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Tomasch-effect study of the Fermi surface of lead*
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An improved technique for the resolution of the periods of multiple-frequency Tomasch oscillations is
presented. The technique has allowed the observation of Tomasch periods in epitaxial Pb films which differ
from previous investigations in both value and number of frequencies present for a given tunneling direction,
and has resolved second-harmonic structure in some oscillations. The periods obtained are used to map the
phonon renormalization Z(0) over the Fermi surface, and imply that in superconducting Pb the effective band
mass is approximately equal to the free-electron mass.

I. INTRODUCTION II. EXPERIMENTAL METHODS

This paper reports an investigation of the rela-
tion between the period of Tomasch oscillation in

superconducting, single-crystal Pb films and the
Fermi surface of Pb at specific sites on the Fermi
surface. The Tomasch effect is an oscillation in

the density of electronic states of a superconductor
with a period inversely proportional to the Fermi
velocity, and is directly observable in the current-
voltage characteristics of a tunnel junction fabri-
cated with the superconductor. Since its initial
discovery in 1965,' the effect has promised to be a
valuable tool in the investigation of the Fermi sur-
face. However, the general occurrence of more
than one oscillation frequency coupled with a re-
striction of the data to only two or three periods
of the oscillations has deterred the use of the ef-
fect as an investigative tool.

A previous investigation by Lykken et al.2 of
multiple-frequency Tomasch data in Pb found a
considerable difference between values of the re-
normalized Fermi velocity vz/Z(0) obtained from
Tomasch oscillations and those calculated with
Anderson and Gold's four-orthogonal-plane-wave
(4-OPW) model of the Fermi surface of Pb. '
the theoretical calculation of that study' a constant
value for the phonon renormalization of the effec-
tive mass, Z(0), equal to its polycrystalline value
of 2.33 (Ref. 4) was used. Calculations of mass
enhancement Z(0) by Anderson and Gold' showed
considerable variation among various orbits on the
Fermi surface, implying anisotropy in Z(0), but
not enough anisotropy to account for the discrep-
ancy found by Lykken et al. '

In this paper a new analysis technique for
Tomasch oscillation periods and an extension of
the tunneling investigation to several new orienta-
tions of Pb films has allowed a possible explana-
tion of the previous discrepancies.

III. THEORY OF TUNNELING WITH TOMASCH
OSCILLATION S

A. Tunneling current

The expression for the tunneling current at O'K
is given by

I=PC,
J 01

02
p, (~)p, p. (V —~)p, d~

02
p, ((u), ~p, (V —~), d(u,+Pc,

~j. '"01

where C& limits the tunneling current to momen-J.
turn states perpendicular to the tunneling barrier,
V is the bias voltage across the tunnel junction,
n» (60,) is the superconducting BCS energy gap
of metal l (metal 2), p, (&u) [p, (&u)] is the quasi-
particle density of states of metal l (metal 2),

Tunneling measurements were made on Pb-PbO-
Pb-Ag tunnel junctions. The Pb-Ag films were
deposited epitaxially on single-crystal KBr sub-
strates by techniques established in this labora-
tory' such that 700-1300-A Ag films backed the
2.5-3.5-pm Pb films. The crystal orientation
of these films were those of the KBr substrates
and were subsequently checked using Laue back-
reflection x-ray patterns which also monitored the
quality of the epitaxy. The Pb films were oxidized
by various means' to form the tunneling barriers
and polycrystal Pb films 3000-5000-A thick then
deposited to complete the fabrication of the tunnel
junctions. For all junctions in the study the ratios
of dI/dV at bias voltages less than that of the con-
ductance peak to that at bias voltages greater than
that of the conductance peak were less than 5&&10 '.
Principal data for the study consisted of dV/dI
measurements over the bias voltage range 2.9-5.2
mV.
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where m* is the total effective electron mass,
m~ is the Coulomb and band-dressed effective
mass, n(&u) is the electron-phonon coupling con-
stant, and F(&u) is the phonon density of states.
The term v« is given by n V~c~~ ~, where n is
the normal to the film surface. Terms of order
4d/kv«allow for harmonic contributions as in

the Wolfram theory of the Tomasch effect. '

