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We formulate an ab initio long-wavelength Lagrangian theory of electrodynamics of elastic pyroelectrics. A
consistent set of constitutive relations and equations of motion of both the matter and electromagnetic field
are derived. The theory applies to pyroelectrics, dielectrics, and piezoelectrics of any symmetry, any degree of
anisotropy, any level of structural complexity, and any order of nonlinearity. All long-wavelength modes of
mechanical motion of the crystal, which include the center-of-mass motion and an arbitrary number of
internal motions, are considered. Discussions of the equations of motion, the conservation laws, the stress
tensor, the boundary conditions, and the meaning of the natural state of the crystal are presented. In
particular, we show that total angular momentum is conserved even though the properly defined total stress

tensor is not symmetric.

I. INTRODUCTION

Recently we developed an ab initio Lagrangian
theory of electrodynamics in elastic dielectrics.®
The theory applies to crystals having any symme-
try and degree of anisotropy, having any number of
particles (ions and electrons) per unit cell, and
having nonlinearities of any order in their constitu-
tive relations. The theory, which applies to wave-
lengths long compared to unit-cell dimensions, is
well suited to the study of interactions of electro-
magnetic and acoustic waves in crystals.

Application of the theory to the photoelastic in-
teraction? led to the prediction that the independent
elastic variable relevant to this interaction was the
displacement gradient (the sum of the strain plus
rotation), not the strain as long believed. This
prediction was amply verified.® Application of the
general theory to acoustically induced optical har-
monic generation* demonstrated the usefulness of
the theory in predicting indirect contributions to
the over-all effect. Three two-step and two three-
step indirect contributions, each wave-vector de-
pendent, were found in addition to the direct inter-
action of the several waves.

In this and an accompanying paper5 we turn our
attention to materials possessing a spontaneous
electric dipole moment. If the direction of the mo-
ment cannot be reoriented, they are called simply
pyroelectrics; the subclass of pyroelectrics whose
moment can be reoriented are called ferroelec-
trics. This work applies to either type. In addi-
tion to the spontaneous electric moment a sponta-
neous electric field may also be present. How-
ever, under typical laboratory conditions an ex-
trinsic charge collects on the crystal surfaces so
as to cancel the spontaneous electric field. Weak
conductivity can also contribute to this cancelling
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process. Nevertheless, we will include the possi-
ble existence of the spontaneous field in our treat-
ment.

Our interest is directed at determining whether
the spontaneous electric moment or field will lead
to indirect contributions to either linear elasticity
or piezoelectricity. We further wish to find out
whether rotations, in contrast to strains, will play
a role in any such indirect effects. Toward this
end we find it advantageous to set up the theory in
a general way that includes all levels of nonlinear-
ity. We will then specialize to linear elasticity
and piezoelectricity in an accompanying paper.’®
In further papers we intend to apply the results of
this paper to various nonlinear acoustic-wave-—
electromagnetic-wave interactions in pyroelectrics.

The treatment in this paper is based on our pre-
vious paper! on dielectrics and most of the justifi-
cation of the approach will not be repeated here.
Nevertheless, we will attempt to make the present
treatment as self-contained as feasible.

Briefly, the organization of the paper is as fol-
lows: From the microscopic discrete position co-
ordinates of the particles, continuum coordinates
consisting of the center-of-mass position and a set
of internal coordinates are defined (Sec. II). The
total Lagrangian is then constructed in terms of
these coordinates and the vector and scalar poten-
tials which characterize the electromagnetic field
(Sec. III). The total Lagrangian consists of the
vacuum electromagnetic field Lagrangian, the mat-
ter-field interaction Lagrangian, the kinetic ener-
gy, and the stored energy of the matter. The latter
is required to satisfy invariance under displace-
ments, rotations, inversions, and crystal group
operations. The Lagrange equations then yield the
Maxwell-Lorentz electromagnetic equations (Sec.
IV), the center-of-mass motion equation (Sec. V),
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and the internal coordinate motion equations (Sec.
VI). Momentum, angular momentum, and energy
conservation are presented briefly in Secs. VII-IX,
respectively. The form that the sources of energy,
momentum, and angular momentum take in the
presence of external fields are presented in Sec. X.
Boundary conditions on all the fields are given in
Sec. XI.

II. CRYSTAL COORDINATES

The position of a particle (ion or electron) of
type @, having a charge e, is X"*(f). The index n
has three integral components that name the primi-
tive cell n (the smallest unit of structural repeti-
tion). The particle type index a has values from 1
to N. For long-wavelength phenomena (wavelengths-
large compared to primitive-unit-cell dimensiohs)
each discrete particle sublattice can be replaced by
a continuum, giving a manifold of N continua to
represent the crystal. In so doing the particle type
index a is retained as a sublattice index but the cell
index 7 is replaced by a continuous variable X which
rides with the mass point, names it, and is called
the material coordinate (vector). Thus

Xt - XX, 1) .
In the continuum limit cell sums become integrals

over the body with respect to the material coordi-
nate, i.e.,

(2.1)

- 1 - - —
> F(xm() - a f F(x*(X,))dX , (2.2)
n
where § is the primitive-unit-cell volume. In
terms of the continuum position coordinates X% the
center-of-mass position is

