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The direct and indirect gaps between valence and conduction bands in semiconductors usually decrease with
temperature. This effect is related by thermodynamic identities to the influence of electron-hole pairs on the
lattice vibration frequencies. We show that the surprisingly large magnitude of the effect in Si and similar
semiconductors is related to the sensitivity of the transverse-acoustic modes to covalent bonding. We are able
to account for the magnitude of the effect from zero to the melting temperature. We also account for
anomalous temperature variation in HgTe and related cases and mention other applications of the theory.

The theory of the temperature dependence of the
various direct and indirect band gaps in solids can
be cast in two different forms. The more usual
considers the effect of the lattice vibrations in giv-
ing a temperature-dependent electronic band struc-
ture, 1™® and involves four terms, * namely, the
Debye-Waller factors in the Fourier expansion of
the periodic part of the potential,? the Fan intra-
band terms,! the corresponding interband contri-
butions which have hardly ever® been considered,
and the thermal expansion. Almost all past cal-
culations have been restricted to the expansion
plus either the Fan terms! or the Debye-Waller
factors, % but all four effects should be included to-
gether.* The situation is analogous to x-ray scat-
tering with the Debye-Waller factor at reciprocal-
lattice vectors plus incoherent scattering from
thermal disorder at other wave vectors. Calcula-
tions in this theory are complicated by the pres-
ence of the four terms and partial cancellations*
between them.

We have therefore returned to the equivalent*
formulation of the thepry by Brooks,® which is a
simple consequence of thermodynamics and ex-
presses the temperature dependence of the gap as
the effect of the electrons on the phonons instead
of vice versa. Its advantage is that Debye-Waller,
Fan, and interband terms can be replaced by a
single entity, thus allowing simple models and
physical insights to be applied, and interesting ex-
tensions to be made, e.g., to carriers bound to
vacancies and other traps in semiconductors. 8’

We will use here the results of the bond charge
model®® of calculating the phonon frequencies in
tetrahedral structures to determine the effect of
electron-hole, n-p, pairs on these frequencies.
We treat the case of the fundamental gap E, of Si
explicitly. We calculate E,(T) without empirical
adjustment from very simple considerations and
find the result never differs from experiment!® by
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more than 4.0 meV between T=0 and 300 K. This
result could easily be improved if a more detailed
account were made of the Fan terms in order to
obtain the T2 variation at low 7.%* (See below.)
The variation of E_, above 300 K is shown to be
dominated by an anharmonicity in the TA phonons.
We relate this to the competing B-tin phase!® that
may be reached through a large TA distortion.
Thus, we are also able to calculate dE_,/dT at
high temperature with good accuracy and no em-
pirical adjustment.

To be precise, Brooks® relates E.(7) to the
change in the lattice vibration frequencies from w;
to w’ when an n-p pair is excited across any par-
ticular gap. The gap is a difference in chemical
potential, ° given by

E (T) = E ,(0) =_Z[f(wz, T)-flw;, T)]

’
szZlné;_g for kT> hw;, (1)
1 1

where f(w, T) is the standard formula!? for the
free energy of an oscillator of frequency w. It is
convenient to define the corresponding standard
entropy AS,, of the fundamental gap, i.e., of cre-
ating an n-p pair:

_BE(T)

AScu(T) = 9T

(2)
In the harmonic approximation, f(w, T) becomes
linear in T at high temperatures and AS,, tends to
a constant AS,,(~) as is evident in the last line of
(1).

The crux of the present paper is to note how
surprisingly large the temperature dependence is
for diamond-type semiconductors. AS,, for Si is
2.9% (k is Boltzmann’s constant) at room temper-
ature, increasing to over 5k at the melting
point, 1'% which is typical of other gaps in Si and
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in other similar materials.!® We can appreciate
how large this is from a simple estimate. The
valence band consists of bonding states whereas
the conductionband is antibonding, and we might sup-
pose that one n-p pair destroys the equivalent of
one bond, i.e., that the force constants of all of the
2N, bonds in the crystal are reduced by a fraction
1/2N,, where N, is the total number of atoms:

(@})?=wi(1 - 1/2N,). 3)

Substitution in (1) for each of the 3N, normal
modes gives an entropy AS,, () of only ik

The much larger observed values of AS_, force
us to conclude that each n-p pair softens the lat-
tice vibrations by as much as knocking out several
bonds!

