '= (1+A 'B)'A.
0 0 0 -S (3. 14) = 2 (- I)"(A 'B)"A ' .

0 0 T

0 0

0 This will be a valid expansion for T &T, and large
M +N since the elements of S are order 1 while
those of T, U, and V are exponentially small.

We can easily see that

0 0
(3.15) 0 —(s')-' 0 0

and

C=A+B,

0

(3.16)

A

S-

0 (Sr)

S-1

(3 24)

B. Perturbation expansion, T(T,

If we define for M, N~ 0 the quantity

fzN = (oo,os, ~+a)f (oo,ooz.x ) ~

then CW have shown that

(3. 1V)

with the entries in A and B being the operators S,
V, U, and T defined by (3.1), (3. 2), (3. 3), and

(3.4), respectively. The superscript "T"denotes
the transpose operation.

and

0 (s') 'v —(s') 'v

A B=
S T

—(s') 'v —(s') 'v

S T —S U

It thus follows from (3.22)-(3. 25) that

S U

0
(3. 25)

(fzN) -xooxao —xtoxe ~
(3. 18) (3.26)

where x3Q x4p x3Q and X4Q are the zeroth compo- The subscripts refer to the matrix elements,
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i. e. , (4 B)ss= —(S ) 'V.
The Wiener-Hopf' method can be applied to ob-

tain the matrix elements of S by solving the equa-
tion

P&($, P)= P $ (P&) „($')", j=1,2, and 3,
ff3sn z0

(3.40)
and

~S s(S')s.=5
~.

z0

The result is

(S ') „= (2vs) ~) d$ $ '""P($)

$
If%

x I) dg' —,— - q((' '),

where

P(&) = [(1—&sh) (1—o'|5) ']'"

(3.27}

(3.28)

(3.29)

R." (~, ~)= Z t &[(~'B)-].,(S')'j..(t )",
IS ~ flz 0

a= 3, 4 and P= 3, 4 . (3.41)
In (3.39), S '($, $') should not be confused with
[S(t')] '. Using (3.28)-(3. 30) we see that (3.39) be-
comes

S '($, &')=Q(&}P(5')(I—&&') ' (3 42)

From (3.32)-(3. 34) and (3.42) the generating func-
tions P&($, $') of (3.40) are

Pi(1, 2) = U(1)S (2, 1)U(2)+ V(1)S '(1, 2)T(2),
(3.43)

P(4) Q(t') ="1 .
C. Recursion relations

(3.31)

It is both useful and convenient to define the
operators

and

Pg= U(S ) U+VS T,
Ps= —VS U+ U(S ) V,

(3. 32)

(3.33)

Q(&)=[(1- os'')(I- ~s&) ']'". (3.30)

The contours of integration in (3.28) are the unit

circles, except that the one for $' is to be indented
outward near $'= $. We note the P and Q functions
have the property that

and

Ps(1, 2) = —V(1)S (1, 2)U(2)+ U(1)S i(2, 1)V(2),
(3.44)

Ps(1, 2)= T(1)S (2, 1)U(2) —U(1)S (1, 2)T(2) .
(3.45)

The notation S (1, 2) means S '(e s&, e ss), and
S '(T, 2) means S '(e 's~, e 'os). Likewise for the
other functions P&(l, 2), j = 1, 2, and 3, and the
functions U(1), V(1), etc. The steps leading to
(3.42) are valid only if lt' I and )(') are less than
1. Hence when we write S '(1, 2) we must have
Img, (0, and Imps(0, so that (3.43}-(3.45} have
the restriction

Immit}»

& 0, j = 1, 2.
Then in the notation (3.39)-(3.45), the recursion

relations (3.35)-(3.38) become

Ps= T(S") U —US T . (3.34)

(3.35)

and

Then using (3.25) and (3.32)-(3.34) we see that

[& 'B)"]ss=—(S') '9's[(& 'B)" ]ss

-P,[(W 'B)"']„)
and

Rgs '(t', $') = (2w) d(2}d(4}S '(2, 5)

x[-Ps(2 4)R"' "(4, &')

+Ps(2, 4)Rls" "(4, ~ )] (3.46)

[(W 'B)"]„=S 'P, [(X 'B)" ']„
-Ps[(~ 'B)"'l )

for k ~ 2, and for k = 1

[(& 'B)'] =-(S')'P

(3.36)

(3.37)

[(& 'B)'lss=S 'Ps ~ (3.38)

(3.39)

Equations (3.35)-(3.38) are the basic recursion
relations. They will prove most useful if we re-
state these relations in generating function terms.
Accordingly we define

Res '(t', g')= (2v) d(2) d(4) S ($, 2)

x S '(2, $ )P, (2, 4) S '($ ', 4) (3.49)

x [Ps(2~ 4)R"' "(4 &')

-P| (2 4)R4Ns' "(4 &')] (3 47)

for k» 2, where d(2) denotes dPs, etc. , and Psr(2, 4)
is the generating function corresponding to the trans-
pose operator P&, i.e. ,

P|r(1, 2) = U(1)S '(1, 2)U(2)+ T(1)S '(2, 1)V(2) .
(3.48)

For k = 1 we have
f f

Rss'(&, &')= —(2&) ' d(2)d(4)
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and To summarize we see from (3.26) and (3.41) with
n=P=S that

RP3'((, 5') = (2v)" ' '~ "(2)d(4}
«f 0' «f

xS ($, 2)P (2, 4)S '(5', 4) . (3. 50)
fey= 1++ RPs ~(0, 0) ~

a~1
(3. 51)

D. Quantity f~N

In this section we will show that all positive integers n and all M, N ~ 0 that
2N

e ~&+2)-1 f(N+1) gag
R33" (0, 0) = (2y, )'"(2&)-'" " dp, " dp„

f « f g"-1 ~ RJ ly 2J

2n-1
1 Tr I~sin 2(cps 1 eu 1) ~ 1xcos f1 Jg

~

-g(g ) Sing/~ 1,L 8 + 2)+2 (3.52)

where h(P~, Pz) is defined by (2. 13) and Im(P&) & 0, j = 1, 2, . . . , 4n
To establish (3.52) we compute Rg"'((, $') and R4@z"'($, f, ') by induction. Once we have computed Rg'($, (')

and R4z3(f„g') we use the recursion relations (3.46) and (3.47) to establish the general case.
For n = 1 we use (3.42)-(3. 45) in (3.49) and (3. 50) to find

and

d(2)d(4)P(&)Q(&') [(I-« '")(1-5'e '") (1 —e '"'"')] '
RPs ($ &')= —(2v)

xQ(2) [U(4) Q(4)P(2) U(2)+ V(2) Q(2) P(4) T(4)]P(4)

d(2)d(4)Q($)Q((') [(1—«z) (1 —t'e 4) (1 —e " ~' 4')]
~f

R43'(&, 5') = (2&) '
'~

0 «g

xP(2) [T(2)Q(4)P(2) U(4) —U(2) P(4) Q(2) T(4)]P(4) .

(3. 53)

(3.54)

(3.55)

and

Since the values of the functions T(e'~z), U(e'~z), and V(e'~z) are determined by the residue at the pole
coming from h(g, , Pz) = 0, we may make use of the identity cosPz= yz (a —y, cosQ, ) when working with an in-
tegral over (t), . This leads to the following identities:

e- &ee1- &Ze2
T(2) [P(2)] = (2v) ' dQ, [- 2zzz, '(1 —zf)e ' &(1 —cosQ&)]~(e„s,)

~& ~1 &N+2

V(2) [Q(2)] = (2v) dp, [-2zqzz(1 —zq)e ' z(1+ cosp, )] .' ~(ei, 4z)

Making use of (3.31), (3. 55), and (3. 56) in (3. 53) and (3. 54) we obtain

(3. 56)

Rg'($, (')= —(2v)
P(&)Q(&')

d(1) d(4)
(1 $ -lez)(1 $g -Iy

)

and

e- iNI~ 1- $(N+1)I~2

Xn(I e
- i(0z+ 14))-1

1 In(42/-1 y 42/)

x [- (1 —zq) 4zq sinQq sin&3+ 4zz(1 —z&) (1+cosp&) (1 —cosp, )] (3. 57a)

Rg'((, k')=(2&) ' Q(&)Q(&')() ()( $, ,)( (.. .)
- ig e ~ 1- k (8+1)4+

x 11 4iz, 'zz(I —z~) [(1-cosP, ) sing, - sing, (1 —cosg, )](1—e '' &' 4')
g ~1 ~(42$-1 s 429)

(3. 57b)

Using the trigonometric identities
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(1 —cosp1) sin/3 —sin/1(1- cosy&) = 4 sin-,' $1sin-,' (y1 —4 3) sin-,' y3

(1+cosp1) (1 —cosp3) —sing, sin/3= —4 cos-,' p1 s1n-, (p1 —$3) sin 3 Q3

in (3. 57), we obtain the final form for R313'($, g') and R413'($, ('):
f P $ Q pl

R313'(h, $') = (2y1)'(») ' d(1) d{4)
(I 1e,-I, Je-,

f f
2

rr' (I —e " 2' 4') 'cos —,'&1sin-,'(p, —p3) sin-,'p3
J =1 n(42J-1 I 42J)

(3. 58)

(3. 59a)

f
Q ()Q k'

3'(~, ~ )=-i (2y1) (2v)- d( ) '(4)
(

~i 'e)2{I' I -Jee)f f
2

N~2J 1- & (N+1) 42)
x gg (1 —e " 2' 4') sin? p, sin 3 (p, —p3) sin? p3 .

J =1 n(42J-1 s 42J)
(3. 59b)

~e have used the definition (3. 11) of y, in obtaining (3. 59). If we set $ = $ = 0 in (3. 59a) we obtain the re-
sult originally derived by CW.

For k any even integer, we now assume that

(k) I k 2k P($)Q($')R„($,g')= (2y ) (2?J) d(1) ~ ~ d(2k)
(1 ( e2) (1 t, ,e2„)

and

- Iue@ 1- ~(N+1)e@nX
J =1 +(42J-11 42J)

R43'(5, 5') = (2y )'(2?J) "

k-1
TT s 2(4'2J -1 421 +1)

&(,~„,»n~02k 11 —e @ 2j 2)

Q(&) Q(&')
( ) ( ) (I $ -Je2)(I $/ -Je

)

(3. 60a)

k k-1

gy+ 42 +2) S 242k«l ~

(331 'lV'2f-1 & V 2J)
(3. 60b)

pf

d(2)d(4) Je [- [U(4)S (4, 2)U(2)+V(2)S (2, 4)T(4)]
« f

xR&', &(4, $')+ [U(2) S '(4, 2) V(4) —V(2)S '(2, 4)U(4)]R4", (4, $')j

= (2w) J
+ V(2) [Q(2)] P(4)T (4)]R 313'(4, $ ')+ [U(2) Q (4) V(4) —V(2) [Q(2)] P (4) U(4)] R413'(4, g ')j

P5 Q5')= (2v) ' (2y, )3 . - d(2) d{4)d(5) d(6) d{2I'? + 4)
«f f

d(2)d(4)P($)(1 —« '") '(I —e ""'"')'(- [U(2)U(4)Q(4)

2)-1-iue2 1-&(N+l)C~ k+1

II (1 — ""J'"J")'&(2, 4, 5) n
J=3 n1 2J-1 y 2J g "-1 J =3

(3.61)
where in the last line

We now proceed to demonstrate that these relations are true for k replaced by k+ 2. Using the recursion
relations (3.46) and (3.47) and the induction hypothesis we have

R3'3""(k, &')= (21?) ' „d(2)d(4)S '(2, &)[-P1(2,4)R33'(4, (')+P2(2, 4)R43'(4, &')]
«f

D(2, 4, 5) = —[U(2) U(4)+ V(2)[Q(2)]2 T(4) [P(4)] ]cos-,' $3

+ [U{2)IQ {4)]'V(4) —V(2) [Q (2)]' U(4)] (32i')»n 3 43 .
Using (3.7), (3. 55), and (3. 56) in (3. 62) we have

(3. 62)
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f tf - i g {y1+y3)-i (N+1) (ztz2+y4)

D(2, 4, 5) = (2zz)
' d(1)d(3)

4z ~ 4z 4)4

x(- [- 4z', (1 —z, ) sin@i sin4)z+ 4zz(1 —zi) (1+costi) (1 —cos4z)] cos-', @,

+ [2izz sing, 2z, zz(l+ cos~t), ) —2z, zz(1+ cos&t)z)2izz sinQz] (iz, ) sin —,'P,},
{~1+~3) i (N+1) {zf) + (fz4)

D(2, 4, 5)= (2r, ) (2zz) l d(1)d(3) ———
&(4z, 4z) &(4z, &f4)

x[cos —,
'

&t&z sin-,'(&tz —@z)sinz /icos-', @,—cos —,
'

pz sin —', (Pz —d)z) cos —', &f)z sin z 4)zl

(3. 63a)

(3.63b)

D(2, 4, 5)=(2»)'(») ' -i g {@1+43)w {N+1){@2+@4)
d(l)d(3) — — ff)z z(@z 3) sin z(zt)z —&t),),a(4 1 42)&(4 3 44)

(3.64)

f~„' -—- it z+z~'(0, 0),
where li,'z")(0, 0) is given by (3. 52).

go, o g~ ~. & in terms of fM&

Basic notation

(3.65)

The correlation function (o)z „av „)can in view of
(3. 17& be expressed as

where we used the trigonometric identities (3. 58)
in going from (3. 63a) to (3.63b). Substitution of
the expression (3. 64) for D(2, 4, 5) into (3.61) gives
(3. 60a) with k replaced by k+ 2.

The induction proof for Rzz'(~, ('), fz any even
integer, is similar. Subs tituting E —( = 0 into
(3. 60a) and writing the even integer fz as 2 n we
obtain (3. 52). Equations (3. 51) and (3. 52) give us
the perturbation expansion of the quantity f«de-
fined by (3. 17).

It will be convenient to define

(2) (3. 69a)

(4)+&.MN
= (3. 69b)

(3.69c)

Using (3.52) for n= 1 [though first let &t)z Pz and

Pz —$4 and add this to (3. 52)], (3. 65), and (3. 69a.)
we have

etc.
The remainder of this section and all of Sec. IIIF

will be devoted to proving that E&„"N is given by
(2. 12). We first show that (2. 12) is true for n= 1

and n = 2. This will then motivate the general case
which is proved in Sec. IIIF.

&&v', = z(2rz)'(») '
d@4

)=S- fi f' .)k=N
'

e- iN (41+43)- i (N+1) {@2+ztz4)

x z (&fz so 4) )-2
~(4z, 4z) &(4z 44)

(3.66)
X Sine(@z —Qz) sinz($3 ff)z)

(recall Im4)&&0, j=1,2, 3, 4) .

Multiplying numerator and denominator by e''~2'~4'
we have(3.67)

=- S„& exp — lnp„k

where S„ is given by (2. 10). Recalling (3. 51) and

definition (3. 65) we define F&,„„by

f',
,„., = E f 1 ~ Pf„',"') . ,.

k Ã n=1

(2n )+&VV- ~ +&.VN
n=1

(3. 68)

Expanding the logarithm in (3.67) we obtain the ex-
pansion

&&"zz= (-1)ri z(2zz) '

2

x LA
2g-1 2j Sin 2 {~29 -1 {t)29+1)

J =i

+(Ized-I

Azj) si 2 (Azz+ @zz+2)
(3.VO)

where 4)z=—Qz and 4)z—= pz. This is (2. 12) for n= l.

( MA'
(4)

- iMy2~ 1-i{N+1)4@4

~ ~ ~

z =i z~(4 zz-1 f Azg)

Using (3. 52) for n = 2 and (3.65) we have

Z f~»'= (2ri)'(2v) '
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3
& l~

&&(1
l(o»de4toedo»))-) ) d.

'

2 'Lv 2& 1 424 +1)
2 'P1

y e" f($2~+/ 2~~ ) 2 W7
g=1

(3.71)

Making the change of variables (t&)- &&&„$2-$„$2-p„p,- p) and similarly for $2) in (3.71) we obtain
the equivalent expression

g f„'»'= —(2rl) (22)
k=N

~ ~ ~

4 e- iNe2& 1- &(N+1)e2g
d ft)8

l =1 l~(42/-1 i 42&)

3

x (1 — l (o2+ o4+ oe+ o»&) 1 1
y Q 2 (42& 1 42& +1)

2 7 y f($2)++2g ~2) 2 1 ~

y=1

Adding (3.71) and (3. V2) and dividing by 2 we obtain

(3.72)

f~,' = 2 (2rl)'(2v)
k=N

4
-iMy2~ 1-3(N+1)4@e ~ ldd, dd, dd 4

si —, (ddi, —du. ,))-4 /=1 + 2)-id 2l

3

e
- & (4 y + 42y+ 2) -1

y &
- ~ (42+ 44+ 4g+ 48) ~-

)=1

with 41o= 42 4 9
=- 41

We want to obtai~ the factor

(3.V3)

from the factor

l(o2&+ o2&+2&)

that occurs in (3.V3). To accomplish this we cyclically permute the integration variables in (3.73). Under
these cyclic permutations the only noninvariant factor in (3.73) is

(1 e-4(o2& do@d»))-)

Doing this (3. V3) becomes

Q f)&'»'= » (2r))'(») '
~

k=N if'

where

4

g =1 +RY'@-1 y Y'2y)

(3.V4)

(3.75)

We can rewrite 3 4 as

(y y y @ ) e i&e2+oedo()+e»& e 4&o2+ oed ee+4ie) (1 e 4 (e2+oe 0(&+o»&)2) 4& 6&

4

& (~p+ ~4+ ~6+ ~8) e ~ (~2y ' ~24+2)

g =1

Using (3.76) in (3.74)

(3.V6)

f&d»
= F & f&&tN+isN(4) (4) (4)

k N

where E&(es)„ is the right-hand side of (2. 12) for n = 2 and

g 4 - &Nl 1 &NI2
(4) 1 n 4 8 8 2l 1 l sll)2 (42& 1

—424 1)
RNN 2 (2r)) (22) d0 d& 2 LL

A( @ 1 l (o2) o@ 2)-g -g /=1 ~kY 2)-1 y 42))
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4
1 - f ($2+$4+$6 Q) y e-3(42+44+46 48)$- 2+ 2e- «~2+~4 ~6+ 8 e ' @' pj+24e + ~

g=1

Thus F&'„'„as defined by (3. 69b) will be given by (2. 12) for n = 2 if we can show that

(3.V7)

R««&I
——g (f„'8') = 0 .

k=N

Letting Qa —(t 4 and &&), —$8 in (3. 52) for n = 1, adding this to (3. 52) for n = 1 and summing we obtain

(3.V8)

1
4

"4N42g lsu N4@-- 2 (f ")'=- -'(2r))'(2v) ' d0( d48 II
k N uu f uu f J"-( ~ a«-&» 8)

&(e- «(&»8+" 88) (1
- «(no+"'+88))-& I 8 2

(y y }
~ 8 2

(~ 4 }[(1 -«(no+84)}(1 -2 (88+ 88&)]-(

(3. V9)
In (3.79) the sine factors loop as 1-3- 1 and 5-7- 5 as compared with 1- 3- 5-7-1 of (3. V7). To com-
pare R(„' of (3.77) with (S.V9) it is useful to make one loop in (3. 79) rather than two separate loops. This
is done by use of the identity

sin 8 (Q —$8}sin —,
'

(4), —4)(«}+ sin 8 (4', —(}&8)sin 8 ((f'8 —(t', ) = sin 8 (4), —p, ) sin —,
'

((t)8 —(t)4) .
Letting a - 1, b- 5, c- 3, and d - 7 in (3.80) and using this in (3.79) we obtain

&I 4
1 e- &&w &2)2y„ lus 3N egg

(f,",')'= —
8 (2r&)'(2a) '

d&(l dna
(gk N f f )=1 + a«-&» aj

-»(«'8+'"+88& (I e «&na'"'+88)-& [(1 e- «na+84
) (1 —e-«(88'88)}]-1

(3.80)

x [sin —,
'

(4)& —$8) sin 8 ($8 —4)q)+ sin 8 (4) 8
—&t)8) sin 8 (g~ —Q&)] sin —,

'
(p( —Qa) sin-,' (&t)8 —(t)7) .

(3. 81)
One part of (3.81) has the correct 1-3- ~ ~ ~ 7- 1 structure. The other part can be brought into this form
by relabeling the integration variables (5 7, 6 8). Doing this (3. 81) becomes

——Q (fe'8'}'= —4 (2r&)'(2««) '
k "-N uu

- $442~ 1- &N42~
4

ndQe
« "-& a(48«-1» Aaj)

xsin 8'(4)a«( —4)a«,()e "88'"'88'[1—e "88'"''88&] '[(1 —e «&na'84&)(1 e «(nosna&)]-& (3.82)

Finally, if we add to (3. 82) the relabeled version 2-4-6-8-2 and 1-3-5-7-1, and divide by 2, then

—
2 Z (fe'8')'= —ia (2r()'(2)«) '

k=N

e
- iZ e2~ i su &N e 2)

dy, . dy,
-u 1 =1 n(4 8«-&» Aaf)

4

xs','(«u- —«u, )(( — " »' »' ') ') (2 2 '' ' ' ' ' —Es '' u' u' ')
j =1

x «(na 84+88+88) [1 «(88+84+88+«»8 )]
(2 (3.83)

Comparing (3.83) and (3.77) we see that (3. 78) holds; and hence E&(4e&„ is given by (2. 12}for n = 2.

E(an)
( 1}n Pn(P )-& (2V)-4n de l ~ ~ ~ d@4

2n

e '" 8« &'" » sin-'8(@a«-( —-(t'8«. ()x jJ ~ 1s(nu- «u) si —,(«u ~ «u. ,) )

F. F &2") for arbitrary n(MN

We now prove (2. 12) for arbitrary n. We begin
with the definition

Suppose we can prove that

u -=I us„"„'=) ( P fs„"'),
n=i n=1

where F&~„"e& is given by (3.84} and f„'„"'by (3.52).
Then from (3. 85) it follows that E&~„"N& is given by
(2. 12). To see this we note that by definition [see
(3.66)-(3.68)] of E~~„"„'

&&(I -«(«»8+842
/ ~ (S.84) (oo,oo««, )«)=S exp —~ F&„„(2n )

n=i
(3.86)
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and from (3.66) and the hypothesis (3. 85)

t'

&, , „,„&=s'e sl —2 1 s Zf""'))
n=1

f(X)= Zf "N'X"
n=0

.E(x) = + E&'NN x"
n=0

(3.89)

(3.90)

eo eXp — E&
wheref~&2„&= 1, E&&2«&N--0, then (3. 85) is a special
case (x= 1) of

= S'.exp — +& sr~ ~

n=1 k=N

Then from (3.86) and (3.87)

(3.87) f(x)= eN(*) .
Differentiation of (3.91) gives

f '(x) = E'(x)f(x)

(3.91)

(3.92)

(2n) Y' -(2n)

A=g
(3. 88)

But doing the summation in (3.88) is trivial (see
(3.84)j; and hence, E«NN& is given by (2. 12). Hence
if we establish (3.85) with E&(NN) defined by (3. 84)
we have proved (2. 12).

We define the generating functions

or, equi ralently,

(2n) V (2l ) 2(n-1 )
Bf«N = ~ LE& NN f&(N

g =1
(3.93)

Therefore, (3.93) and the boundary conditions f(0)
=- 1, E(0)= 0 will imply (2. 12). We now prove
(3.93).

The variables in the identity

-s&o2+44s&s&)+ -+44 & 1 (e-&(42+44+4&)'"+44n& ., -)(e()+cl2+" +44n)) (e s(4()+42+ -+44 ) -&(4&&&'n)2+ " 44„))

(e ((()&2+4&2+"'+ID(n)) e ((n(4s4)()+'''+O4n)) (p ((S|4n 2+44„) 1) (3.94)

may be cyclically permuted and the identity (3. 94) will continue to be valid uhen used in the integrand of
(3.84) since the integrand in (3. 84) is invariant under cyclic permutations of the integration variable labels.