N aTo (S
- %, t
3, =) LXK (2.3)
a=1 P
N N ma
=D pt= T (2.4)
a=1 a=1

Throughout this paper we will retain the distinc-
tion between the material coordinate X of the cen-
ter of mass and the spatial coordinate X of the
center of mass. To facilitate this distinction we
will use upper case Latin letter subscripts to de-
note components in the material coordinate system,
e.g., X,, and lower case Latin letter subscripts
to denote components in the spatial (laboratory) co-
ordinate system, e.g., x;. This notation serves to
remind us that under a body rotation, the coordi-
nates x; change but the “names” X, of the particles
do not. Though we choose each of these coordinate
systems to be Cartesian, we regard their transfor-
mations as independent. When this theory is ap-
plied to the calculation of a specific problem, it is
then convenient to make these two coordinate sys-
tems identical and to make the material coordinate
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components X, of the center of mass equal to the
latter’s spatial position components x, when the
body is in its natural state, that is, a homogeneous,
time-independent state free from applied external
influences. We also define the natural state as
having no spontaneous strain or total stress. With
this definition of X the ordinary displacement vec-
tor U used in the acoustic propagation equation, for
instance, is defined by

- =

u=x-X. (2.5)

In place of the X* coordinates we find it more
convenient to use a complete set of position coordi-
nates which consist of the center-of-mass position
X(X, t) and internal coordinates y7* (X, #) (1 =1, 2,
..., N—1) which are displacement invariant. We
define them by

N

VX, = U“ex*(X, 1) (2.6)
a=1
N-1
X, 0=, vy &, 1, (2.7)
n=0
where
N
> urever=gv, (2.8)
a=1
N=1
Z yor B = 5B , (2.9)
n=0
VUK, 1) =xX, t) . (2.10)

Displacement invariance of §T“ (1 #0) and its lack
for p =0 require

N
Z Ure = §H0 |
a=1

Summing Eq. (2.9) over g with the use of Eq.
(2.11) yields an alternate statement of displace-
ment invariance,

(2.11)

veo=1, (2.12)
Equations (2.3), (2.6), and (2.10) together imply
Ut =p*/p°. (2.13)

Substitution of Eq. (2.13) into Eq. (2.8) yields

N ayrav
SRV _pov, (2.14)
a=1 P

The superscript 7 on -37”, standing for total, is
used to indicate that these internal coordinates
possess a constant or spontaneous part ¥* in addi-
tion to a part ;“ which may vary because of some
external influence, i.e.,

TR =6, , Y5+ . (2.15)

The special case p =0 reduces to Eq. (2.5)
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X;=0,4X 4 +1; (2.16)
when we use Eq. (2.10) and identify
¥°=X, y°=1. (2.17

The presence of the spontaneous parts Y* is neces-
sary toc obtain a spontaneous electric dipole mo-
ment.

Besides satisfying displacement invariance the
internal coordinates can be chosen to retain the
diagonality of the kinetic energy. Thus

1 N a(d§a)2 1 N-1 u(d'§7‘u>2
£K-2;p ar) "2 & m\ = (2.18)
provided
N
Z POV Y = oY, %=p0 . (2.19)
a=1

If we multiply Eq. (2.19) by U*%, sum over v, and
use Eq. (2.9), we obtain the useful relation

PPV =t UHE (2.20)

The newly introduced m" can be found from Eq.
(2.19) by setting u =v.

Ill. TOTAL LAGRANGIAN

The total Lagrangian can be expressed in terms
of a Lagrangian density in the spatial coordinate
system or one in the material coordinate system:

L= JJJS dv = Ioﬁ‘"dV .

Here dv and dV are volume elements in the spatial
and material frames. The total Lagrangian con-
sists of the sum of three Lagrangians describing
the field, the field-matter interaction, and the
matter:

(3.1)

LI=LL+ LI+ LY (j=5,M) . (3.2)

The well-known field Lagrangian is expressed in
terms of the vector potential A and the scalar po-
tential ¢, regarded as generalized coordinates, by

28 -beo{lEG, 0 - ABE 01}, 3.3)

where ¢ is the speed of light in vacuum and ¢, is
the permittivity of free space (mks units are used).
The electric field -E., which may contain a constant
spontaneous part Es, and the magnetic induction B
are expressed as usual in terms of the potentials by

-~ = 9A
==Vd-— .4
E ®-" (3.4)
B=VxA. (3.5)
The interaction Lagrangian is given by
AX® - S ——
-3 (B R, RGeE, 0,0
a
-a(x*(X, 1), t)) (3.6)

or

£5=7@,0-A@E, 1) -qZ, 08,1 , (3.7
where
a@z, 0=y q"fﬁ(E—?‘(i’(, nNav, (3.8)
kg _ d;a - > > =
i (z, t)=Zq“f—d7(x, Ho(z-x*(X,1))dv, (3.9)
q“=e"/Q ., (3.10)

In either of the forms (3.6) and (3. 7) the interac-
tion Lagrangian contains multipoles of all orders.
Since we wish to consider a dielectric material
which contains no free charge, i.e., no monopole,

an:O )
]

and since we do not wish to consider magnetic di-
pole or electric quadrupole effects' at present, we
expand the functions of X* about X using Eq. (2.7).
We obtain the interaction Lagrangian to electric di-
pole order by using Eq. (3.11) and by remembering
that a total time (or space) derivative can be dis-
carded from the Lagrangian since it cannot affect
the equations of motion. In the material frame we
find

