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Alloy theory of the intermediate valence state: Application to europium metal
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A microscopic theory for the intermediate valence state is given, containing no phenomenological parameters.

The intermediate state is considered as an alloy of constituents of different integral valence and treated in the

virtual-crystal approximation. The theory is applied to europium metal, resulting in a continuous change of
valence, starting at 180 kbar and being completed at 350 kbar. The calculated pressured-volume relation resembles

those found for some rare-earth monochalcogenides.

I. INTRODUCTION

Considerable interest has recently been devoted
to the so-called intermediate valence state. ' '
Although this state should be more common among
compounds of the actinide elements, the studies
and discussions of it have hitherto been limited to
the rare earths and especially to the monochal-
cogenides of Sm, Eu, Tm, and Yb. Most of these
systems must be compressed before a valence
transition from divalent to trivalent metallic ions
is induced. The transition thereby takes place
gradually and stable nonintegral valences are ob-
served for quite a wide range of pressures. Also,
a discontinuous jump from one intermediate state
to another has been reported. ' The very exis-
tence of an intermediate valence state is already
seen from the lattice constants in the sense that
they attain values intermediate to those expected
for pure divalent and trivalent compounds. From
photoemission spectra the samarium ions in "chemi-
cally collapsed" phases of SmS are found to be in
a state of mixed valence. 6 For some rare-earth
intermetallics also, strong evidence for such a
state has been reported. ' As regards the possi-
bility of valence transitions in the rare-earth met-
als themselves, the divalent metals europium
and ytterbium are expected to become normal
trivalent rare earths when sufficiently compressed. s

Metallic cerium is commonly considered to be in
a mixed-valence state in its dense a phase. How-
ever, this has been shown to be a highly unlikely
interpretation.

All experimental evidence obtained so far im-
plies that the intermediate valence state is a te~-
Pora/ rather than a spatial mixture of ions of dif-
ferent valence. '4 6 That is, in the intermediate
state the ions fluctuate between the two pure ionic
configurations. Theoretically, the present un-
derstanding of this mixed-valence state is rather
limited. Anderson and Chui" have considered it
as an alloy of divalent and trivalent ions and ar-

gue that anharmonic strain effects may be re-
sponsible for its stability. Sicardi et al. '~ sug-
gest that when the position of the 4f level is suf-
ficiently close to the conduction band it attains a
small but finite width (owing to resonant scatter-
ing) and accordingly may be occupied by a non-

integral number of electrons. Other authors"'
have stressed the importance of considering the
lattice elasticity of the system, which in our
opinion is the most realistic approach to the prob-
lem. However, in their present form these
theories lean heavily on several parameters dif-
ficult to obtain from experiment.

II. THEORY AND METHOD OF CALCULATION

As has been stressed elsewhere, ' the mechanism
driving the valence transition is to be found in the
difference in cohesive properties between the two
configurations. In this paper we want to show
that also the occurrence of stable intermediate
valence states, although more subtle, may be ex-
plained in terms of bulk cohesive properties. The
main assumption will be that the 4f' shell in itself
does not contribute to the binding of the solid.
This is certainly most reasonable and means that
the 4f electrons in this respect may be regarded
as "core" electrons. The interesting circumstance
is that the energy level of this core state for some
of the rare-earth metals and compounds is situ-
ated relatively close to the Fermi level. If each
atom excites one 4f electron to the conduction
band, these electrons will then contribute substan-
tially to the binding of the solid. If this gain in
binding energy outweighs the energy loss in the
excitation of the 4f electron, the higher valence
state wil. l be the favorable one —if not, the lower
valence state is stable. Therefore the mixed-
valence state should be expected only when the
gain and loss of energy are about equal.

Assume we have a pseudopotential description
available for both the pure divalent and trivalent
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FIG. 1. Energy-level diagram for a lanthanide solid
illustrating the binding energy E of the different valence
states and their interrelation. The quantity ~ stands
for the energy difference between the divalent and tri-
valent solids. In the ease of europium this difference
is l. 02 eV. For SmTe we estimate ~ to be about 0.3
eV.

configurations of the system, providing a mean
to describe the variation of cohesive properties
with pressure for the two pure valence states in-
volved. Turning to the possibility of an intermedi-
ate valence sta, te, it is quite natural to treat this
system as an alloy between divalent and triva. lent
atomic constituents. The theory we will employ
for describing this state is the so-called virtual-
crystal approximation. ' '7 In the usual appli-
cations of this theory a, complete disorder is as-
sumed for the positions of the two alloy compo-
nent atoms. In a "true" alloy (with a spatial mix-
ture of atoms) there is nevertheless often some
short- range order. However, in the present case
of a mixed-valence state with a temporal mixture
between the two ionic states, the assumption of
complete randomness of the alloying atoms should
be more realistic. Furthermore, and most im-
portant, saith the present approach to the inter-
mediate valence state no phenomenological param-
eters are introduced.