Thus the identity

++4n) ] (1 ~ (&t&4n +y2)) j - g (y4+@6+ ~ ~ ~ +y4n„2) - g (y4+((&6+ ~ ~ ~ + y4n„6)

when substituted into (3.84) gives, with use of the ident). ty

1 —e " 4n' 2'= 2i sin2 ((t)4n+ &t)2)e " 4n' 2'

~e '«)4'42'"''44n-«»+. . . +1) (3.95)

(3.96)

E&'4&N= (- 1)"r)" (2)4) (22) '"
2n

~N'42g 1- INI2y
d $4n $J & ) Sln 2 (42& -& 42l +) )

g =1 ~KAZg-1 r (t)Zy)

2n-1
1 - & (44„+42)

sin-,'-(d)z+ &t)2&,2)

-1
/2 e '(~4'+6'"''~4 2 g)n"-

g =0
(3.97)

where the last term in the sum in (3.97) is to be interpreted as 1 if n=. 1, From (3. 52) and (3.65) we have

f«'N'= (2r))'" (22) '"
2n $g g2g 1 3N Q@

dp4„
&(42;-1, 4'2&)

Sill 2 ($2s - 1 P2s +1)
~ n 2 —,'(~...~.,'..) (3.98)

Letting @&—Q4„, , &t)2 &t)4„2, . . . in (3.98), adding the result to (3.98), and dividing by two we obtain,

f4&'N'= r&" (22) (- 1)"

Using (3.97) and (3.99) we find

TT e ~hre2~-1 1N42y
SS,11, s &S I- SRI &)«'(t 2g-1 42y)

2n-1

x n 1 (+2+ ~4n) ~2

&-1 sin 2 (4 2l + 42/ +2)
(3.99)
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n- 1 n-1

g Ig (21 ) f2(n- j) ( I)ngn(2)()-4n g
2l e- iN42y 1- iNI@

d4 j&,4, si —,'(4,s-, —ji.,&)
g =1 ~'L(t)2)-1 y 2))

2l -1 l 1

" rr (~2+ +4l ) /2 e i ((f)4++6+ + +4l-2- Q )

/= 1 s&n2 (42/+ 42/+2) ) =0

dft)4, ,1
~ ~ ~

2n- 1

2n e- i@42)d$4„gg, , sin-,' (P2& 1
—Q», 1)

y =2l +1 +t 4'-1 ~ 4' J

rr 1
&e

- i ((I)4l +2+ 4n)

y =2l .1»n 2 42g + ft)2y .2
(3. 100)

Using (3.80) (a - 4I —1, b - 1, c -4n —1, and d - 41+ 1) in (3.100), we find that one term has the correct 1

3 5 ~ ~ - 4n —1 1 structure, and the other term can be brought to thi s for m by re labc ling variables
[this is the same argument as that following (3.81)]. Using this new form of (3.100) and adding nF&~„"N& to
this [see (3.97)] we obtain

2n e-iNIPy 1- iN 0'2y

d&t)) d4@g ™LL, , »n 2 (A2/ 1 A2/+1)
w f &(4' 1, 42) )

2n-1

where

1
&& II . )i, H(42, &t&4, , 44.),

q. 1»n 2 &~2~ + fthm)@. 2)
(3~ 101)

n-1 n-1

;,(~ ~ ~, - j(42 44 &/2 - 1 &44+42+ ~ ~ ~ +44 2 4/) -1 (42+44) &/2n n

j 220 l =1

l a1

X i e4+e6+ ~ ~ ~ + +4l-2-4a) - i (y4l, 2+y4n)/2
e 3

((f&4l + ~4l +2)/2 - i (y4l + y4l +2)/2

lt = 0

(3. 102)
If we can show that H(((&2, $4, ~ ~ . , &t&4„) can be replaced by ne &&42'44~&/ in (3.101), we will have established
(3~ 93) [see (3.99)]~

We can rewrite (3.102) as

n- 1 n-1

H(&t) @ &t) )- e & &42+ 44n&/2 Q e ( &44+46+'"+44n-2-4& & + Q (1 e ( 4j+414 +4j))2
l220 l= 1

l a]
i (~4+ +6+~ "+~4l - 2- 4k )x ~'e 7

@=0

H(&t'2) 44 i ~ ~ ~ &t&4n) =e " H(@2 ~ ~ ~ &I&4tl)

where Eq. (3. 103b) defines the function H($2, . . . , $4ii). Now

(3. 103a)

(3. 103b)

n-1 ™
~

~ ~ ~j(ji4+42+ "~+44) 2 42) ()1 I )+ (&) 2) e i (&&4+ ji4) + (&) 3)e j(44+ ji2+ 42+ 4(Q)+ j(44+ 4&)+ ~ ~ ~ +44ii 2)
l =1 it= 0

so that

H(( 2, . .. , 44.) = R(42, ', b4.) + n,
where

n 2 1 l -1

R(" 4+ 6 ~ "+ 4n 2- 4l 4l + 4l +2 4+ 6+"'+ 4l-2-4y( e e

(3~ 104)

(3. 105)
l22 0 l21 0

We now show that the integral (3. 101) with H re-
placed by e ' 2' ~&/'R is zero From (3.. 104) it
will then follow that (3.93) is true. If we multiply
the numerator and denominator in (3. 101) by

t

sin —,
'

(Q2+ &t e, ), then the factor

™02/-1&N42/ sin 1
(@ @ )

i

/=1 ~( I&2/-1 &I 2/) sink(42/+ 42/ 2)
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occurring in (3.101) is invariant under cyclic per
mutations of the variables ($2, (f)4, . . . , &f)4„). Hence
the value of the integral (3.101) (with H
-e "42' 4n)i R) is not affected if we cyclically
permute the variables of the factor

l 1

X e- » (e4+e6+" +44g-2-40)
if=0

(3.111)

In (3. 108) we cyclically permute the variables so
that each term in the sum Al starts at p2. That is,

R' —= e» +2'4'4n)/2 e-»(42+44n ) /2e-» (42+44n /2 ~
XLn

(3.106)

fl 2

A, P (I + I )e - «4 2 "4'4+""4 4n- 4- 4( &

l =0
(3. 112)

From (3.105) we obtain

R' =Al -A2- A3+A4,

where

(3.107)

n 2

Q (1+ 1)e &&04+40+"'i4'4n-2-4) &

l220
(3. 108)

n-1

e- ««4g+~4g+2)
2

g~l

l -1

X e-«(~4'&8 ""4g-2-4g)
'~

lf =0
(3. 109)

n~2

» (+2+ ~4n) «((g'4+ +6+ "'+&»&4n-2- 4l )e
g=O

(3. 110)
n-1

«(4g + 44g +2)e» (42+ 14n)
g~l

Note that we use an equality sign in (3.112) only in
the sense that A, [as defined by (3. 108)] and the
right-hand side of (3.112) yield the same value when
integrated over in (3.101). We will continue to use
this sense of equality for the remainder of the proof.
We rewrite A2 as follows:

n-1

e- f (42+44+"'+44n-~)A2 ~ e
S22 2

g «2

Q e 1 &44n-4)+2+4 +)40-n4+14 +&4& +(n 1)e &(42+44&

l=o
(3. 113)

To see how (3.113) follows from (3.109) we note
the following transformations: from the l = n —1
and k = 0 term

'(~4n-4 + ~'4n-2) «(4'4+ ~8' "'4'4n-8)

f- e "~ ~ + "'+~ " "e "~4n-6'~4"-4

from the l=n —2, k=0 and l=n —1, k=1 terms

(+4n-8+~4n-6) e (~4+~8+" +4'4n-1o)+ e (~4n-4++4n-2) e ~(4'4++6+" '++4n-10)

-e ( (4'2+4'4+ "'+ 44n 12&I ((44n-&0+ 44n- 2& ~ &4 4n-0'44n-4)
)~e +e

1

(+4n- 12+2+4l +4n- 12+ 4+4l ) ~

f
l=O

from the l = n —3, k = 0, l = n —2, k = 1, and l = n —1, k = 2 terms

«(4n-12" 4'4n-10) (~4+ ~8 +4'4n-14) + e «(~4n-8 ~4n- 6) (~4+ +8+ "'+ ~4n-14)
2

+ e»(4n-4+(g'4n-2) e «(2+ ~4 " +~4n-14) e (~2+ ~4+" +~4n-16) e (~4n-16+2+4g +~4n-16+4+4g )

gs 0

The (n —1)e '' 2' 4' term comes from the I = 1,
k=0 l=2, k=1. . l=n —1, k=n —2 terms.

We now make the following transformations on
the terms in (3. 110):

the l =0 term

42+ $4n+ $4+ PB+ ~ ~ ~ + 44n 2 $2+ 44t + $4n 1

the l=1 term

42+ 44n+ qt 4+ ~8+ ' ' ' + ~4n ~2+ qt 4+ ' ' + @4n-4 f

the l =2 term

~2+ ~4n+ )t 4+ 46+ ' + 44n-10 It 2+ 'qt 4+ ' + ~4n-8 f

etc. Thus A3 becomes

2

(I + I) -((42 04+ "+4I4n-4))
3

l=0
and hence

(3.114a)

J-1
«(~4n - 41 +2+4g+(g'4n- + +4+4g )

l=0
From (3.115) we can see that

(3.115)

n 2

Al —A3= —~ e «(12+44+' '+e4n g) I 1'i 3(2+(g&4)

l =0

(3.114b)
And finally for A, we can write [this is analogous

to the transformations leading to (3.113)]
n«l

2+ y4+ ""+4n- Q )A4 —~e
y=1
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24=8 (2+ $4+ ~ ~ + @4 ) ~ C ($2+ $4+ ~ + @4 4) C ($2+ $4+ ~ + Q4 8)n n n + ~ ~ ~ +
- C (02+ y4+ 6+ y8

2

p+ y4+ ~ + y4n 12) e -
C (4 4n 12+2+4l+ 4 4n 12+4+4' )

1=1
3 n 2

+ e C (4 2+ +4+ ~ "+)4n 16) - C (4n 16+2+41 + '4n-16+4+42) + ~ ~ + e "~2'~4' e
- «~4i+8+ ~4l +6)

1=1
lw =1

(3. 116)

R'=0.
G. (00,0ojlf ~) in scaling limit (T( T, )

l. ~na&ysis of F(~~ in scaling limit

(3.118)

In this section we examine (2. 12}in the scaling
limit (1.1)-(1.3). By Cauchy's theorem we are al-
lowed to expand the contours of integration in
(2. 12) out to the unit circle [recall the restriction
Imgj & 0 in (2. 12)] provided that we do not integrate
through any singularities. The only possible singu-
larities are those coming from the factors sin —,'(P»
+ $2j.2) occurring in the denominator of (2. 12)
[4(ltl2j 1, $2j) x0 on the unit circle for T &T,]. We
first expand the $2 (and $1) integration to the unit
circle. Now expand @2 (and p2) to the unit circle,
except now at $4= —Q2 we indent the Q4 integration
contour inward. Thus (2. 12) can be interpreted as
integration on the unit circle except at p@„2=—Q»
the contour of integration for Q@,2 is indented in-
ward.

If the integrand in (2. 12) is bounded, then the in-
tegral goes exponentially to zero in the limit (M
+N )-~. However at T = T, the denominator con-
tains singular factors due to the vanishing of
6($2j, , $2j) at $2j, = $2j = 0. Thus the leading con-
tribution to the integral (2. 12) for T- T, comes
from the behavior of the integrand around P&= 0,
j= 1, 2, . . . , 4jl. Thus to examine (2. 12) in the
scaling limit (l. 1)-(1.3) we expand the integrand
about Q&

= 0, j = 1, 2, . . . , 4n.
Since

&- rl cosltzj 1 r2cosltzj= (& —rl r2)—
x [I + 2 rl (12 —rl —rl )

' 421 1 + 2 (ll —rl r2 )
' 42j-

+ O(42j l(n —rl —y2) ')+ O(42'j(a —yl —y2) )]
(S.119}

where we singled out the j=1 /=0 j =2, l =0, 1

j = 3, l = 0; . . . ; j= n —1, l= 0 terms to give the
first terms in (S. 116). Note that the j = 2, I = 1 term
must be cyclically permuted to give form in (3.116) .

From (3.113) and (3.116) it follows that (one must
permute indices in certain terms to obtain cancella-
tions)

n 2

A2+A4=A V - C(42+44+' '+e4n-4$) I 1x~ &(~2+~4) ~ff (g
1=0

(3. 117)
Using (3.117) and (3.114b) in (S.107) it follows that

and

j=1, 2, . . . , 2n (3.120b)

(3.121a)

y j--[zl(1 —22)] lzlz2+zl+z2 —1
I &2j ~

j=1,2, . . . , 2n. (3. 121b)

The quantity )z1z2+z1+z2 —1 ) near T, is given by
(2. 7). Then we have

ji(~2j-» ~2j) lzlz2+zl+z2

x[1+x',+y', +O($2j, xj)~O($2jyj)] .
(3. 122)

Note that O($2j lxj)=O($2j 1)=0[(T-T,) ].
Using (3.120)-(3.122) we see that in the scaling

limit (1.1)-(l.3)

2n 2n
dltjzj 1«f&2j 4 "II dx, dy,
&(42j 1, 42j) rlr2 j=l 1+x,'+y,' '

(3. 123)

e C&(4'1+ '"++4n-1 )- C&(~'2+ "'+44 )n

and

- C & (&1""'&2n) - C & (Sf1+ " +Sf2 ) (3. 124)

2ff ~ 1 2nsi"*(0 - —0 . ) (r )" 11
* —*,.

1I
j=l s"n2 (4»+ 4» 2) rl j=l y j+y j+1

where

(x2„.1=—xl and y2„„=—yl ), (3. 125)

M = M(2/y, )'" Iz, z, +z, + z, —1 I, (3.126a)

M =M[z2(1 —zl)] Iz, zz+z, +z2 —1
I

(3. 126b)

and

N=N(2/y2}'j Izlzz+z, +z2 —1 I, (3. 127a)

N=N[zl(I —z2)] lzlz2+zl+z2 1
I

~ (3 127")

Also note that the correction terms in (3.123) and
(3.125) are O((T —T,)2).

Applying (3. 123}-(3.127) to (2. 12) we have

we define the scaled variables (or stretching vari-
ables)

[2 rl(n —rl —r2) ']'"42j 1 (3.120a)

xj I22(1 zl)] lzlz2+zl+22 1
I &2j-»
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F(2n) ( 1)n22n -4n(2 )1

dyaa

n ~ ~ dx2

(3.129)

and the quantity t is defined by

(1.1)-(1.3). We denote the right-hand side of
(3. 126) by f ( ")(f); so that (3.126) becomes

F&~g „'-f""'(f) (scaling limit),

Rtl e-'"'~ '"» x -x,+1xlI 1+x~+y~ y~+y
(3. 126)

where the contours of the y&., integration are to be
indented downward at -y&. The symbol "-"in
(3.126) means that F&(„"„) is asymptotically equal to
the right-hand side of (3. 126) in the scaling limit

t -M+N (3. 130)

where M and N are given by (3.126) and (3. 127),
respectively. From (3.126) and (3.127) we see
that the definition (3. 130) of f is equivalent to (2. 5).
In terms of the interaction energies E~ and Ez, the
expression (2. 5) for f can be written equivalently
as

f = coshpE)coshpE2(z, z2)
' '(z, z, +z1+z, —1) [M (sinh2pE, /sinh2pE2)' +N (sinh2pE2/sinh2pE, )' ] .

(3. 131)
Furthermore, as T-T, we find

t-4(P —P, ) (z„z„) (sinhP, E(sinhP, E2) [M (sinh2P, E1/sinh2P, E,) +N (sinh2P, E2/sinh2P, E,) ']
(3.132a)

t = (P —P,) 4(z),z2, ) (sinhP, E, sinhP, E2) [E1(1—z2, ) +E2(l —z1,) ] (M sinh2P, E1+N sinh2P, E2)
(3. 132b)

We also define the quantity R by (2. 6). Note that for the symmetric lattice E1=E2, ft is just (M +N2)1~2

[see (2. 65)].

2. "Rotational invariance" of F«& in scaling limit

In writing (3. 129) we have implicitly assumed that (3. 128) is only a function of (M2+ N2) and not M and
N separately. %e now show this is the case. Defining the new integration variables

u& = x, sin8+y~ cos8,

v&= —x&cos8+y& sin8,
(3. 133)

for j= 1, 2, . . . , 2n; and writing (which defines the angle 8)

3? -- t sin8, N= t cos8, (3. 134)

f given by (3. 130), we see that (3. 126) becomes

f (2n)(f) ( 1)n22n -4n
( )1

~gn+g Mj, and v2ff+] =vy .

4O 2ff
du, d(), , ((un,

—u, +,) sin8 —(v, —v, +,) cos8
a a ~(, , (,~, ,)cosg ~ (,~, ,)s' 9 ) (3. 135)

We now perform the ()& integrations j = 1, 2, . . . , 2n in (3.135) by closing the contour in the upper half-
plane and evaluating the residue at v&-—i(v Iu+.J)Hence (3.135) reduces to

f (2n)(f ) ( 1)n 2-2n &-2n (2) )-1 du, „„(u,—u„))sin8 —Z[(gl+u, ) —(v 1+u„,)]cos8
(I +u&)

'
(u&+ u~+, ) cos8+ i[())'I+u&)+ ()( 1+u&,,)] sin8

(3. 136)

%e now show that the quantity

((( —()) sin8 —i[())"I+ u2) —(/I+ () )]cos8
(u+ v) cos8+ i[())'I+u )+ (v"I+v')] sin8

is independent of the angle 8. To do this we intro-
duce u= sinh)j) and v = sinhy into (3. 137) obtaining

(sinh)j) —sinh)() sin8 —i(cosh(j)- cosh)t) cos8
(sinh)j) + s inh)() cos8+ 2(cosh(j) + cosh)() sin 8

(3. 136)
Using the hyperbolic addition formulas for coshx
+ coshy and sinhx+ sinhy in (3.136) and rewriting
the resulting expression in terms of the hyperbolic
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tangent function, (3. 136) becomes simply

—i tanh-,' (y —y), (3. 139)

. (v 1+u') —(/1+v')
EC + V

(3. 140)

Using (3.140) in (3. 136), we obtain the explicitly
"rotational invariant" form for f ( n)(t)

()0 2n

du,
- ca "-~ (I 2)1/2

xe „„(v'I+u,') (v'I—+ u,'.,),

Qg+ Qg+j

f (Zn)(t) 2-2n -2n(2 )-1

(3. 141)

Final integral form for f " (t)

We can simplify (3.141) if we deform each u/-
integration contour into the lower half-plane so that
we are now integrating on the loop about the branch
point at u& = —i. I.etting u& = —iy&, we see that
(3.141) will be of the form

00 2n w fy

f (2n)(t) 2-2n -Zn(p }-1
(

2 1)1/2 y1

Pn(y1 & y2 &
~ ~y2n) s (3. 142)

v here P. „(y), y.„, . . . , yz„) is a sum of 2 "terms
coming from all possible combinations of plus and
minus signs of the product term

()'I + u,') —(v"1+u,'„)
/=1 Rj+ R )+1

in (3. 141). This is so because of the square-root
nature of the product term. Clearly the denomina-
tor (u/+u/, )) presents no difficulty; and so, we
concentrate on the numerator where the signs of the
square roots take on all possible plus and minus
signs. We can represent a term in this sum as
(x, —xz) (xz —xz) ~ ~ (x„—x, ). Summing over all pos-
sible sign changes means that we must evaluate the
sum

a quantity independent of the angle 8. Thus we may
set 8 = 0 in (3.137) to obtain the identity

(u —v) sin8 —i[()ti+u ) —(/1+v')]cos8
(u ~ v ) co s8+ i[())'I + u ) + (v'I + v')] sin8

f ('")(t)=Cz„(lnt) "+O(ln" t) (t-0),
where C2„ is a constant.

(3. 146)

4. f{ (t) in terms of Bessel functions

The function f ' '(t) can be explicitly computed.
From (2. 27) we see that

d 2/ (2)
( t)

dory

df,

e - «3q+ 32) 2-1' [(y)- 1)(yz- 1)]'"
(3. 14V)

Using the integral representation

4x g„
Kp( )

(
2 1)1/2 e (3.148)

for the modified Bessel function Kp(t), we see that
(3. 14V) becomes

z = 2 [K1(t)Ko(t)+Ko(t)]2

= 2 t K()(t)K1(t) .
Differentiation verifies that

-f "'(t ) = &
' [t'

I.K1(t) —Ko(t)]

—tKp(t)K1(t)+ ZKp(t)j .

(3.149)

(3. 150)

From (2. 23), (2. 26), (3.145), and (3. 150) the re-
sult (2. 32b} follows.

F{'~ (t)

From (2. 26) we see that we can write F (t) as

F-(t)=1+Z &""'(t)
n=l

(3. 151)

we have done in (2. 2V)].
Since (2. 27) is of the standard Laplace type, it

is straightforward to analyze the large-t behavior.
We find that for fixed n and t- ~

f (Zn)(t) ( 1)n &-n ( )-1 2-zn+( (e-Zn(/'tzn)

X [1 —444t + Izzn(196n+ 272)t + O(t )] .
II3. 145 j&

For small t we have

~2n= &j.&i &2X2
{6~= kl j

X ( e—ZXZ ez)x' z' ( eznxepn(X() (3. 143)

The only terms in (3.143) which contribute are
those quadratic in each of the e&. Thus we have

SZn- (- 1) 2 (X,X3X5 Xzn 1+XZX4xp Xzn)
n 2n 2 2 2 2 2 2 2, , 2

(3. 144)
If we apply (3.144) to (3. 142) we obtain (2. 2V)

[when one uses (3.144) in (3. 142) the two terms re-
sulting from (3. 144) can be written as one term as

where

F( )(t) = f ( '(t) [recall (3.—150)], (3.152a)

F-"'(t) = -f "'(t) (I./2) ) I.f "'(t)]', (3. 152b)

F-"'(t) = f"'(t)+f "'(t)f "'(t)—-(I/3! )[f"'(t)]',
(3.152c)

etc. From (3.145) we see that F' "'(t}is asymptot-
ically equal to e 2n' times some power of t as t- ~.

If one uses (3. 145) in (3.152b) or (3. 152c) in or-
der to compute {for t- ~) the asymptotic behavior
of F' '(t) or F@'(t), respectively, then one finds
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that not only does the leading term in (3. 145)
cancel but so do the two correction terms.
This suggests we should examine (3. 152) in more

detail.
We discuss here only the case for n = 2, i.e. ,

F'4'(f). Using (3.152b) and (2. 27) we see that

~ ~ ~

4

4-1 4d-.. . ( d TT e I 2 1 2 1 (y2 3 4)(31 33)

(3. 153)

The cancellation that occurs in (3. 152b} has been
explicitly carried out in (3. 153) in the sense that
the leading term in the large texpa-nsion of (3.153)
is nonvanishing. An elementary computation shows
that as I;

F(4)(f) 32-12 -
t(I&2- ty4f8) [] 31 f-1 0(f-2)]

(3. 154)

6. Sculing functions F(t) and F,(t)

From the error estimates of 5ec. IIIG1 it is
clear that

exp(- F«„)= F (f)+ o{R ) (scaling limit) .
(3. 155)

The essential point is that the integrand in (2. 12)
has correction terms of order (T —T,) in the
scaling limit since the variables (II)& appear only as

L

l

sine and cosine factors. See, for instance, (3. 119)
and (3. 122). Thus from (2. 9) follows (2. 21). To
obtain F (t) and F, (f) we must expand I1 —(sinh2PE,
xsinh2pE2) )

I4 to second order in the scaling lim-
it. The result of this expansion is given by (2. 23),
(2. 24), and (2. 25). Note that at f = 0 it follows from
(2. 24) F, (0)= 0, as it must to agree with the
known'" T = Tn expansion of (o2 2o2 „)and (o2 2o„,„)
for N-~.