(3.11)

=3y X, 0 E(xX, 1),1) (3.12)
17
while in the spatial frame we find
- 7 (X, 1)
£5=8@ 03" “<L*—> ,  (3.13)
1 Zu: i J(X, 1) /a0
where
= = dX_=
§ = —X . .1
8 E+dt B (3.14)

In these equations the prime on the summation
symbol indicates exclusion of the p =0 term and
q" is given by

IJ-E acw.
q ;qV

Neutrality of the unit cell, Eq. (3.11), implies
¢"=0. Note that we use a Greek letter early in the
alphabet to denote a charge density associated with
the position X* and one late in the alphabet to denote
a charge density associated with the internal co-
ordinate y™. The Jacobian of the transformation
from the X frame to the X frame is

(3.15)

8x,'
X,

J(X, ) =det—t=detx;, , , (3.186)
where the comma denotes differentiation in the
last expression.

The matter Lagrangian consists of the kinetic
energy, as expressed in Eq. (2.18) minus the
stored energy,
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1" 2 d"Tu 2
£ﬁ=§p°<‘;§) +Z'ém“< Zt > -,  (3.17)
v

where 2 is the stored energy per unit undeformed
mass of the crystal. The form that ¥ may take
consistent with the conservation laws has been dis-
cussed in detail previously.'® We will only sum-
marize those arguments here.

In general, ¥ could be a function of all the co-
ordinates, X and y™ (u=1, 2, ..., N~1), their
first and higher derivatives with respect to )—Z, and
X itself. Momentum conservation requires invari-
ance of T with respect to uniform displacements in
the spatial coordinate system. Since all y7* (u =1,
2, ..., N-1) and all orders of derivatives of the
T and X possess such invariance, £ may be a
function of them. The center-of-mass position X,
however, does not possess such invariance and so
2 may not be a function of it. In the true long-
wavelength limit we need only retain E’A and §T“
(b=1,2, ..., N=1). Wave-vector dispersion ef-
fects, such as optical or acoustic activity, which
are lowest-order corrections to the long-wave-
length limit, require the retention of dependence of
T upon X ,p and 74 (p=1, 2, ..., N=1). Though
the latter can be incorporated into the present for-
malism, ! their physical effects can be distinguished
readily from those, caused by the presence of a
permanent electric dipole moment, which we are
considering here. We thus exclude the latter de-
pendence.

Angular momentum conservation requires invari-
ance of T with respect to uniform rotations in the
spatial coordinate system. Such invariance is
quaranteed if each of the independent variables of
¥ is individually rotationally invariant. A com-
plete set of such variables consists of E,5, AL

(n=1,2,...,N-1), X,, and sgn(J). The Green
finite strain tensor E, is defined by
E p=3(Cpp— 648) (3.18)
Cop=X;,4%i,p - (3.19)

Summation over repeated subscripts is implied.
The rotationally invariant internal coordinates
AZ* are defined by

AT =9T*R,, (1=1,2,...,N=1), (3.20)

where R;, is the finite rotation tensor® given by

Ria=x;,p(C Y35, . (3.21)

The sgn(J) variable has values of +1 and —1 for
proper and improper rotations, respectively.
Parity conservation is not a fundamental con-
servation law and its possible violation in crystal
physics has been discussed.! Nevertheless, indi-
cations are that it is obeyed to a very high degree
of accuracy. Thus, for the purposes of this paper
we will assume its validity. Parity conservation
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requires the invariance of ¥ with respect to inver-
sion (improper rotation) of the spatial coordinate
system. Thus sgn(J) must be removed from the
set of variables for Z.

We will for simplicity consider homogeneous
crystals. In the continuum limit, this requires in-
variance of T with respect to arbitrary translations
of the material coordinate system. Thus X, must
be deleted from the set of variables of =. In the
language of conservation laws homogeneity is
equivalent to crystal momentum conservation.

From the above arguments the functional depen-
dence of ¥ may be stated as

5 =3(E g5, AZ*) . (3.22)

It is worth emphasizing that by the nature of a po-
tential energy = may not be a function of any char-
acteristic of an external influence such as a fre-
quency or wave vector.

Since the quantities E,5 and AZ* are small quan-
tities, it is convenient to expand pOE in a double
power series in these variables. The first few
terms are

052 _ (0, 1) (0,2 \ 71,0071 A Tu
pZ=""HypEyp+" HAB(?DEABECD+Z "UHRA
m

7 (2,0)7uev A Tup TV 7 (1, )gue T
+Z "UHapM g Ap +Z " HypcNa"Epc+-+- .

R B
(3.23)

Now, the stored energy must also be invariant un-
der crystal group operations. Since the terms of
the series of different degree are independent, the
requirement applies individually to the terms.
Since both E, 5 and AL* are altered by crystal group
operations, conditions are imposed on the series
coefficients, “™™H. Such relations have been
stated before! and need not be repeated here.

