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Excitation of gigahertz magnetoelastic waves in dysprosium films: Frequency dependence*

J. T. Wang, t M. O'Donnell, and H. A. Blackstead
Department of Physics, University of Notre Dame, Notre Dame, Indiana 46556

(Received 4 August 1975)

Application of a tunable spin-phonon spectrometer to the study of microwave phonon excitations over more
than an octave in frequency in polycrystalline films of dysprosium is shown to provide direct information

about the coupled magnetoelastic modes. In particular, experiments demonstrate that a rf magnetic field

couples to the "phononlike" branch of the magnetoelastic dispersion curves, and the attenuation of the rf field

in the films leads to q +0 momentum conservation. The observed phonon signal intensity at the rf frequency

vo is shown to be in excellent agreement with intensities computed from the coupled-mode dispersion
relations.

I. INTRODUCTION

Results of conventional microwave magnetic
resonance experiments on dysprosium' ' have
been of interest and controversy' ' for a long

period of time. Broad, nonresonant microwave
power absorption data on single crystals of dys-
prosium have been difficult to understand, since,
for low temperatures, the magnon energies lie
above the microwave range. ' It has been pro-
posed' " that the absorption of microwave pho-
tons by Dy is allowed by the coupling of the mag-
non and phonon branches of the dispersion curves.
Analysis shows that "phononlike" normal modes
can be excited by a low-frequency rf magnetic
field. Since conventional microwave resonance
experiments cannot distinguish between various
processes which may contribute to the dissipation
and absorption of rf power, a spin-phonon spec-
trometer" has been employed to measure the
spectral composition and intensity of phonons
which may result from a rf field perturbation.
Tuned by the application of a static magnetic field
H, this spectrometer has a frequency resolution
of about 77 MHz (approximately 16 G}, and a
range of frequencies of approximately 10-300
GHz, the upper limit imposed by the available
magnetic field strength, and the lower limit by
cross relaxation.

To predict the acoustic power generated in a
Dy film when irradiated by a rf magnetic field,
the Hamiltonian appropriate to a thin c-plane
single crystal is written in terms of magnon and
phonon creation and annihilation operators, re-
taining only quadratic terms. The Hamiltonian
was diagonalized by using the method given by
White, Sparks, and Ortenburger. " For mag-
netoelastic wave propagation along the c axis,
only phonons polarized parallel to the magnetiza-
tion are coupled to the magnon branch, greatly

simplifying the calculation. The phonon intensity
is easily calculated using the rf field Hamiltonian
with Fermi's "golden rule. "

The intensity of phonons emitted by dysprosium
films for various frequencies has been measured.
It was found that the phonon intensity decreased
with increasing frequency, as the theory predicted.
When the polycrystalline nature of the film is
considered, the calculated intensities are within
a factor of 2 of those determined experimentally.
Thus, the coupled-mode model appears to be the
correct model to describe the magnetoelastic
properties of dysprosium.

II. EXPERIMENTAL PROCEDURE AND APPARATUS

A spin-phonon spectrometer" has been em-
ployed to measure the frequency and intensity of
phonons emitted from films of dysprosium which
were evaporated onto one end of the detector
element, a rectangular rod of SrF, doped with
approximatel. y 0.02 at. /& of Tm. Approximately
50/o of the Tm"' was reduced to Tm" by baking
the crystal in an atmosphere of Sr vapor. The
ground state of Tm" in SrF2 is a Kramer's doub-
let with an effective g factor of 3.445. At suf-
ficiently low temperatures, the dominant relax-
ation mechanism is a one-phonon process. There-
fore, if a static magnetic field is used to tune
the doublet's splitting to the frequency of the
phonons present, the phonons will be resonantl. y
absorbed. Resonant absorption of the phonons
perturbs the population level. s of the ground state.
The difference in population of the levels is mon-
itored using an optical technique which exploits
the strong paramagnetic circular dichroism ex-
hibited by the Tm"-SrF, system. The experi-
ment is performed by measuring the circular
polarization induced in an unpolarized beam of
light passed through the crystal as a function of
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applied field.
If an unpolarized light beam is passed through