7. Convergence proof

It is straightforward to study the convergence of
(2. 26). Using the inequality

(yt+yt, t) ~ (1+yt, t) for yt, yI, 1~ 1,-1 -1

(3. 156)
and the fact that the integrand in (2. 27) is nonnega-
tive, we have

tat -ty fl 2
TT 32 —1

-ty n ~ ty2 ] 1 yf
-2n e e=d (dd) dd

( )),I, dd
( „)),n, )) (3.157)

We define I;* as the solution to the equation

1 e- ty m ty'

(
2 ])1I2 y

(
d2 ])&I2

and we find numerically that

I;*=0.03302 .

(3. 158)

(3. 159)

IV. PERTURBATION EXPANSION FOR
(oQ Qojg N) FOR T& T, AND LARGER'+X'

A. Perturbationwxpansion formalism

The index of the function S(e 4} defined by (3. 5)
is not zero for T &T,. Consequently we modify the
Toeplitz determinant of Sec. III so that we work
with zero index generating functions. 3o following
CW we define the following "barred" quantities

Then for all t &t* the sum S „=(241)
1 dy &- i (n-m)n S(&t 4) (4. 1)

gn)
ff= I

converges. Clearly this is only a sufficient condi-
tion.

Vndn = (2tt)

fT „=(2tt) '

4 tnddn)n V(et 4)

(nd dn )4 f7(e
t 4

)

(4 2)

(4 3)
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for m, n = 0, 1, 2, . . . , where the generating func-
tions S(e'4), V(e'4), and U(e 0) are given by

S(e'4)=e ' S(e' )= [(1—a4e' )(1—42& e }

x(1 —n, e '4) (1 —42&'e '4) ] ~ (4. 4)

xll (4. 12b)

V(e f 42) e2$42V(e &42)

= (1 —z 4) (20)

x &(&f&g $2) & (4. 5)

and x' and y&4 of the form (3.20). Since S(e'4) is of
index zero for T & T„ the methods of Sec. III can
be applied to compute det(C) in (4. 10). That is to
say, if we define in analogy with (3.17)

U(e
4 4&2) e & »&2U(el &&&2)

det(C„„„)
NN det(C )

(4. 13)

= —(1 —z4) (20) where we made the dependence of C on M and N
explicit by writing C„N, then

x 2$z2 sining, (4. 6) 2=(fzg) =x30x40 x30x40 (4. 14a)

0

-8' 0 0

0 0 0 (4. 7)

with S(e' ), V(e'4), and U(e") given by (3. 5)-(3.7),
respectively, h(4&4, &f&2) and 2.(4&4, $2) given by
(2. 13) and (3.9), respectively.

We now introduce the barred version of the ma-
tricesA, B, and C of Sec. III:

where

Cx=y3, (4. 14b)

x and y, are of the form (3. 20), and x,p and x40
(xm and x40} are the zeroth components of the vec-
tors x, and x4 (x', and x4) that are solutions to
(4. 14b) [(4.12)].

Thus in view of the results of Sec. III we may
write

(op, pe„,„)=S„[r(M,N)]' 'exp(- F„„), (4. 15)
0 0 S'

with

0

0 0 —U V

0

0

(4. 8)

A =N

f„„=I+5r Q [(&4 B) "]33(S ) 5,
n22 1

S„=lim det(Cz „),
N

(4. 16)

(4. 17)

(4. 18)

and

C =A+B (4. 9)

and the quantity 5 is defined by (3.21). As shown

by CW"

The operators S, V, and U appearing in (4. 7} and

(4. 8) are defined by the matrices (4. 1)-(4.3), re-
spectively. The operator T is the same as in Sec.
III and is defined by (3.4).

Then it is known ' that for arbitrary T & T, and
arbitrary M, N~0

(4. 10)

S„=(1 —z2) (y4y2)

x [(sinh2pE~ sinh2pE2) —1]

S„=(1—z ) S„,
(4. 19)

(4. 20)

where we used the definition (2. 17) of S in going
from (4. 19) to (4. 20).

Using the fact that C is antisymmetric we obtain
from (4. 11) and (4. 12) the result

with r(M, N) = (x20) (4. 21)
r(M, N) = x210&x4&0 xzipx4&p' &- (4. 11)

and C defined by (4.9). Furthermore x20, x40 x20,
and x40 are the zeroth components of the vectors
x2', x4', x2, and x4, respectively, which are solu-
tions to the equations

(4. 22)
n22 0

so that x20 can be written perturbatively as

We can compute x20 from (4. 12) by writing C as

1}ng-4B PA-4

Cx"=y2 and Cx'=y4,

with

(4. 12a)

n%
(4. 23)
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Note that in (4. 23}only odd powers of (A B) con-
tribute to x,'0. This should be compared with (3. 26),
the perturbation expansion for f„„,where only
even powers of (A B) contribute.

The method of Wiener-Hopf can be applied to
obtain the matrix elements of S which are needed
in (4. 23). The result is

R.",'(5, 5')= Z ( f[(A 'B)'].,(S') '} „~'" .
(4. 35)

In going from (4. 33) to (4. 34) we made use of
(4. 24)-(4. 26). Using (4. 35) we see that (4. 31) and
(4. 32) can be written equivalently as

where now P($) and Q($} are given by

P(() = [(1—o~h) (1 —~2'&)l '" (4. 25)

r~ &
'I.2.=& I*p~*a ' "~&a&$ ~a,l, e&c

(4. 24)

and

R,",'"(g, g )=-- (2v)-' d 2)d 4S' (, 2)

(4. 36)

xIP, (2, 4)RP,
" "(4, ( ')

+ P~'(2, 4)R.'23" "(4, ~')}

q(O= [(1—~i&) (I —o~'&)]'", (4. 26)
R,".'"(~, ~ ) =-(2v) ' d(2)d(4)S (2, $)

with the property that

P(&) 0(&)= 1 . (4. 2V)

xpP, (2, 4)Rp' "(4, $')

+ P,(2, 4)Rg" "{4,t')},

8. Recursion relations

We define the operators I'j, P„;, and P, as the
"barred" version of (3.32)-(3.34). That i.s,

and

Pg= U(S ) V+VS T,
P2= —VS U+ U(S } V,

(4. 28)

(4. 29)

The contours of integration in (4. 24) are the unit
circles, except that the one for +' is to be indented
outward near g'= (.

We now turn to the problem of computing the
(2n+ 1)th term, n.=0, 1, 2, . . . in (4. 23). As in
Sec. Gl we introduce certain recursion relations
which when solved will give us 5 "[{A 'B) "'

]&3(S ) 5
of (4. 23) for n = 0, 1, 2, . . . .

where k = 1, 2, . . . , and

Pg(ll 2) = V(2) S (2, 1) U(1)+ V(1)S {1,2) T(2),

P.(1, 2) =- V(1)S '(1, 2) U(2) —«(1)S '(2, 1)V(2},
(4 39)

P3(1, 2)=- T(1)S '(2. 1)U(2) —U{1)S (1, 2) T{2) .
{c.40)

As in Sec. III the notation S (1, 2) means S (e' ',
e'") and S '(1, 2) means S (e '", e '"). Likewise
for the functions P,.(l, 2) and j =- 1, 2, and 3, and the
functions U(l), V(l), etc.

In view of (4. 23) and (4. 36) we have

(4. 41a)
k=0

and we define

P, = T(S') 'U- US '7 . (4. 30)

Then our basic recursion relations for T &T, are
(for k== 1)

[(A 'B)'"*']„=—S 'PP, [(A 'B)" ']„

For k=0 we have

{A B), =(S') 'U

a.nd

(4. 4lb)

(4. 42)

Pr [(A 1B)2k ll

[(A 'B)'"'],.=- (S') '(P [(A 'B)" '] .

(4. 31) (A-'B)„S-'T, -

so that R,'3" (~, ~') a,nd Ra~3" ($, t') are given by

(4. 43)

(4. 32)+P, [(A 'B)" ']„}.
For k= 0 (A 'B),~ and (A 'B}2,are given below
[(4.92) and (4. 93)J.

We introduce the generating functions

S (~, ~')= ~ &"(S ')..(~')", (4

R,",'{&, ~') ~, P(&)=Q- —{(')(2v)-'

8-j hfOj-f 8$2
dpi' ding

( )

(4. 34)

(4. 45)
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and

Raa'(4 5') = (2») ' ' d(2)S '(5, 2)~(2)S '(k', 2},

(4. 46)

R"'(4 &') = —(1 &-')Q(h)Q($')(») '

1r 1r -i Ny j»iN212.

d(})1d(t'2
n(~ ~ )

x [(1 —&e '")(1—$'e '")1 '. (4 47)

This identity is derived in a manner analogous to
(3.55). The barred version of (3.56) is the identity

V("")[q(.")]'=- rl(i -"2)-'(2~) '

-Ne~«iNe2e sin @I

(4.49)

Hence the first term in (4.41), i»('»), is given by
the $ = $' =0 value of (4.47) [recall definition
(4. 41b)],

T(e'") j P(e '"»"= —(1 —za)(2v} '

e-i M/I-i N g2

~. ~' ~(e„y,) (4.48)

We used (4.25)-(4. 27) and (4. 34) in going from
(4„44) to (4.45). To obtain (4.47) from (4.46) one
uses the identity

1r 1r -i No&«iN it)2

xIf» = (2») d $1 d $2 . (4. 50)
& Cls &Pa

Equation (4. 50) was first derived by CW.
Since the general structure of R(22'")($, $') and

R(22""($, $') is not revealed by the f. =0 case, we
proceed to the k = 1 case. Making use of (4. 34),
(4. 38)-(4.40), (4. 45), a,nd (4. 47) in (4. 36) for
k=1 we obtain

e-ki'F25-iNg
R' '($, $') = —Q($)Q((')(2v) ~ ~ ~ d(2)d(4)d(5)d(6) — [(1 —$e 'oa), l —$'e ' 2)] II (1 —e " 2'"2"-"}

«g

x {([&(2)]'&(2)U(4) —U(2)[&(4)]'&(4)j (- lr sing, ) (f'(2) U(4) +F'(2) '~(')[q(4)]"

x V(4))[ —(1-z')]) .
Now use the definition (4. 6) of U(2) and identities (4. 48) —(4. 49) in (4. 51) to obta. in

iN2112) g i N@2.
(] (') — (1 )r q(g)q((')(2 ) d (1).. .d (6) II«f & Aaf-ls (t)af)j-1

2

x [(( —( ")(( —i' " )] '
( ll (( — -"*""&") ') (s' i, —s' (,)(s' (', — 'o )s. (

j=l

Similarly,

(4. 51)

(4. 52)

1r -i N+5-iN46
R")(&, ~') =-f (&)q(&')(») '

~ ~ ~ d(2)d(4)d(5)d(6) [(1-« '")(1-~'e '")] 'II(1-e ""f"""')'
«fr «fr ~(&2 42

((U(4) U(2) + V(2) [q(2) ]' T(4) [P(4)]2)(- ar, sin/2) +[-[ Q(K) ]2 V(2) U(4) + U(2) [q(4}]aV(4)j[- (1 —222) ])
fr -iNfff2g y iNfI22)

=-ar,'f(&) q(&')(»)' " d(1) ~ ~ d(6) II [(1-« "2)(1-&'e "2)]'
f=l f2'(it'afsls (t)af)

2

x II (1 —e " 2 "» 2') ' sing, (sing, —sing, )(sin(I), —sin(t), ) .
j"-1

The general structure of Ra(, "($, $') and Rlla, 1'(f, $') is now clear from (4. 52) and (4. 53), respectively.
That is we have for k~ 1

(4. 53)

T 1r 2k+1 -N'42~ ~«iN42~

R;,""(&,&') =- rl"'f(&) q(&')(2.) "' " de, " de..., II [(1-&.'")(1-&' *' )] '
-s -& f=l + 4'af ls ~af)-

2k 2k

xII (1 —e ' 2 ' af'2') ' sing, II (sing„, —sin(t)„„) (4. 54)
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»+1 -jue2f 1-jNe2f 2k 2A"[ —.-" -~'-"- ]-' II{ — -"" ""}-'II{4.,--
I=I n(42I-12 42I) I~ I I I=

(4. 55)

For k =1 (4. 54) and (4. 55) have been established. The method of proof for the general case is to assume
(4. 54} and (4. 55) hold for 2k —1 and show that the truth of (4. 54) and (4. 55) follows for 2k+1. To do this
we use the induction hypothesis in the recursion relations (4. 36) and (4. 37). Then we make use of (4.38)-
(4 40) and jdentjf jes (4.48) and (4.49) to simplify the resulting expression. The details of this argument is
just repeatmg the k =1 case but this time carrying along the extra facto r (sjn(j)2 —sjn(j), ) ~ ~ ~ (sjn(j)4k 1
—sjn(t)42, 1). Thus we spare the reader and consider (4. 54} and (4. 55) established.

From (4.41) and {4.55) we have for k —1

*-e.'"=e'(2 )'"' dd, " ( SS...II ' "' " lI ' 4" ' ":,4"
, ), (4. 56a)

&-r f 1 5 2f-1y 2f f 1 1 8 f+ 2f+2

t f 2k+1 jN tfj2f 1-iNflj2f 2k
e TT Sm 2((j)2I 1

—$2ISI) COS Z(I|)21 I(j-2141)
1

AL(- ) (2 ),d t(d d()) 4 ii n(~„, 4,„} L,
L s111—((j)2I + (t) 2 2)

j(e 2f+e 2f+2) 4 (4. 56b)

The quantity x~4'„) is given by (4. 50). Equation
(4. 56) provides a perturbation expansion for xz()

[see (4. 41}]for arbitrary T ) T, and arbitrary M, X
—O. As in Sec. IV, the condition Impf & 0, j=1,
2, . . ., 4k+2 is understood in {4.56}.

f~~=j+Q fu~" .
jf"-1

From (4. 35) and (4.57}we have

(4.5s)

then the perturbation eIIpansjon (4.17) becomes

C. Quantity f& (2kl R 42k) (0 0) (4.59}

y "'=5'[(2-'R)'"] (S )-'5 (4. 57)

In this section we compute the quantity f~„" [de-
fined by (4. 13)] for arbitrary T & T, and M, N~ 0.

If we define

We can compute R,'222) ($, $') and R412221(f, f) by using
for k~ 2 the "barred" version of (3.46) and (3.47),
respectively. For k = 1 R22'(t', $2) and R4(2'($, $ ) are
the "barred" version of (3.49) and (3.50), respec-
tively. Thus, for instance,

Re'(2, 2')= —(2 ) ' f d(2)d(4)S '(2, 1)R (2, 4)S'((', 4),
«f «f

Re'(4, (')= —(2 )
' f f d(2)d(4)X(()O((')((( —( ' ')(1 —e '' "")(1—4'e ' )] '

x(V(2) V(4) + V(2) [q(5)] T(4) [P(4)]'),

(4.60)

(4.61)

where we used (4. 27), (4. 34), and (4. 38) in going from (4.60) to (4.61). Using the definition (4. 6) of U(2)
and the identities (4.48) and (4.49), (4. 61) becomes

r r e jN42f 1«iN2f
Rsk ($2 $ ) )~I(2)I) d(t)I ~ ~ ~ d44 II P{()j2'($ )

s R-5=1 (4-'2J-I» ~25)

x[(1—te ' 2)(1 —e " 2' 4')(1 —$'e ' 4)]' sjn(j)I(sjn(t)I —sjn(II)2), (4.62)

where ImtIt}f &0, j =1, 2, 3, and 4.
Likewise from the "barred" version of. (3.50) we obtain, with the help of (4. 27), (4.34}, and (4.40),

Re'(2('(2 ) f)f, d(2)d(4)S''(2, 2)P, (2, 4)S'((', 4), (4.63)

f
R42 (f2 $') =(2)1} d(2) d(4) Q(() q($') [(1-$e ' 2)(l - e "42' 4 )(1 —f'e '44)]

«f 4«f

x [7(2)[P(2)]' V(4) —V(2) T(4}[P(4)] ) .
Using (4.6}, (4.48), and (4. 49) in (4. 64) we obtain

(4.64)
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f 2 «N42g }-«N42y
R, '($, t') =- 'r, (1-',)(2 ) ' d4, " d4 II q($) q($')

r -r -j=1 ~2j-1) @2j

x[(1 —(e 'o~)(1 —e ' )l' 4')(1 —$ e ' 4)] (sin(j), —sin(t)r),

a&here hn(t}, -: 0, j = 1„2, 3, and 4,
For arbitrary n =1, 2, 3, . . . we now establish that

,,"((,(')=-8"(r,)'" I rr, . I rr, ll „r &(()r((')
f r -j=1 »-Is 8j

2n-2

[(1 ~
j r)2)(1 ~

j -jr)~ }]-1g 0 j- 0 j+
(1 j (omj+0»~g)) 1

(4.65)

(4.66)

and

f r 2n «N y2) 2 «Nl
)(~ "(((')=-, y"-'((-.',)(2.)-'"1 rr, "J rr, 11

'
„. r((lr((')

-r j=1 n(~» l~ @2-j)

2n-2

x [(1—g jrj)(1 —t' e i(r4r)
J

1 g (j)» 1 42j'1Pi. (1 e-«j aj+r)qj+), )) ~r (4.6v)

We will assume that (4.66) and (4. 67) hold for n =k —1 and then show by use of the "barred" version of
(3.46) and (3.47) that (4.66) and (4.6V) hold for n =k. Since (4. 62) and (4.65) establish the case k=1, we
will then have shown (4.66) and (4.6V) for arbitrary n

Using (4. 66) and (4. 67) for n = k —1 in the barred version of (3.46) we obtain after using (4.38)-(4.40}
and (4. 34)

f f
Rpr'($, $ ) =(2jj) 3

d(t)2 d4)4[(1- $e ' 3)(1 —e '~ ~" 4 )])'P(f) (-(V(2) V(4) q(4)
wf

+ v(2) [q(2)P T(4) T'(4))R"' 3) 8 h )+[v(2)[q(&)]'V(4)P(&)+ &(2)v(4)q(4))RP, ' "(4, h )), (4.68)

rr'((, (')=(rw) "'t rr, f rr, J &r, "
i rr„II(~ r &

)r(()o((')
2&-2 2A-}

x [(1—pe
' j')(1 —t'e ' ~j)] ' g (1 —e " »» 3') ' Q (sin(t)mj, —sin(j)~j„) (-[V(2) V(4)

+ v(2)[q(R]'T(4) [J'(4)]'}(-y",
-' y, ) +&- v(2)[q(2)]'V(4) + V(2) v(4)[q(4)]') [- .

y', "-'(1—',)]) .
(4.69)

Using (4.6), (4.48), and (4. 49), (4.69) becomes just (4.66) with n replaced by k. The "barred" version of
(3.47) establishes (4.67) in a similar manner.

From (4. 59) and (4.66)
f

fj'j'j'j' = —'8'(2&) "Jt d@j ~ e '" »-} '" 2) ~ sinfdj}2y }-sinp2q, } (4. 70)

D. Quantity FJU

From (4. 16), (4. 17), (4. 5'7), and (4. 58) we have
Fjjir Qf(rk t

It=jU

(4. V3a)

F, =gin (+P jt„}, ,
AnN n=}

(4. Vl)
Fjj'j'( = P [fjrr' - r (f)r j) ) ],

k"-jU

etc. , we will show that

(4. V3b)

where f„'e,") is given by (4. 70). Equation (4. 71)
should be compared with (3.67), the analog below
T, . Defining [in analogy with (3. 68)] E„'„")

~ f' ~ r
Fjj„"'= (- 1)"&,"(2n) '(2w) " '

d(t, d$4„

FuN= F(2n) (4. v2)
e ' »-~ '" » sin-, (@g( f (t)2j g)x,L ~ 1j'1 n((t'2j 1) (t ») sm2($2j+ 4 mj~a)

where x e"» cos-,'(4)zj.&+ 4)mj, q), (4. v4}
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With ft)4n+g= 4'g ~ (I5'4n+a = 42 ~

Equation (4. V4) should be compared with (2. 12).

F~,v(2)

Using {4.70) for k = 1 in (4. V3a) we have

„r f
E)j,~ = —y1(2);) dg1 ~ ~ ~ d(t)4

(3) 2 -4

f

e ' ~»-& '"~» sing, —sin/3

(4. Vs)

Letting (t), —@2 and (t)2 —(j)4 in (4. V5), adding this
to (4. 75) and dividing by 2, gives

f r

Fjj ' = ' y1(2jj)
I

(f(j)1.. . I

We define

F~~ fOI' 47lf'Af/'P4f &' ll(2n)

e '2'»-1 *'"'» sin-,'((j)2j, (t —2~. )

6((c 2f 1 (t 2f) Sln ($2f + (j 2f 2)

x '"icos-'4, ~ 4, ))() — "' "'""'"')

(4. 78)

where we used the identity sinx —siny = —,
' sin-,'(x

—y) cos-,'(x+ y).
This is just (4. 74) for n= 1.

TT e" »-& ' » sin(t)z, ~
—sin/2~+&

LL Q(ql) (j) ) (I e 2j 2fo2))

with (t)5= 0& ft e=-4a
We can rewrite (4. V8) as

(4. 78)

P f(2n) 2n

n=0

$ (x) =Y .F,„"„"'x'",
n=0

(4. 79)

(4. 80)

f
+jj,)( ——y1 2 (»)(P) 3 1 4

w f &f

xs' o os-,'x(4 s, 4 s, )) (4. 77)

' l(4, -, -4 . )

j=1 n((t 2f-1 421) s n2 (42f + 2 2f+2)

with f jj„' = I„E)j(j=- 0. Then as in Sec. III F we see
that (4. 74) will be true if we can prove that

jjf2 j( =~ I Fjj~'f )f.V
(Zn) ~ (an) R(n-l )

b=i
(4. 81)

.In (4. 70), if we let Q1 —Q4„1,
add this to (4. 70), and divide by two,

we obtain

f f -gN jfj~~ ~-gfV jfj2~ 2a-1'", ( )"'
l,

~ ~ ~ ',g ' ' — ';.)g — '" ' ")' «)n"-s f=l-42j-14 42f f=1

Furthermore, (4. 82) can be written as
f ~r aa -(yfI ~j l'=rl'( ) "(-4()' 44, " 44„,11

' " 'so'(4„., 4„,) os (4„-,+4.„.,) ''-,"s)
j=1 '+((j)2f-1 (j)2f)

2A "g

xg &e-(e &+e 4~& /2

, , sin-,.'((t)2f+(j 2f,2)
(4. 83)

Upon comparing (4.78) with (3.84) and (4. 83) witi:
(3.99) we see that the proof of (4. 81) is the same
a.s (3.93). Hence (4. 74) is proved.

Thus we have shown that for T& T, and M, N==-O

(, ,„,)=4'g*!;,' "4 S — n","'), (4. 44)
n

where xjjj( ' is given by (4. 56) for k= 1, x„„'by
(4. 50), E„g~' by (4. 74), and S~ by (4. 19) and (4.20).

E. A~~ RAd F),gfjl
(j() (2n)

In (2. 12) we may make use of the identity, valid
in the integrand of (2. 12),

y1 sinn (42f 1 4 2f+1) s1n2 ('It 2f-1+ e2 '+1)

2 m (42f 42f+2) s1n2 ((j 2f + (j 2f 2) (4.as)

no (4 2f 1 —$2441) sm2 (4 2 4
—4 2js2)

~ ~s n2((f'2f + 42f+2) s 2(42f-1+ (f 2f+1)

(4. 88)

[see discussion following (3.54)] to rewrite (2. 12)

F4Vv = l«122(I —2', )(I —22')] "(2n) '(22) '"

J( 44 ~ II( (4, 4, ) )
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From (4. 86) it is clear that E&'g~j~ is invariant under
the interchange E1—E2 and M —N. And hence
from (2. 9)—(2. 12), it is clear that (ca 2 o„„)for
T & T, is invariant under the interchange E1 E2
and M —N, as it must be.