The choice of A%* as expansion parameters for
p’T has one drawback. In the natural state of the
crystal, i.e., when no external influences are ap-
plied to the crystal and all space and time deriva-
tives vanish, E,5=0 but AT* has a spontaneous
value of

ASP=Y% (p=1,2,...,N-1). (3.24)

This leads to the spontaneous value of pOE and
80°z/8AT* having an infinite series of terms. This
can be avoided if we introduce a new quantity

AY=ATE CASE (p=1,2,...,N=1), (3.25)

which is the difference of two rotational invariants.
Using Eq. (2.15) we obtain
A:=(RiA‘5iA)5iBY$ +R;avY (3.26)

a result whose invariance is less obvious.
Equation (3. 23) can now be reexpressed as
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PPE(E 5, ML) ="VK 3B 45+ " Ky popE4pEcp
1 (1,0) prupn (2,00 pruv A AV
+ VKUYN + VKR RALA
; aba uzv apadp

P (1, 1) pru u
+Z VK N Ege + .
M

(3.27)
Expressions for the new expansion coefficients
mm K in terms of the old expansion coefficients
{mmH can easily be found from Eqs. (3.23), (3.25),
and (3.27) but, since they will not be needed, they
will not be presented here. The stored energy is
now expanded in rotationally invariant variables
which vanish in the natural state. The constant
term in p°% which cannot contribute to the equa-
tions of motion has been dropped.

The Lagrange equations can be written in either
the spatial or material frames depending on which
Lagrangian density in Eq. (3.1) is used. In the
spatial frame the Lagrange equation for a general-
ized coordinate g; is

(3.28)

where Z is the independent variable. In the mate-
rial frame the Lagrange equation for the general-
ized coordinate g; is

d LM agM 5 agM

—_— 3.29
dt 3q; dq; 98X, 8q;,’ ( )
where X is the independent variable. Note that a
material time derivative is given by
dF_. 8F . aF
dt—F— oF +x‘8x,~ . (3.30)

IV. MAXWELL-LORENTZ EQUATIONS

The Lagrange equation (3.28) for the scalar po-
tential ®, regarded as a generalized coordinate,
yields

€V E=-V-P=4", (4.1)

with the aid of Eqs. (3.2)-(3.5) and (3.13). The
right-hand side of Eq. (4.1) is the dielectric or
bound charge in the electric dipole approximation
and the polarization P is defined by

v 3™ X, 1)
P 0= Z < J(X, 1) >z; "y 4.2)

Note that the polarization P can contain a constant
part, the spontaneous polarization PS, given by

P§=5,,0  q"V4 . (4.3)
»w

The Lagrange equation (3.28) for the vector po-
tential K, regarded as a generalized coordinate,
yields
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VxB 10E 8P (—— d?() >
-— == =—34VX(Px=)=j? .
Mo € Ot T P a1 (4.4)

with the aid of Eqs. (3.2)—(3.5) and (3.13). The
right-hand side of Eq. (4.4) is the dielectric or
bound charge current in the electric dipole approx-
imation.

We see from Eqs. (4.1) and (4.4) that to obtain
the Maxwell equations in the conventional form we
must define the electric displacement vector D and
the magnetic field H by

D=¢,E+P (4.5)
H-}L0 det , (4.6)

which are functions, of course, of Z and #.
The two remaining Maxwell equations,

-~ - OB
VXE Y (4.7
5-’1§=0, (4.8)

are direct consequences of the definitions, Egs.
(3.4) and (3.5), of the E and B fields in terms of
A and &, the basic Lagrangian coordinates.

V. CENTER-OF-MASS EQUATION

The material frame Lagrange equation (3. 29) for
the center-of-mass position X yields

s 8) () 5,
i
- [dX =
+p°(2t—XB,{>+TiA,A ’ (5.1)

with the aid of Egqs. (3.2), (3.12), (3.17), and
(3.27). Here

p Z’ wTTu (5.2)

and the Piola-Kirchoff mixed-frame stress tensor
T;, is defined by

po%

Tia= bxra (5.3)
With the use of vector identities and Eq. (4.7) the
center-of-mass equation (5.1) can be reexpressed
as

.. - = dp_=
Poxi =T;a,a +(p- V)E; +<"1$XB)
i

+(§X(5-6)§)l . (5.4)

This equation can be transformed to a spatial frame
equation by multiplying by J-!, defined in Eq.
(3.16), and rearranging terms. With the use of the
Euler-Piola-Jacobi identity,
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(T 7%5,4),5=0 5 (5.5)
it is easy to show that

I T4 a=t (5.6)

where the local stress tensor t}; is defined by

9z

am, (5.7

13;=px,
the y indicating that the '§" variables are held fixed
while taking the derivative. The symbol

p=Jd-1p° (5.8)

is used as an abbreviation for the mass density as-
sociated with the single continuum defined by the
center-of-mass motion 3?6(, #). We also use the
identity”

dp 9P = (- d§> ( d§>
1o — VX ([Px= =) .
TR TR Ty A T

Equation (5.4) can then be put in the spatial frame
form

(5.9)

pit;=(t3;+8P)),;+q°E; +(j°xB); . (5.10)

Note, however, that we have left the inertial term
expressed as a material time derivative. By sub-
stituting the dielectric charge and current from
Eqs. (4.1) and (4.4) we have put the body force
terms into the Lorentz force form.