the detector, the fraction of the outgoing light
which is circularly polarized is given by

p =tanh[o. Dcose(b, —s,„)(n, —n„)/

(6, +A„)(n, +n„)],

,'(n—,+n„)(b., +A„),

where, in the presence of an applied dc magnetic
field, n, is the number of ions in the lower level.
of the doublet and n„ is the number in the upper
level. &, and &„are the absorption cross sec-
tions, 0 is the angle between the light path and
the applied field direction, D is the distance the
light travels in the detector, and a is the ab-
sorption coefficient. Since the circular polar-
ization signal is sufficiently small, the hyper-
bolic tangent function can be replaced by its argu-
ment, such that

p =p, [(n, —n„)/(n, +n„)] =potanh(gpsH/2KTs)

p, =o.Dcos6(b, —6„)/(6, +4„). (2)
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When a monochromatic beam of phonons at fre-
quency v is introduced into the system, the spin
system will come into thermal equilibrium with
these phonons when the static magnetic field, H„
is varied to satisfy the conditions for ultrasonic
paramagnetic resonance. Since N(v~, T~ )
= (e" "' ~ —1) ' and n„/n, =e " '~ «rs in thermal
equilibrium, the effective phonon temperature
T, will. equal the effective spin temperature T, .
The resonance conditions are

hv~ =g ps(Ho+AH),

where u~ is the Bohr magneton and &H, due to
Tm" hyperfine splitting, is approximately 115 G.
As a consequence of the hyperfine interaction,
there are two resonances which are split by an
equivalent field of 230 G. Also, the circularly
polarized signal is due to the transitions from
these two independent spin systems. The off-
resonance circular polarization signal may be
written

p = p~ tanh[ g ps(HO+ OH)/2kTs ]
+ po tanh[g ps (Ho —SH)/2k TJ3 ), (4)

where the detector system is immersed in a hel-
ium bath at a temperature T~. When the applied
field is tuned to the lower resona, nce, the spin
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FIG. 1. Typical observation of phonons at 15.48 GHz
for a dysprosium film. The two inverted peaks are due
to the Tm++ nuclear hyperfine splitting, and the average
of the two resonance fields determines the phonon fre-
quency. The procedure to find the effective field neces-
sary for computation of the spin temperature at reso-
nance is illustrated.

populations of the upper resonance will not change,
but those of the lower resonance will change, due
to resonant phonon absorption. The circular polar-
ization signal for the lower resonance is

ps = po tanh[g ps (Ho+ AH)/2kT, ]

+ po tanh[ g ps (Ho —~)/2kTs ] .
Figure 1 illustrates a typical signal obtained by
the spin-phonon spectrometer and also illustrates
a simple graphical technique to find the magnetic
field ~H' that reduces the off-resonance signal
to the amplitude of the on-resonance signal. The
following equation defines the relationship be-
tween 4H' and T, :

tanh[gps(H, + OH)/2kT, ] + tanh[g ps(HO —hH)/2kTs]

=tanh[ gPs(Ho+&H —SH')/2kTs] +tanh[gvs(HO —SH —OH')/2kTs].

(6)
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Using a numerical method, this equation can be
solved for 7.;. Since T, =T~, the excess phonon
density may be written

E=Tt2 p(v)Av[N(v, TD) —N(v, Ts)).

p(v) is the phonon density of states, A v is the
spectrometer iinewidth, and N(v, T) is the phonon
occupation number.