B. Selection rules

Whether or not U« is the Fermi velocity depends
on which tunneling selection rule is applicable.
The traditional tunneling selection rule is that
only those electrons which have group velocity
normal to the tunneling barrier contribute to the
current. In this instance the group momentum

P~ =m~~, would be normal to the Fermi surface
and the film surface so that U«would be the Fermi
velocity of those electrons which contribute to the
tunneling current. The selection process pro-
posed by Dowman et al. ' requires that tunneling
electrons have this phase momentum (P~ =kk~)
perpendicular to the tunneling surface. In this
instance v«need not be normal to the Fermi sur-
face and therefore need not be the Fermi velocity.
This latter case would generally require that U«
measured by the Tomasch effect be smaller than
the Fermi velocity at the corresponding point on
the Fermi surface.

To determine which selection rule applies to Pb,

and &p, (ru) is the contribution of the Tomasch os-
cillations to the density of states of metal 2. Here
metal 1 is the polycrystal Pb film and metal 2 is
the single-crystal Pb film. The quasiparticle den-
sity of states is given by

p(~),, =Re(~/[~'- &'(~),, ] '),
where A(~)~ is the complex energy gap at a point
on the Fermi surface sampled by electrons with

momentum p~. The Tomasch term over the energy
region of interest in this study can be expressed
as

&p(~)~ =A(~) c os[(2d/Kv„)ReQ (&u)~ ]+ O(4d/k v„),
where d is the thickness of the film. The ampli-
tude A(&u) decreases rapidly with increasing ener-
gy. The term Q(&u)~ is given by

Q((u), =Z((a), [&u' —n'((u), ]'I',

where Z(&u)g, , is the complex phonon renormaliza-
tion at the sampled point on the Fermi surface.
Z(&u) modifies the effective mass of the electron
such that6

it is convenient to look at the prediction of the two

methods for the number of energy gaps observed
in specific tunneling directions. Haywood and
Mitchell' have shown that tunneling into epitaxial
Pb films shows definite anisotropy with only a 5'
change in tunneling direction. Thus a specific
tunneling configuration very nearly measures a
single specific direction in the crystal. Tunneling
in a [111]direction in single-crystal Pb samples
five separate points on the Fermi surface accord-
ing to the group-velocity selection rule, but a
single point according to the phase-velocity selec-
tion rule. Similarly, tunneling in the [100] direc-
tion samples three points with group-velocity
selection and one point with phase-velocity selec-
tion. Dowman et al. ' point out that it may also be
possible to tunnel by means of evanescent states
in the insulator to add some undetermined sampling
points in the phase-velocity selection process.

Bennett' has calculated the energy gaps mea-
sured in these directions on the basis of the group-
velocity selection rule. He predicts three distinct
gaps in [100] tunneling and two distinct gaps in

[111]. If direct k-vector coupling through the
imaginary-k states of the insulator band gap is not
considered, the phase-velocity selection limits the
observable number of gaps to one in each of these
two directions as only one point on the Fermi
surface is sampled. Blackford" has observed two

gaps tunneling in each direction into bulk, single-
crystal Pb. Lykken et al.' have observed three
gaps in [100] tunneling and two in [111]tunneling
into epitaxial Pb films. This paper interprets the
results of Lykken et al. as supporting the group-
velocity selection rule for governing the tunneling
process in the epitaxial Pb films of this study.