In the virtual-crystal approximation the binding
energy is given by"'

E = EP + Ees + Ebs + E t)e + XI2~ 3 ~
(1) (2)

Here Ep depends only on atomic volume and
composition, and E„is the electrostatic energy.
The so called band-structure energy is given by
Eb",' and E'b, . The first three terms in Eq. (1)
represent scattering of electrons in an ideal lat-
tice where the metallic-ion pseudopotential is
characterised by the average ur{q) = (1 —x) vz,
+x iir vcr and vzzr being the form factors of the
divalent and trivalent ions, respectively, and x
being the average concentration of the trivalent
component. The term E'„ is the so called "dif-
ference energy, " and for a disordered alloy this
term includes a factor x:(1-x) and depends on the
difference between the pseudopotentials describing
the two pure states. '

Finally since we are going to compare energies,
the binding energy for the different concentrations
x must refer to a common energy level (Fig. 1).
This is accomplished by the last term in Eq. (1),
where I2, is the ionization energy of the doubly
ionized lanthanide ion.

In a recent paper we derived semiempirical
pseudopotentials for the rare-earch metals and
a fairly realistic representation of their equation
of state was obtained. Here we now choose euro-
pium as an illustrating example of the outlined
mixed-va, lence theory. The employed pseudopo-
tential is the Krasko- Gurskii model potential'

v(q) = (4m Z/n q ) [(2a —1)(qr, ) —I]/[(qr, )~+ 1]2, (2)

where Z is the ionic charge, 0 is the atomic volume
and the parameters a and r, specify the element
in question. In Table I we give the employed
parameters, and also the calculated binding en-
ergy and compressibility, and compare them with
experimental values. As seen, the chosen poten-
tial accounts quite well. for these bulk properties.

TABLE I. Pseudopotential parameters for divalent and trivalent europium. The chosen
values give an energy minimum at the correct lattice parameter. The parameter rs is the
usual electron gas parameter. For q =0 in the potential rc is replaced by rc. This causes
a discontinuity in the pseudopotential and a smoothening is accomplished by the parameter
C as described in Ref. 20. Some calculated properties are compared with experiment.

s
(a.u. )

Ia c c
(a.u. ) (a.u. ) (a. u. )

Binding energy Compress ibility
Q,y/ion) (10 6 em2/kg)

calc. exp. calc. exp.

Eu (+ 2) 3.38~
Eu ( + 3) 2. 61~

3.0 0.510 0.566
5.0 0.340 0.470

0.3 1.417 1.378K 7.32 8.29
0 3 3 191 3 138 3 43 3 35c

~Reference 8.
The parameters have been changed in comparison to those of Ref. 8 to improve the
value of the binding energy.

This value is the experimental value for samarium (Ref. 8).
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Owing to the close similarity among the rare-
earth metals reliable interpolations may be per-
formed between the elements to derive otherwise
inaccessible experimental information, ' e.g. ,
the binding energy of hypothetical trivalent europi-
um. From this quantity the energy difference
between divalent and trivalent metallic europium
is found to be 1.02 eV (cf. Fig. 1).' To calcu-
late a realistic critical pressure for the valence
transition, it is important that our calculations
give this energy difference at zero pressure. As
can be seen in Table I, the calculated binding en-
ergies are not perfect, and therefore we modify
the ionization energy I~ 3 to a value of 25. 16 eV
(experimental value 24. 92 eV) in order to keep
the zero-pressure energy margin between the two
valence states at the "experimental value".

For the dielectric screening function we use
the Singwi-Sjolander-Tosi-Land form, ' and for
the correlation energy the expression derived by
Pines and Nozidres. All of the calculations are
performed for a bcc lattice structure.

III. RESULTS
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FIG. 2. Calculated enthalpy difference between the
mixed-valence state and the pure divalent state of
europium as a function of valence for different pressures
P (kbar).

