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4f excitation energies in rare-earth metals: Relativistic calc»actions
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%e describe calculations of 4f electron binding energies for the rare-earth metals. Relativistic Hartree-Pock
calculations for atomic configurations most closely approximating those of the metals are initially performed,
and crystal potentials are constructed by means of the renormalized-atom method. Relativistic band
calculations are iterated to crude self-consistency and total band energies obtained. Correlation effects identical
to those in the free atoms are assumed. Within the assumption of a completely screened final state, in which
the atomic site having the 4f hole is electrically neutral, 4f binding energies are estimated which are in at least
as good agreement with experiment as previous, less complete calculations. The impact of the complete
screening approximation is assessed by estimating the binding energies corresponding to atomic sites which are
ionized in their final states; we find that the presence of an additional screening electron lowers the 4f binding

energy by 4-6 eU.

I. INTRODUCTION

In a previous publication (hereafter referred to
as I) calculations of 4f electron excitation ener-
gies in the rare-earth metals were reported. The
computations were performed within the frame-
work of the renormalized-atom method and relied
upon nonxelativistic Hartree-Fock (NRHF) free-
atom solutions. Also, the energy-band results
describing the metals were not self-consistent,
i.e. , the crystal potentials were not constructed
with wave functions consistent with the potentials
from which they were computed. Here we present
results for 4f excitation energies calculated once
more in the spirit of the renormalized-atom meth-
od but employing relativistic Hartree-Fock (RHF)
atomic solutions as well as the imposition of crude
self-consistency in band potential construction.

As in I, we find that the 4f one-electron energies
grossly ovex estimate the observed binding ener-
gies and, following I, we estimate the total energy
diff ex'ence

t (f"-f" ') = E..«[4f-" '(5d6s)']

—E «[4f"(5d6s) ] )

where the E's ax"e total energies per cell of the
metal. Provided correlation effects are taken into
account, this provides an excellent description of
4f binding energies in the metals. We use Har-
tl'ee-Fock (HF) calculatlolls fol' tile free atoI11 alld
the metal to estimate the difference in 4f excitation
energy between the free atom and metal; to this is
added the experimentally determined free-atom ex-
citation energy:

& (f"-f" ') =(E"„[4f"'(5d6s) '] —E", [4d"(5d6s) ]]- IE"„, [4f" '5d"' '6s]-E"„, [4f"5d '6s])

~ . [4f"'5d '6 ]- ~ ~ [4f"5d '6 l).*, =E"' [4f" '(5d6 ) ']E"' [4f"(5d6 ) ]+6.

NHHF calculations were employed in l, and the
resulting fx'ee-atom correlation energy difference
$ incorporated both correlation and relativistic
contributions; HHF calculations are employed here,
and $ contains only correlation terms. The trend
in the $ we obtain in this work agrees well with
intuitive expectations of correlation effects as-
sociated with 4f excitation. The assumption of
common 4f correlation effects in the free atom and
in the metal is plausible and is apparently borne

out by the agreement of our calculated 4 values
with experiment.

One of the px incipal assumptions of I was the
"complete screening"' approximation employed in
calculating the energy of a cell in the metal ex-
cited by photoejection of a 4f electron; charge
neutrality was maintained by describing the excited
cell with a band structure appropriate to a configu-
ration having one fewer 4f and one more conduction
electron, i. e. , m

' = m + I in Eqs. (1) and (2).
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Section II describes relativistic, self-consistent
calculations done in this approximation. In See.
III we examine the "unscreened" limit in which the
atomic cell has a charge of +1 tel after photoex-
citation: m'=m. This procedure overestimates
the 4f binding energy and, in fact, suggests that
the 4f photoemission event corresponds closely to
the complete screening limit.

II. Z CALCULATIONS: COMPLETE SCREENING
APPROXIMATION

We describe in this section our calculations of
incorporating both relativistic atomic solutions

and specific band self-consistency criteria; the
complete screening approximation is invoked, and
so the results represent the relativistic, self-
consistent analog of those presented in I„As has
already been noted, band calculations are done for
the metal in its final as well as initial state. The
problem of a single 4f" ' impurity embedded in a
4f host ls replaced by the question of estimating
the energy required to change the valence of the
entire metal. This is a much more tractable
problem.