The explanation of these large values of AS,, is
that the transverse acoustic (TA) modes depend
critically on the covalent bonding, without which
the TA modes and the whole diamond structure go
unstable.® The stabilizing feature is the bond
charge Z,e heaped up at the center of each bond,
given according to Phillips'® by Z,=2/¢,=#% for Si
where €, is the optical dielectric constant. Thus,
one hole in the most bonding states at the top of
the valence band could destroy the Z, in six bonds,
which is our qualitative explanation for the large
AS,,.

More quantitatively, we note that in the simplest
version® of the simple bond charge model (SBCM),
the frequencies of the TA modes at wave vector
q, wralg), are linear functions of Z,. This is be-
cause the forces which stabilize these modes arise
from the interaction between the bonds®®:

wZA(@) = Flq) €,22, (4)

where F(q) is the dispersion function which we
shall take from experiment.!” When an #n-p pair
is excited across E, of Si, Z, is decreased by
(85 +10%) because the conduction band state, near
X,, contributes about 5% of its charge density to
Z, while the states at the top of the valence band,
T',;», contribute about 90% of their charge density
to Z,.'® Therefore, the shift in TA-phonon fre-
quencies due to the excitation of n, n-p pairs is
calculated as

w!rA(Q) = ng(q) ( _fcufonp/4NA), (5)

where N, is the number of atoms in the sample
and f,,=0.85+0.10'% is a bond charge reduction
factor for the fundamental gap. (A similar reduc-
tion factor f;; can be obtained for the gap between
any initial state ¢ and final state f by reference to
the charge density calculation.®) It is important
to note that w},/wh, —1.0<107 even at the melt-
ing point T/, because 7, never exceeds 2x10'®
cm™®~1Xx10™ of the valence charge density in
semiconductors.!* Therefore, our approach is
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FIG. 1. Temperature dependence of the indirect band
gap in Si (left scale): difference between experiment,
Ref. 10, and theory using the simplest bond charge model
(Ref. 8) and Eq. (5) without adjustment for Fan T2 terms,
Eq. (6) (expanded scale at right). The error bars indi-
cate the approximate experimental uncertainty. The em-
pirical phonon spectrum, Ref. 17, is used in the calcu-
lation.

well within the limits of validity of perturbation
theory even near Tf. This cannot be said for the
alternate approaches, ™ because E,, varies a fac-
tor of 2 in Si, a factor of 3 in Ge, and goes
through zero in cases such as InSb and InAs. !*

Considering just the contribution of the N, TA
normal modes to AS,,, one calculates AS(«)
=(2.55+0.26)k. Using the empirical F(g), the
E,(T) up to 400 K is compared with experiment in
Fig. 1.

Although the agreement is good considering the
simplicity and absence of adjustments, there are
discrepancies beyond experimental error. Our
SBCM gives a T* variation as T— 0 (as does a
Debye-Waller—factor calculation), whereas the
data!® indicate a 7% variation. (Some fraction of
this aspect of the data may have been forced by the
averaging procedure employed, % but much of it is
certainly real.) The 72 variation results from
Fan terms, '* which in our formulation could be
expressed as

w-er(Q)=w9“(4) (1 _fcuennpK/4quA), (6)

where k is a constant related to the parabolicity of
the valence bands. These Fan terms apply only
for ¢ less than £ the radius of the Brillouin zone,
i.e., over only 107 of the volume of the zone,
where the valence band is parabolic!® around I'. A
suitable choice of k could improve our fit nearly