IV. ANALYSIS OF THE DATA

A. Period analysis

The analysis assumed the dV/dl data to be of the
form

F(V) = gA, (V) cos[k, Q, (V)+ P„]+B(V),

where V is the bias voltage, AJ(V) is an amplitude
decay term for the jth component, P, is an un-
determined constant phase factor on the jth com-
ponent, B(V) is the dV/dl background without
Tomasch osc illations,

k, =2d/[kv„/Z(0)], ,

and

Q, (V) =
( )

' ((V —60)' —[Re&,(V —60)]']' '.
Here 6, is the BCS energy gap of the polycrystal
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film and ~, (V —40) is the energy-dependent gap of
the single-crystal film. The anisotropy in the
renormalization g is assumed to be independent
of energy so that variations in Z with crystal ori-
entation are contained in the renormalized velocity
v«/Z(0}. The phase shift due to anisotropy in 6,
has been assumed constant over the range of the
data and is represented by P, As indicated, the
imaginary parts of g and ~, are neglected as no
significant differences were found by using the full
complex values in representative test examples.
It was further assumed that the amplitude terms of
the several oscillations differed by constant factors
so that the data could be represented by

approximately compensated for the decay term
A (V) by dividing it by an envelope term of the
form A(V}= (V —L,)Res,,/ReZQ', derived from the
McMillan-Anderson" theory of the Tomasch ef-
fect. The data of Fig. 1 thus compensated is
shown in Fig. 2 and is of the general form

F,(V) = g a,. cos(k,. Q + P,.) .

A Fourier transform was then obtained directly
in terms of k' =2d/k [v„/Z(0)]' by numerically
calculating

f(k') =

F(V) =A(V) P a, cos[k, Q, (V)+ P,.]+B(V),

where the a,.'s are constants.
The experimental data corresponding to F(V)

were points on the dV/df curve 0.02-meV apart
over the voltage range where Tomasch oscilla-
tions were discern. able, and were measured xn

terms of the resistance of the junction at the cor-
responding point on the dV/df plot. It was observed
that the backgrounds B(V) to the tunneling curves
for all of the orientations studied were qualitative-
ly similar. Therefore a single background shape
was fitted to all the data.

The background was assumed to be of the form
B(V) =aB'( )V R+„whree a and ft, varied from
junction to junction. A careful measure of one
hand-drawn background obtained a basic value of
B'(V) which was then used to fit a background to
all data using two points of each data set to deter-
mine its respective a and R,. Fig. 1 shows a typi-
cal data set with the fitted background. The back-
ground so obtained was subtracted from the initial
data to obtain points representing the Tomasch
oscillations alone. This adjusted data was then.

+ F V cos ~'Qo V 'dVf dQ

where V,- and V& are the bias voltages corresponding
to the first and last data points, respectively, and
dQ, /dV considers explicitly the voltage dependence
of both ReZ(V} and ReA, (V} to achieve maximum
resolution in the Fourier spectrum. The results
of this operation were of the form shown in Fig. 3.
Tests of the progr am using arbitr ar y a, ,
[v„/Z(0)],, and p, showed the program to be insen-
sitive to a,. and Q, and returned the exact
[v,~/Z(0)], designated in the test function. Varia-
tions in the background fit sometimes caused long-
wavelength contributions corresponding to values
of v«/Z(0) greater than 10' cm/sec in the form of
broad, low-level peaks in the plot of the trans-
form. For this reason all such peaks were dis-
carded when determining the actual v«/Z(0) pres-
ent in the oscillations. The results of this study
are shown in Table I along with the previous re-
sults of Lykken eI' a~.' who used a different analy-
sis technique. Noise peaks were randomly gen-
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FIG. 4. Seet1ons of the Fermi surface of Pb showing
the sites which contribute to tunneling in each direction
(arrows) and indicating the respective k j- involved in the
Tomasch oscillations (small circles) .

mental error, with the value of Z(0) obtained by
McMillan and Howell. But this is really nothing
more than using mo instead of m~ in the first place
to calculate U« fx om the data of Anderson and

Gold' using the methods of I.ykken et al.'
Unfoxtunately this comparison is not quite

straightforward since a major difficulty in the
study lay in associating each [U~~/Z(0)], „~,with a
specific point on the Fermi surface. Some oscil-
lations mere not always present in the tunneling
data. It mas not possible or necessary, therefox e,
to have evex'y point indicated ln Fig. 4 repx'esented
in the data. Occasionally, however, Tomasch os-
cillations which mere obviously not sinusoidal near
the conductance peak nevertheless showed only a
single peak in the Fourier spectrum. The behavior
could only be intex preted as due to tmo oscillations
of the same frequency; one from each of two gaps.
The rapid change in relative amplitudes near the
gap structure produced a distortion which mas not
present at higher voltages where the bulk of the
Fourier integration occurred.