The renormalized-atom method forms the basis
of our approach. The atomic configuration
4f"5d 'Gs is assumed appropriate to the metal; I,
the valence, is equal to three for all the rare-
earth metals with the exception of europium and
ytterbium, for which I =2. HHF free-atom solu-
tions are obtained for the configuration of interest
through the use of Lindgren's average of I.S con-
figuration scheme which involves averaging over
the I., 8, M» and M~ quantum numbers of the
open shells. The free-atom wave functions are
truncated at g~a, the %igner-Seitz radius of the
metal, and normalized to unity within the %igner-
Seitz sphere; initial band potentials are then con-
structed with the truncated wave functions. 5d
and Gs band extrema are determined by imposing
%igner-Seitz-type ' boundary conditions at y&s on
the large components of the wave functions ob-
tained from integration of the Dirac-Fock equa-
tions. '4 That is, the potential (for either a 5d
or Gs electron) is used in the Dirac-Fock equa-
tions, which are integrated to yield wave functions
over a range of energies e. The value of & for
which the large component of the wave function
has zero derivative at y|)Ifs specifies the bottom
of the appropriate band; the c for which the large
component of the 5d wave function is zero at r~a
determines the top of the d-band. ' These criteria
were found~ to determine band extrema to -0.1 eV.

A. Band se1f-consistency

Permitting the 5d and 6s occupaniees to be non-
integral, the band calculations are iterated to
crude self-consistency in the following way. The

Fermi level az is determined by assuming a para-
bolic s-band and a rectangular d-band density of
states; admittedly this is a great oversimplifica-
tion, but it suffices for the almost unfilled d bands
of concern to us here. Wave functions for the 5d
and 6s electrons are found at average energies in
the occupied bands; 5d and 6s contributions to the
band potentials are estimated by reconstructing
the potentials with these average wave functions.
Band extrema are again determined and the pro-
cedure repeated until mr~ and the d-band extrema
have converged to within 0.005 eV. The total
Hartree-Fock band energy E"„"d and one-electron
energies E, are then evaluated. These quantities
are given by the standard expressions~ but are
computed with the renormalized wave functions,
including the self-consistent average 5d and 6s
wave functions and oeeupation numbers. We em-
phasize that Eb~d is the total HHF energy of all
the electrons in a Wigner-Seitz sphere of the
metal. We expect an uncertainty of less than
0, 3 eV in Eb~d and less than 0, 5 eV in 6~ —$4y

the 4f one-electron energy measured with respect
to the Fermi level.

8. Correlation and Hund's rules

Lacking a method of calculating the correlation
energy in the metallic state, we make use of the
free-atom correlation energy difference between
the two free-atom configurations connected with
the 4 estimate. Except for Eu and Yb, however,
the transition of interest is f"das- f" 'd's, for
which no reliable atomic spectral information
exists. %e are consequently compelled to use the
spectral data available for the f"ds -f" 'd's tran-
sition, involving the same number of 4f electrons
but corresponding to the preceding element in the
periodic table. The free-atom correlation energy
difference ( for this transition is defined as

&=Eeorr(f" d s) Ecorr(f" ds) =IE(f" d s)exit

—E"„",'(f"-'d' s)] —[E(f"ds)„„-E",'(f"ds)]

=[E(f" d s) —E(f"ds)],„„
-[E ", (f" 'd's) -E"", (f"ds)].

The first bracket in the last line of Eq. (3) is
supplied by experimental spectral data, 6 while the
second bracket is based on our BHF calculations
for the same atom. The calculations involve the
average of L8 configuration scheme, and we cor-
rect the total energy to correspond to the proper
atomic ground state through the use of multiplet
theory and denote that energy by Z"„~; the cor-
rection is described in the Appendix. The value
of g for the fad2s -fVdss tra, nsition appropriate
to the Tb 4„estimate, for example, is thus taken
to be that for the I"eds -f7d~s transition in Gd.
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This drastic but inescapable assumption is em-
ployed in all the ~ estimates for the trivalent
metals; for divalent Eu and Yb the corresponding
free-atom transition is of the form f"ds —f" 'd s,
for which atomic spectral information on which to
base ( exists.