to the level of experimental uncertainty. *

It is also evident from Fig. 1 that our SBCM
treatment of the TA contribution to AS,,(T) begins
to seriously underestimate the empirical AS,,(T)
above 200 °K. This discrepancy increases to a
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FIG. 2, Temperature variation of the indirect band
gap in Si (left scale) and the entropy of this gap, AS,
==08E,/0T (right scale) from zero to the melting tem-
perature Tt,

factor of 2 at T*. (See Fig. 2.) One might first
think that this is because of our neglect of the con-
tributions from (i) thermal expansion, (ii) the TO
phonons, or (iii) the LO and LA phonons. How-
ever, brief consideration shows that (i) and (ii)
have the wrong sign, and all three are much too
small to account for the effect. The contribution
of thermal expansion is

9E.\ (4

- (a_v) % <0 (7
because both 8E,,/8V and dV/dT are positive for
Si at these temperatures.? This contribution
saturates around 800 °K at about — 0.2%k. The fact
that the optic modes also make a negative contri-
bution can be seen by noting in Figs. 1 and 6 of
Ref. 8 that removing Z, increases the optic fre-
quencies. This is what must occur in any case
because the contributions of the bonds are almost
entirely off-diagonal (because they are not at atom
sites) and consequently do not affect the trace of
the dynamic force-constant tensor. Thus, the
sum of the eigenvalues w?(g), for fixed g, is not
affected. Therefore, wZ,(¢g) must increase when
w?“(q) decreases. The increase in E,, with the
excitation of optic phonons was recently shown
also by Tosatti using different methods.? The
magnitude of the TO contribution can be judged by
noting that if — Aw?,(q) = Aw?,(q), then

AwTo(q)/wTo(q) = - [AwTA(Q)/wTA(Q)]
X[wral@)/wrol@) . (8)

Since wqo/wr, is typically 4 and much greater
near the zone center, the TO contribution to AS,,,
Eq. (1), is no more than — 7% of the TA contribu-
tion or about — 0. 4% at T”. By reference to the
bond-charge-model calculations, ®’® one can see

that the LA and LO modes are almost totally un-
affected by changes in Z,. Thus, their contribu-
tion to AS,, is essentially zero.

Therefore, it would appear the large increase
in AS,, above 200 °K must be due to anharmonicity
in the TA modes. Although some anharmonicity
should always be expected, '* the factor-of-2 effect
observed would seem to indicate an instability
peculiar to the tetrahedral structure. The most
likely source of this instability would seem to be
the competing B-tin phase, which can be thought of
as a major distortion of the structure resulting
from a (111) shear.!! Such a distortion may be
described as a superposition of TA modes.

Indeed, in Fig. 1 of Ref. 8 we see that the TA
modes would be imaginary, i.e., unstable with
w?a(@) <0 for all g, if Z,=0. There is a finite
value of Z,, Z¥, required to stabilize the diamond
structure against the competing p-tin phase. We
may determine this value Z¥ by noting that Sn has
€,=24 and is only marginally stable in the diamond
structure, transforming to the p-tin phase revers-
ibly above 290 °K. % Thus, we have €X =24 and

. (9)

We propose that the anharmonicity of the TA
modes may be adequately described by the approx-
imation

Wi al@) = Flq) €,(Z, - ZF)? (10)

Z¥=2/¢€¥ =

el

for large excitations, i.e., high temperatures.
We retain Eq. (4) in the low-temperature, low-
excitation regime. (It may be noted that the TA-
mode frequencies and shear elastic constants of
Sn in the @-tin phase are finite, even appreciable,
even at the o-B transition temperature.®) There-
fore, Eq. (5) goes to

‘*"IrA(Q) = WOTA(Q) [1 —fetp€ed/(eF - €)4N,] (11)

at high temperatures.

If we take €,=12.0, the value at room tempera-
ture and below, and f,,=0.85+0.10 as above, Eq.
(11) gives the TA contribution to AS,, to be (5.1
+0.6)% at high temperatures. However, €, itself
increases with temperature due primarily to the
reduction of the various band gaps and, in partic-
ular, the dielectric average gap E,.?"%® There is
an increase in €, due to the thermal expansion®® 242
because E, varies more rapidly than the plasma
frequency.

