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The results of Monte Carlo studies of the critical properties of finite site-dilute two-dimensional spin-1/2 Ising
models are reported. Numerical values are obtained for the magnetization, internal energy, specific heat, and
susceptibility. The dependence of the Curie temperature on dilution is determined and compared with
predictions from series analysis. Possible power-law behavior in the susceptibility is also discussed.

The purpose of this paper is to report the re-
sults of Monte Carlo studies of the critical be-
havior of site-dilute two-dimensional spin—é; Ising
ferromagnets. The calculations were carried out
on 40X40 arrays with periodic boundary condi-
tions for relative (average) fractions of magnetic
atoms p equal to 0.7, 0.8, and 0.9. We present
graphs displaying the temperature dependence of
the magnetization, internal energy, specific heat,
and susceptibility. Estimates are obtained for the
dependence of the critical temperature on dilution
and compared with the results of series calcula-
tions for the plane triangular lattice.! Possible
power-law behavior in the susceptibility is also
discussed.

Since the use of Monte Carlo techniques to study
critical phenomena in Ising systems has been re-
viewed by Landau? and Binder® we will not go into
detail on the mathematical techniques other than
to state that each run involved up to 4000 Monte
Carlo steps per spin, with the longest runs in the
vicinity of the Curie point. For each value of p
calculations were carried out with five different
distributions of magnetic atoms. The outcomes
of the various runs were then averaged together,
giving the data shown in Fig. 1.

The calculations were based on the Hamiltonian

H=—Z J350405, )
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where the sum is over nearest-neighbor pairs,
and 0;=+1. The exchange integral J;;=1, if ¢ and
j are both magnetic atoms, and zero, otherwise.
In Fig. 1 we display our data for the magnetiza-
tion S, the internal energy U, the specific heat
Cy, and the susceptibility x. These functions are
defined by the equations
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where the sums are over the N magnetic atoms,
T is the temperature in units of J;, and { ) de-
notes a thermal average in the Monte Carlo
sense. 3 In each case the functions are plotted
against the scaled temperature 7/7(1), where
T.(1) is the Curie temperature of the infinite lat-
tice with p=1, 2.269,....

Our data are to be compared with the corre-
sponding results for the pure (p=1) lattice re-
ported by Landau.?* The “critical region” in each
graph is seen to shift to lower temperatures with
increasing dilution. In the case of the magnetiza-
tion we identify the Curie temperature with the
point of maximum slope, whereas in the case of
the susceptibility and specific heat it is the point
where the corresponding function is a maximum.
Our values for the transition temperature obtained
by the use of these criteria are shown in Fig. 2,
where we have plotted T(p)/To(1) vs p.

It is apparent that the various values of T.(p)/
T(1) are close to one another for p=0.9 and 0. 8.
In the case of p=0.7 there is a noticeable spread-
ing which reflects the relative smearing of the
transition indicated in Fig. 1. Also shown in Fig.
2 is a straight line with slope 1.47, which passes
close to the center of gravity of the cluster of
points at p=0.9. From the data we infer an initial
slope in T¢(p)/T(1) equal to 1.47+0.05, which
is very close to the value for the plane triangular
lattice, 1.45+0.05, reported in Ref. 1. The
values of T for p=0.7 fall unexpectedly near the
line. Since the critical percolation concentration
for this lattice is 0.59,° this would indicate a
rapid decrease in 7T.(p) in the interval between
0.59 and 0. 7.

In Fig. 3 we have plotted In[ T4(p)x] vs In| T/
TA(p) =11, TEL(p) being the temperature of the
maximum in y. In this plot we have drawn par-
allel straight lines in the regions of maximum
slope to emphasize similarities in the behavior
for the different concentrations. As expected,
the magnitudes of the slopes are extremely sensi-