In the initial state the 4f electrons, to very good
approximation, are in the Hund's-rule ground

multiplet. ' From this initial state several 4f" '
multiplet levels may be reached after photoemis-
sion; one of these is the Hund's-rule ground multi-
plet of the final 4f" ' configuration. We will con-
centrate on the excitation energy for this final state
in what follows. Our estimate of & now separates
naturally into four components; rewriting Etl. (2)
we have

= ) +[E(f" ' d s) E(f"—d" 'S)] (z,, nr& +[E(f" ') E(f—")]4fHund n rule correction +([Ebnnd (f" '(«) ")
—Etzz"„&(f" d s)] —[Eb "d(f"(ds)") —Etrd „(tf"fts)])= $+&E(atom)+&E(Hund)+&E(atom-band).

(4)

$ is defined by Eq. (3), the first term in brackets
[DE(atom)] is the difference between the initial-
and final-state total energies from our average of
LS configuration atomic calculations, the second
bracketed term [5E(Hund)] is the correction due
to placing the 4f electrons in the proper initial-
and final-state Hund's rule multiplets; and the
last term [5E(atom —band)] is the free-atom- metal
difference in excitation energy which employs our
self-consistent band calculations for the 5d and
6s electrons. These components of & are given
in Table I. It is clear that the correlation energy
difference $ is substantial and its sign indicates
that correlation effects are more important in a
configuration with one more 4f and one fewer 5d
electron, which is not surprising. SpecificaQy,
we see this by rewriting Etl. (2)

$=[E"" (f"ds) E(f"ds)„„]-
[EHHF(f n i d2S) —E(fn 1 d2S) ]

Thele is a general increase in $ across the row;
when the number off electrons n is less than or
equal to 7 all the f spins are parallel, but for
n&7 there are 7 majority and n —7 minority spins,
and correlation effects are more substantial.

From Table I we see that the sum $+ 5E(atom
-band) displays a much smaller variation across
the row than does 5E(atom) + &E(Hund). In fact,
the experimental trend in ~ is roughly repro-
duced by neglecting t' and 6E(atom-band) and

employing the atomic HF terms alone. Both cor-
relation and band effects are important, and the
extent to which they cancel is not a prior ob-
vious.

C. Comparison with experiment

The open circles of Fig. 1 represent the 4f bind-
ing energies (relative to e~) measured in the room-
temperature x-ray photoemission works of Baer.

results in which the 4f final state is the Hund's-
rule ground multiplet are given by the lowest line
of filled circles [labeled n (I)] in the figure. The

D. Final states of higher binding energy

Photoejection of an electron from the 4f" Hund's-
rule multiplet will in general leave the f shell in

TABLE I. Components of A (both initial and final 4f
states are Hund's rule ground levels). See Eqs. (3) and
(4) for definition of these terms; all energies in eV.

Element &E (atom) &E (Hund) &E (atom —band) b,

Ce
Pr
Nd

Sm
Eu
Gd
'fb
l3y
Ho
Er
Tm
Yb
Lu

0. 9
0. 9
0. 9
1.6
1.8
1.8
3.7
3.2
2. 9
3.3
3.9
3.6
3.6

2. 6
3.3
3. 9
4. 9

—0 ~ 4
5.6
5. 9
6. 2

6.3
6. 5
6.6
0. 2

6. 7

0. 2
1, 3
2, 0
0. 8
2. 3
2. 7

—4. 3
2 e 7

—1.7
—2, 4

3e 2
—0. 7
—0. S

—1.8
—1.8
—1.7
—1.8
—1.7
—1.S
—2. 0
—2.0
—2. 0
—2. 0
—1.9
—2. 0
—2. 0

1.9
3.8
5. ],

5.5
1.9
8.3
3.3
4. 7
5. 8
5
5.4
1.1
7.5

r

present results agree somewhat better with ex-
periment than do the results of I, the largest de-
parture of theory from experiment being 1 eV for
Ce and Yb. The over-all correspondence remains
strikingly good.