Inside the rod, immersed in liquid helium, the
flow of phonons can be compared to the flow of
gas molecules at very low density in a porous
pipe. Two scattering mechanisms affect the flow:
one is momentum scattering, which removes the
phonons from the frequency bandwidth of interest,
and the other removes the phonons from the crys-
tal to the helium bath. These two mechanisms
contribute to a diffusion equation for the phonon
density. Using the results obtained in Appendix A,
the phonon density becomes

E(x) =E(0)e *~,

A. =(ATE)~' Z = 'V'(~--+E~ ')-'

T, ' is the rate of phonon losses to the bath,
is the momentum scattering rate, V is the aver-
age sound velocity, and A is the characteristic
attenuation length. Data from Ref. 12 were used
for 7', ', ~, ', V, and ~. The quantity ~, was cor-
rected for geometrical differences in the rod
employed in this experiment and those of Ref. 12.
Under steady-state conditions, the rate at which
phonons enter the rod equals the total loss rate,
such that

L

nP =A(vE'+ r8') E(x) dx,
0

n, A(7, E+ r, ')e(0)a(1-e ),

whereA is the cross-sectional area and L is the
length of the rod. In addition to phonon losses,
the acoustic impedances of the specimen and
detector are not matched. The reflection and
transmission coefficients" are given in terms
of the substrate and film acoustical impedances
by
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x =(Z~ —Z, )/(Z~+ Z, ),

f =2Z, /(Z~+Z, ), Z=PVE.
(10)
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FIG. 2. Block diagram of the spin-phonon spectro-
meter. Unpolarized light from a small tungsten-filament
bulb is passed through the SrF2 detector, a rotating 4A,

plate which is driven by a 400-Hz synchronous motor,
and a linear analyzer. The light signal is detected with
a photomultiplier tube, and is synchronously demodulated
with a lock-in amplifier. PS. is the abbreviation for
power supply.

FIG. 3. Details of the cavity and optical components
of the spin-phonon spectrometer. The SrF2 detector rod
is held in a rectangular channel which forms a dielectric
filled wave guide with a cutoff frequency well above the
operating frequency. This is essential, since the detec-
tor is very sensitive to photons. Typical rod dimensions
are 0.10 x 0.12 x 2 cm . The samples studied were evap-
orated to the top end of the rod and exposed to the rf
magnetic field in the resonant cavity. Narrow-bandwidth
(100 A) light is reflected through the detector and into the
demodulation system. Screws are provided to allow for
adjustment of the front silvered mirrors.
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We find r=0.12 and t =0.88, indicating that the
SrF, is essentially transparent to phonons. The
acoustical. power generated at the specimen is
found to be

P, =hvn~/t =h vn~/(0. 88).

By combining Eqs. (7), (9), and (11), the acoustic
power emitted from the Dy film is

P, =hvA(7;'+ 7', ')p (v) W2nv[N(v, T~) —N(v, Te)]

xe t X(1 —e ~t )/(0. 88). (12)

The block diagram of the phonon spectrometer
is illustrated in Fig. 2. An interference filter

O

with a band pass of 100A and a center wave-
o

length of 5600A was used in conjunction with an
infrared filter and a small tungsten-filament
light bulb to provide the necessary light source.
Since the system is also sensitive to photons, the
detector must be isolated from the rf magnetic
field in the microwave cavity. This is accom-
pl. ished by mounting the detector in a rectangular
channel which forms a dielectric-filled wave
guide with a cutoff frequency much higher than

the operating frequency, as can be seen in Fig. 3.
This can be done to provide attenuations greater
than 120 dB, and tests run with the sample films
removed did not yield any signal.