VI. INTERNAL-MOTION EQUATIONS

The material frame Lagrange equation (3.29)
for the internal coordinate y7* (i #0) yields

9’z
iA SA“; )
with the use of Eqs. (3.2), (3.12), (3.14), (3.17),
(3.20), (3.25), and (3.27). In the natural state

(NS) of the pyroelectric crystal E=ES and R;, =5,,.
Equation (6. 1) then yields

ap0% \ S
" E} =<_3€X—;> GiA=(1,0)K‘1;6iA .

m*y7* =¢* & - R (6.1)

(6.2)

We may subtract Eq. (6.2) from Eq. (6.1) in order
to remove the constant terms from Eq. (6.1). Thus

. 9p’> 3pz \ NS
—_— =q“5¥‘RM‘aEX§+ 6’A(3€\i> ,  (6.3)
where
E"s'ﬁhd—txﬁ , (6.4)
EY=E-ES (6.5)

VII. MOMENTUM CONSERVATION

The momentum-conservation equation states that
the sum of the partial time derivative of the total
momentum density and the divergence of the flow
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of total momentum density is zero. The total mo-
mentum consists of both matter momentum and
electromagnetic field momentum.

The change of momentum of the center of mass
is given by Eq. (5.10). The left-hand side of this
equation can be rearranged using a well-known
identity” to be

- 8(px;) . 8(px %) )

Tt 9z (7.1)

The body force terms of Eq. (5.10) can be regarded
as momentum transfer terms between the matter
and field. Corresponding terms of opposite sign
should thus appear in the momentum equation of
the electromagnetic field.

The latter can be found by forming the vector
product of Eq. (4.7) with €, and the vector prod-
uct of Eq. (4.4) with B and adding the results.
After use of Egs. (4.1) and (4.8) to reexpress the
terms this yields

3€§X§- - -
Lo_i_m“.jz_qDEi_(JDXB)i ,

o7 (7.2)

with the Maxwell stress tensor defined by
My = €EE;+BB;/ o= 3(€0ELEy + B,B,/11o)8;;

(7.3)
Since the internal coordinates §T“ are displace-
ment invariant, they do not carry any momentum.
It is thus sufficient to add Eqs. (5.9) and (7.2) with
the use of Eq. (7.1). This yields the spatial frame
statement of momentum conservation

L2} . - - 3 o o
Q[Pxi +€o(EXB)1]+a”z'f (pxex; =t} = 6Pj—my;) =0.
J

(7.4)
We show in an accompanying paper® that the quan-
tity included within the divergence in this equation
may be properly identified as the total stress ten-
sor t,."j in the laboratory or spatial frame,

th=td+ 8P+ my; — pxiX; (7.5)

The sign change of this quantity from that within
the divergence is chosen to give the stress tensor
the conventional sign. We show in the accompany-
ing paper?® that t;", is asymmetric. The meaning of
the antisymmetric part will be interpreted in
Sec. VIII.

It is usually assumed that the natural state (NS)
of a perfect crystal is a stress-free state. If we
adopt this viewpoint, we find

(t§)" S =t§;+E}, P}, + € E{E ~ 3¢ E{Ef5,,=0 ,

(7.6)
where the spontaneous elastic stress #J; is

155= " VK 450,405 - (7.7)

We are not concerned with temperature-dependent
effects in this paper. It should be noted, however,
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that the stress-free condition leads, in general, to
a different natural state at each temperature. The
effect of Eq. (7.6) is to fix the spontaneous elastic
stress in terms of spontaneous electric field
stresses. If E =0, so also will ¢§;=0.

Equation (7.6) is in the spirit of a boundless me-
dium, as considered up to this point. For a finite
body possessing a spontaneous electric field a
spontaneous Maxwell stress will exist outside the
body. Continuity of the scalar product of the unit
normal and the total stress tensor at the boundary
can lead to a different condition for the natural
state than Eq. (7.6). This will be discussed in
Sec. XI.

VIII. ANGULAR MOMENTUM CONSERVATION

The angular momentum conservation law may be
found by combining contributions from the center-
of-mass motion, each of the internal motions, and
the electromagnetic field. The center-of-mass
contribution is found by forming the vector product
of the equation of motion [Eq. (5.10)] with X and by
using Eq. (7.1) with the result

9 ..
+§1(pxkx,)>

=€ % (te + 5P, +KID(§><-E.).- +[Xx(j?xB)]; .

9 .
€ijeXj a_t(ka)

This may be rearranged into @.1)
el ) Joar o) 2]
st \P\**ar )1 oz, IP\¥ >
=€ (t3 + 8 P — €44t + 8, P))
+qD(§X_}E’})i+[§><(-j>DX-B')L. y (8.2)

because a spatial frame time derivative of X is zero
since z=X is held fixed.

The contribution from the internal motions is
found by forming the vector product of the equation
of motion (6. 1) of the internal coordinates with §T“
and multiplying by J ! to obtain

T -
14 1 gres ) L oo,
1

Jdt dt
1 u 80°Z
-7 €ijrdi 3yTu- ’

(8.3)
where

ph=mt/J .

We now define the internal angular momentum i by

(8.4)

- - d”Tu
[=) o™ xS,
N

sum Eq. (8.3) over u from 1 to N-1, rearrange
the left-hand side by a well-known identity,” and
use the definition of the polarization, Eq. (4.2).