Figure 1 also displays q~ —q4f &, the 4f7» on@-
electron energy calculated for the metal and mea-
sured relative to the Fermi level. q4f &, is
smaller in magnitude than &«&, the difference
between the two, which stems principally from the
spin-orbit interaction, increases monotonically
from 0. 3 eV for Ce to 1.8 eV for Lu. These one-
electron energies, which are evaluated in our band
calculations, have been corrected to correspond
to the Hund's-rule 4f state by the addition of
(2/n)5E, where 5E is the correction to the total
energy of the initial state resulting from placing
the 4f electrons into the Hund's-rule multiplet
and n is the number of 4f electrons in the initial
state. As was found' in I, the 4f one-electron
energies grossly overestimate the observed 4f
binding energies while the multielectron 4 re-
produce experiment extraordinarily well.
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FIG. 1. Theoretical and experimental values for 4f
photoexcitation energies in the rare-earth metals. The
crosses are the one-electron predictions ~z —~4~ ~ the

712 '
lower set of filled circles [4 (1)] represents 6 calcula-
tions in which the 4f final state is the Hund's-rule
ground level; for Tb through Tm the upper filled circles
[6 (2(] are predictions for specific majority spin ex-
citations, while for Yb and Lu the upper filled circles
[6 (3)] correspond to spin-orbit-split final states. Open
circles are the experimental binding energies relative
to t=y .

any of a number of the multiplets belonging to the
4f" configuration; one of these is the 4f" ' ground
multiplet in terms of which 6 was calculated
above. The relative intensities of the lines cor-
responding to the various possible final states re-
flect the coefficients of fractional parentage,
i. e. , the coefficients appearing in the expansion
of the 4f" state in terms of products of 4f" ' states
and a single 4f orbital. These coefficients, which
have been calculated by Cox, together with the
level ordering given by multiplet theory, permit
consistent, unambiguous identification of the ob-
served structures.

For Tb through Tm most of the peaks appearing
at binding energies higher than that for the Hund's
rule final 4f state arise from the excitation of a
majority spin 4f electron from the over-half-
filled 4f shell. In I we considered the states of
spin S —1, where S is the spin of the 4f" ' Hund's-
rule ground state, and maximum possible L.
For the metals from Tb to Tm these states are
I, L, M, M, and L, respectively. We scale

the f-shell electrostatic integrals from our final
state atomic calculations by a. factor of 0.8 to
roughly account for correlation effects. Use of
these scaled integrals in the multiplet theory ex-
pressions ' for the splitting between the above
states and the appropriate Hund's-rule final
ground-state levels produces the upper set of
filled circles [labeled A (2)] for Tb through Tm in
Fig. 1. Agreement with the data is gratifying.
Multiplet theory, in combination with Slater in-
tegrals scaled by an over-all factor of about 0. 8,

provides reasonable quantitative prediction of the
energy splittings between the various final states.
The calculated position of the peaks relative to &~,
of course, depends on the 4 estimate for some
specific final state, such as the ground state
chosen here.

In the case of Yb and Lu, both of whose 4f shells
are filled in the initial state, two 4f structures are
observed. These correspond to the spin-orbit
split E,«and E~(2 final states, the only ones
possible. The separation of the higher-lying E5 «
multiplet from the 2E~« is given, to good approxi-
mation, by the difference &4& « —&«, «, which we
obtain from our calculations for the 4f" final-
state configurations. The upper theoretical points
[a (3)] for Yb and Lu in Fig. 1 are determined in
this way. /4yv« —&4']2 ls in excellent accord with
the splittings observed.

III. ZERO SCREENING LIMIT

Electrically neutral atomic sites were assumed
for the final states after photoemission in the pre-
ceding section. In this section we explore the
impact of this approximation by performing cal-
culations in which the atomic cell, after 4f photo-
ejection, is constrained to have unit positive
charge. There are two important contributions
causing the resulting binding energies, a (ion),
to differ from the 6 of Sec. II. First, there is a
change in the correlation energy contribution.
Second, there is an energy change due to the ab-
sence of the screening charge; this will be esti-
mated with band calculations similar to those of
the preceding section and by computationally sim-
pler free-atom estimates, and the results com-
pared.