III. THEORY

A. Normal modes of coupled magnetoelastic system

H =H«+Htf+IIZ+H +H, +H

where

(13)

The analysis of this section is appropriate to
easy-c-plane rare earths with the magnetization
in the c plane. The simplified model Hamiltonian
includes exchange, anisotropy, Zeeman, demag-
netization, magnetoelastic, and elastic terms. ""
This Hamiltonian was obtained by rotating the
standard coordinate system to place the magnetic
field, 0, in the basal plane parallel to the Z direc-
tion. Since we are interested in long-wavelength,
low-energy excitations, complications due to the
basis atom of the hcp crystal structure are ig-
nored. Therefore, the Hamiltonian can be written

5 y2

H, = —P,Q[J,, ——'J(J+1)) —P,'Q (J', +J; ),
5

&z= -@~a

H, = -QB~2e '~ v3 [J,, ——,
' J(J+1)]—QB22e 2

~ v3 [J,, —3 J+1)]

gB& [ —,
'

e& (J ',.„—-J,, ) + —,
' &~ (J,„J,, +J,,J,,)] —QB ' [-,' e ', (J,,J,,+J,„J„)+ —,

' e ', (J,,J„+J,.„J,.„)],
(14)

H~ = —,
' gpe+D, M,J,, + D„M,J,„+D, M, J,„,

0, = &C,2 & ') +C»& 'E ' +&C» & ' +&C 6, + e2 +2C c~ + E2 dV
V

+ —,'p " dV.

The symmetry strains and elastic constants used here are the same as those defined in Ref. 16. We will.
write the strains in a small oscillations approach, such that

e„„=Z„,(n)+ e„„(q,&u),

where e(q, &u) isthetime and wave-vector-dependent strain and Z„,(a) is the equilibrium strain as a func-
tion of the direction cosines of the magnetization. Using the standard Holstein-Primakoff transformations"
for the angular momentum operators and the phonon expansion' for the time-dependent strain, the Hamil-
tonian becomes
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H =Ho+ +[A q u ~ n-, +B-,(u- n q+ n- n &)]

+Q[&q, nn. (&=~,.+ii;'.o)+r'g. nn-,'(~ 'q. -~+&~,o)]+/ H~T, ~~-', .I3q, .
qop q, p

where

A „=2 J [I (0) —I (q)] + 21P ', J ' —P,J + —,Z~(n ) B&J
+g AH —DgM+ ', M (D,—+D, ) —2 v3 J[B„e. '(n')+B~2&" (u)'],

Bq ~2P6 J5+ 2P2 J+JZ~(n)4B~ + 4 gee M (D Dy) +~&3 J[B~RZ '(n)+B22Z 2(n))

,J 'O—hu-, ~/m V' ) '[B'(ej, c, +eq, , o,)+i B~(e&,o, +e ', ~o-„)]).

The B's are the magnetoelastic coupling constants,
k(d-q p is the unperturbed phonon energy, M is
the magnitude of the magnetization, ~ is the mass
of the unit cell, Vq p is the velocity of the elastic
wave, 0, is the direction cosine of the wave vec-
tor with respect to the v axis, and J is the ex-
pectation value of J, .

Using the procedure given by White, Sparks,
and Ortenburger, "diagonalization of the Hamil-
tonian is straightforward, and can be written

lustrated by these figures, the normal modes of
the coupled system can no longer be easily dis-
tinguished as being magnetic (magnon) or elastic
(phonon) modes, since the new modes are com-
plicated mixtures of both types of excitations.
For q = 0, the case of uniform precession, the
system decouples, l.caving only the so-called

40

H = (n-, ,y;, ~,+n;;, 6;,6-„,)
q p

The coupled-mode energies are given by

Q q, ~
- ~i ((A q

- 4 Bi + h 2~, ~) ~ (A ~q - 4 B~q - h (u~q,2p)

+16k(uq ~[Aq~ Aq p~ '+Bq[(&q p)

+(&- )']] ') ' (10)

and the new norma. l-mode operators (y's and 6's)
are related to the a's and B's by the transforma-
tion matrix 8,, which diagonalizes the Hamiltonian.
The transformation matrix is defined by X=SX',
where