For T & T„(o a, ~a a„,) must still be invariant
under E1 E2 and M —

¹ However, an examina-
tion of xaj,r"2' [see (4. 56b)] and E„'„"' [see (4. 74)]
that occur in (4. 84) shows that x~„'~' for k ~ 1 and

FMN', n —1, are not individually invariant under

E,—F2 and M —N. Note that 7„'„' is invariant
under Ea —Ea, Af —jV. This suggests that (4. 84)
is not the best representation for (oa aojj,r) (T & T,).
In this section we show that

where x&'„P' is given by (2. 15) and E'&„"„' by (2. 16).
Using the identity (4. 85) it is easy to show that
g&(MN and F&MN are individually invariant under E1—E2 and M ¹ Also note that

—(1} (1}
+MN +&MN ~ (4. 88)

Speeia1 ease

If one examines the expression (4. 56b) for x„'„'~',
then one notices that if e"o»'~»+2' were replaced
cosa'(Paj+ Paj.a), then the resulting expression
would be invariant under E, —E2, M—

¹ A simi-
lar remark holds for E„'„"'. Hence we guess that

g-.'!!"e r -Qr"
1k=f, n=1

ec,

(2k "1) (2n)exP —~ E&MN
n=1

(4. 87)

-(3} —(1} K (2} (3} (1) r.-(2)
"~MN +MN' + MN +&)IRAN X&MN~&MN (4. 89)

where x&'„',r is defined by the k = 3 case of (2. 15)„
and E'&jr'N the n = 1 case of (2. 16).

Thus we have

2 "i M jI&2f 1-i N jfj 2 ~
' I / 2

(2) -(2} I 2 -4 rr e f-1 . 2f sand(&1 —p3]Ej r —j &jr~ ——+ 2)' j(27') l dp) . . ~
'l A/4 p$ — . q r x cosa(a g+ Qa)

ja (&]2, „42,)»n-. (42+ 44)

x [e'"2"4' —cos'! (pa+ y, }] . (4. 90)

Now

e 2 r —COS —. ($2+ Q4) = 2. Sin —,'(pa+ &4)[e' 2' 4' + COS-'(Pa+ dr, ) 1 r r

so that

(4. 91)

-iM42f 1-iN(tj2f
E,"„'-E,",', =-,'-, (2 )

' dy, l„dy, II i» n(ay, y, ) co ' -(q, +y, ) C(e„y,), (4. 92)
&(eaj-g, 42, )

G(ga, g4) = le -" r' +cosy(&2+4&4)]/sin'2(pa+(f)a) .
Now from (4. 56b) and (2. 15)

(4. 93}

—, .(3) .(3) 2 -6x j'v -x&..~.

= —~g(»)
e '" ' '-' "' j II sin-', (&f&aj, —gaj„) cos ,'(rtjaj, + paj„-)

j=i &(42, -2 0'aj) j=i »na(&t'aj+ Aaj.a)

x[e' ' '4 2 ' —cos;($2+ g, ) cosa(d&4+ pa)1. (4. 94)

Writing

e" ' '"4' ""—cos-,'(pa+/4)cos-, '(Q, +pa)=i[e"2"4' asina(h, +pa)+sin!($2, jjj,!cos-', (p, +pa)] (4. 95)

in (4. 94), changing the integration variable labels by 1 —5 and 2 —6, adding this to (4. 94), and dividing by
two gives

[G(e. , ~a}+~'(ea, ~4)] I

where we used the definition (4. 93). We can rewrite (4. 96)

„r 3

x~,' —x~~ ', = —„'i & (22) d& ~ ~ ~ dp I—[ —(sine —sing )(sind —sing )
r r j=:. (Caj 'j& Aaj)-

x[G(44, Aa)+G(42 A)1 ~

(4. 96)

(4. 9V)

Now consider the three cyclic permutations of the integration variable labels in (4. 9V). That part of the
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integrand of (4. 97) that is not invariant becomes

(sin{f, —sing&)(sing~ —sin{t),)[G({t)z,{t)4)+G(&4, {t){))]+(sinpz —sing, )(sin{{)),—sin{f) f)[G({t)4, p{))+G({t){),{t)z)]

+ (sin{f, —sing~)(sin{I) ~
—sin{f z)[G({t)6,pz) + G({t)z, {t)4)]= —G({fz ) p4)(sin{t) ~

—sin&3)

—G(ga, Q{))(sings —sinfs) —G({t)6, Pz)(sin{t)s sin{t)&) (4. 98)

Hence (4. 97) becomes
p f & f 3 Spy„g"f

x„'„' -x&„")))=-{')iy,(2x) df~ ~ date (sinff sin{)))3) G({f)z, P4) .
&(Ized i 4zg)

Comparing (4.99) with (4. 92), and recalling (4. 50) and (4. 88), we see that (4. 89) follows.

(4. 99)

2. The general ease

Equations (4. 88) and (4. &9) have established
(4. 87) to second order. Here we show that (4. 87)
holds to every order.

We define

(2. 29)1.
Then (4. 87) is the z = 1 case of

x(z) exp[- E(z)]= x(z) exp[- E(z)]

or, equivalently,

(4. 103)

where

OO

0=0 k=0
(4. 100a)

x(z) = x(z) exp[- G(z)] . (4. 104)

Differentiating (4. 104) and multiplying the result-
ing equation by x(z) yields

x»& for k odd(A)

x
0 for k even

(4. 100b)
x'(z)x(z) = x'(z) x(z) —x(z) x(z)G'(z) . (4. 105)

Suppose that we can prove (4. 105), then (4. 87)
must follow since (4. 105) can be written

and

for k odd

0 for k even.
(4. 100c)

x'(z) x'(z)
x(z) x(z)

which upon integrating gives

(4. 106)

Also we define
~0

F(z)=QF{")z", F(z)=+X'")z",
n=0 n=0

(4. 101a) or

lnx(z) = Inx(z) —G(z) + (const)

x(z) = [x(z) e '*'] (const) .

(4. 107)

(4. 108)
where

F»„ for n even(n)

0 for n odd

Fg g for 8 even(rt)

0 for n odd,

(4, 101b)

(4. 101c)

Now let z approach zero in (4. 108).
For z-0 we have

«(z) - zx'",
x(z) - zx~",

G(z) -z'G'",

so that in the limit z-0 (4. 108) becomes

(4. 109)

and finally, x' ' =x'"(const) . (4. 110)

G(z) -=X(z) —F(z),
g(n j F(n) F(n)

(4. 102a)

(4. 102b)

[where this G(z) is not to be confused with that of

Recalling (4. 88) we see that the constant in (4. 110)
must be equal to one; and hence, from (4. 105) fol-
lows (4. 104).

From (4. 100)

(4. 111)

x'(z)x(z) —x'(z)z(z) = Qz Q[(k+1)x'""x ~ —(L —k+1)x' )x{ "~)]
L=0 A=0

L-1

=pz {L~ 1)x' ''i' ' —{I+1)d '*' '" ++{2).—r—))d." '*"»).
L=O A=O

L-
= Q z (2k —L —1)x'"'x'

L=0 yaO
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From (4. 100)-(4.102)

Kl Kl

x(z)x(z) G'(z) = Q x'"z' Q X' ' z Q G' "(m + 1)z
k=O L=0 m=O

~&& L

=Qx' 'z Q Qx 'G' ' '(I -g&&+1)
L=0 m=0

0) L L-k
zi' x'g(' x m'G' m ' '(L —m —0+ I) .

L= k= f5~

(4. 112)
I

Thus from (4. 105), (4. 111), and (4. 112)
L

P (2]g I, 1)x&»x&2-2+&&

L L k

Qx Q(L, Ig m + I)G&2 m 24&&x'

k=0 m=0

L 1 L-k

Q «&g&& Q x&m&G&i-m-g(+l& (I y 1)
k=1 m=1 (4. 113)

where we used P ' =«&2& =0 . If we establish (4.113),
the identity (4. 87) follows.

We define for all positive integers l

x" =(- —' i]&l)' (2lr)

(4. 114)

and

-& &+2y-1-&&+2g'"=(--.'(~)''(g )" 44, " g4„n' ' ]'I "".4l'' "'4"'e'"~'~ '"}, (g. »g&
/=1 (42/ 142/-) g=l 2 (4 2& + (t 2&+2)

e '" 2&-' '" 2~ sin . —sinG"' =F"' -F"' =(--,'I, )'-'I-'(2 )-"
"2(&2J + &2!+2)

l

~ II""'"'"*-lI- (4., 4....&)
. (4. 116)

/=i j=1

If we establish (4. 113) with the definitions (4. 114)-(4.116) of x"&, x'", and G'" [as compared with
(4. 100)-(4.102)], then (4. 113) will also follow for (4. I.OP)-(4. IP2}.

]:]efore we analyze the sum (4. 113), it is useful to cast G"' into a different form. As G'" is represented
in (4. 116) the factor sin2((t&2&+$2) appears in the denominator. This factor does not appear in x'" or x'";
and so, it is advantageous to eliminate this term in G'". To do this we begin by noting

ix/2 1 ~ 12x=z sln2+

to show that

(4. 117)

~ ~ ~ ~g+" —IIcos-,'(Q,. +Q;, ) ='sin —', (p (t& ) Qe" 'g' g' '"+icos—', (p, +(t&,) si —,'((t& +Q )
&=i /=i /=2

x ge" &' & '" +icos—'(y +(t&,)cos '(&t&, +y ) s-in-,'(y +&]&,) ge"
y-3 j=4

+ ~ ~ ~ +i COS-,'($2+$4) COS-,'($4+(((&2) COS-,'($2& 2+&»2&) Sin-,'($2&+$2) . (4. 118)

The first product term in (4. 116) is invariant under cyclic permutations of the even and odd integration
variable labels ((((&, - (t&2

—~ ~ ~ -
(t&2& g

- (t&, and $2- p4- ~ ~ ~ -
(t&2&

—$2). Thus we may cyclically permute the
labels of the right-hand side of (4. 118), and (4. 118) will continue to remain an identity if used in the inter-
grand of (4. 116). So we cyclically permute each term in (4. 118) so that each term contains a factor of
sin 2(p» + p2}. In this manner we obtain

-&&42~ 1-~N+2~G"' =i( ,'iyg)'I '-(2—&g)
"

d(f'4 dpzg II &&@ & (sinpzs-4 —sinpzg+4)
r mf g=l K@2g-ly 4 2gj

-1
X I:]rr-.—:(4., 4....&n «"'-'-)

rg=g Stnl(42g+42&. 2) 2=& &=2

where the products
i-1 k 1

IIcos—,'($2&+$2&„) and IIe" »'
j=k g=i

are to be interpreted as unity for j =k&l —1 andj =1&k —1, respectively.

(4. 119)
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We examine the structure of the product
—(l) G (m) (n) (4. 120)

where we denote the integration variables associated with x"', G' ', x'"' by Q, Q', and (t)", respectively.
The term (sing'2, —sing,') occurring in (4.119) we write as follows:

sing'2, —sin/1 = (sin/2„', —sin/i) + (sin/2, —silly, ) + (sing, —sin/2„' 1) .
We now define

(4. 121)

(4. 122)

e-)ue2j 1-&We2j
G' '=2(-22y, ) I-'(2 )-" dy, "

j=l 42j-li 42j
k-1.rr ""':--""'-" err--:(~., ~....~n. "'"' ),j=l S 2(42 '+421+2) k=1 '=k '=1

where we follow the same convention concerning the products [see discussion following (4. 119)]. Now if
we use (4. 121) in (4.119), then the single term (4. 120) becomes the sum of three terms; and the factor
(sing&„' 1 —sinpl) naturally combines G'"' and x'"', the factor (sing& 1 —sing, ) combines G' ' and x "; »d
the factor (sinltl, —sing'z„, ) combines x'"' and x'",

Thus we have

where

(')G(m) (") =S( ) +S( ) S( )
Zmn Zmn Zmn x (4. 123)

~(l) —(l) ~ I 1 ~ Em+@-1/n i 2m 2n ~~ ~ ~,
e»-1 & TT sin~~2 j 1 —sinp2 j,i

SZmn + ih 2 iri
ij~1 (42j-1 ij2j) j=1 2(lt 2

' + 42j+2)
n-1 + n+m-1 k-1

xIIcos-,'(Q,j+$„.2) sin-,'(p, „+Q,„.,) II cos ,'(jij2j+1ij,-j.2) II e' 2j' 2j 2'",
j=l k~+1 j=k j=n+1

Z+n l~g g~@ . l+m-1
~(2) (n) i 1 ~ il+m if~ S-2Z 2m ~~ ~ .. TT 8 - & ~ Sin(t)2j 1 —Sinp2j+1

X Sg 2 Splg geZg

(4. 124)

m m-1 k-1 m+l-1

~ ZII- —:(~., ~...)II """"'"- —;(~...~...) II ""'""",
j=m+1

(4. 125)

S(3) ~G(m) (
1

2y )1+n 2(2v) 2(-l+n)-

Letting

m =2 —E-n+1,
we have from (4. 123)-(4.126)

L 1L-Z

p p P'&(I, —r —32+1)G"-'-""'x'"' =s, +s, +s, ,

r ff Z+n i~y pg Z+n 1
e II Sln@ j 1 —Sin/2

'=1 ( i12 '-1 42 ') '=1»n2($2j +$2j 2)

l-1 l+n-1

x IIcos-,'($2, +$2j„) sin2($2„+$2„„) II e"n2j 22j+2'j2 .
j=i j= l+1

(4. 126)

(4. 127)

(4. 128)

where
I-i I.-Z

Sj =Q Q SIjl, j = 1, 2, and 3,
Z=i n=l

(4. 129)

(4.130)

and m is given by (4. 127).
In computing the sum Si we need the following result:

i(n, )~..— .~'i'n, ii., -g(n. , n. ,) ~ -nn „
where /jr jj and (Bj'jdenote sequences of real numbers, and where we follow our product convention [see
discussion following (4. 119)]. To prove (4. 130) we write the left-hand side of (4. 130), which we denote by
I, as follows:
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=, 2 II~,fI, Z(II~) .2 II~, III, -XII~;M, II~ iI,
='i'ii. , ll, -ll, .g(ii ) .'i'il'. , ,ii., -'i'(I'I, )'i'(ll ) ii.

The last term in (4. 131) can be written as

(4. 131}

Aj Aj Bj = Aj+ Aj Aj Bj

so that
L-l+1 lt 1 L-l

I= g IIB,.IIA,. —(I, —I)
if=2 j=i j=k

=(L —( —() IIA I (IIA;) Q (IIA;) IIB;,

11.,.i (11.,).gii, ii.,
-'i' ll. ,'i'ii. , 11. (4. 132)

That last two terms in (4. 132) cancel [let n-n —1 in the third term of (4. 132)], and we thus see that (4. 130)
follows.

Using (4. 117) on the sin2'((j)2„+(t)2„,2) term in (4. 124) we see that (4. 129) for j = 1 becomes upon using
(4. 130}[Aj-cos —2(Q2, +$2.+2) andB, -e' »' 2j+2) ]

L-1 -l N(jj2j 1-lN(jj2j L-l—(1)( ) ~ )L l(2)i)-2-(L-)e1) dy .. . (fy II 8 l
TT sin(t'2j 1 —sin(t)2je(

Ll n Ll L lIle*" '"'"'II o l(y„+y„..) -(I -I)II o l(e„+y„.,)
- n=l j=n+1 j=1

(4. 133)

Using the definitions (4. 115) and (4. 119) we see that S, can be written as

L 1

g [ (l)(f I + 1}( )-1G(L-i+1) (l)x(L-i+1) (I I) y )()(I-)+1)]

L-1

[ (I ]+I)&())X(L-)+1)+ (I I+I)() + )-1-(l) G(L-1+»] (4. 134)

To compute S2 we need the identity

g ( II ((;)(8 -. .., -4 . ..,) Q IIA IIB; =Q ( 11B;)(B,-A,)gjllA;IIB, (4. 135a.)

=(f. n)-
The first step in (4. 135) is just letting I' =L —I —n+ I, and the
to (4. 130).

To compute S2 we first interchange sums

L-n Li. Ln lf1

rI., -Z II., II.
proof from (4. 135a) to (4. 135b) is similar

Z E=ZZ,
l=1 n=i n=1 l=1

(4. 136)

use the identity (4. 117) on the term sin 2((t)2(L ) „„)+(j)2(L ) „,»,2) [recall (4. 127)], and thus from (4. 135) we
obtain

L 1

s, =P
n=i

L n+1 lJ}l~ l~~ L n

'e(, " "e(.....„ II ' *' ' *' lI ""('*' ""("').,
--

'=1 (@2 -1 42j} '=1 2(42j+(t 2j+2}

x(
L n L~n L ~n lt-1

cce-,'(y„. („.,)Ile'" '" ~ "-')
- j=i
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L 1

g [ (n)(L n) (L-n+1) (n)(s )-1(L )&+I ) G(L n+-1) +X(n) «(L-n«1&]
n-"1

L 1

[ (L )1 ~ 1)x()))x(I ))+1) x())) (1 y ) 1(L )aye) G(L )(«1)]
naa

Letting s = I +n the sum in (4. 129} can be written as

(4. 137)

P S(a)
s=2 n=1

so that from (4. 126) [and using (4. 117)]

s I:(z „(),al.-. (,„).-*(s.)-*'r sn " sS..II; "' *' j:I ""S!"'"S"')
s=2 -s /=1 ( Pa/ 1) 4-2/) j=& ma 8'2/+ 42/«2)

s-1 - n 1 s-1
21.Z II--:(~...~...) (" ""' --.—:(~,.~....)} II. "'"'

n1 ~ j1 j=n41
(4. 139)

Now

i(ii.,)(..—..) ll, =ii, -ll, .

I
= 2 [(L —I+ 1) "'«' "—(L —I+ l)x"'x "']

l 221

so that (4. 139) becomes
(4. 14O)

L

1)x(L-1+1&x(n)

l 221

(4. 145)

L

S =g (L —s +1}i G' "'(x"' x "}( —'ay )

(4. 14la)
L

=g (L -2+1) 1 G"-""(x"' '")(- -'ay )-'
s=1

(4. 141b)

where we used the fact that x '"=x"' [recall (4.88)]
in going from (4. 141a} to (4. 141b).

Using (4. 134), (4. 137), (4. 141b), in (4. 128) we
obtain

Thus (4. 113) is proved.

&00,0a z) in scaling limit (T)T, )

From the analysis of Sec. III G it is clear that in
the scaling limit the quantities x&+'„[see (2. 15)]
and F&'2"„' [see (2. 16)] become

(2l)«1)
( 1)a(y y ) 1/2(2)&2) 22 1

2k41

~ ~ ' gg 2 2 8r e 9 3 9 - jNx~- jNy«n / 1 (1 +x/ $+)/

L 1 L

—g g x" (L —I —)2+1)G ' "' x'"
l ~ 1 nsl

+ II ' "" (scaling limit)
&a+&&+1

(4. 146)

P [(L I 1)x(l)x(I 1+1) (L I 1)x&l)x(L 1+1&]

l 221

G(1&(x(L& (
)«)( Ly) &1 (4. 142)

Now [recall (4. 122)]

()y ) &G(1&

so that

G &1)(«&L& x(L))&l ) 1 «(1)«(L) «(1)x&L)

Using (4. 144) in (4. 142) we have
L 1

(1&(L —I — 1}G(I,-l-n+1)x (n&

l s] ns1

(4. 144}

. ~ t 6' ~ jNQ 1~jN+2
= (2«)-2 d4, dy,

'
~t 1) 2

(4. 143)

F&„"„'-FPg„'-f ' "'(t) (scaling limit), (4. 148)

where we have used the notation of Sec. III G.
As in Section III G the quantity (4, 146) can be

simplified by first defining the new integration vari-
ables u/ and ()/ [see (3. 133)], and then performing
the v& integrations to obtain

x&(~u)("- (y,ya)
'/ ag ('2")(t) (scaling limit), (4. 149)

where

for k ~1, and k= 0

«(1& (2v2) 1(y y )
1/2

F1 dg 1
&&

1
2

'
2

e-~n'-(""1 (scaling limit)„(I+x,+y()
(4. 147)
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g(RAd1&(t) ( 1)A(2v) RA

2k41

/ ~, (I+u/)

(1+u2)1/2 (1+ua )1/2

$321 Qg+ Qg4.1
(4. 150a}

for k~1, and for k=0
goo ~ jfg1g" (t}=(2»}' du1, 1 a 1/a(1+u1

(4. 150b)

The final simplification occurs when we deform the
contours of integration for u/ [in (4. 150) Imu/(0,
j = 1, 2, ... , 2k+ 1] to a loop enclosing the branch
point atu&= —i, j=1,2, ..., 2k+1. The problem
then is to determine how the second product in
(4. 149) sums up. The relevant identity is

&+1 2 2}( RZR $3} ( an 2 Rn 2 Zan 1+an 1}
(6&~1)

( 1)n 122n 1&tea . , «2 (4. 151)

Thus (4. 150) becomes (2. 30) for k ~ 1, and for
k=o

g' (t)= —
2 1/z e 3" = Ko(t} t (4 152}

(y —1) / v

where Ko(t) is the modified Bessei function. Hence
in the scaling limit (2. 14) becomes

(go og„z}- l
1 —(sinh2PE1 sinh2t}ER)

l E,(t),
(4. 153)

where E,(t) is given by (2.28).
Furthermore, the error estimate o(R ') in (2.28)

follows in the same manner as in Sec. III G [see
discussion following (3.155)]. It should be pointed
out that if one examines the representation (4. 84)
for (oo ot3„,„}(for T) T,) in the scaling limit, then
the error estimate o(R '} in (2. 28) does not follow
from (4.84). It is only after we proved (4. 87) could
we obtain the error estimate o(R ').

The large-t behavior of g'~"&(t} follows from
(2. 30) by standard techniques. We find for k fixed
and t~ ce

g(aad1&(t) ( I)Av A 1/22 RA 1/2[e (RA+1&titaad1/2]

x[1——,'(14k+ 1)t-'+O(t )],
Hence we expand E,(t) as

P (5&(t) g&5&(t) ig($&(t)P (2&(t)

g(1&(t)P(4&(t)

g(5&(t) g($&(t)f (2&(t) +g(1&(t)

x{ f (4&(t) t [f(2&(t)]g (4. 156c)

dy, dye dy3

3

(4. 158)

Letting y, y, in (4. 158}, adding the resulting ex-
pression to (4. 158), and dividing by 2 we obtain

d, '(t)=d 't f dd, f ddt f dd
1 1 1

3

2 11/2 y2-
+ +

(4. 159)
From (4. 159) it is straightforward to obtain for
t» oo

p(3&(t) 2 1$/Rv 3/2
+

x(e 33/'to/2)[l ~at 1+O(t-2)] (4. 160)

etc. , and the functions f '2"'(t) are given by (2.27).
From (3.145) and (4. 154) it follows that E,' "'(t)
for fixed k and t ~ is asymptotically equal to
e-'~"&3 times some power of t. If one uses (4. 154)
in (4. 156b) or (4. 156c) [and using (3. 145)] one finds
not only the leading term in these expansions can-
cels, but the next correction term.