A. Correhtion effects

We exploit free-atom and free-ion spectral
data and ionization potentials to find the correla-
tion energy difference g(ion) for the f"d 's
-f" ' d 's transition corresponding to d(ion). .
The measured ionization potential is the split-
ting between the free-atom and free-ion ground
states, and spectroscopic data for the free atom"
and free ion'4 provide the splittings between the
ground states of the f"g s and f" 'g 'g con-
figurations, which are of interest to us here, and
those entering the ionization potential. For ex-
ample, the ionization potential'2 for neodymium is
the ground state energy difference for the f g2

-f s transition; spectral data' ' furnish the
splittings for the f s f g s and f s-f d s tran-
sitions, so that we can find the f d s -f d's
ground-state energy difference. Coupling this
information with our calculations for the f"g 'g
and f" 'd s configurations we obtain $(ion):
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TABLE II. The correlation energy difference $ (ion)
and screening energy estimates 6 g (atomic) and 6 s
@and). See Eqs. (6), (9), and {10)for definition of
these terms; all energies in eV.

$ (ion)

1.9
1.6
1.9
2. 8
2, 6
2. 7
4. 9
4. 6

2
4. 8
5.4
4. 3
4, 3

6 & (atomic)

5.0
5.0
4. 9
4. 8
3, 8
4, 6
4. 6

4. 3
4. 2
3.2

0

3.9
4. 1
4, 2
4. 3
4. 5
4, 6
4. 7
4. 8
4. 8
4. 8
4. 8
4. 4
4. 9

](ion) —=E„„(f"' d 's) —E„„(f"d 's)

=[E{f"-'d 's) -E(f"d -'s)],„„
[ERHF(fn-1 d m 1S) ERHF(f n dm-1S)]

The resulting values are listed in Table II; the
spectral information 3' 4 is uncertain for many of
the states involved, but it suffices for our pur-
poses here. Comparing $(ion) with $ of Table I
we see that

O. V eV —[$(ion) —$] —1.5 eV.

$(ion) —$ is the correlation energy associated with
the extra 5d electron which is present in the neutral
(screened) free-atom final state and not in the
ionized (unscreened) final state. $(ion) thus pro-
vides a measure of "bare" correlation associated
with 4f electron excitation.

8. Self-consistent band calculations

Our first approximation for 6 (ion) consists of
implementing the procedure of Sec. II but using
instead HHF calculations for the f" ~ d 's free ion
configuration. as the input for the final-state total
energy calculation. That is, we perform an HHF
calculation for the f" d™1sfree ion, construct
renormalized-atom exystal potentials, and carry
out self-consistent band calculations, during the
course of which the normalization of the wave
functions to the %'igner-Seitz sphere insures that
the final state cell has a charge of +1 le [, where-
as for the computations described in See. II the
cell was electrically neutral in the final state.
The q =0 component of the full crystal potential,
i. e. , the potential arising from the charge of the
other atomic cells, is not included in the total
energy expression for the cell. Again, multiplet
theory is used to correct the average of LS con-
figuration energies and, in analogy with K&I, (4),
we calculate

+.(Ion) = 4(ion)+[Eggs 1(f" d s) E(is l(f"d s)]+IE(f" ) E(f"}]&l'H n' 1 o 11o

([ERHF (fn-1(d )m) ERHF (fn-ldm 1S)] [ERHF (fn(d )m) ERHF (fn d m lS)]}
= $(ion) + &)E(free) + &IE(Hund) + &)E(free- band).

Figure 2 compares d, (ion) with & . Screening"
reduces the 4f binding energy by 4-6 eV. On this
scale, the close agreement of 4 with experiment
suggests that the experimental situation corre-
sponds closely to the complete screening limit.

C. Alternate screening energy estimates

Noting that the &E(Hund) components of E&ls. (4)
and (8) agree to within 0. 1 eV, we may write

+ (1011)—4 $(lon) —(
+[Ebnnn(f" (dS) ) —En,",n(f" (dS)m'1)]

—= ](ton) —g+ as(band)„

where hs(band) is a HHF band estimate of the
screening energy associated with the presence of
an extra conduction electron. A computationally
simpler scheme, which we have used'~ in other
problems, is to calculate instead