Xq, p

30

O 20Z
LIJ

CF

IO

Bq p

q, pX'=
q, p

(20)

q p

For waves propagating along the c axis, only
one phonon mode is coupl. ed to the magnons. In
Fig. 4, Qq p is plotted for two different polari-
zations. Since a wave polarized perpendicular
to the magnetization decouples, Fig. 4 indicates
the strength of the magnetoelastic interaction
for long wavelengths. In Fig. 5, the "phononlike"
mode is plotted versus applied field. As is il-

0
6 l2

WAVE VECTOR ( IO cm )

I8

FIG. 4. &q z for transverse waves propagating along
the c axis, polarized parallel and perpendicular to the
magnetization. For perpendicular polarization, the
magnetoelastic coupling vanishes, in this approximation,
leaving a "pure" phonon mode. The magnetoelastic
coupling has removed the degeneracy of waves propagat-
ing parallel to the c axis.
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where q =
I qI = q, and N, = d/c have been used.

In order to proceed further, the magnon operators
~, and n, must be expressed in terms of the
normal modes of the system by making use of
the transformation matrix S,, Having done this,
the perturbation Hamiltonian for waves propa-
gating along the c axis becomes

H;. , =C e '"'g f(q)[S„(q)+S.,(q)]r, , ,
+[S„(q)+S„(q)]r', , +[S (q)+S (q)]5, ,
+ [Si.(q)+S..(q)]5', , „ (25)

17.70
0 5 IO

MAGNETIC FIELD (kOe)
15

FIG. 5. Field dependence of Qq r (e, rI IM). The
phononlike branch does not exhibit strong field depend-
ence, thereby permitting use of the spin-phonon spectro-
meter, for which the field and frequency are not inde-
pendent variables.

where the subscript T refers to a transverse
polarization. Since the 0, ~ energies are much
higher than the microwave frequencies used in
these experiments, we are only interested in the
0, ~ branch of the dispersion curve. Now, since
S,, (q) = S,,(- q), and since

S,.(q)+ S,.(q) =S„(q)+S..(q),

frozen-lattice' contribution in the magnon energy
expression.

B. rf magnetic field perturbation

For a rf magnetic field applied along the x axis,
the interaction Hamiltonian can be written

where

S,~(q)+S24(q) = [16h (aP, r(A, —4B, )~

x
I a, ,I2] ~2/N,

N= [15+'~', ,n; r(A2-4B', )~'I d, ,I'

+4n, rh&a, r(n, 'r +4B', -A,')']~'

(2 t)

H,„, = —g pe+H, J, (21)
then, the perburbation Hamiltonian becomes

(22)

where & is the usual microwave skin depth. "
Using the standard Holstein-Primakoff" trans-
formation for the angular momentum operators,
the interaction Hamiltonian becomes

H,„, = —g AH~„e ' '.g e '~c cos(y/6)
g, q

xe' ' "(8/2N)~ (u-+a -). (23)

The summation over y is replaced by an inte-
gration from 0 to d, the sample thickness, yield-
ing

int j. q 0

C, = —g p,eH;,.(2 JN)
(24)

Since a rf magnetic field is attentuated as it pene-
trates into a metal, it may be written

H „=H, e '~e ' ~ cos(y/6),

H;., =Cue '"Qf(q)[S„(q)+S,.(q)]
a

x(dt r+5~ r). (29)

P„, =2&uodC~I f(~o/V, r)I'I S(&u Vo/, r)

+s„(~,/V, ,)I'/g v, „ (3o)

where ~o/2v is the microwave driving frequency.