Of course the large-t expansion of P,"'(t) is
known, and the first few terms are

Ft't(t)= (2t)'t' td 1 —
n ~

tddt
~ o(t')) (t ). -

(4. 157)

We examine E,' «(t). From (4. 156b) we obtain using
(2. 27) and (2.30}

r o$& r do

E,' '(t}=v-' ' dy, dya t dy
"1 ~1 1
3

/di (y J 1) (y1+ya)(ya+ya) (y&+ya) i

P,(t) = Q E. '"(t),
I}~0

where from (2.28), (2. 29), and (3. 162}

E,'"(t)=g'"(t) = v 'Ko(t),

P($&(t) g13&(t)+g(1&(t)P&2&(t)

g($&(t) g(1&(t)f (2&(t)

(4. 154)

(4. 155)

(4. 156a)

(4. 156b)

V. PERTURBATION EXPANSION FOR (ao,os~ ~) FOR
LARGE N AND SMALL NiT-T~I

A. Preliminary notation

For the diagonal case M = N the variables t and R
of (2. 5) and (2. 6), respectively, reduce to

t= lz&za+z1+za —ll 3 +
1 2z, ~ 1 —zz& z~&1 —z1)

= lz&za+z1+za —Il
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x [z,z2(1 —z,)(1—zo)]' R

-(g (1 z2) 1/2 g (I g) 1/ /

g (z2(1 —z 1) z1(1 —z2)

sinh2pE, ' sinh2pE

(5. 1) For E1=E2 we have

E(0) 2 /Qe / 21/12A-3

(5. 10S)= 0. 703380 157687 723 ~ ~ ~ .
Denoting by A the matrix (a }, a given by

(5.5), we see from (5.4} that

{&0,0&22, 22) = det( )

(Oo QO„„)= det(a „)"„'.0, (5.4)

Note that for the symmetric case R = v 2N. We have
established that in the scaling limit (2. 18)-(2.20)

(OQ QO1/ N) R Ed(f)

+R F) (t)+o(R ), (5. 3)

where for arbitrary M and N, t and 8 are given by
(2. 5) and (2, 6), respectively, and F1,(t} is related
to F,(t) by (2.24). Now if we compute the diagonal
correlation function (co oo„„)in the scaling limit
(2. 18)-(2.20) where we identify t by (5. 1) and R by
(5.2), then any property we establish for E,(t) holds
in general for the MIX case if we merely use the
definitions (2. 5) and (2. 6) for t and R, respectively.
Hence from now on we restrict ourselves to the
diagonal correlation function (oo Qo„ /() with no loss
in generality in the scaling limit (2. 18)-(2.20).

It is known ' that the diagonal correlation func-
tion can be expressed as a Toeplitz determinant

with

= det(AQ+ 4)
= det{AQ) det(1+ nA02), (5. 11}

A=A. -Ap . (5. 12)

For T close to T, we expect & to be "small. " Thus
the expansion

1)n-1
det(1+ AAe') = exe g Tr[(AAe') "])

n 1

(5. 13)
should be (at least) asymptotic as T- T,.

This observation that (5. 13) should provide a
means of computing (ao, oo„,„) in the scaling limit
(1.1)-(1.3) was first made by Ryazanovoo and
Vaks, Larkin, and Ovchinnikov. They examined
(5. 13) to leading order and showed (in our notation)
that

with F,(t) =E(0)[1+ tln2f+O(f)] -(f- 0), (5. 14)

e„=(2e)' J e'"'W(ee) de,
~N'

W(&) = [(1—ko& ')/(1 —ko&)]"',

(5.5a)

(5. Sb)

where E(0) is given by (5. 10). However their
evaluation of the constant "-,'" multiplying the t lnt
term is in error {these authors obtain —,').

In this section we will use (5. 13) to develop a
systematic perturbation expansion for E,(t} in the
limit t 0.

ko = (sinh2f}E, sinh2t}E2} ' (5. 6)

The square root in (5. 5) is defined so that W(e")
is positive at 8 = m.

At T = T, (ko = 1), a„reduces to

with

a(0& (T T (5.7)

a"'=1/ '(n+-') ' (5. 8)

(Oooagg)~r r -(e ~2 +A-/N/ )

x [1 QN-2+ O(N-'}], -
where A is Glaisher's constant 2 [see (2.35)].
From (5.2), (5.3}, and (5.9) it follows

E,(0) = (sinh28+, + sinh2f}+ )' e'/42'/' A '

(5. 9)

-=F(o) . (5. 10)

The matrix Ao with elements (AQ} „=a10'„ is a
Cauchy matrix, and so the evaluation of
det(a+')„"-„'.0 is particularly simple. 0223 One finds
for N~ ~

B. Analysis of 6 in scaling limit

The matrix 4 defined by (5. 12) has elements

(5.15)

with a (a( )) given by (5. 5) [(5.8)]. We analyze
4„ in the limit T- T,', n -~ such that t T- T, In

is fixed. We consider the T- T, limit first. We
have from (5. 5}

1 —k ~1 1/2
a„=(2vf) '

tI) d$ t' " '
1 —kp ( (5.16)

a„=m '
x k, x-1 (5. 17}

For n &0 we contract the contour of integration in
(5.16}about the branch points 0 and ko' to obtain

-1
kp —X

a „=-2( l dz&
1 . (5. 18)

Jp x ox

For n ~ 0 we deform the contour in (5. 16) outward
looping the branch point at t' = ko (ko & 1 for T& T,)
to obtain
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Letting x = k, y in (5. 17) we have ~ (s) = e(s)K (I s I )+ Ko(I s I ) —I/s (s. 32)

k n ~
y 1 &/3

y(k'y- 1) (5. 19) and e(s) is given by (5.30).

C. Quantity Tr[(AAD')" j in the limit n~~, T~T, s fixed
and with the final change of variables

y= 1+ 2(1 —ko }(z—I),
(5. 19) becomes (T& T, , n~0)

(5.20)

Defining

x([ (1-z')] '+[zz(I- 1)] ']n, (5.23)

and using (2.4) and (2. 7) we see from (5.22) and

(5.23) that

z(1 —koz) - s/n .
Using (5.24} in (5.21) we see that

(5.24}

a„-z(I —ko'}w ' 4z
(zz I)1/a (z —1) s "

(5. 25)

in the limit n-~, T-T,' such that s as defined
by (5.23) is fixed. Evaluating (5.25) we obtain

a„= (ko"/1/) z(1 —ko )

1/2
x

~ dz [1+-,'(1 —ko }(z—1}]" ' '.
z+1

(5.21)
From Appendix C we have

~2(I —ko')-2I &-&cI(zu+zzc)

x[E,(1 —zz,} '+ Ez(1 —z„}'] . (5.22}

r(N- k+ —.')r(k+ —,')
1"(N- k+ 1)I'(k+ 1)

I'(N- I+ —,')I'(I+ —,'}
I'(N- I+ 1)I'(I+ 1)

and r(x) the gamma function. Thus
N 1

Tr(~A, ")- g v(k- l+ z}

(5.34)

(s. 3s)

(5.36)

with n~ given by (5. 15). Equations (5. 13) and
(5. 36) are exact with no approximations having
been made. We wish to extract from (5.36} the
leading term in the limit N- ~, T- T,' such that
t is fixed.

Letting s=-,' (1 —ko }k and s' = —,'(1 —koz}l we have,
approximating the sum in (5. 36) by an integral,

~t e t
Tr(dAO }=K-'

l~
ds

II
ds'(s —s + K )

"0 +0

x f(s/Kg)g(s /Kg)4, (s —s )+E ~
(5 ~ 37)

For simplicity we first analyze the case n = 1.
To compute Tr(EAO') we must know the matrix
elements of Ao'. Since Ao is a Cauchy matrix,
the inverse matrix elements can be computed.
This has been done by Wu" who finds

(A-1),~=, , k, l=0, 1, 2, . . . , N-1,f(k) g (I)
g k —1+2

(s. 33)
with

a„-z(1 —ko )v '[K, (s) —Ko(s)] . (5.26)
where

Similar transformations on (5. 18} result in

a „-z(1 ko )v [ K1(s) Ko(s}] (5.27)

for n-+ ~, T-T'„s fixed.
Combining (5.26) and (5.27) with (5. 15) and (5, 8)

we obtain for 4„
4„-—,'(1 —koz)v 'h„(s) (n-+~, T- T;, s fixed),

(5.28)
with

K, =--, (1 —ko ), (s. 38}

and E is the error in approximating the sum by an
integral. Using Stirling's formula we see that as
K~-0

s(t —s')f (s/Kz)g(s /Kz) =
~

)
+ 0(K,) (5.39)

In the limit N-~, T-T,'such that t is fixed, the
error E in (5. 37) is negligible to leading order and
we have

& (s) =&(s)K,(l sI) Ko(I sI) 1/s, (5.29) t t 1 t z) 1/2
Yr(DAO'}-1/ z P dsP ds'

s —s' s'(t —s)

+1 if s~0
e(s) =

—1 if s~0 .
(5.30)

x a,(s —s') .
Changing variables we have

(5.40)

The analysis of a„ in the limit n-+~, T-T, and
s fixed is quite similar, the result is

6„-—,'(1 —koz)s 1& (s) (n -+~, T- T, , s fixed),
(5.31}

t 1 1,u(1-u') 1/Z

Tr(&AO ) -—
z P ds P du'11', , u'(1- u)

S+ [t(u- u')]
X I

Q —Q

(T-T;, N-~, t fixed) . (5.41)
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The symbol PJ denotes the Cauchy principal value.
Note that although (5. 39) is correct, its use in

(5. 37) is a nonuniform approximation. Clearly
s/x, is not large when s is in the range (0, x,). If
the integrand were integrable (nonsingular), supply-
ing the estimates that would allow the use of (5.39)
in (5. SV) would be relatively straightforward.
However, the singular factor prevents such a
straightforward analysis. Heuristically, the
singular part of the denominator goes like 0((( ~ }
in the range (0, q~) if we interpret the integrals as
Cauchy principal-value integrals. The rest of the
integrand is integrable and so the double integral
goes like O(((~). Hence the error involved in using
(5.39) in (5. 37) is O(w, ) as ((,-0.

The result (5.41) can be easily generalized to
Tr[(AAO~)" ]. We find for I(I-~, T- T,' such that
t is fixed

t expansion of E (t).
The general structure of A'„(t) is clear from

(5.29), (5.42), and the small-x expansions of
A;(z) and Z;(z):

n

A„'(t) = g g C,'", 't'(lnt) ', (5. 46)

where C,'", ' are constants, and are (in general) ex-
pressed as 2n-dimensional integrals.

Using the expansion for s-0
A, (s) = ln(s/2) + ys+ (s/2) (lns+ ys —r')

+ (s/2) (ln(s/2)+ ys- 1)+ ~ ~ (5.4V)

in (5. 42) for n = 1 [recall (5.29)] we see that, for
example,

1 1

Tr[(&A, ')"]-tV'"P du, ~ ~ .P duz„
0 0

™g[t(usgg
—

umph)]

&=1 +2/41 2g

u2 y,z (1 —uag)

u ~(1 —us~, t)
(5.42}

and
ri 1

C&P = (ys —ln2)C&& + v ' du P du'
~p 0

u(1 —u'} 't'
x u- u' u'(1 —u)

= 2(ys- 3ln2) .

(5. 48)

(5.49)
with ~„,=u1. We define the right-hand side of
(5.42) to be A„'(t).

From (5.48} and (5.49) we can already conclude
that

D. Small-t expansion of F,(t)

From (5.9), (5. 10), (5.11), and (5. 13) we see
that to compute the scaling functions E,(t} we need
(5. 13) in the scaling limit. Recalling the definition
of A„'(t) [(5.42)] we have

Aq(t) = 2t lnt+ kt(ys —31n2)+ O(t ln t)

= 2tQ+ O(t ln t),
where Q is defined by (2. 33). From (5. 50),
(5.44), and (5.43) we have

(5. 50a)

(5. 50b)

( I )((-1
e', (((=F(Q(e p P e„'(t))

n=1 n
(5.43)

with E(0) given by (5. 10). From (5.29), (5.32),
and (5.42) we see that

A„'(t) = O(t "ln"t) (t -0), (5.44)

so (5.43) provides a small-t expansion of F,(t).
Thus the program is to expand the functions
A, [t(u & ~

—ua&)] appearing in the definition of A„'(t)

[we do this by using the small-t expansion of Ko(t)
and K~(t)], evaluate the resulting integrals, and
hence obtain A„'(t). From (5.29) and (5. 32) we see
that

& (s) = —A, (- s) ~ (5.45)

Hence from (5.42) and (5.45) it becomes clear that
the small-t expansion of A„(t) can be obtained from
the small-t expansion of A'„(t) by replacing all fac-
tors of t in the small-t expansion of A„'(t) by —t
where we interpret all logarithmic factors lnt in
A„'(t) as lnltI. This prescription carries over to
E,(t). Hence we compute the small-t expansion of
E,(t) and apply this prescription to obtain the small-

E,(t) = E(0)[1+—,'tQ+ O(t ' ln't)], (5. 51a)

where we used the prescription of replacing t -- t
to obtain the small-t expansion of F (t) from the
small-t expansion of F,(t). Using (5.50a} we can
write (5. 51) as

E,(t) = F(0)[I+ 2t lnt+ 2t(ys —3 ln2}

+ O(t'ln't)] . (5. 51b)

The coefficient ~(ys- 3ln2) has the numerical value

z (ys —3 ln2) = —0.751 112938 389 14 ~ ~ ~ . (5. 52)

To obtain the higher-order terms in (5. 51) we
must keep the higher-order terms in A~(t) and in-
clude the contributions coming from Am(t), A;(t), . . . .
In principle, this is straightforward, though by or-
der t it becomes rather messy.

Rather than work through each order in detail
we present the results of our computation in Table
II. Certain integrals that appear frequently are
given in Table III. By using Table II we can con-
clude that for t-0

In[E,(t)/E(0)]=+2tQ —Bt Q +TBt
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n=1 C(f )
ff 2

Cfo --, (y~-3I.n2)

TABLE II. Coefficients C&& in the small-t expansion
of A„'(t). All relevant coefficients to compute +~(t) up to
and including the term t lnt are presented. See Eqs.
(5.43) and (5.46) in text.

expansion of F,(t). At most we could have is
t" (lnt)" '.

In Fig. 7 we plot [1+-, tA] and E,(t)/F(0) as a
function of t. In Fig. 6 we plot [ 1 —2 t Q] and F (t)/
E(0) as a function of t.

We conclude this section by evaluating one of the
nontrivial integrals given in Table III. Let

C(f )
2f

—s

C,,' =-8'(~, -3»2) F(*, } 'Pf=( ) } (s. s6)

n=2

n=3

C31 =-(1)
32

C(2) 1
22 4

C21 = 2(yg —3 ln2) + g

C20) =g('Yg -3ln2) + g(y& —3 ln2) -~8

C(2) 1
32 8

C(2f) = 4(~, —3 ln2)+ -1
16

C(3)
3f 8

with 0& x& 1 and 0& y & 1. It is not difficult to show
that

E(x, o) =limF(x, y) .
3t~ Pt

Thus we can write

t1 du 1 —u ft'2 u —gE(x,y}-E(x,O) = v ' P ln
u —x u u

(s. ss)

C33 = 8(y~-3ln2)+—(3) 3 3
16

C3f 8(')~E- 3ln2) + s(yg -3 ln2)

To evaluate (5. 59} consider Jcf(z) dz where

(s. 60)

+z4t 0 ++g4t 0+ O(t ln t} .
(5. 53)

Actually not enough information is given in Table
II to evaluate the coefficient of the t' term in (5. 53).
Strictly from Table II one can compute up to and
including the t'lnt term in (5.53). The t' plus all
t 4 terms will be computed by a more efficient
method in Sec. VI. We should emphasize it is not
necessary to use the techniques of Sec. VI to es-
tablish these higher-order terms, it is just easier.
For this reason we computed only through P lnt by
the techniques of this section.

It is easy to see that

and

=F(x, O)-- for x=y,
2 x

=F(x, 0)

It is not difficult to see that

iimE(x, O) =E(I, O)

for x & y (5. 61)

1

dulnu[u(1 —u)] '
7T 0

and the contour t" is shown in Fig. 9. Thus we see
that

1 —xE(x, y) =F(x, 0) —v for x&y,

2nn (5. 54)
so that

=2ln2, (s. 62)

since the 2n-dimensional integral for this coeffi-
cient factorizes. Thus, F( x, 0) —F(1, 0) = (1 —x) P

0 u —x

A'„(t) =(.'tint)" +O(t" M' 't-),

and hence

(s. ss)

Letting

xlnu[u(I-u)P" . (s. 63)

I n-1
( '„(t}=} (}~ —,

' tI t} ~ 0 I t }"'() . "
n n

(s. s6)

Using (5. 56) in (5. 43) we see

" dt
lnu =

t

=(u-1)
(} 1+$(u —1)

(s. 64)

E,(t) =F(0)[1+—', tint+ O(t)] . (s. s7)

The point being that all t"(int)" terms in the expo-
nential add up to give the ~z t lnt term in E,(t).
Hence we cannot have a t"(lnt)" term in the small-t

in (5. 63} we see that
1 duE( x, 0) —F(1, 0) = — d5 P

0 0 u —x

X
u 1 —( 1 —u

(s. 6s)
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TABLE III. Some of the definite integrals needed to compute the coefficients C~&'.

Variables x and y are always restricted to the range 0 & x&1 and 0&y &1.

2-(2 2 }

[gO u)]i /2 2 (2fl+2)(n+ 2) i 2n+ 1

«p n+1

d. 'I d (' ")

4. x'I[ du[u[1 —u)] ~2=1
J p

~f

5. x '~l du [u[1-u)] '~ 1n I u —xl =-21n2
«p

pi u i/2
6. 7[

I du'I ln I u-x I
= —x+ 2-ln21

„p 1 —u

i 1 g i/2
7. 7[

)
dg lnl u —xl =x —2-ln2-i I

—g
u

"i
8. x

ll
du [u[1-u)]' 1n lu —xl = 2x —2x+ 11

—xin2
«p

i
9. 7[ duu[u(1-u)] ln I u —xl =- 3x + 4x-'+ 8x+ ——Sln2-i i/2 1 3 1 & 1 5

0 86

Pi' '".-('-")'"=

11. w P =+ 1

du 1-u '"
12. m P il u = —x+2

„lp u —X g

du13. ~-'P II
"

u
" =x+-,'

«Ip u —x 1 —u

dui
14. r P u[u(1-u)] = —x +2X —8

i/2
u —x

i
15. m P-i dg

u [uo. -u)] =-x +-,2+ —.x+-i/2 3 x

p g —X i6

21n2+ 2

dg 1 g '/2 „ i/2
16. 7[ P

I lnlu-y I
= 2ln2+2

„lp g-X g x

idl 2+2( )

arccos(x ), x&y

i/2 m 1 —x i/2
arccos(x' ) ——,x =y

2 x

arccos(x ) —~, x & y ~

x

where the interchange of the $ and u integration
can be rigorously justified. 3~ The inner integral
in (5.65} is straightforward to compute, and so
after the $ integration we obtain

i/2

E(x, 0) = 2 1n2+ 2 arccos(x '~ ) . (5. 66)
x

Equations (5. 61) and (5. 66} give F(x, y).

VI. SCALING FUNCTIONS F, (t) IN TERMS OF
PAINLEVE FUNCTION OF THIRD KIND

In this section we unify the two expansions of the
Secs. III-V by demonstrating that F,(t) may be ex-
pressed in terms of the Painleve function of the

I.O

0.8
Cg

lol
+

~0.6
O

0
~+ 4

+
0.2

pp I I I I I I I I I

O.OI 0.02 003 0.05 O. I 0.2 0.3 0.5 I 2
t

FIG. 7. Functions (1+ 2tQ), O=ln(&8)+yz, yz=Euler's
constant, and F,(t)/F, (0) as a function of t.
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2.4—
2.2—
2.0—

Cv I 8—
~"

I.6—
l4—

S
O

tL lp=

,0.8—
4.

0.6—

I I I

a„=(2w) ' t e '" W(e' )de.
af

If we define for Q~n~N
N

(e. 6)

being given by (6. 1). The quantities a„ in (6. 4)
are defined by (5. 5).

We introduce the auxiliary generating function

ii(&)=(l-k, & ') 'g(&), (s. 5)

where W($} and ko are given by (5. 5b) and (5. 6),
respectively, and define the auxiliary coefficients

0.2—
pp I I I I

O.OI 0.02 0.03 0.05 O. I

I I I

0.2 0.3 0.5
t

I I

I.p 2.0 3.0

yn=Q nn~xm ~

then from (6.4)-(6. 6) it follows that

(6. 7)

FIG. 8. Functions (1—ytQ), 0 = ln(~et) + yz, yz = Euler's
constant, and F (t)/F (0) as a function of t.

third kind defined by (2. 36}-(2.38).
The Painleve function arises when we are lead

from considering the ratio

ko Sn+1=~n, o

for 0~n~N Equa. tion (6. 8) has the solution

n =On o+t&ko

with v a constant to be determined.
If we define

(s. s)

(6. 8}

xo(+ ( +DIOXIN-lyN-1}~( +Os0+NeN) (e. 1) XN =0, (6. 10)

in the scaling limit (1. 1)-(1.3) to integral equations
of the form

then (6. 7) is equivalent to the system of (N+ 1)
linear equations

Ko(is —s i) x(s') ds =y(s),
0

(s. 2)
N

a„x = 5„,O+ z ko" . (6. 11)

where Ko(x) is the modified Bessel function and

y(s) is taken as a known function. This integral
equation has been the subject of much investigation
in scattering theory where it arises in the context
of electromagnetic scattering from a strip.

Myers~'s' has expressed the solution to (6. 2)
[for particular y(s)'s] in terms of the Painleve
function p(8}. Therefore when our analysis leads
to equations of the form (6.2), we can take over the
work of Myers and apply it directly to our probler. ..
Since this work is not well known in the statistical
mechanics literature, we have summarized the
relevant results of Myers's thesis in Appendix B.
A reading of Appendix B is ultimately necessary
for an understanding of the computations of this
section.

Let x and x„be the solutions of

N

a„x =5„,O
m=o

and

z- plane

contour C

(e. 12)

A. Relating xo(N) to integral equations

We first define

~N ( +OI OPN yN) (s. 3)

rs rw
0 X l

and recall that S„ is then given by (5. 4). Consider
the sum equation

N-1

x =&.,o
m=o

(6. 4)

Then by Cramer's rule and (5. 4) we have xo(N) FIG. 9. Contour of integration C.
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N

&~ X =&O"
mnp

respectively, with 0» n» N. Then
f»

K XN /XN

and so

Xfft Xfft Xgg XN / XN ~

(s. 13)

(6. 14)

(6. 15)

it follows that

X(g) = P(g) [q(g-') Y(g)]. ,

where

X(5) =Px„P,
n=p

(s. 25)

(6. 26a)

In the scaling limit we have in a manner similar
to that of (5. 16)-(5.26)

Y(5)=Q y„P,
n=p

(6. 26b)

K(&( ~
s —s'

~
}x ( s'; Z}ds' = Z"' e

0
(s. 17)

a„-v Ko(s) (n-~, T- T', , s fixed), (6. 16)

with s being defined by (5. 23). Given (6. 12), (6. 13),
and (6. 16) it is suggestive to consider the pair of
integral equations T

= (2 v) ' d8 (1 —ko e "}"Y(e") .
» f

Defining

(s. 27)

and [ ~ ~ ], denotes the plus part of a function. oo

Using (6. 23)-(6. 26) we have

x, =X(0)

and

r
t
K,(~ s —s'

~
}x, (s') ds' = e",

0
(6. 18)

i=8(1 —ko) ',
(6. 27) becomes

(6. 28)

with t defined by (5. 1) [the M = N case of (2. 5)], and
Z a large positive parameter so that Z g ' mocks
the Kronecker 5 function so,„. Equations (6. 17)
and (6. 18) are, in some sense to be made precise,
the continuum analog of (6. 12) and (6. 13), respec-
tively. For T&T, (k, &1) we associate x (s) of
(6. 18) with (6. 13), and for T& T, (k, &1) we as-
sociate x, (s) with (6. 13).