The values of [U«/Z(0)], „~,were identified with
a specific point on the Fermi surface by theo-
x'etically x'econstructing the oscillations using the
gap parameters to obtain a phase match between
the calculated and experimental curves. It mas
found that associating an oscillation with one ex-
perimentally measured gap generally shifted its
phase by about v from that associated with the
other experimentally measured gap. In several
instances the phase match was made using a gap
intermediate in value between. the tmo experimen-
tal gaps. In these cases the oscillation mas as-
signed to both gaps and it mas assumed that tmo
oseillations mith the same frequency mere present.
This technique and/or the one described in the
previous paragraph had to be used wherever tmo ox

more values of [U«/Z(0)]«„appear the same for
a, given orientation in Tables II and III. No fit
could be obtained for the [210] data by this method.
For the [211] data only the high-velocity osclHa-

TABLE II. FeI'mi-surface parameters foI' the principal directions.

Q thcor

Tunnel lng Point on (@0&jnfo')the« I viz j&(0) I «&t (Ref. 9)
direction Zone FeI'IYll surface (10 cln/sec) (10 cm jsec) )Z*(0)jexpt (IneV) (IneV)

[iooj 1.9
1.54
1.7
1.3
1 .85
1.85
1.63
1.57

1.35
1.73
1.01

0.79
0.64
0.64
0 ~ 64

0.94
0.94
0.65
0.65

0.63
0.85
0.54

2.2
2.4
2.7
2.0

2.0
2.0
2.5
2.4

2.1
2,0
1.9

43
1.20
1.37
1.20

1..20
1,37
1.37
1.37

37
1.24
1.37

1.4

1.38

1.36
1.36
1.35
1.35

1.35
1.27
1.36

Specific zone assignInents are tentative. See text for explanation.
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TABLE III. Fermi-surface parameter s for nonprincipal dir ections.

Tunnel ing Point on (@k~/mo), h«, jv~~/&(0) Iexpt
direction Zone Fermi surface (10" cm/sec) (10 cm/sec)

&t. th«r
(Ref. 9)

[Z*(0)f,„,(meV) (meV)

1

1.31
1.84

1.50
1.50
1.10
1.84

1.56
1.86
1.68
1.20

0.94
0.67
0.67

0.86
0.86
u. 64
0.64

1.8
1.9
2.7

1.8
1.8
1.7
2.9

2.0

2.3

1.4

1.2
1.2
1.4
1,4

1 ~ 33
1.28
1.36

1.33
1 ~ 33
1.28
1.37

Specific zone assignments are tentative. See text for explanation.

tion could be fitted as it dominated the smaller
velocity in all samples.

The gap values thus obtained were compared with
those calculated by Bennett' in order to identify

them with a portion of the Fermi surface. In cases
where this fit resulted in values of Z*(0}outside
the range 2.3 +0.6, sites were selected to bring
the value of g*(0}within this range. The results

3RD ZONE

Tunnelin g 8 i tes
I

~ +f Orbit

l.9
2.e )

2.0 l.9 Z (0) Vo l u e s

Z"(0} Va iu es
FIG, 5. Portion of the third zone of lead in the reduced

zone scheme shown in perspective. The dashed line
shows the de Haas-van Alphen f orbit as denoted by
Anderson and Gold (Ref. 3). Shaded areas indicate ap-
proximate portions on the surface sampled by electrons
tunneling in the directions indicated funneling sites).
The Z "(0) value for each sampled portion is shown in
the lower illustration. (Also see Fig. 7).