Using Fermi's golden rule for transition rates,
the total microwave power absorbed can be com-
puted:

P.b. =»~.(l(n,', r +1I H;„, In,', r& I'

—I&n,', IH,.„,In,', +1&I')5(n; r-lf~, ).
(29)

Replacing the sum over q by an integral and ap-
proximating 0, ~ by@(d, ~, then the total power
absorbed becomes
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In order to compute the acoustic power generated,
we must determine the relative intensity of the

elastic part of the 6 excitation. Since 4 0

p, ,=s„(q)y, ,+ s»(q)r ', ,+ s»(q)a, ,
+S~~(q)5, ~,

P,', =s„(q)r, ,+s„(q)~', +s (q)~. ,

+S, (q)6t, ~,

then

&»,', r I 0,', r p. , r I &,', r &
= S3s«»««)&', r

(31)

(32)

5.5—

5.0—

and so the acoustic power becomes

P„,.„„,=[2u) d. c', If(~,/V, ,)I'I s„,(~./v, ,,)

+ s„(,/v, ,) I'

xs„(cu,/V, ~)s~(uro/V, z)]/h V, ~,

(33)

where S»=S~= 0.98 and therefore almost all the
power absorbed by the & mode appears as acoustic
power. Calculations using the above equations
can be directly compared to experimentally de-
termined phonon intensities for polycrystalline
films. See Appendix B.

IV. RESULTS AND CONCLUSIONS

A l.arge number of films of varying thicknesses
were evaporated on several different detectors.
Films with a thickness of several p. m were found

to yield optimal signals. " The highest quality
detector available was employed to measure the
phonon emission at the rf magnetic field frequency
from a 5.0-p. m dysprosium film as a function of
power input to the cavity, frequency of the rf
field, and angle between the rf and dc fields.
Studies of power dependence show that the phonon
signal is proportional to the power input to the
cavity, as is expected from above. As can be
ascertained from Fig. 6, essentially no angular
dependence has been observed for dysprosium
films when both the rf and dc fields are applied
in the plane of the film. Since the spectrometer
response is isotropic to magnetic field direction, "
this result is seen to be a consequence of the
uniaxial anisotropy present in the randomly ori-
ented crystallites which make up the film. The
effective anisotropy field is much larger than
the magnetic fields applied in these low tempera-
ture experiments. " Therefore, since the ef-
fective basal plane anisotropy field is small, we
anticipate that only those crystallites oriented
with their basal planes parallel to the rf magnetic
field will make substantial contributions to the
absorption of rf power.

l.0—
0
O

0.5—

Dy Film
~ = l 2.48 6 Hz

T= l. 5 K

d = 5.0 pm

I I l I l l0'
0 l5 50 45 60 75 90
Angle between r f and d c fields

FIG. 6. Phonon signal intensity from a 5-ym dyspro-
sium film at 12.48 GHz as a function of the angle between
the rf and dc fields. It is noted that the signal does not
depend strongly on the angle, apparently a result of the
polycrystalline character of the film.

Strong dependence on the excitation frequency
has also been observed, with stronger signals
occurring at lower frequencies. Figure 7 shows
the striking similarity between phonon intensities
calculated using the coupled-mode analysis and

signals detected using the spin-phonon spectro-
meter. In Fig. 7 the solid line corresponds to
phonon emission from a single crystal film. Since
the films employed in this study were polycrystal. -
line, a procedure had to be developed to account
for the polycrystalline nature of the specimen.

For a polycrystalline film, the Hamiltonian should
be diagonalized for an arbitrary orientation of
the crystallite relative to the rf and dc field di-
rection. Then, an average over all crystallites of
the power emitted from each crystallite must
be performed. Because of dysprosium's large
uniaxial anisotropy, the magnetization must lie
in the basal plane of each crystallite, and so
only transverse phonons can be excited. The
Hamiltonian, in this case, is a six by six and
can be numerically diagonalized. Although this
can be done, no new physical information would
be gained, since propagation in directions other
than the c direction is governed by coupling con-
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culated signal intensities still agree within a fac-
tor of 2 for all frequencies.