We now examine the pair of infinite equations

P a„x.=y. (6. 19)
mnp

r(i~p) '
so=(2&&) ' df(1 —k())

-r(1-kp)

k e-&c&& &eo&)vo y-(e&o&1-oo&}

which to leading order in the scaling limit is

(6. 29)

'&i (1') - (1—k )Y( e«&' 'o&)

where

(s. 31)

e, -(2 e)'f e(() —e,)"'((~ i()" F(e""*'e')

(s. 30)

From the Poisson sum formula it follows that

Ko(~ s —s'
~) x(s ) ds' = y(s),

0
(s. 20) '&i(L) = e'" y(i) di,

0
(s. 32)

where

y„=y(s) (s. as)

for s given by (5. 23), and we assume that y is
slowly varying in the sense that j„-y„~ is small.
We can apply the standard methods of Wiener and
Hopf 'o to (6. 19) and (6. 20). Writing

and it is assumed that y„=y( s) for s = n(1 —ko).
Hence (6. 30) becomes

+ CO

xo-(1- ko)~ df (1 if)+is'g(f) .
» &O

(s. 33)

Applying the Wiener-Hopf analysis to (6. 20} we
obtain

with

[ W(h)] ' = f'(5) Q($ '), (s. 22) X(f}= « '(1 —if}"'[(1+if)'"(i(f)]. ,

where

(6. 34)

f'(&) =

and

(1 —ko))'Io for T& T,

($ —k )"' for T& T,

(1 —kot'}"o for T& T,

($ —ko)" for T & T, ,

(6. 23)

(s. 24)

X(L) fee' e(t) e=i .

Using the fact that

lims~ox(s) = lim e "'(i/&&}&I'}&(0},
g»0 fe &a&

and (6. 34) we see that (6. 33) can be written

x - «o (1 —k }" lim s' x(s)
0

(s. 35)

(s. 36)

(s. 37)
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where to summarize xp is the m = 0 solution to
(6. 19) and x(s) is the solution to (6.20).

We now apply this result to (6.13) and (6. 18).
Let us define

~tet ~ — (&o)
n ~ gmmXm ~

m N+1

Then it follows from (6.46)-(6.49) that

(6.49)

t
y(s) = dsK, (is -s i)x, (s')

0

for all s «0. Thenby (6. 18) y(s)=e for O~s ~t.
Similarly, let us put

(6.38)

x -v'"(I-k, )' 'lim(t-s)'"» (s) (6.41)

Equation (6.37) cannot be applied to (6. 12} and
(6. 17) as 5„,0 is not a slowly varying function. If
we examine the sum equation

y.'= Z .~. (6.39)
fnap

for all » «0. Then by (6. 13)y„=y„ for 0 «» «N
with y„=y(s) for s = n(1 —ka). Although this does not
hold for n& N, the difference between y„and y„ is
small and negligible. We can therefore apply
(6.37) to obtain

x -
&& (1—k )' lims' x,(s). (6.40)

s 0

Similarly,

V„"'-(I—k(&)'/ lim g" (s; Z) (6. 50)

for s=&i(1-ka) and 0~»~N
If we consider for O~n~N the sum equation

N

+n ~&m ~ &n
tN4

(6. 51a)

—x&-&(s g)] . (6. 53}

Combining all these results we obtain

xo-max(l, ko)+ v(1 —ko) lim —Z i s(z+ 1)&/s&& i
gmM

and the corresponding integral equation

t t
ds'K, (i s —s'i )[»(s'; Z) —x& '(s'; g)] = y" (s; Z)

then (6.37) can be applied to yield
(6. 51b)

»0(z)-xo '(Z)-s'/ (1 —k&&)lim[s' x(s Z)
Swp

—s' ~x' '(s;Z)], (6. 52)
and very similarly

x„-x& '- «'/ (1 —k ) lim(t —s)i/s[x(s; Z)

-(~)
&n-m&~ =&n.p 8

nt&sp

it is straightforward to show

for ko&1
-(~)
Xp

ko for

and for n-

(6. 42)

(6.43}

~ (ixn(wsl'"i(s;z& —vr'"(i ' ((ms'"t. (s&).
is, s. »sz) . is

so s & x~(s) s0
(6.54)

B. ro(N) in terms of q(8)

The evaluation of the limits in (6. 54) is straight-
forward if we make use of the results of Myers. 3'

Using (B2}, (B3},and (B7}of Appendix B we have

&-1/2 yn -3/2 fOr

——'g" /
A,

"+~g 3 2 for kp&1.

Likewise for the integral equation

(6.44)

lims' 'x, (s) = e '"e'f, (1- &)(8)),
S~P

lims' "x (s) = e '/se 'f(&(1 + &I(8)),
s-0

lim(t —s)'/ x,(s) = 8 ' sesfo(1+ &7(8)),

(6.55a)

(6.55b)

(6.55c)

Ks(is- s'i)x' '(s'; Z)ds'=Z'" e ",
wp

we can show that
(6.45)

Swt

lim(t —s)'/sx (s) = 8 i se sfo(1 —&I(e)), (6. 55d)
Swt

x&~&(s. Z)-Zi/s(z+ I)i/s&/-(&/ss-&/s

for sZ«1, and

x&~&(s. g) s-3/2s-ss ~/ (1+g &)i/s

(6.46)

(6.47)

lims' x(s; Z) = —8 '/ Z'/s
s 0

x e fo(&&i —&(}(8}Q),

lim(t —s)' x(si Z) = —8 ' 'Z'/

(6. 55e)

for sZ»1.
Now let

y "(s;Z)=, ds'Ka(is —s'i)x' '(s';Z) (6.48)

and

x e s'f, (&&, + &}(8}&&s),(6. 55f)

with 8 = 2t. The notation follows that of Appendix
B. From (B13)we have

&&, = ~, (e, Z) = M(e)[f(Z, e) -Zg(Z, 8)], (6.56a)



358 WU, McCOY, TRACY, AND BAROUCH

Q = Xz(8, Z) = M(8}[g(Z, 8) —Zf(Z, 8)], (6. 56b}

with the bar operation defined by (B13c).
Equations (6. 55} allow one to evaluate the s-0

end s t limits in (6. 54). What remains is the
Z — limit. To evaluate this we must know the
large Z-behavior of Xi(8, Z) and Xo(8, Z). From
the power-series expansions (B7a) and (B7b) of
f(t) and g(t) we can calculate the large-Z behavior
off(Z, 8) and g(Z, e).

Thus for Z-~ we find

and

H, (e) = ——'+ (fi —iigi)/28(1 —)7)

H (8) = ~z+ (fi+ rg, )/28(1+ )7),

so that (6.61) and (6.62) become

x, -max(1, ko)+
I
1 —ko I H.(8)

(T- T;, N-~, t fixed)

Using (B7c) and (BVd) one can show that

(6.64a)

(6.64b)

(6.65)

e ' fo«/~n f, 3fo
7( ' ) z'" e'" 'xze 4z'e''" ')

(6. 57a)
and

e" fo &(8)n'/o
Zi /O ei /o

and

q' 1+ i) ()7') 8(1 —)7 )o

4q 1 —i) 8i) o 8i) o

H (8)
n' 1 —i}

8
()7'}' 8(1 —i)')'

4g 1+g 8q Sg

(6.66a)

382")"eze' 4z'8''" ') ' (6. 57b)

with fi, fo, g» andgo givenby (B7). From (6. 57)
we can determine the large-Z behavior of (6.56},
and hence (6. 55e) and (6.55f). We find that

xo(Z) = max(1, ko)+ n(1 —ko) (- [2M(8)

xfo ni)(8)8 + n ]Z

—M(8}fo« '[I +for/(8)/28

+ gi)V(8)/28+ )7 o(8)] ——,'n-'+ O(I/Z) j
(6.58)

where the definition (B5a) was used.

C. F,(t) in terms of q(8)

(6.66b)

Equation (6.65) gives xo(N) in the scaling limit.
Using this and (6. 1) we now construct S„ in the
scaling limit. We do this first for T& T, . Choose
an N0, N0»N. Then we can write

N0 N0

S„=S„g x (n) = S„exp g lnxo(n) . (6.6V)
ff-N+1 n=N+1

Since we are interested in the limited T- T, (ko

-1},we can write [in view of (6.65)] to leading
order

In Appendix B we show that

2i}(8)foM(8)n 8 = —1 . (6.60)

x„=—(1 —ko)foM(8)n 8

"[1-fii}(8)/28+ gii}(8)/28 —)7'(8)] (6 59)

ln ,(n) -
I
1 —k,

I
H (e) .

Then again to leading order
N0 - N0I1-ql /2

Q I~,(n)-2
II

H (8)de.
n=N+1 ~ t/2

(6.68)

(6.69)

Thus the coefficient of the term proportional to Z
in (6.48) vanishes, as it must if the Z-~ limit is
to exist.

Using (6.60) in (6. 58) and (6. 59), it follows from
(6. 15) [or (6. 54)] that

x, =«, ~ )( —«,
~ (-—+ [fi —i)(8)gi]

2 28 1 —i)(8
(T& T,),

(6.61)

Ifl+ r/( )gi]
2 28[1+ ii(8)]

(6.62)
where we used the fact that

The large-8 behavior of H (8} follows from that of
i)(8). Thus using (2. 38) in (6.66b) we find

H (8) = 0(e 'o), 8 -~ . (6.VO)

For N, large, S„becomes independent (again to
0

leading order) of No since it approaches the spon-
taneous magnetization squared S' [see (2. 10)].
From (6.69} and (6.70) we see that

exp g )ex, ( ) -exp 2 dll'll (8'))
nmN+1 ~ t/2

(6.71)
From (2. 10), (5.23}, and (5.24) we can conclude
that

(I+i})/(I- g) for T&T, ,
~X

(1 —)7)/(I y )7) for T & T, ,

(6.63a)

(6.63b)

S'„-(2t/N)'/', (6.72)

where t is given by (5. 1). Using (6.V1) and (6.72)
we conclude that

which follows from (6.40), (6.41), and (6. 55).
It is convenient to define the functions H, (8) by

2„-N 't (2()'t exp(2 de'Z (8')) . (6. 72)
~ t/2
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(T- T, , R-~, t fixed) . (6. V4}

We now consider the case T& T, . Again choose
N()»N. For T&T, we have from (6.65)

1~2(N) -
I
~2-1I+

I
I 2-1IH.(e} (6 75)

So (6.6V} in this case becomes

(I )Np .Np I q-1I /2
e(.(e') «e'j .

t/2
(6.76)

For e -~ we can show using (2. 38)

In terms of the variable R given (for the diagonal
case) by (5.2), (6.73}becomes

S'„-R '/'(sinh2P, E,+ sinh2P, E2)'/2

x(2(l'"exp 2 I ee' ee (e')]
- t/2

" 1}'(s) 1 —q(s) 1 "1 dq 1 —1}

2q(s) 1+q(s) 2 „«2) q 1+q
= in[i+ q(e}]—ln2 —2 Int}(e}.

(6.84)
Recalling the definition (6.66b) of H (e) we see that
(6.84) implies that (6.74) can be written as

S» 1/4+0(R ) e

F (t)
(6. 85a)

F (t) =(sinh2P, E, +sinh2P, E,) /'

~
(e )I

(ee) exp Ij ees'(e)),1+ t}(e) 1/4

(6.85b)
with

F( ) = [ /41}'( )if[1-n'( )]'- [1}'( )]']
(6.85c)

H, (e) =1/4e+ p(e ') .
Using (6.77) in (6. 76)

(6.V7) and

(6. 85d)

~NpfAg-1l /2
S~N-SN O' Pk "exp 2

+t /21, 1 ND I Q-1l/2
x Hg' dg +48' 2 „,/2 8I ~

(6. V8)

Integrating the second term in (6.78) we obtain

S'„-S» /4, '/42»(N, /N}'"
Npl g-&~ /2 1

x exp H.(e')-, de'
t /2

(6.V9}
For fixed T& T, and N p

- it is known that

[tt-N/(&N )1/2](1 —/2-2)-1/4+ P(QN/N2/ )
p

(6. 80)
Using (6.80) in (6.79) we obtain (note that the N()

dependence cancels)

I N( N) 1 /2 (1 y N-)-1 /4

1
xexp 2 l( H, (e') —,de', (6.81)4e'

where we have replaced the upper limit &Np I kp 1 I

in (6.79) by ~ (valid to leading order). Again using
(2. 10), (5.23), and (5.24) we conclude that

-1/2 t(2t) 1/4--
~ t/2

(6.82)
or in terms of R

S„-R /4(sinh2p E1+sinh28, E2}'/ )/ '/ e '

1 1x(2t)-'"exp 2
II H.(e') —,de'

48'
(6.83)

We can simplify (6.74) and (6. 83) by using

+ t in[1+ q(L)] —41nL+ 41nt/2 (6. 88}

Using in[1+ q(L)] - In2 and in[1 —)7(L)]-—2L
—21nt/ —2lnL for L-~ in (6. 88)

ao I
2 —1+ 2 ——ds

gt/2 1 —g 4s

= t+ ln
2

+—21ntt+-, In(t/2) + ln2. (6.89)
1 —q(t/2}
I+q t 2

Using (6.89) in (6. 6V) we obtain

S» = S» (T- T„N-~e t fixed). (6. 90)
1 —)7(t/2)
1+gt 2

Thus (6.90) implies that (6. 83) can be written

S» =F,(t}/R + o(R )

F,(t) = (sinh2P, E1 + sinh2P, E2}
(6.91a)

To simplify (6.83) we note from (6.66) the identity

H, (e) = —1+ 1}'(e)/ [I —q (e)]+ H (e) . (6.86)

Substituting (6.86) into (6.83) and making use of
(6.74) we obtain

S» = 1/2 t(2t) 1/2

e)0

q '(s) 1
xexp 2 j

—1+ 2 ——ds S„.1 —q (s) 4s
(6. 87)

The integral in (6.87) can be evaluated:

1}'(s)-1+ 2
——ds

-'1/2 I - q (s) 4s
~L ~l

= lim -1+ 2
——ds1-g 4s

1 —q(t/2)= lim —L+ ,t+ 21n ——
2 in[1 —q(L)11+q(t 2)
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x „,(ep} e p (J( deP(s)),
1 —[7(8}d, l4

(6.91b)
and F(s) is given by (6.85c) and 8=2t A. nother way
of stating (6.90) is

1
+ — ds s Ins(4}' —l} }2 g

If we make use of the identity

S—

(6.98}

(6.99)
F,(t) 1 [}(—t/2)
F (t) 1+ l}(t/2) (6. 92)

the second term in (6. 98) becomes

Since l}(8)-0 as 8- 0 [see (2. 37) or Appendix B] we
see from (6. 92) that

ds s Ins (]7 —li }
1 2 2

2 4g

F,(t)
F (t) (6.93)

1 d n'
ds lns —s—

2 ed@ dS

That (6. 93) is the case is clear from the small-t
perturbation methods of Sec. V. From Secs. III
and IV we obtained the representation

=-—ln8 + 2 Inl}(8)
8 q (8),

[7 8

Using (6. 100) in (6.98) we obtain for (6.97)

(6. 100)

F,(t)/F (t) = G(t), (6. 94)

where G(t) is given by (2. 29). From (6.94) and
(6.92) we obtain

+ —,
' Inl}(8) —h(8), (6.101)

7( / )
G(t) Q (2)}el) (t)1+ri (t/2)

(6. 95)

with g
"'"(t} given by (2. 30) and from (6. 93)

limG(t) = 1.
t~0

We have numerically solved for the function [7(8}
[by solving the nonlinear differential equation for
[7(8}, see (2. 36}-(2.38}; and for more details, the
reader should consult Appendices A and B], and
from this we have obtained F,(t) to ten significant
figures. Tables of F,(t) along with all other nu-
merical work can be found in Appendix A. It is
from this numerical work that we obtained Fig. 3.

We can write (6. 85b) and (6. Qlb) in an alternative
form that is useful in analyzing the small-t limit.
For large t, (6. 85b) and (6.91b) prove to be more
convenient. We first note the identity

(6.102)

Combining (6. 102}and (2. 39) we see

limF, (t) =2 '~ (sinh2p, E, +sinh2p, E2)'t2
t~0

x exp dxxlnx[1- [7 (x)] . (6.103)
a 0

From (5. 10}we see that if (6. 103) is to agree with
the known value of F,(0) we must have the identity

where h(8) is given by (2.41). Note that to derive
(6.99) one must use (2. 36). Substituting (6. 101)
into (6.85b} we obtain (2. 39) [to obtain F,(t}we use
(6.92)].

Using (2. 37) one can show as 8-0
exp[- h(8)] = 8 + o(1).

ds s[[7(s)]-'[1—n'(s)1' "0
dxxlnx(1 —]7 }= —,

' +Q ln2 —3 Ind4. (6.104)

= —y'[2[7'(y)] '([I —)7'(y)l' —[]7'(y)] ] (6 98)
Then from (6. 85) and (6. 96) we have

1
c0

dyI y) =-— dy ds ~ 1 —g

ds ~ (1 —[7 ) (lns —ln8)
10" s
2 g g

= —(8 /4[7) [(1—[72)2 —[7'2] ln8
tp 00

1
ds sins~(1 —[72) . (6.97)2

The second term in (6.97) can be written
p 00

ds s Ins(I/[7')(I —[7 )2 ~ ts)

ds s lns[1 —[7'(s)]
e

The importance of (6. 104} is that the preceding
analysis (Sec. VIA in particular) was to a large
degree based upon insight gained from the large-t
behavior of F,(t}.- Identity (6. 104) shows in some
sense that "nothing was left out" in the asymptotic
estimates of Sec. VIA.

We have numerically solved (2. 36) subject to
the boundary conditions (2. 37) and (2. 38), and then
numerically integrated the left-hand side of
(6.104). The details of this numerical work can
be found in Appendix A. Here we give the results:

ds s lns(1 —[72) = —0. 919275 757 747 071 x 10
40

(numerical work). (6. 105)

The right-hand side of (6.104) is known to be
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—,'+$ ln2 —3 lnA = —0. 919275 757 747172 ~ ~ x 10
(6. 106)

Thus we have verified (6. 104) to 13 significant
digits.

Dyson has pointed out that Glaisher's constant
A can be expressed in terms of the Riemann g func-
tion. To show this we use the representation

N-1

)m(=SS inn I inn —,'(N' —N —~
s ) )nN 'N

)-, ,
'

No n=i

(6. 107)
and the relation valid for Res & —3

To determine the small-t behavior of F,(t) from
the Painleve function representation, it is conve-
nient to startwith (2. 39). In Appendix B we show
that

(7(8) = —8Q -+rs 8s (8Q —8Q +4Q —1)+ O(8 Q ), 8 0,

(6. 117)

where Q is given by (2. 33). Using (6. 117) and
(6. 104) we have

n

()(=slim I ' — -( '+()s ''),1-
(6. 108)

where 1'(s) is the Riemann f; function. 4s Differ-
entiation of (6.108) with respect to s and compari-
son with (6. 107) shows that

ds sins[1 —q (s)] =-,'++s ln2 —31nA

e
ds sin[1 —q (s)]

0

=-,'+$ ln2 —3lnA

(6. 118a)

lnA = —t'(- 1). (6.109)

Thus the identity (6. 104) that remains to be Proved
is

—[I„—I„-2(yz —2 ln2) Iss

—(yz —2 ln2} I„+O(8' ln'8)],

(6. 118b)
dx xlnx[l —ps(x}]=-,' +$ ln2+ 3&'(- 1}.

(6.110)

with
e

Ir)
~ r

= xs(inx)' dx.
0

(6. 119)

From (2. 23), (6. 85b), and (6.9lb) we have

1+ (7(8)P;(l)=
p( (S)p

e p S ( P))s
e

(6. 111)

In Secs. III and IV we computed the large-t ex-
pansion of F,(t). Here using (6.111)we derive
(2.31a) and (2. 3lb).

For t- ~we have

D. F.(t) for t~O and t~~ as derived from @{0)representation
The integrals (6. 119)are standard and we obtain
for t-0

ds s Ins[1 —(7 (s)] = —,
' +$ ln2 —3 lnA

—( —,
' 8 ln8 - —,

' 8 ——,
' 8s [lns 8 —(—,

' —2 &) ln 8

+((') —&+ & ) ln8-(sS) ——,
' &+ ~() )])+O(8s ln'8),

(6.120)
(7(t/2) =1 —(2/rr)KO(t)+(2/ms)Ks(t)+ O(e ")

(6. 112)
Using this in (6. 85) we can show that as t- ~

with

&=y~ -2ln2. (6. 121)

[(1—sf')' —s)"]
"t/2 4~

= ~[K,(t) K(t) —t 'K, (t) K,(t)] +-O(e s'),
(6.113)

where we used the indefinite integrals4'

'

xKp x dx=2x K0 x —Ki x

Using (6. 117) in (2. 41) we obtain for 8-0
h(8) =ln8[—,

' —s8 +s$8 (8Q -4Q+1)+ ~ ~ ~ ].
(6. 122)

Using (6. 120}and (6. 122) in (2. 39) we obtain after
expanding the exponential

F,(t) =F(0) [1+—,'tQ+Itst + +st'Q

+ ytsst (-Q +Q++s)+ O(t Q )], (6. 123)

(6.114)

lxKr(x) dx= s x [Kr(x) —K()(x) —(2/x) K()(x) Kr(x)].

Substituting (6. 112) and (6. 113) into (6. 111)we ob-
tain

where (to summarize)

E(0) =(sinh2ts, Er+sinh2P, Es) use is2 t A s

Q =In(t/8)+ yz s

y~ =Euler's constant =0. 577215664 ~ ~ ~ .
(6.124)

F,(t) = m 'K()(t) + O(e "),
E (t) = rr '(t'[K', (t) —K()(t)]

—tK, (t) K,(t)+-,'Ks(t}]+O(e-") .

(6.115)

(6.116)

For the symmetric lattice the value of E(0}is given
by (5. 10S).

In Sec. V we computed F,(t) for t-0 through ts lnt,
and as we see from (2. 32) the two methods agree
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(as they must, of course). The error term 0(t504}
in (6.123}follows from the remarks following
(5. 57). It may well happen that the coefficient of
this term vanishes, but without explicit computa-
tion we know that the correction term cannot ex-
ceed t5(lnt) . One should also note that the method
using the Painieve function representation (2. 39)
is much easier to carry out than is the perturba-
tion scheme given in Sec. V.