FIG. 6. Portion of the primitive Brillouin zone for
the fcc structure enclosing the second-zone hole surface
of lead in the reduced zone scheme. The lettered corn-
ers are standard crystallographic points on the Brillouin
zone which define the portion illustrated. Dashed lines
are de Haas-van Alphen orbits as denoted by Anderson
Rnd Gold Qef. 3) . Shaded areas lndlcate Rppr oxilTlate
portions on the surface sampled by electron tunneling
in the directions indicated. The Z*(0) value for each
sampled portion is shown in the lower illustration.
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C

f ~4

I

FIG. 7. Portion of the third-zone electron surface of
lead showing the location of the section depicted in Fig.
3. Modified from, M. Ya. Azbel, M. I. Kaganov, and
L. M. Lifshitz, Conduction Electsons in Metals (Free-
mans San Francisco, 1973), Copyright ].973 be Scien-
tific American, Inc. All rights reserved.

of this fitting are summarized in Tables II and III.
The nature of the variation in Z*(0) over the

Fermi surface is more easily seen in the reduced
zone, shown in Figs. 5, 6, and 7. Most apparent is
the systematic reduction of Z (0) at the zone
boundaries: the [110]and [311)directions in the
third zone and the [311jdirection in the second
zone. It is also evident that the average value of
Z*(0) in the second zone is lower than that of the
third zone.

A calculation of Z(0) was made by Anderson and
Gold' and later by Anderson, O' Sullivan, and
Schirber" (AOS) by comparing the ratio of the
cyclotron-resonance effective mass to those cal-
culated using the de Haas-van Alphen-based mod-
els of the Fermi surface for various orbits on the
Fermi surface. As the effective mass as mea-
sured by cyclotron resonance includes the phonon
renormalization and since the effective mass as
ealeulated from a band structure fitted to de Haas-
van Alphen data does not include the phonon re-
normalization, " the ratio of these effective masses
in just Z(0) For the & orbit shown in Fig. 5 AOS

calculate Z(0) =2.5. The average value of Z*(0)
from this experiment for that orbit is 2.3, giving
each value the same weight in the average. As
the low values of Z*(0}are found at zone bound-
aries, one might assume that the greater part of
the Fexmi surface over the g orbit would reflect
a larger value than this average F. or the g, (110)
orbit of Fig. 6 AOS calculate Z(0) =2.0. The aver-
age of that orbit for Z*(0) in this experiment is
also 2.0. This agreement between Z(0} and Z*(0)
implies that m~/mo=l over the Fermi surface of
superconducting Pb for the quasiparticles in-
volved in the Tomasch effect. This result may
imply that the electron-pairing interaction in
superconducting Pb dominates the electron-ion
interaction to the extent that band effects are neg-
ligible in the effective mass. However, it should
be noted that the fitting procedures previously de-
scribed are somewhat speculative and that only the
average value of Z*(0) contains no ambiguity.

This study has developed a new analysis tech-
nique for Tomasch oscillation periods. With this
technique values of Ur/Z(0) for single-crystal Pb
films have been found to differ in some cases from
those previously reported both in value and in the
number of discrete velocities present for a given
tunneling direction. The new technique has, for
the first time, resolved in Tomasch oscillations
structure which can be interpreted as harmonic
in nature. An. attempt based on the group-velocity
tunneling selection rule has been made to identify
the various oscillations with distinct portions of
the Fermi surface. The results of this fitting
show that the effective mass of electrons with
phonon renormalization, Z*(0 ) =Z(0)m, /m„ is
uniformly lower for electrons in the second zone
than for those in the third zone, and that values of
Z*(0) a.t zone boundaries is lower than the sur-
rounding areas on the Fermi surface. The values
obtained for Z *(0) agree Qualitatively with those
of Z(0) calculated by Anderson, O' Sullivan, and
Schirber" and imply that the effective band mass
~a of superconducting quasiparticles in Pb is
approximately equal to the free-electron mass.
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