The phonon signals obtained in this study were
generated through the direct coupling of the rf
magnetic field to the "phononlike" 6 mode of the
coupled-mode Hamiltonian. The frequencies used
in this experiment were far from the crossover
frequency (350 GHz). If the driving frequency
(which, at these frequencies, must come from
an infrared source) were tuned to crossover, then
dysprosium could act as a high-frequency, mono-
ergic phonon source, except for the fact that the
absolute signal size will be severly damped by
f(q) at the q va. lues necessary for crossover If.
the maximum of f (q) could be shifted near the

q which corresponds to crossover, then dyspro-
sium could be used as a high-frequency, high-
power-level phonon source. The best solution
may be to construct thin films which have thick-
ness related standing-wave modes of magneto-
elastic character. "

0
IO l5 20

FREQUENCY ( 6 Hz )

25

stants of approximately the same size as those
governing c-axis propagation. The power emitted
from a polycrystalline film, therefore, is ade-
quately represented by an average over all crys-
tallites using only the Hamiltonain for c-axis
propagation. This average would yield the poly-
crystalline magnetization. Thus, a rough esti-
mate of the effect of the film being polycrystal-
line can be made by renormalizing the magnetiza-
tion, and all magnetization-dependent terms such
as the equilibrium strains, to the magnetization
measurements of polycrystalline dysprosium
made by Elliott, Legvold, and Spedding. The
phonon emission calculated using this magnetiza-
tion and the results of Appendix B has been plotted
in Fig. 7 as a dashed line. At all frequencies
the agreement in absolute signal size between the
experimental. ly determined phonon signal and
that obtained from a coupled mode analysis is
good. Although the experimentally determined
phonon power decreases with increasing frequency
more rapidly than predicted, the data and cal-

FIG. 7. Theoretical and experimental phonon signal
intensity for a 5-pm film as a function of frequency. The
solid line is the calculated intensity for an unrealistic
single crystal film and the dashed line is an estimate
of the theoretical acoustic power from a polycrystalline
film. The data and experiments are in excellent agree-
ment, providing a quantitative verification of the coupled-
mode analysis.

APPENDIX A: DERIVATION OF DIFFUSION EQUATION

FOR PHONON SPECTROMETER

From the conservation of phonon current, we
can state that

dp—+ V (pV) —L = 0
dt

(A I)

where L represents the losses and p is the num-
ber of phonons of frequency v per unit volume,
moving in the direction k. Let p =f(x, k)
= p(x)&p(k) and phonons can be lost to the bath or
by momentum scattering. Therefore, the dif-
fusion equation becomes, following Ref. 12,

+ V [p(x)@(k)&] — , r'(@pp)-
—T. '(pq - p), (A2)

where &y is the loss rate to the bath, p, is the
number of phonons per unit volume in the bath,
and T, ' is the rate phonons are scattered out of
the momentum band of interest. Now, for an
isotropic crystal & V = 0, and for phonons propa-
gating in the k direction, then V = Vk a,nd

V (p&V) = VkV(pq').

The diffusion equation becomes

(A3)

——= Vk V(p y)+ T, '(p, —pq) + ~, '(I —P)p.

(A4)

Now the average density p(x) of phonons at the
point x is given by an average over all propaga-
tion directions:
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p(x) = —' f(x, k) dQK. (A5)
1

')(' ~ j = — Vk ~ V(p(j)) dQ
4v kr (A15)

And the phonon current becomes but, under steady-state conditions

Vk V(p(j)) = T, '(P1t1 —P, ) + 7, '((t1 —1)P.

Therefore,

(A16)

(A6) V j= — 7, ' Q —p +T, ' (jt) —1 p dQk

where

1
(j)(k) d Q- = 1.