VII. SUSCEPTIBILITY x(T )

A. Leading divergence of X(T) as T~ T,'

The zero-field susceptibility X(T) defined by
(2. 42) is related to (oo, oo)d, dd) by (2.43). As T- T'„
X(T) diverges, and it is this leading divergence we
compute in this section. Since it is the large-M
+N2 behavior that determines the singularity of
x(T) [any finite sum of terms in (2.43) is finite and
continuous at T,], we may start the sum in (2.43)
at any large, but finite, Np and Mp. Hence to lead-
ing order we write

ti 'X(T) 4-(d r,rz)"'(z,zz+z, +zz - I) '

X dN dM 1I4
0 0

where we have used (2. 22). Recalling that t =M
+N we can write (7. 2) as a single integral [use
(2. 5) also] and obtain

6 'X(T) 2v-lzizz+zl+zz I
I

"(.'ra-z}""

(7. 2}

x dt t"'F.(t) .
0

(V. 3)

Expanding the factors, multiplying the integral in
(7. 3) (using the various identities in appendix G)
we obtain, for T-T,',

~0

P x(T)-
i

1 —T,/T) D' dt t F,(t)
0

=C„ii -T,/Ti"",
where

(7.4)

may be leading order approximate (7. 1}by an inte-
gral,

P 'X(T) 4Z Z-[(oo,ooz, z) -5g'(T, 0)].
N=Np N=hf p

(V. I)

D'=2 v(S [Ei(1 —z ) i

+ z( — id) '] "' (ziazd)"' ~ (V. 5)

We consider the T T, case first. Recalling the
definitions of M and N [see (3.126) and (3.127)] we

If we use (2. 39) we can write the integral appear-
ing in (7.4) as

SI4
~

«~
I

c I
I

c 2
1I 8 5I4

~0

dt ttt' E (t)= (Sihh28Et Sihh28 E ) 2 ' ds 8(1 —S(ft)] SEE dSSlllS(1 —tt ) —h(8)) .
0 0 a

(V. 6)

Gombining (7.4)-(7.6) we obtain (2.46a). To ob-
tain (2. 48) from (V. 5} and (V. 6) the various iden-
tities in Appendix G must be used. Using (2. 23)
in (V. 4) we also obtain for Co, the expression

Co, ——D'2~~ (sinh2P, E&+ sinh2ti+z)
Kl

x dt tF, (t) .
0

(7.V)

(2n-1)c,.=~ c„
n=1

with

Co,
" ' =D'2 '(sinh2pEE&+sinh2p+ )

(7. 8)

x dt tz""-" t
0

=2 "'(z„+z„)"'(z„z„)'
(V. 9a)

x(P.IE~(I —zzd) '+Ez(I -zi.) ']) "'lz'. -i

(7.Qb)

If we use (4. 154) we can compute Co, perturbatively
as

where we define

li —— dt tKO(t) = 1 .
0

(7. 11)

Using (4. 159) we obtain for Iz the expression

lz'„g = w dt tFd " '(t) dt, (7. 10)
0

and F,' " n(t) is given by (4. 156). From the analy-
sis of the large tbehavior -of F', " o(t) in Sec. IV we
can conclude that Cp,

" ' represents the contribu-
tion to Co, coming from that part of F,(t) that be-
haves as e 2 " ~" (times some power of t) for t- ~.
Stated slightly differently, we have Cp, ' being the
contribution to Cp, coming from the Qrnstein-
Zernike pole, and Cp,

" ', n~ 2, the contribution to
Co, coming from the (2n —1)-particle branch cut.
This latter interpretation will become more evident
when we examine the k-dependent susceptibility
X(k, T) in the scaling limit k- 0, T- T, such that
k I T- T, l

1 is fixed.
From (4. 156a) and (7. 10) for n= 1 we can ob-

tain 3
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Ig= 2 g dy& dy2 des z z

2
73

()i~ ) )&)'.+) )&)i+)a+)'s))
(v. i2)

= (sinh2P, E, + sinh2P, Ea)s 2 d8 8 [I+g(8)]
0

«) I

xexp dxxlnx(1-)Va) -ts(8) -2 .
fI}

(v. iv)
Numerically evaluating this we find

I3 = 0. 814 462 565 5 ~ - ~ x 10 (7. 13}

Using (4. 156c) we also numerically study I's to ob-
tain

From (7. 16) and (V. 17) follows (2. 46b).
Using (2. 23) in (7. 16) we obtain for Cs the ex-

pression

C&) =D'2 s/'(si nh2P, Es+si nh2P, E)a

Iq= 0. 7969x10 (7. 14) x dttF t —1.
0

(V. 16)

x 21/ s(a + a )1/ ts/4/Rl/4]

where we used

S'„- (a,~„)"'[M2(a„+z„)t/R]"'

(7. 15)

(see Appendix C). Expanding the factors multiply-
ing the integral, and using (2. 5) we obtain

8 x(T)-
i
I —T /Ti D' dt[t F (t)

—(sinh2P+&+ sinh2P, Ea) 2 t ],
(7. 16)

with D' given by (7. 5). Using (2. 39) we can write
the integral appearing in (7. 16) as

~ ~

«)

dt [t'/s F (t}—(sinh2P, Es+ sinh28+a) 2/ts/]

For the symmetric lattice these results have al-
ready been summarized in (2. 59S)-(2.61S) and
Table I.

We now consider (V. I) for T- T, . In this case
instead of (V. 1) we have

p 'X(T) 4(kr-, Va)"'lzsza+zs+aa-II '

x dN dM E t R zg~2c i/8
0 0

C =P C(an)

n ]
with

C&')
"' = D'2 (sinh2P, E&+ sinh2P, E )

(v. is}

x dt tF""'(t)=2"'(a„+a, }"'(z a ) '
0

x(P.IE,(i-a~) '+Ea(i-as. ) '))"'fa. .
(7. 20}

where we define
«s

fa„= a dttF& "'(t),
0

and F&a")(t) is given by (3. 152).
From (3.150), (3.152), and (7. 21) for n = I we

obtain

(V. 21)

Ia= — dt t&t [Ks(t) —Ka(t)]
W 0

—t K()(t)Ks(t)+ a tK&)(t))

= (12%) = 0. 026 525 623 6 ~ ~ ~

where we have used '
(7. 22)

If we use (3.151) we can compute C&) perturbatively
as

2P 2

K„(t)K„(t)t dt= r I r [-.'(1+ v+ t&+ p)]I"[—,'(1+ v- @+p)]I'[ —'(I- v+ t&+p)]I'[ —'(I —v —t&+ p)].
0

Using (3. 153) and (7. 21) for n = 2 gives

I- (4,s)-s "d ... "d (ya-I)(y4-1) "'
(ya -y4) (ys -ys)

f 1
'

()& —1)(tI —&) ()'s+) )()s ~ ) )(), $ )()', )s)(vs $ $s )' )}~
(7.23)

Evaluating this numerically we find

I4
= 0. 254 48 x 10 4 .

B. X(T) for T&T,

(v. 24)
p X(T) =Q X& "'(T) (T & T,),

where

(v. 25)

Using (2. 9) and (2. 11) in (2.43) we see that for
T & T, we can expand x (T) as

+«) +a

x',"(T)=—s'. Z p F,"„'„, (7. 26a)
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+a +a

aN= a

+a +a

X'"(T)=-S' Z g [F'".
a N=-a

(7. 26b)

F«'&—F&zN+ (1/3! ) (F&„'„)], (7. 26c)

etc. and with F&'„"„' given by (2. 12). In the Sec.
VII A we analyzed the leading divergence of X(T) as
T- T',. Here we analyze the next diverging term,
viz. , 11 —T,/Tl $I4. A general term in the expan-
sion (V. 26) of X(&2")(T) is of the form

N= a N=-a
y(2 op) . ~ ~ y(8oP)

&gg &NN (V. 27a}

with

n&+nz+ ~ ~ ~ +o~=n, P& n.
For Imtt}&0 we have

(7. 27b)

-«
-g )g]y 1+e

e = «=cot f.
g aa 1 —e (V. 28)

where

S,= Sa,(41 ~ ~ ~ 44a, )

Using (V. 28) when we substitute (2. 12) into (V. 2Va)
we see that ('l. 3a) is of the form

(- I)"[2z, (1 —z2)]$"(2~($, ~ ~ ~ ($$) 1 (2w)
'"

r
x d4)1 ~ ~ ~ d(t)«cot $(pl + 4)2+ ~ . ~ + Q4„)}

af mf f

xcot—$(4)2+(t)4+. . . +(t)4„)S S ~ ~ ~ S, ,o2 op y

(7. 29)

2 egg

1 sln$($2) 1 —(t)28 1)
(7 39)

g 1 n(4 2g 1) (t 2g) sm2 ($$g+ (t 2g+2)

We now analyze (7. 29) for T- T,. From arguments
identical to those in Sec. III G we see that the fac-
tor S&

~ ~ ~ S+ d(t)$ ~ ~ ~ d)4„ leads to an O(1) quantity
with a correction term of order (P —P,) . The
quantities cot$'(p, + ~ ~ ~ +(t)4„,) and cot$'($2+ ~ ~ ~

+ Q4„) in (7. 29) diverge as (P —P,}2 with a correc-
tion term of order (P —P,} . Hence as T T, we
can expect (V. 27a) to have a divergence of order
(P —P,} with a correction term smaller than order
(P —P,) . That is (7. 2Va) will diverge like
I I —T,/Tl ~I but will not have a term of the form
I 1 —T,/T I

~I4. The quantity S& behaves as

S' - const(P - P.)"'[I+fi()P.(P/P. —I)+ "] (P- P.),
(v. sl)

where the constant R() is given by (2.49). Using
(V. 31) and the fact that (7. 2Va) has no divergence
of order (p —p,} 1 we must conclude that X&2"'(T}has
two diverging terms, viz. , (P —P,}~I4 and (P
—P,} I4, where the second diverging term, i. e. ,
(P —P,) $I4, comes from the leading divergence of
(V. 27a) times the second term in (7.31). Thus if
we write, as T T,,

"'(T}=C()"~1 —T,/T~

+ Cl
"'

~
1 —T/T,

~
+O(1), (V. 32)

then C&
"' is just Co

" times the constant Rap, .
From (7. 25) we can therefore conclude that Cl is
related to C() by (2.47). In the previous section
we derived an exact formula [see (2.46b)] for C2;
and hence, by (2. 47) we have an exact formula for
Cz.. For the symmetric lattice these results have
been summarized in Table I.

Using (2. 12) for n = 1 in (7.26a) we obtain

-«~~'4' } 1
P X&1(T)= S„( )4 d)t)1 ~ ~ ~ d(t)4[4((t)l) (t)2)A((t)$) Q4)] I ((4)lg4$) I ~(42g44)

-r af

(e(41 e(4|$) (e(42 e(44)
x (e((41+42) I) (e((42+44) I) ) (7.33)

where in ('I. 33) we have expanded the contours of integration to the unit circle except that (t)1((t)2) is to be
indented inward at —(f)$(- (t)4}. Noting that the integrand in (7.33) is odd under the transformation (t) 1 2- —(t)$,$ ((t)2,4- —(t)2 4), we see that the contribution from the )f)l((f)2) integration comes from the residue of
the pole at —(t)$(—(t)4). Hence

p-$X(2) (T) ) S& (2vi)-2 ~$ f2 ((~1+~$ ) (5$ h1 ) S ($4+ '4 ) ($4 52 )
52 s'il ( n($1, 52) ($-4,' 954 (h$~ $4) 4;(,'-

(V. 34)

Performing the indicated differentiations in (V. 34) gives

yly2
'

d
'

d~
cosQ, 4y, sin (t)$2 cos(f)2 4y2 sin (t)2' -(2)' . ' . ' H„4.) ~'H„e.) (v. s5)
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Using the identity

a a sing, sin(t)~
((f'1) (t'2) =6yaya na(~ ~ }, (7. 36)

we have

TABLE IV. Low-temperature series expansion of

P 'X(T) [see (7.40)] is compared with the low-temperature
series expansion P /2 (T) [see (7.42)]. The coefficients
h„are taken from Ref. 45.

sin @isin
'yaya d$1dpa ~B( )

(7. 3'I)

r

P
1 (a)(T} +3& yay2

B «(2 )2 1

I cospa cos&t)2

Using this and similar identities for the sin (t)~

costa and sin (t)a costa terms, (7. 35) becomes

1
2
3
4
5
6
7
8
9

10

8
60

416
2791

18 296
118016
752 008

4 746 341
29 727 472

8
60

416
2791

18296
118012
751 944

4 745 661
29 721 472

184 968 932

&( dy 41 c 42 (7 38)
n'(41, (t) a)

In Fig. 10 we plot p ay&&
) (T) for two values of E,/Ea

as a function of (1 —T/T, ).

For the symmetric lattice the integrals in (7.38)
can be expressed in terms of the complete elliptic
integrals E(k} and K(k). The result is

X., )))(y) x.' xx —xyx
(xy) (xy) (7.39)

0.5

0.3

0.2

(2)(T)

where y =y, =ya, and so as T- T, we have 2y/a-l.
Expanding this about T = T, we see that after the
I 1 —T,/Tl '~B and 11 —T,/Tl a~a terms, there is a
term proportional to 11—T,/Tl '~B Inl 1 —T,/Tl .

It is instructive to compare the low-temperature
expansion of p 'X&2'(T) with the low-temperature
expansion of P 'X(T). Following Essam and
Fisher we write (see also Sykes, Gaunt, Martin,
Mattingly, and Essam42 ) for the isotropic lattice

(7.40)

with

u=e 4'~ (7.41)

In Ref. 45b the quantities h„are computed for n = 1,
2, ... , 9. We now make an analogous low-tempera-
ture expansion of P

'
X& '(T):

0.05 x 'x)')(T)=4 ' () ~ l, x)" ") .
n~1

(7.42)

0.02

O.OI
0.| 0.2

Ei/E =l.0

0.4 06 08 I.O

In computing h„'2' we expanded the denominator in
(7. 38) and integrated term by term. Our results
are displayed in Table IV. One sees that h„=k&2)

for n = 1, 2, ..., 5; h6 —h~a' = 4, and hv —hz
' = 64.

Thus the low-temperature expansion of P 'X(T) is
dominated in the early terms by contributions to
P

' X(T) coming from the two-particle cut, i. e. ,
p ' }i&&2)(T). From (2.12) we see that the earliest
the 2nth branch cut can contribute to the coeffi-
cients h» is for k —n.

C. X(T) for T&T,

FIG. 10. Function P '~ ~(T) as a function of &

=1—T/T, for E&/E2 =1.0 and E&/E2 =0.1.
Using (2. 14)-(2.16} in (2.43) we see that for

T& T, we can expand }t(T) as
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IOQC and

500—
300—
200—

IOO-
EI

50—
A 30—

20—

Io—

3—
2—

I I I I I I I I I I I

O,QI 0.02 0.03 0.05 O. l 0.2 Q3 0.5 I.O 20 3.0 50 IO.O
Te = —.-I
Tc

FIG. 11. Function p X& (T) as a function of E' =T~Tc
—1 for E&/E2=1. 0 and E,/E2= 0.1.

P X~ &(T)= X
ffz:

(V. 47)

The coefficients X„ in (7.46) have been computed
for 0» n» 21 by Sykes et al. ' In Table V we corn-
pare X„and X„'". We see that the first seven terms
and the ninth term are identical. Clearly the low-
est-lying excitation dominates the low-order co-
efficients in the high-temperature series expan-
sion of P'X(T). From the fact that x&'„"„ in (2. 15)
is proportional to z~ ', we see that the earliest the
effect of the 0th branch cut can have on the ex-
pansion (7.46) is at the (k —1)th order. From
Table V we see that this is a poor bound.
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APPENDIX A: NUMERICAL WORX

P'x(T)=gx& "(T}
n~i

where

(s&

N=~

(V. 43)

(7.44a)

We solved (2. 36)-(2.36) by a standard Runge-
Kutta method. The technique consisted in using
both the large-8 and small-8 expansions of &I(8)

and &I (8) to obtain the initial conditions. For in-
stance, by using all terms through order 8~3 in
the small-8 expansion of &7(8) [ and the correspond-

X& (T) = C g g [x&zz x&&I» F&&I]& ] y (7 44b)

X& (T}=S~ ~ ~ «»&z —F»&Nx&zN
(5) & V ~ I (5) (3) (3)

N=-& N=-&

x&&&„F&&1'» + ,' x—'&'zx(F&&&'z) ] —~ (7.44c)

TABLE V. High-temperature series expansion of
P X(T) [see (7.46)] is compared with the high-tempera-
ture series expansion of p 'X&"'(T) [see (7.47)]. The coeffi-
cients X„are taken from Ref. 14a.

P 'x&"(T) =s.'(a-y, -y, ) ', (7.45)

which for the symmetric lattice is

p 'X~&»(T) =(1—zz)(1 —4zz-10z —4z'+z )'

&&(1 2z —z ) z, (V. 45a)

with z = tanhpE. In Fig. 11 we plot p X& '(T) for
iwo values of E,/Ez as a function of (T/T, —1).

It is instructive to compare the high-temperature
expansion of P 'X(T) with the high-temperature ex-
pansion of P 'X&"'(T). We write for the symmetric
lattice

P 'X(T)= g X.z"
tf~0

(7.46)

etc.
The arguments needed to relate Co, and C„[see

(2.4V}]are similar to those given in Sec. VIIB re-
lating Co and C, . Hence we consider (2.47} estab-
lished.

Using (2. 15) for )t = 1 and (7.44a) we have

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21

1
4

12
36

100
276
740

1 972
5 172

13492
34 876
89 764

229 628
585 508

1 486 308
3 763 460
9 497 380

23 918708
60 080 156

150 660 388
377 009 300
942 105 604

1
4

12
36

100
276
740

1 972
5 168

13492
34 844
89 748

229 420
585 316

1 484 980
3761 860
9488 960

23 906 884
60 027 340

150 577 892
376 680 820
941 551 252

0
0
0
0
0
0
0
0

0
32
16

208
192

1328
1600
8420

11824
52 816
82 568

328 480
554 352
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ing expansion for rf (8)] we started the forward
integration at 8,&~& =0.013 with the initial values
obtained by evaluating these small-8 expansions
at 8=8,&~&. For large we solved for

z(8}= 1 —q(8) (A 1)

by starting the backward integration at 8=10. For
initial conditions we used

e(8) = (2/2) K2(28) —(2/2 2) K22(28), (A2)

e'(8) =- (4/2) K,(28) +(8/2 ) K2(28) K,(28) (A3)

for 8=10. We found that the forward and back-
ward integration programs had an optimal overlap
at 8=0.8. The two values of (7((7') agreed to l(3)
digit(s) in the 13th place. In Table VI we present
our numerical solution to (2. 36)-(2.38). For 8
~ 0.9 we display z(8} rather than q(8). In Fig.
12 we plot (7 (8) and 2} '(8) as a function of 8.

Once we obtained accurate (7 (8) and (7'(8), (2. 39)
could be numerically integrated to give the scaling,
functions F,(t). In Table VII we give for the sym-
metric lattice the scaling functions F,(t). To ob-
tain F,(t) for arbitrary E, and E2 the entry in Table
VII should be multiplied by 2 't2

( si nh2P, E,
+sinh2p, E2)' . For E, =E2 this quantity is one,
as it must be. The susceptibility coefficients C2,
were obtained by numerically integrating (2. 36).

In Fig. 13 we plot the function I(8) defined by

(1 —t') —,—(2 -p) tf =(n '(p+2)+8(I —t')]g,

(B4a)

(1 —t') —t- (2+ p) tg =[2}(2 p)+-8(1 —t')]f,
(B4b)

where

(B5a)

and

g(t)0(8}= lim (B5b)

where we define the operator I' by
i1

(I"(t() (t) =
I Kg(8~ t - &

~
) (t (s) d&, (B3}

+-1

satisfy a pair of linear first order coupled differ-
ential equations. Latta did not determine the co-
efficients in this set of differential equations (these
coefficients will be a function of 8). This Myers'4"
did by imposing the boundary conditions that are
implicit in (B2) on the set of differential equations.
These results can be summarized by a sequence of
theorems. ~

Theorem 1 (Lstta-Myers)

If we define the operator I' by (B3) and if f(t)
and g(t) are the solution to (B2}, then we have

I(8}= ' dxxlnx[1 —(72(x}] . (A4)
Theorem 2 (Myers)

APPENDIX B: INTEGRAL EQUATION AND PAINLEVE
FUNCTION q(0)

The function 2}(8), (B5b), satisfies a Painleve
equation of third kinds~

In this appendix we discuss integral equations of
the form

=(7 '(8)~
d

-(7 '(8)+(7'(8) —8 ' d"(d8 (B6a)

K(e~ x- t~ ) g(t) dt=y(x), (Bl)
g(8) = —8(In' 8+ yx) + O(8' ln'8) (B6b)

Equation (B6a) is subject to the boundary conditions

where a and 5 are finite real numbers, a & x& b,
and K2(x) is the modified Bessel function of zeroth
order. The cases of one or both of the end points
infinite are solved by standard methods.

Equation (Bl) has been the subject of consider-
able investigation as it arises in the context of
scattering from a thin strip. Since the geometry
of the strip is a degenerate case of an elliptic
cylinder, it is not surprising that the solution to
(Bl) can be expressed as infinite series of Mathieu
functions. Unfortunately the representation of a
function as an infinite series of Mathieu functions
is cumbersome at best.

Progress toward the solution of (Bl) was made
by Latta ~ when he showed that solutions to

as 8-0, and

(7(8) =1 —(2/2)K2(28)+O(e 4 ) (B6c)

with

as 8-~. In (B6b) yx is Euler's constant.
In Sec VI we will need expansions of f(t} a::id

g(t) about the singular point t= 1. Since this point
is a regular singular point, we can easily find from
(B4}

f(t 8)=
( )1/2 1+Q f„(8)(1—t)", (B7a)f (e)

n~f

f2 8}(7 8
g(t, 8}= I++ g„(8}(1—t)", (B7b)

I'f = cosh8t,

I'g = sinh8t,

(B2a)

(B2b)

fq
———2(2+ p) (p+ 28})—2 (2 + p) (p —28/q),

(B7c)f =Is-f [8+p)( 'p)+(-' -p-'}+(48/2}) (--'+ p)]
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0. 0
0. 001
0. 002
0, 003
0. 004
0. 005
0. 006
0. 007
0. 008
0. 009

0
0. 771 6833975 (—2)
0. 140473 7359 (-1)
0, 198 546 650 6 (-1)
0.253221 584 8 (-1)
0.305369803 7 (-1)
0. 355 504 471 6 (-1)
0.403 9646702 (-1)
0.450 991 399 1 (-1)
0.496 7648532 (-1)

n (e)

0. 671 683 397 5 (1)
0.602 368 679 6 (1)
0.561 822 1694 (1)
0. 533 053 963 6 (1)
0. 510 7396110 (1)
G. 492 5074596 (1)
0.477 092 398 1 (1)
0.463 739 268 0 (1)
0.451 9609769 (1)

0. 010
0. 011
0. 012
0. 013
0. 014
0. 015
0. 016
0. 017
0, 018
0.019

0.5414249001 (-1)
0. 5850832755 {-1)
0.6278313060 (-1)
0. 669745 038 8 (-1)
0. 710 888 784 0 (-1)
0. 751 317638 9 (-1)
0. 791 0793374 (-1)
0. 830 215 634 1- (- 1)
0. 8687633624 (-1)
0. 906 755 256 6 (- 1)

0.441 424 941 7 (1)
0.431 893 9445 {1)
0.423 192 832 8 (1)
0.4151885938 (1)
0. 407 777 834 8 (1)
0.4008785929 (1)
0.3S4424 793 9 (1)
0.388362 3934 (1)
0.382 646 622 8 (1)
0.377 239 981 4 (1)

0. 02
0. 03
0. 04
0. 05
0. 06
0.07
0. 08
0. 09
0. 10
0, 11

0. 9442206003 (-1)
Q. 129469251 6
0. 161118716 6
0. 190241 946 6
0.217 352 406 9
0.242 789 553 0
0.266 794 827 5
0.289548 934 9
0. 311192 3134
0. 331 837327 7

0.372 1107434 (1)
0.331 5658940 (1)
0.302 801 233 6 (1)
0.2804930653 (1)
0.262 270 476 5 (1)
0.2468690687 (1)
0.233 534360 9 (1)
0.221 7798998 (1)
0.211273 700 4 (1)
0.201 779 1015 (1)

TABLE VI. Painleve functions (e) an.d its first derivative
p '(e) are given for 0 ~ e ~ 8. For 0 (e ~ 0. 8 the entry in the
second column is~{e), and for e «0. 9the entry inthe second
columnis&(e) =1-q(e) . The entry in the third column is
for 0 —e —8. If an entry is followed by a number enclosed in
a parenthesis, e. g. , (-n), then this entry should be
multiplied by 10 ". Thus, for instance, the value of q(e)
at e =0. 001 is 0. 7716833975&&10 and the value of q'(e)
at e =0. 001 is 0. 6716833975&10 .

e

0.32
0. 33
0.34
0.35
0. 36
0.37
0. 38
0.39
0.40
0, 41

0.42
0.43
0.44
0.45
0.46
0.47
0.48
0, 49
0. 50
0. 52

0. 54
0. 56
0. 58
0. 60
0. 62
0. 64
0. 66
0, 68
0. 70
0. 72

0.74
0. 76
0. 80
0. 90
1.0
1.1
1,2

1, 3
1.4
1.5

q(e) t~(e)]
0.626 112761 3
G. 635 757286 1
0.645 124243 7
O. 654223 5832
0.6630647338
0. 671 656 647 2
0. 680007833 5
0.688 126 395 2