The empirical extrapolation®® of €, to Tf implies

€,(8i, 77)=13.3. (12)
With this value, Eq. (11) gives the TA contribu-
tion to AS_(T*) as (6.4+0.8)k. Combining this
with the previously obtained estimates of the (neg-
ative) contribution to AS,, from thermal expansion
and from the TO modes, we obtain a final estimate
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AS,(Si, T')=6.4-0.7+0.8=(5.7+0.8)k. (13)

This calculation may be compared with the most
recent empirical estimate

AS,, (81, 7)=(5.10.2)k (14)

obtained by Thurmond.!* (This empirical estimate
is based upon comparison of thermal conductivity
measurements? of E ., near T’ with optical and
Hall-effect measurements®’ to 600 °K.) The ear-
lier empirical estimate by Varshni'® was AS,,(Si,
T%)=6.0k. We note that the agreement between
calculation and experiment, Eqs. (13) and (14), is
within experimental uncertainty.

We conclude by noting that our model explains
why all band gaps in one material have the same
functional form of temperature dependence [but
different amplitudes due to different bond charge
reduction factors f;; in Eq. (5)]. It seems that the
data are not adequate for a critical test. 15 we can
split AS;; into contributions from the valence and
conduction bands, respectively. The states at T,
X, and L in the top valence band are all very
bonding in character, ® in agreement with the ob-
servation of Auvergne et al.?® that they appear to
move equally with temperature. However, the
states in the conduction band differ more widelyla
from one another, L, for example being more
antibonding than X,, giving the E, gap at L some-
what greater temperature dependence than the E,
gap at Xx.'*

HgTe, HgSe, and Hg,..Cd,Te with x<0.45 are
interesting cases because the observed gap in-
creases with temperature.3® These are the ex-
ceptions that “prove the rule.” The gap corre-
sponding to E(Tys) - E(T'y) in Si (the direct gap
at the zone center in GaAs, CdTe, etc.), becomes
E(Ty) —E(T) in HgTe and is negative due to strong
relativistic effects. Thus, the excitation of an
n-p pair implies the removal of an electron from
the antibonding-s I'y state, which is below the gap,
and the addition of an electron into a bonding-p

T’y state in the conduction band. This process will
stiffen the lattice and, by Eq. (5), will give a
positive temperature coefficient. If we consider
the alloys Hg,_.Cd, Te with x <0.45, we note that
the positive temperature coefficient persists even
for values of x> 0.15 for which the fundamental
band gap E,, is positive. The reason for this is
that the disorder scattering of the alloy crystal
potential mixes the symmetry character of the
wave functions forming the edges of the valence
and conduction bands.3!"% Whereas these wave
functions are pure p like, T, or Ty, and
pure s like, I'y» or I';, in the pure crystals, they
have a strongly mixed character in the alloys as
has been demonstrated by the dramatic variation
of spin orbit splitting and effective mass with
composition in several small band gap alloy sys-
tems. 332 Thus, the top of the valence band re-
mains predominantly antibonding s like for 0. 15
<x%0.45, even though the band gap is positive.
As the sign of 8E,,/0T is determined by the nature
of the initial and final states (rather than by the
sign of E_,), this consideration correctly describes
the observed “anomalous” temperature variation.

From this we see that the temperature depen-
dence of gaps may indicate the bonding character
of bands in new materials. For example, transi-
tion between nonbonding d states will have a small
AS. 33

Finally, the softening of the lattice modes by
holes and conduction electrons applies also when
these result from vacancies or other traps, thus
explaining quantitatively some of the large entro-
pies observed for defects® and the isotope shift for
optical transitions to/from impurity levels.” The
softening of the modes is also related to the prob-
ability of deexcitation of traps by radiationless
transitions. 3*

We are indebted to J. J. Hopfield, T. N.
Morgan, and C. D. Thurmond for enlightening
conversations.
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