4n k (A7)

+r„'p, +r, 'p].
And, therefore, the phonon current becomes

(A8)

Now, for steady-state conditions df/dt =0, there-
fore (t)(k) becomes

(j)(k) = [p(x)(~, '+ T, ')] '[ Vk' ~(pl)

but

1
(j)(k) dQ2 =1,

and so

V ~ j =(P —P, )7, ',

V j =ET

Therefore,

(A17)

(A18)

j(x)=, , J( [Vk ~ V(p(j))

+ 7, ' p, + T, ' p] d Q&. (A9)

The l.ast two terms in this expression vanish
since they are proportional to k, where

—', V'(v '+7 ')V2e = eT ' (A19)

(A20)

And so &(&) is exponentially damped, such that

e(x) =aloe
*i1,

where X = (x T, ) ', where

(A10)

x = -,' V'(7 '+ r ') '

APPENDIX B

(A21)

Therefore,

2

j(x)=, , t Vk V(p(t))k dQ-„. (A11)

For the n component of the current we obtain

Following the procedure of Bozorth and Waki-
yama, " the magnetostriction of a film of random-
ly oriented hexagonal crystallites can be easily
computed. For a hexagonal single crystal the
magnetostriction is

V dp
t

k„(j)(k ) dQ» dp

(A12)

For an isotropic distribution (j)(k) = 1, and there-
fore where

+(-'e ' —-')(3 e"' 7 )J3'

+ (-2' e "'+ —,
'

0 3 & "')p ',

+2&2 p, p„+2&',p„p„+2&', p, p, ,

j„(x)= —', V'(r, '+ r2') '
CX

V ~ j(x) = —,
' V'(1; '+ T, ') 'V'p(x).

(A13) f"= A.~(R -(x ) Z =A. R r2

(B2)

Now

jV2(T1 +T 1)1+2 (A14)

Now, since V'p, = 0, then let & = p —p, , thus
V'p =V'E, and the divergence of the current be-
comes

and where the n's and p's are, respectively, the
direction cosines of the saturation magnetization
and the gauge. Let Q be the angle in the x-&

plane, 8 the angle from the t.- axis, and 8, the
angle between the easy direction and the c axis.
Then X can be calculated in any direction by evalu-
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ating X =X(8, P) —X(8„0). Using the above expression for the magnetostriction, and writing the direction
cosines in terms of 8 and P, X becomes

A. =(—,'A. "„+(cos'8 —cos'6, )[(1/2v 3 )A» ——,)P»] ——,
' v3 A.,",j sin'8

+ —,V ([ sin'&(cos'P —sin'@) —sin' &,] [sin' &(cos'Q —sin'Q)] j
+ 2y sin'&sin'Q cos'Q+ 2k. sin'&cos'& sin'P +2k'(sin'&cos'& cos'P —sin& cos& sin&, cos &, cosP). (B3)

Previously, the strains have been written in

a small oscillations approximation:

e„,=Z„„(n)+e„„(q,(u). (B6)

In order to account for the polycrystalline nature
of the film, the magnetostriction must be aver-
aged over all. possible gauge directions. Thus,
Q must be averaged over x ((sing) =(cosQ) =0,
(sin'P) = —,') and 8 must be averaged over a sphere
((sin 8) = —',, . . . ) such that

X = ~5(~A„+ ()P„/W3)(1 ——,
' cos'6, )

—(5/~3)~2| +A22(-,
' cos'&, —1))+ ~~5(A~ + z').

(B4)

In a hexagonal crystal with large uniaxial anisot-
ropy and an easy plane, &, =-, ~ in each crystall. ite.
As a result cos&, =0 and ~ becomes

Since the strains are changed by the polycrystal-
line average, it is appropriate to consider the
averaging for the dynamic strains. In particular,
&'„ the driven mode, is proportional. to ~' which
is reduced in amplitude from the single-crystal
value by a factor of ~5. As a result, the phonon
power resulting from the time dependence of E',

must be multiplied by (,)'. This factor has been
included in the polycrystalline power calculation
given in Fig. 7. Of course, phonons are also
excited in the basal plane of properly oriented
crystall. ites in the polycrystalline film. A cal-
culation of this power has not been carried out,
but it is cl.ear that the power will be roughly equal
to that already calculated, since the coupling
constants, B' and B~, are nearly equal. Thus,
it is reasonable to regard the dashed line in Fig.
7 as approximately —,

' the power from a polycrys-
talline f il.m.
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