The result is

(8.5)
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o

s ®xE); -

apOZ
€mz yi¥ o
9k

The electromagnetlc field contribution is easily
found by forming the vector product of the electro-
magnetic momentum equation (7.2) with X and re-
arranging the left-hand side in the manner done to
Eq. (8.2) with the result

(lixl) (8.6)

9, » = =
—[exx(ExB)];

9
Y 'gz_l(iiikxjmm)

=-gP(&XxE); - [Xx(7°xB)]; . (8.7

We now add the angular momentum contributions

represented by Egqs. (8.2), (8.6), and (8.7) to ob-
tain

9 dx 3 .
at“:xx( Pt ——+¢E XB)]‘ +li}+gl(l,x,—€“,,x,tf,)
= tjk( y“g%+t ) .

This equation has the conservation law form if we
can show the right-hand side vanishes. We do this
by using the rotational invariance of =~ discussed
in Sec. III.

Consider an infinitesimal rotation of the spatial
coordinates,

(8.8)

2i=2;+02,512; » (8.9)

where the brackets denote antisymmetric inter-
change symmetry. This induces changes in the

spatial vectors yT* and %;,4 Of the form
TH-)I

(8.10)
(8.11)

_ . Te T
(i) =i +6zg4,597"
’? —_

Xi,Aa=X4,4+0204,j1%j,4 -

Rotational invariance requires the stored energy to
obey

D (I

A first-order Taylor series expansion in all the
arguments on the left-hand side leads to

x5, A) =2, x5, 4) - (8.12)

, 8% >
—5 —9d . . =O. 8.13
Zu: ayZe OZte i +8xk,3 Z [k, i1%4, B ( )

Since 6zp,, ;7 is an arbitrary infinitesimal antisym-
metric tensor, we must have

y 02
Z Tu yﬂ‘+

[

X41,5=0 . (8.14)

X[k, B
Forming a scalar product of this equation with the
permutation symbol €;;, and multiplying by - %/
now yields

Tu p
€i!kz Vi ayI”

with the use of the definition Eq. (5.7) for #};. This
proves that the right-hand side of Eq. (8.8) van-
ishes and so gives us

Eukt:j=0 > (8.15)
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%{[ égfwkeo]axs)] }+%l(z,.5c, - € xith) =0,

(8.16)
the spatial frame angular momentum conservation
law. From the reasoning of the accompanying pa-
per® we are justified in interpreting the quantity in
the time derivative as the spatial frame density of
angular momentum and the quantity in the diver-
gence as the flow of angular momentum across a
surface fixed in the spatial frame.

It is important to realize that this closed system
consisting of a crystal in interaction with the elec-
tromagnetic field possesses conservation of fotal
angular momentum even though the fotal stress
tensor is not symmetric. This results from the
crystal being represented not simply by the center-
of-mass continuum but by a manifold of N vector
matter continua, N -1 of them representing inter-
nal motions. We see in Eq. (8.16) that there is an
internal angular momentum density and a corre-
sponding flow of internal angular momentum density
produced by these internal motions. The balancing
role played by the internal angular momentum with
respect to the antisymmetric part of the total stress
tensor can be seen by combining Egs. (8.15) and
(8.6) and returning the left-hand side of Eq. (8.15)
to the form present in Eq. (8.3). We then get

Jdt 2L (71) = (BXE), + €ty = €1pal - (8.17)
This can be interpreted as an equation of motion
for the internal angular momentum with the anti-
symmetric part of the total stress tensor acting as
the driving torque.

IX. ENERGY CONSERVATION

To obtain the energy conservation statement we
must add the contributions from the center-of-mass
motion, the internal motions, and the electromag-
netic field. The center-of-mass contribution is
found by forming the scalar product of Eq. (5.10)
with dX/dt and manipulating the inertial term in a
manner’ similar to Eq. (7.1). The result is

a1 [dx\? 1 (dx .
57[2 Zt’)] —{(2 dt)ﬁ” "g"P’]x"}

== (2 +8P)%, ;+[q°E;+ (TP xB), %, . (9.1)

Similar handling of the internal coordinate equation
(6.1) yields

st () e ()4

. ax
Tu
= PpYy; ayg'u *

=pg" 97" &; - (9.2)
The electromagnetic field contribution is found by
forming the scalar product of Eq. (4.4) with - E
and the scalar product of Eq. (4.7) with B/, and
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adding the results.

3 2 B2> i((ﬁxﬁ),)_ = =

ot (z€0E 2“0 +azi ™ ==E-j”.
Equations (9.1), (9.2) for each u, and (9.3) are
added to obtain the total energy equation. All terms

on the right of those equations cancel one another
with the exception of

This yields

(9.3)

. . 9x 9pZx 0 .
’ T B
t¥jxi,j+p2u: yiuay;ru.‘ st oz, (pzx;).  (9.4)
Hence we obtain
aW as,_
ot + ’ (9.5)
where

o Te\2
W=% (Z?) +Z'%p“(dzt > +%€0E2+Bz/2uo+p2,

(9.6)
[% ( )6‘J+Z ("”) 015 +pZ0;;

—tai’j—gipj]x.i'f‘(ﬁxﬁ/“-o)j ’ (907)

S;

lIl

which states energy conservation in the spatial
frame. By the arguments of the accompanying
paper® we may interpret W as the energy density
and S; as the energy-flow vector.