To investigate the behavior of europium under
pressure, we calculate the enthalpy for different
values of x (Fig. 2). When the pressure exceeds
180 kbar, the lowest enthalpy is found for a non-
zero value of x. As the pressure is increased the
value of x minimizing the enthalpy is also found

to increase. Finally, for pressures larger than
350 kbar the pure trivalent configuration is ener-
getically the most stable one. In Fig. 3 we de-
pict the intermediate valence as a function of
pressure. The calculated pressure range for per-
sistence of an intermediate valence is quite ap-
preciable. The rather rapid increase of Z with
pressure probably means that rather slight changes
in the parameters describing the pure configura-
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tions may turn the present continuous change of
valence discontinuous. If only the pure states
are compared, we find that the divalent state is
unstable against the trivalent one at around 220
kbar (Fig. 2) .

In Fig. 4 we illustrate the obtained pressure-
volume relation. The rather peculiar rapid vol-
ume decrease around 190 kbar is certainly very
similar to that obtained for the rare-earth mono-
chalcogenides. ' As regards comparison with ex-
periment, pressure-volume relations for the criti-
cal high-pressure region of interest are available
only from shock-wave data. However, they are
too few and somewhat too scattered to provide a
meaningful comparison. Also, and even more
important, the calculated compressibilities are
not perfect, which they would almost have to be
if a comparison with experiment were to be con-
clusive. Still, it is interesting to notice that a
certain discontinuity, indicative of a phase tran-
sition, was found in shock-wave experiments
corresponding to a temperature of 1810 K and
a pressure of 190 kbar. From measurements of
resistance versus pressure under static conditions
a temperature-dependent anomaly was found in
the pressure region 150-200 kbar.

IV. DISCUSSION

The main purpose of this paper is to demon-
strate that not only the valence transition in it-
self is driven by the difference in cohesive prop-
erties between the divalent and trivalent states,
but also that the very existence of the intermediate
valence can be derived from cohesive properties.
We have also been able to show that the model

outlined in this paper is capable of describing
several properties critical for an intermediate
valence system, e.g. , the variation of valence
with pressure and the sudden softening of a ma-
terial in the critical pressure range.

As an illustration of the theory we have chosen
metallic europium. As regards the true behavior
of this metal we have tacitly avoided one compli-
cation which doubtless will be of some importance.
This concerns the fact that trivalent europium
will not be a bcc metal at room temperature. In-
stead, it will attain either a dhcp (double hcp) or
fcc structure. Whether this crystal structure
also can be favorable for valences somewhat low-
er than 3 is certainly beyond our judgment. Still,
the main behavior of europium under pressure
will be dominated by the valence change rather
than by a crystal-structure transformation.

The divalent rare-earth metal ytterbium is also
expected to become trivalent at high pressures.
For this metal the valence transition should oc-
cur at somewhat lower pressures than for europi-
um. Earlier calculations indicated that the criti-
cal pressure region is to be found around 130 kbar.
As in europium the transition in ytterbium will
be accompanied by a crystal transformation,
since in this case either a hcp or a samarium
type structure is expected for the high-pressure
trivalent state. From shock-wave data a dis-
continuity, indicative of a phase transition, was
found at a temperature of 1230 'K and a pressure
of 130 kbar.

An independent estimate of the critical pres-
sure for a valence change in europium and ytter-
bium has been given elsewhere. This semiem-
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pirical method is based on the variation with pres-
sure of the position of the 4f level relative to the
Fermi level. Interestingly enough the transition
pressures thus found agree quite well with those
discussed in the present paper.

In this connection some highly relevant experi-
ments2'28 on very smaB pa.rticles of rare-earth
elements should be mentioned. In the cases of
europium and ytterbium it was found that the in-
teratomic distance showed a discontinuity as a
function of decreasing grain size. This discon-
tinuity was more pronounced in ytterbium than in
europium. Undoubtedly, this behavior must stem
from a valence change. Prom the measured in-
teratomic distances it can be concluded that the
transition is to an intermediate valence state.
%hen the grain size decreases the relative num-
ber of atoms at the surface increases. There-
fore the surface tension increases in importance

and can be looked upon as a pressure effect. Some
attempts were made3~'~ to translate the found be-
havior to macroscopic samples, and critical pres-
sures somewhat less than 50 kbar were deduced
for the transition. This deviation from our cal-
culations may partly stem from the fairly inac-
curate method of translating grain size to pressure
and partly from the fact that the physical situ-
ation for small particles is not quite comparable
to macroscopic samples. Thus the energy dif-
ference EE between the divalent and trivalent
states may depend on the grain size, making a
direct comparison to macroscopic samples less
mea.ningf u1.

As a final conclusion we sta.te that the valence
transitions of both europium and ytterbium should
take place in a pressure region easily attainable
with presently available static-high-pressure ex-
perimental equipment.
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