0. 696 0200558
0.7036961872

0. 711161 833 3
0.718423731 8
0. 725488 334 1
0.732 361 822 9
0. 739 050 128 8
0. 745 558 945 3
0. 751 893 742 3
0.758 059 778 7
0.7640621142
0, 775 594 986 9

O. 7S65292353
0. 796 899 1492

0. 806 736 677 3
0.816 071 638 5
0. 824931 9076
0.833343 578 0
O. 841 331106 1
O. 848 9174395
0, 856 124 131 9
0. 862 971 445 9

0. 869 478 446 4
O. 875 663 084 3
0. 887 131959 7
Q. 887641 3644 (-1)
0.6996371091 (-1)
0.552571 0231 (-1)
0.437230351 6 (-1)
Q. 346 558 553 8 (- 1)
0, 275 125 892 1 (-1)
0.218 7382251 (-1)

TABLE VI. (Continued)

~ (e)
0.978 676 356 8
0. 950403 7555
0. 923153515 9
0.896 871 460 6
0. 871 507 SOO 5
0. 847016 6506
0.8233556106
O. 800485401 0
0.778 369 546 2
0.756 974 0964

0. 736 267 384 6
0.716 219812 1
0. 696 803 6590
0.677 992 916 7
0.6597631388
0.642 091 308 7
0.624 955 721 0
0.608 335 875 5
0.592 212 382 7
0. 561 381 942 2

0.532328441 8
0.504 929 014 3
0.479 072 130 5
0.454 656 146 0
0.431 588 0903
0.409 782 647 8
0.389 161295 9
0.369651 571 6
0.351 186 442 4
0, 333 703 7642

0.317 145 811 6

0.301 458 867 9
0.272 501 0754
0.2122202350
0.165 787 696 0
0.129868 027 9
0.101 980 718 6
O. 802 614 032 9 (- 1)
0.632 981 360 9 (- 1)
0, 500 153640 0 (- 1)

0. 12
0.13
0.14
0. 15
0. 16
0.17
0. 18
0. 19
O. 20
0.21

0. 22
0.23
0. 24
0.25
0.26
0.27
0.28
0.29
0.30
0.31

0.351 575 986 6
0. 3704850692
0.388 629 662 5
0.406 065682 5
0.422 841 718 8
0.439 000415 9
0.454 579 527 2
0.469 612 733 7
0. 484 130289 6
0.498 159537 0

0.511725323 5
0. 524 850 341 5
0. 537 555 409 7
0. 549 859 706 3
0. 561 7809646
0. 573 335 639 2
0. 584539045 8
0. 595 405 482 3
0. 605 9483323
0. 6161801546

0. 1931214651 (1)
0.185 168 252 4 (1)
0. 177 816 503 9 (1)
0.170 984 651 0 (1)
0.164606 9758 (1)
0. 1586297536 (1)
0. 153 008 501 0 (1)
0.147 705 968 5 (1)
0.142 690 649 9 (1)
0. 137 9356554 (1)

0. 1334178480 (1)
0.1291171716 (1)
0.1250161239 (1)
0.121 0993353 (1)
O. 1173532324 {1)
0.1137657645 (1)
0.1103261799 (1)
0.107 024 841 9 (1)
0. 1038530766 (1)
0.100 803044 9 (1)

l. 6
1.7
1.8
1.9
2. 0
2. 2
2. 4
2. 6
2. 8
3.0

3~ 2

3.4
3.6
3.8
4. 0
4. 2
4. 4
4. 6
4. 8

5. 0

0.1741448277 (-1)
0.138818 467 9 (-1)
0.110788 873 6 (-1)
0. 885 160 017 3 (-2)
0. 7079318890 (-2)
0.454 093 067 1 (-2)
0.292 242 112 9 (-2)
0.188 62V1536 (-2)
0.122 060 623 8 (-2)
0. 791 637 9124 (-3)
0.5144537263 (-3)
0. 334 919 280 2 (- 3)
0.218 387 124 9 (- 3)
0.1426058242 (-3)
0. 9324179979 (-4)
0.610 372 497 6 (-4)
0.399985887 5 (-4)
0.262 373 474 2 (-4)
0.172 260 488 2 (-4)
0.1131907516 (-4)

O. 395 898 923 7 (-1)
0.3138911688 (-1)
0, 249 251 486 7 (- 1)
0.198 204 800 8 {-1)
0. 157 821 321 1 (-1)
0. 100 424 345 9 (- 1)
0.641 7652530 (-2)
0.411 6582303 (-2)
0.2649207675 (-2)
O. 1VOSVV V3V3 (-2)
0.110626 523 1 (- 2)
0.7173793318 (-3)
0.4661230802 (-3)
0.303 404 672 3 (- 3)
0.197 803 779 6 (- 3)
0.129142 5099 (-3)
0.844242 0441 (-4)
0.552 5560641 (-4)
0.3620364896 (-4}
0.2374408706 (-4)



369

Myers consider X('; z) that is

y = e-ze~

TABLE (Contgnged)

v (e)

0.155 865 837 5 (-4
0.102401 87
0

86 (-4)
.6732851858 {-5

0
0.442 996 11134 (-5)

0
.291 667 890 5
.192 152 267 1

(-5)

0.12
1 (-5)

0. 8
.1266639019 (-

35400302 5 (-6
-5)

0.551 259 71
0

oo (-6)
.363 935 55322 (-6)

0.240 373 856 2 (- 6)

0

.o (-e)

0
.104 991 2034
.694282 730 5

(-6)

0.4592774984
5 (-7)

(-7)

E (g)

(-.30.744 334697 2

.489 816220 4 (- 5
0. 322 54012298 {-5

0
0.212 5202912 {-5)

0
.140 108 798 2 (-5)

0
.924 193229 11 (-e)

0
~ 609 927 237 4
.402 715 142

4 (-e)

0.26
8 (-6)

66 017 712 7 (-6. 6 -6)
111 (-6)

0.1162172688 (-6
0.768 59726
0. 508 488 09

52 (-7

0.336 518 28
93 (-7

0.222 77946
810 (-7
632 (-7)

(B10)5.2
5.4
5. 6
5. 8
6.0
6.2
6.4
6.6
6. 8
7, 0

His result s are summmarized 'in th e following.

Ef w

Theorem 3 (Myers)

we denote bw y )t(t; Z) the soluti

Z -1)4" t; Z)

—&~(8, Z) t

—+ Z8$(t, Z)

7. 2

7, 4
7.6
7. 8
8.0

N-SPyN CoRRE~A ION FUNCTgp FOR yHE ~ ~ ~

+A@i~- (~7+ p)(-'. + p

4@8-(p+p) —(o+ )' — +p ~
— a+p j — p(2+p)~

31
r& - z . p) (p —28-/rt)+-+o +28@) —'(. p),

84=- 4(2-5p+2p')f +g+ 4 (2+ 3p —2p )p

(B7d)

(B13c)

= (Z 1}&to[(Q+ ZXq) f+
subject to the b y conconditions P(+cti, , and ~ (8 Z

e

f (Z, 8) —Zg(Z, 8 a

~ 8 = g(z 8)-z
ar operat'e b ion is defined by

h($ 8)= "hth, = e h t)dt.

—(8/6q) ($ —p) fi+p)fi+Pn-8(o p)g ~-+ho 2 p-

(Bga}

and p i

),

p given by (B5c
tonof t thafactco 1

ings somewhat b
ood enough.

t is useful to

ur purposes

expansion (B6b) of
have hi

84ns1 p

2.0

1.8

1.6

1.2

with

pn=
2n+1

&n, a
~' (B8b}

1.0

0.8

and

0 = ln4 8+ y&+yz,

and substituting', B

B8

ii
'

( i ( a} det

6c)

this through

in Table
rge-8 e

Our results

expansion of g 8
* '

n yo q(8) is given by

v Xo(28)+(2/zz)Kzv X 2 o(28)+0(e~o) BQ

e the higher order t- BQ)

er terms mak es use of

0.6

0.4

0.2

00 I I
'

0.0 0.2 0.4 0.6 0.8 1.21.0

FIG. 12.

1.4

function g(8) an ' sPainlevb and its first d
' ' es erivative
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0. 0
0. 002
0. 004
0.006
0. 008
0. 010
0.012
0.014
0. 016
0.018

Q. 020
0. 022
0, 024
0.026
Q. 028
0. 030
0. 032
0. 034
0. 036
0.038

0. 040
0. 042
0. 044
0. 046
0. 048
0. 050
0, 06
0. 07
0.08
0. 09

0.10
0.11
0.12
0.13
0.14
0. 15
0.16
0.17
0. 18
0.19

0.20
0.21
0.22
0.23
0.24
0.25
0.26
0.27
0.28
0, 29

0.30
0.31

0.703 380 157 7
0.697 952 464 3
0.693 5002073
0.689416 3313
0. 685 571 795 6
0. 681 905 3124
0. 678 380 781 7
0. 674 974 348 7
0.671 669 057 7
0.668 452 229 7

0.665 314 022 6
0.662 246 573 1
0.659243 453 5
0.656 299 311 1
0.653 40S 618 5
0.650 570 496 6
0.647778 5843
0.645 030 941 1
0. 642 324 972 7
0.639658 373 2

0. 637 029 079 5
0. 634435 234 6
0. 631 875 1586
0.629347 323 9.
0. 626 850 335 8
0.624382 915 7
0. 612451 1183
0.601 114045 8
0. 590 286 5694
0. 579 904 960 0

0. 5699196850
0.560 291 1173
0. 550 986 818 7
0. 541 979733 9
0.533246 9450
0. 524 768 782 4
0.516 528 1738
0. 508 5101575
0. 500 701 5091
0.493 090 452 5

0.485 666 431 6
0.478 419 927 1
0.471 342 309 2
0.464 425 716 5
0.457 662 955 8
0.451 047 419 7
0.444 573 015 7
0.4382341080
0.432 025 466 3
0, 425 942 223 2

0.419 979 836 6
0.414 134 057 8

0. 703 380 157 7
Q. 708 808202 8
0. 713261514 8
0. 7173471490
0. 721 194145 7
0. 724863792 9
0. 728 392 1899
0. 731 8031912

0. 735 113752 4
0. 738 336 551 9

0.741 481 431 4
0.744 556 253 7
0.747 567 446 0
0. 750 520 360 6
0, 754 319524 3
0. 756 268 815 6
0. 759 071 595 1
0. 761 830802 6

0. 764549031 8
0.767 228 588 0

0. 769871 533 6

0. 772 479725 0
0. 775054841 3
0.7775984094
0. 780111823 3
0. 782 596360 8
O. 794624 092 9
0. 806074271 5
0. 817 031 918 0
0. 827 560 647 1

Q. 837 709872 0

0.847 519095 0
0. 857 020625 6
0. 866 241 386 3
0.8752041590
0. 883 928474 7
0.892431 264 1
0. 9007273455
0. 908 829797 6
0. 916 7502493

0. 924499108 3
0. 932 085 743 8
0. 9395186346
0. 946 805490 6
0. 953 953352 0
0. 960 968 673 5
0. 9678573938
0. 974624 995 0
0. S81 276 553 1
0. 9878167815

0. 994250 068 1
1.000 580 5074

TABLE VII. Scaling functions +~(t) for the symmetric
lattice are given for 0 —t —8.0. To obtain the scaling
functions F,(t) for arbitrary E~ and E2 the entry for the
symmetric lattice should be multiplied by (sinh2P~E&
+ sinh2P/2)' 2 +. If an entry is followed by a number
enclosed in parenthesis, e. g. , (-n), then this entry
should be multiplied by 10~. Thus, for instance, the
value of F,(t) at t =2 is 0. 055 91065965.

TABLE VII.

0. 32
0.33
0.34
0. 35
0. 36
0.37
0.38
0.39

0.40
0.41
0.42
0.43
0.44
0.45
0.46
0.47
0.48
0.49

0. 5Q

0. 52
0.54
0. 56
0. 58
0.60
0. 62
0.64
0. 66
0. 68

0. 70
0. 72
0. 74
0.76
0.78
0. 80
0.82
0. 84
0. 86
0. 88

0. 90
0. 92
0. 94
0. 96
0. 98
1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.8
2. 0
2. 2

2. 4
2, 6
2. 8
3.0
3.2

(Continued)

0.408 400 902 9
0.402 776 628 6
0.397 257 7104
0.391 840 8234
0.386 522 825 8
0.381 300 743 3
0.376 171 756 2
0.371 133187 0

0.366182 4898
0.361 3172408
0.356 535 129 0
0.351 833 948 7
0.347211 5923
0. 342 666 043 6
0.338 195371 8
0.333 797 726 2
0.329 471 331 0
0.325214481 2

0.321 025 5376
0.312 845 122 0
0. 304 918 157 7
0, 297 233 559 8
0.289780 9971
0, 282 550 816 7
0. 275 533 9784
0.268 721 997 6
0.262 106 895 2
0, 255681 1533

0.249437 676 4
0.243 369 756 7
0, 237 471 043 1
0.231 735 5141
0.226 157452 4
0.220 731 423 5
0.215 452 254 8
0.210 315 018 1
Q. 205 315 012 9
0.200 447 751 2

0.195 708 9442
0.1910944897
0.186 600 460 8
0. 182 223 0951
0.177 958 785 4
0. 173 804 070 4
0.154 562 530 2

0. 137612 980 7
0.122 647434 5
0.1094074903

0. 9767432359 (-1)
0.872 612 080 4 (- 1)
0.6977566889 (-1)
0. 559 106 596 5 (- l)
0.4487897604 (-1)
0.3607727043 (-1)
0.290 386 372 2 (- 1)
0.2339904366 (-1)
0.188 729 732 3 (- 1)
0.152 3541333 (-1)

1.006 811 929 4
1.012 947 923 6
1.018 991 861 4
1.024 946 9142
1.030 816 071 7
1.036 602 155 7
1.042 307 834 6
l. 047 935634 8

1.053487 951 9
1.0589670602
1.064 375 121 5
1.0697141935
1, 074 986 236 2
1.080 1931194
1.0853366282
1.090 418468 2
l.095440271 3
1.100 403 599 5

1.105 309 949 8
1.114957400 1
1.124 393430 9
l. 133628 025 4
1.142 670 429 8
1.151 529228 3
1.160212 409 8
1.168 727424 6
1.177 081 235 1
l. 185280 359 7

1.193330912 2
1,201 238 636 3
1.209 008 936 4
l.216 646 905 0
1.224157 347 8
1.231 544 805 3
1.238 813 573 1
1.245 967720 0
1.253011103 9
l. 259 947 387 1

1.266 780 049 4
1.273 512 400 9
1.280147592 6
1.286 688 627 0
1.2931383678
1.299 499 548 1
1.330 064 530 4
1.358 762 886 4
1.385 828 041 9
I.411 452 008 3

l. 435 794 682 2
1.458 9906411
1.502 3833514
1.5423653302
1.579490 531 5
1.614 186 500 3
1.646789986 5
1.677570899'7
1.7067488943
1.734 505 1373
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TABI.E VII. (Continued)

F (g) F {t)

10, , « i i i t t I I i I

3.4
3, 6
3.8
4. 0
4. 2
4 4
4. 6
4. 8
5.0
5. 2

0.1230833371 (-1)
o. 995041 383 9 {-2)
0.804 916302 5 (-2)
0.651 482 814 1 (-2)
0.527565272 9 (-2)
0.4274167743 (-2)
0.346 427 618 9 (- 2)
0.280 895 291 0 (-2)
0.227 842 371 4 (-2)
0, 1848'71 985 9 (-2)

1.760 990838 3
1~ 786 333 548 5
l.810641 891 1
1..834 009 166 4
1.856 516 1375
1.878233208 9
1.899222 150 6
1.9195374756
1~ 939227 552 4
l. 958 335 510 2

6-
io'I te)

5.4
5. 6
5. 8
6.0
6.2
6.4
6.6
6. 8

7. 0
7.2

0.150 052 769
0.121 827 121
0.989378 990
0.803 697 447
0.653 020 574
0.530 712 468
0, 431 404 022
0.350 748 937
0.285 227 267
0.231 987 098

5 (-2)
4 (-2)

(-3)
{-3)
(-3)
(-3)
(-3)
(-3)
(-3)
(- 3)

1.976 899 982 4
l. 994 955721 8
2. 012 534 112 5
2. 029663600 6
2. 046370055 7
2. 062 677 079 8
2, 0786062694
2. 094177440 9
2. 109408 825 0
2, 1243172350

7, 4
7.6
7.8
8. 0

0.188 716 856 (-3)
0.153542 243 (-3)
0.124 943 002 (- 3)
0.101685 644 (-3)

2.138918212 4
2. 153226 155 0
2, 167254 428 7
2.1810154655

I I I I I I I I I I I I I

0.0 O.O O.s i.a ~.6 a.o 2.~ Z.e
e

FIG. 13. Quantityt(e)=fa «I}U(l-}}(dd)]dthasafunc-
tion of 8.

And finally,

Sf(t, 8) —8 (a + p)f(t, 8) —tg(t, 8) = 0,

ex, (e, z) +(X, +ZA. a) iI(8) =0,

(B13d)

(B13e)

1

—, f(o, e)-(,'+ p)e-'f(o, -e)- xg(, e) dx=o.
-1

(B18)
One can shaw, (Myers does)

and

(B13t)

TABLE VIII. Coefficients b„z in the small-8 expansion
of p(8). See Eq. (88) for the definition of these coeffi-
cients.

f fn(8) =o- (B15)

which implies
e

d, (e}=(const} enn(d [O ~ (-,'+O}e ']de) (}}}S}

for Z=0 (B13e) implies
e

S,(e}=(const}esn(- O(e}de) . (BlV)

Multiplying (B13d) by e~" and integrating over t
from -1 to +1 we obtain for the special case )=0

Vfe have the result

Theorem:

fn(8) M(8) }}I(8)= —8/(2}t ) . (B14)

To prove this we multiply (B13d) by (1 —t)i and
take the limit t-1. %e obtain

0
—1

2"5
2-4
2en4

145x2 "
145x2 ~7

129x 2 ~~

121x2 '4

27
2-8

28195 x3 5x2 ~5

25603x3 x2
82729x3 3 x2 24

9539x3 'x2 "
477 x2-"
275 x 2-18

3 x 2-i2
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—(g-ntf}+[@('+p-}-8]f+n«g=o.
dt

(B19)

Applying the bar operation to (B19)we have for
)=0

g(t 8) -ev &2-&)'2(1 t)-&~2

From the definition (B56) when 8-0
(B32)

—f(o, e) =q-'f(o, e) (B21)

or

f (0, 8) = (const) exp
7l

(BRR)

From (B13a) for Z=0

M(8) =Q(0, 8)/f(0, 8) (BRs)
a

= (coon() snn(- ds (2+2 ')), (224)

where we used (BlV) and (B22) in going from (B23)
to (B24). Equations (B16) and (B24) imply

1+2p
M(8) f~~{8}=(const) exp q-2} '+ P . (B25}

1

[2}(-2'+p}—8] f(0, 8}=-82} I xg{x, 8}dx . (B20)
-1

Then (B18) and (B20) imply

(B33))v(e}-- eo,
[this is how Myers derived (B6b)].

Furthermore, from (B31) and (BVa) it follows

f2(e) -I/Ran'. (as

From the definition of f(0, 8) we have

f(O, e) = dxf(x)-- —„.1

-1
(Bss)

lX e zeg 1

Using (B30)

X(t, 8) - —[vfi(1 —t2)'"] '

As 8-0, g(t, e)-0, hence

X(t, &) = —x (8, &)f (t, 8) .
Using (B31) and (B37) we see from (B38)

(Bs6)

(Bsv)

(ass)

To obtain M(8) we calculate X,(0, 8). To compute
&&(0, 8) for 8-0 we examine the equation

Using (B5a) we have

g —q '+(1+2p) 8 ' =8 '+—„ In)V(8),1 1 (B26)

lim &,(8, 0) = —1 .
{I)}~ Q

Using (B35) and (B39) we have form (B23)

M(e)--o .

(Bs9)

(B4o)
so that (B25) becomes

f2(8)M(8) )V(8)/8 = (const) . (BRv)
Combining (B33), (B34), and (B40) we see that
(B14) follows.

1

(ln -,' 8 j x -x
~

+ rz) f(x') dx' = coshex
a]

(BRsa)

To obtain the constant in (BRV) we evaluate the
left-hand side of (B27) for 8-0. For small 8 (B2)
reduces to

APPENDIX C

We record and derive in this appendix various
formulas which are used in the text to make some
expansions near T,.

First of all the T, condition may be written in the
equivalent form of

1
ln-,'8 x-x +y~ g dx =sinhex.

-1
(BRSb) or

sinhRP+, sinhRP+2 = 1 (cl)

Equations (B28) can be solved for it is known that~
if with

z„z~+z1,+za, -1=0, (cR)

l
1
u(x') [Ins~x-x'~ +A]dx'=u)(x), (B29) z, =tanhPE, , i =1, 2 .

Furthermore from (C3}

(cs}

f (t, e}-- [Av2'i2(1 —t)'i2] (BSl)

then
1 , (1 —x")'"du)(x')

u(x) —
2» +)2 &2 P dx'

-1
P 1 8() (aso)

Q d ) (1 x22)2/2

In (B30) the integrals are principal-value integrals.
Using (B30) we obtain for t-1

sinhRPE, =2(z, ' —z, ) ', i =1. , 2,
coshRPE, =(1+z24}/(1 —z',), i =1, 2,

cothRPE, = -,' (z, '+z, ), i =1, 2,
and using (C2} we find

sinhRP+, + sinhRP+2 = (z„+z2,) /2z„z2, .

(c4)

(c5)

(c6)

(cv)
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Moreover, using (C2) we have

(Zac +«ac)(1 Zic) = (zjc +«le)(l Zac)
—2(zic +«ac).

(c8)

(1 —z,o}(1 —zac) =4z,cza

and as T- T„
ziza+ zi+ za —1 (P —P, ) 4«i, za,

(C12)

Therefore as T-T,

S„-4(p —p, )(El coth2p, El + Ea coth2p, E2)

= 2(P —P,}[E,(z,,'+ z„)+ Ea(za,'+ za, )]

=4(P —Pe) (zi. + «a.) [Ei(1 —za. ) '+ Ea(1 —zi.) '],
(ca)

where we have used (C6) and C7).
Recall the definition of R as

Ra(y /y)I/2M2+(y /y)l/2)V2
1/2

zi(1 —z 2) 2 za(l —z l) 2

za(1 —z i) z, (1 —z 2)

slnh2PE1 "'M2+ slnh2I3E2 '
N2

sinh2PE~ sinh2PE,
(C10)

M N
=(zgz +t +z —1) () )+ () ))
=(z,za+z, +za —1) [z,za(1 —z, )(1 —za)] ' R .

(C 1 1}
Now at T, we have the identity

Thus we have

x [Ei(1 —za, ) + Ea(1 —zie) '] .
(C13)

S = [4ziza(1 —zi) (1 —z a)]

x [(sinh2PE, sinh2PE2} ' —1] '/4,

we find, as T- T',

s.-4 „,.[41p - p,
1

x (El co'th2PcEi + Ea coth2PcE2)]

(C16)

4«le«ac[41 p p 1(«le+ «2e}

x [E,(1 —«„}-' E,(1 —«„)-'])'»'. (C17)

t/R
1
p —pe12v 2 («le«ac)i/2

x [Ei(1 —za, ) '+Ea(1 —z,e) '], (C14)

and so, using (C8) and (C13) we have, as T- T„
(zi. «a.}"'K& («le+ zae} t/R] "' (C16)

Furthermore, since
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