At first glance it appears that Eq. (9.5) is sensi-
tive to an arbitrary constant which could have been
inserted in the definition Eq. (3.27) of p°Z, the
stored energy. However, the two terms in pZ in
Eq. (9.5) can be reexpressed as

3pT 9T, <8p apx,>/
at | oz, =025 p

(_L prE‘) (©.8)

+Po 0z,

Any constant in p°2 clearly disappears from the
second pair of terms because of the derivatives
acting on it. The first pair of terms, whose coef-
ficient contains the constant in question, disappear
because of mass conservation,

9p dpx
£ 2P, (9.9)

at
a condition implicit throughout this work.” These
remarks apply here because this theory is nonrela-
tivistic. Were it relativistic, mass conservation
would not be a conservation law separate from en-
ergy conservation, and the theory would be sensi-
tive to the constant term in p°% since it would be
the rest energy of all the mass of the system.

X. CONTINUITY EQUATIONS IN PRESENCE OF
EXTERNAL FIELDS

In some problems it is of interest to consider
certain electromagnetic fields E° and B¢ acting on
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the body under study as external fields. By this
we mean that the external fields are specified
fields, that we are interested in the action on the
body, but not interested in the action of the body
on the external fields. Thus we wish to ignore the
sources ¢¢ and ] ¢ of the external fields and ignore
the matter equations relating to ¢° and 'j’e. The en-
ergy, momentum, and angular momentum equa-
tions for the body and its fields will not contain
source terms for these quantities arising from the
action of the external fields on the body.

With this view the energy continuity equation in
the spatial frame can be found by adding Egs. (9.1)
and (9.2) (for each u), regarded as depending on
the fields E +E° and B +B°, to Eq. (9.3). The re-
sult is

A @E)z r1 u<d§m>2 1 g2, B }
ar[zp(df *; P \Tqr ) rESE g e

EN @)z . u<d§n>z
+azj{[2p(dt 5”“‘; 2P\ Tar ) O

o ExB); *p =
+025ij—f¥j‘5ipj]xi+%‘}ﬂp' E°.

(10.1)
A similar procedure applied to the momentum
equations yields

ot L

9 . - - o - -
‘5,,7[!3951'*'60(1—1'-><]5’>),~J——'j’=qDE§?+(]D><}39)i (10.2)

0z

for momentum continuity in the spatial frame in
the presence of external fields. Applying the pro-
cedure to the angular momentum equations yields

9 |- dx - - -> 9
—_ X —_— X —_—
at[x (pdt+eo(E B)>+1:l,-+82,,.

={xx[¢”E*+ (3P B}

e L
(13X — €0%it gm)

(10.3)

for angular momentum continuity in the spatial
frame in the presence of external fields.

XI. BOUNDARY CONDITIONS

The boundary conditions on the four electromag-
netic fields needed for this work are those which
hold at the material surface of a moving, deform-
ing body. Previous discussions have derived the
boundary conditions at the surface of a rigidly
moving body. Even in this simpler situation sig-
nificant disagreement exists. Sommerfeld in his
book on electrodynamics® presents a derivation
which shows that the tangential components of the
magnetic intensity H are continuous at the body
surface of a body having no surface currents and
moving at a uniform velocity with respect to a spa-
tial coordinate frame to which H is referred. Mol-
ler, % on the other hand, asserts that the tangential
components of H - (d%/d#) XD are continuous under
these conditions.

In order to resolve this question and to general-

ize the result to moving, deforming bodies we have
in an accompanying paper'! transformed the Max-
well equations to the material coordinate system of
a moving, deforming body. The boundary condi-
tions, found very simply in this system, are then
transformed!! back to the usual spatial coordinate
system. Our result resolves the disagreement in
favor of the Moller result and shows that Sommer-
feld’s error was in assuming that the material ve-
locity dX/dt was discontinuous at the body surface.
The spatial frame electromagnetic boundary con-
ditions that we find*! hold at the surface of a di-
electric body moving and deforming with respect
to that frame are

- (= dX =

X _— =

n (H thD) 0, (11.1)
s[> dX =

n><<E+dt><B)_0, (11.2)
n-[Dl=o, (11.3)
n-lBl=0, (11.4)

where the brackets here denote the jump in the
quantity contained within,

[V]zyout—yin | (11.5)

1 is the outward unit normal and ¢ is the surface
charge density. A surface charge has been in-
cluded since an immobile, extrinsic charge usually
collects on the surface of a pyroelectric in order to
cancel the spontaneous electric field. One would
expect that this surface charge multiplied by the
component of the material velocity dx/dt tangential
to the surface would produce a convective surface
current in the H field boundary condition (11.1).
However, we show in the accompanying paper!!
that an exactly cancelling term arises in the bound-
ary condition from the 8D/6¢ term of the differen-
tial equation with the result that no surface current
of any kind appears in the boundary condition (11.1)
for a dielectric.