+S(atOIX11C):E&l,S 1(f d S) E&ZS nnl(f d S)
(10}

This xs the free-atom screening energy associated
with delivering a 5d screening electron to the final
state atom. &s(band) and ns(atomic) are compared
in Table II. Experience with 3d and 4d transition
metals suggests that free-atom calculations sig-
nificantly overestimate the screening energy for
the metal; this is apparently not the case fox the
excitations studied here.
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APPENDIX: GROUND-STATE ENERGY CORRECTIONS

The HHF computations described in this paper
are performed within Lindgren's average of I.S
configuration scheme, which averages over the I,
S, M» and Mz quantum numbers of the open shells.
In evaluating the correlation energy differences
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FIG. 2. Comparison. of 6 4. (1) of Fig. 1~ and 6
(ion); all 4f final states are the Hund's rule ground
multiplets. The difference between the two curves pro-
vides a measure of the energy associated with screening
of the 4f hole in the rare-earth metals.

and 4f excitation energies, however, we require
the total energies of the appropriate ground states.
The necessary corrections are found by applica-
tion of nonrelativistic (NR) Condon-Slater-Racah

multiplet theory~vwith the use of the electrostatic
integrals from the HHF calculations. Justifica-
tion for employing the NH expressions lies in the
fact that the RHF integrals R (nfj, n'I'j')& calcu-
lated in the average of LS configuration scheme
for the 4f, 5d, and 6s electrons of interest here,
are not very dependent on j and j'. If this indepen-
dence were exact, then the relativistically correct
multiplet expressions, whatever they are, would
reduce to their NH analogs because the Dirac-Fock
equations reduce to the HF equations when the
speed of light is infinite. We circumvent the com-
plications of j-j coupling by averaging the
R ~(nl j, n'I'j ') over the values ofj and j' to obtain an
effective R"(nf, n'I') which we then use in the NR
multiplet equations. In addition, the RHF one-
electron eigenvalues permit us to correct the total
energies for spin-orbit effects.

We take the 4f'5d 6s configuration ('L«/z
ground state) of praseodymium as an example to
detail these procedures. The difference between
the average of L8 configuration and ground-state
total energies in the NR limit is

E„,(LS av) —E„,(gnd) = —$ F (4f, 5d) —+F {4f& 5d) + g G ~(4f, 5d) + +~, G (4f, 5d) —~~~~5~ Gs(4f, 5d)

+SF'(4f 4j)+ a'v'A '{4f 4f) -is~4ohF'(4f 4f)+ skF'(5d 5d} —8r F'{5d 5d)

+—', G'(5d, 6s) +v-G~(4f, 6s). (Al)

For F (4f, 5d) we use the following multiplicity-
weighted average:

F'(4f, 5d) =$(fsF')(4f, 5d / )

+kF'(4fs/a 5d5/3)1

+ AlkF'(4f / 5d3/a}

+kF'(4'/3 5d 5/dl '

the HHF integrals are all 2. 5+0.1 eV. The other
integrals entering (Al) are similarly obtained, and

we find

Et„(LS av) —E„,(gnd) =2. 9 eV.

The greatest disparity among HHF integrals cor-
responding to the same NH quantity occurs for
the F3{4fj,4fj ') of the heaviest elements; the
largest of these integrals is 1V.O+0. 3 eV. Since
differences of expressions such as (Al) appear in

( and $(ion), the simplifications made here are
entirely adequate for our purposes. 5E(Hund),
the 4f ground-state correction [Eqs. (3}and (5}],
involves differences between quantities such as

the sum of the sixth, seventh, and eighth terms
on the right-hand side of Zq. (Al).

The spin-orbit correction to the total energy is
found by calculating the expection value of A.L ~ S
for the open shells, where A. is given by'

A =s g/2s.

The plus sign is for less-than-half-filled shells
and the minus sign for more-than-half-filled
shells. g is obtained from the HHF one-electron
e igenvalues:

2 /
(t5» & & Sdg/2 5dg/2}&

2/
f4/ f (e 4/7/2 e gfg/2) ~

In the Pr example, the spin-orbit correction for
the total ground-state energy is

AE(spin-orbit) =- ~7(z&,/, —z&, /, )

5~5/ a ~~3/3)

=-0.4 eV.
In Table I the 4f shell spin-orbit correction is in-
cluded in 5E(Hund).
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