2962



13 MONTE CARLO STUDIES OF THE CRITICAL BEHAVIOR OF... 2963
tive to the choice of T4(p). Taking TZ(0.9) to be 107 »
smaller by about 2% leads to curves with slopes
which are the same above and below T, with the
common value 1.78, which is close to 1.75, the
value for p=1. A decrease in the effective value
of T.(p) may be at least partly attributed to finite-
size effects. For p=1 T (N=40) is about 0.8%
above T (N=).8 o8}
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FIG. 1. Specific heat Cy, susceptibility x, internal
energy U, and magnetization S vs T/T¢(1) for different FIG. 3. In[T¢(p)x1vs1lnl T/Tx(p)=11. A (triangles):
concentrations p of magnetic atoms. A: p=0.9; B: $=0.9; B (crosses): p=0.8; C (solid circles): p=0.7.
p=0.8; C: p=0.7. The data points are the averages The data points are the averages of five runs with differ-
of five runs with different configurations of magnetic ent initial configurations. The straight lines are drawn

atoms. The curves are drawn as a guide to the eye. to emphasize similarities in behavior for differentp.
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to the (physically implausible) results of series
analysis on site-dilute systems.!'™® These
studies indicate a rapid increase in y(p) with de-
creasing® p [y(p)>2.5 for p<0.8 in the plane
triangular lattice!]. Unfortunately our results are
not sufficiently accurate to test current heuristic!®
and renormalization-group!*~'3 arguments which
predict no change in the critical exponents of dis-
ordered systems when the specific-heat exponent
of the corresponding ordered system is negativel
(apart from possible logarithmic corrections when
a =0, which is the value appropriate to the two-
dimensional Ising model).

In summary, we have demonstrated that Monte
Carlo techniques can be used to provide informa-
tion about the critical behavior of disordered
magnets. It is hoped that this work will lead to
further Monte Carlo studies of both the static and
the dynamic properties of these systems.

The authors would like to thank Professor M.
Blume and the Brookhaven National Laboratory
for their hospitality while portions of this work
were being carried out. We would also like to
thank Professor D. Landau and Dr. T. Schneider
for helpful comments on the interpretation of our
results.

*Supported by the NSF and the Wisconsin Alumni Re~
search Foundation.

!G. S. Rushbrooke, R. A. Muse, R. L. Stephenson, and
K. Pirnie, J. Phys. C 5, 3371 (1972).

D, P. Landau, AIP Conf. Proc. 18, 819 (1974).

K. Binder, Adv. Phys. 23, 917 (1974).

iD. P. Landau, AIP Conf. Proc. 24, 304 (1975).

V. K. S. Shante and S. Kirkpatrick, Adv. Phys, 20, 325
(1971).

®D. P. Landau (private communication). After submit~
ting this manuscript we received an unpublished report
of calculations by E. Stoll and T. Schneider on site-
diluted 110X 110 lattices with p =0.9. Their value for
T(0.9) is slightly below ours [T¢(0.9)=0.836 T(1), as
opposed to our estimate, T¢(0.9)=0.853 T(1)]. Since
finite-size effects are expected to be somewhat less
important in the larger lattice, their results are con-
sistent with our explanation for the different slopes
shown in Fig. 3. Using their value of T¢(0.9) we obtain
susceptibility exponents Y=y’ =~ 1,75, Also, R. Fisch
and A. B. Harris have studied a site-diluted 64 % 64

lattice with p = 0.8, Their value for the initial slope in
Te(p)/Te(l) is 1.5+0.1. The work by Stoll and Schnei-
der and by Fisch and Harris is reported in papers 6 D-1
and 6 D=2, respectively, which were presented at the
Twenty-First Annual Conference on Magnetism and Mag-
netic Materials, Philadelphia, December, 1975 (unpub-
lished).

'G. R. Rushbrooke, Critical Phenomena in Alloys, Mag-
nets, and Supevconductors (McGraw-Hill, New York,
1971), pp. 155-163.

D. C. Rapaport, J. Phys. C 5, 1830 (1972).

®Anomalous behavior in ¥(p) is not found in series studies
of dilute bond systems [E. Brown, J. W. Essam, and
C. M. Place, J. Phys. C 8, 321 (1975)].

A. B. Harris, J. Phys. C 7, 1671 (1974).

15, B. Harris and T. C. Lubensky, Phys. Rev. Lett.
33, 1540 (1974).

12G. Grinstein, AIP Conf. Proc. 24, 313 (1975).

B, C. Lubensky, Phys. Rev. 11, 3573 (1975).

Yy, Krey (unpublished).