To find the effects of deformation on n and ¢ we
use Nanson’s formula'?

da;=JXy,;dAy , (11.6)

which relates vector area elements in the spatial
and material frames. Since

da;=n;da, dA,=N,dA , (11.7)

where N and dA are the material frame (unde-
formed) unit normal and area element and n and
da are the corresponding spatial frame (deformed)
quantities, we obtain the area ratio

da=JIN (C™) uNy12dA , (11.8)
where
(CVyy =Xy, i Xn,; (11.9)
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follows from Eq. (3.19). We also obtain the rela-
tion between the unit normals,

n; =N Xy, i[NL (C-I)LMNM ]-1/2 I

by dividing Eq. (11.6) by Eq. (11.8). This expres-
sion relates the deformed normal ?1, needed in
Eqs. (11.1)—(11.4), to the undeformed normal N.
The deformed state surface charge density o is re-
lated!! to the undeformed state (or spontaneous)
surface charge density =5 by

(11.10)

0=EsZ—A=J'1[NL(C'1)L,,,NM]'1/ZZS . (11.11)

a

This expression is to be used in Eq. (11.3).

The remaining boundary condition needed is that
for the stress tensor. In the accompanying paper
on the stress tensor® the boundary condition on the
stress,

[t,?’]-+é’,-Pj+m“+€0(-E.><§)lij]nj=0 , (11.12)

is found for a deforming body surface moving at
velocity dx/dt. The brackets here denote the jump
in the quantity as defined in Eq. (11.5). If a sur-
face traction T; could somehow be applied from the
outside to the surface between the two media, it
would appear on the left-hand side of Eq. (11.12).
If such a surface traction is used to represent the
effect of the outside medium on the inside medium,
the stress tensor term for the outside medium in
Eq. (11.12) must be dropped. If the stresstensors
for each of the two media are retained, it is diffi-
cult to conceive of what an extra surface traction
means. The only one applicable to pyroelectrics
that comes to mind is the electric force on an im-
mobile, extrinsic surface charge. However, an
examination of the derivation of the stress boundary
condition in the accompanying paper® reveals that
this effect is not an extra surface traction but is
included within the stress tensor effects through the
discontinuity in the normal component of the polar-
ization at such a surface.

Note that the stress boundary condition (11.12)
includes the Maxwell stress tensor which can exist
outside the material body. In particular there is a
nonzero total stress outside the material body in
the natural state if ES#0. This fact leads us to
reconsider the condition placed on the total stress
by the definition of the natural state. In Sec. VII
we considered the infinite body; here we wish to
consider a finite body. Just as throughout this pa-
per we consider here a homogeneous body. The
question thus is whether a homogeneous solution of
Eq. (11.12) exists for the natural state of a finite
body. Equation (11.12) can be reexpressed in the
natural state as

Nabaill mp+ ECnPiy + €EnE} ~ 2€E7 E7Op)'

=N,O4,(€ESES —3€0ESESS,,,)° , (11.13)

M. LAX AND D. F. NELSON 13

where the superscripts ¢ and o refer to inside and
outside, respectively. Here Nis regarded as a
function of its position on the surface. Since it is
well known that there is no electric field which is
separately homogeneous inside and outside a finite,
homogeneously polarized body, it would appear that
there is no desired solution to Eq. (11.13). How-
ever, our objective would be met if a solution
which is homogeneous only inside the body is found.

We thus are led to divide the outside electric
field into normal and tangential parts (with respect
to the surface) and use Egs. (11.2) and (11.3) to
eliminate the outside field in terms of the inside
field. Since only the latter now appears, we can
drop the superscript ;. We also denote N,=06,,N,.
Equation (11.13) then yields

2Nt 5, = € (NP3 )?N,, + N, PSES = N,ESPS .

(11.14)
The most general shape isotropic body which pos-
sesses both a homogeneous electric field and po-
larization interior to the body is an ellipsoid.
Because of the cubic dependence on N of the first
term on the right-hand side compared to the linear
dependence of the other terms, Eq. (11.14) cannot
pe satisfied for such a shape for a homogeneous
3, The addition of anisotropy to the problem does
not help. Thus we conclude that no pyroelectric
nody having a spontaneous electric field and having
all dimensions finite can have a homogeneous natu-
ral state. A consistent treatment of such bodies
will require inclusion of explicit dependence of the
stored energy on X.

Consider an infinite cylinder of arbitrary cross
section with the spontaneous polarization parallel
to the sides of the cylinder. A consideration of the
depolarization field!® yields the trivial solution of
ES =0 and so t3;=0. Hence a homogeneous natural
state exists for this shape.

Consider next an infinite plate, that is, a body of
one finite (and constant) dimension. A considera-
tion of the depolarization field'® yields the relation
inside the plate

ES=-¢;'N(N- PY) , (11.15)
where N is normal to the natural state surface and
PS is allowed to have any orientation. Outside the
plate ES vanishes. If we require ¢$; to satisfy Eq.
(11.14), tobe a symmetric tensor, see Eq. (7.7),

and to vanish when N + PS =0 which corresponds to
the solution of the previous paragraph, then

t5;=PSN,(N(; P§y ~3P5N,N;N,)/€q . (11.16)

Last, we remark that for a finite-sized body in
all dimensions which, because of collected extrin-
sic surface charge or its own small conductivity,
has its spontaneous electric field cancelled there
exists a homogeneous natural state with ¢§;=0.
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