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We calculate exactly the transition temperature for a rectangular lattice Ising model with various types of
point defects (including missing sites or vacancies) regularly distributed through the lattice on an m X n grid.
We prove that for concentration x = 1/mn, the transition temperature is shifted to
T.(x) = T.0)[1 — Q;x + @,x*Inx — Q;x2— Q,x°In’*x 4 ...], where the constants Q;, Q ,, Q,, and the func-
tion Q4(n/m) are explicitly derived. The incremental free energies per isolated defect are also calculated.

The various amplitudes obtained obey appropriate scaling relations.

I. INTRODUCTION

The critical behavior of magnetic systems with
defects and impurities has interested many authors
(see, e.g., Refs. 1-8). However, most previous
studies entail approximations of various sorts
whose validity is hard to establish. In particular,
there are essentially no exact results available
concerning the effects of a finite density of point
defects on the critical behavior. In this paper,
we consider an infinite rectangular Ising lattice
with defects regularly distributed through the
lattice on a m X n grid as illustrated in Fig. 1,
and discuss the critical region by exact analysis.

When the system is dilute [i.e., n,m>&(T),
where £(7T) is the bulk correlation length mea-
sured in units of a lattice spacing] we find® that
the specific heat can be expressed as a sum of
the bulk specific heat C°(T) and the incremental
specific heat C*(T) due to a single defect, in the
form

C(T, m,n)=C(T)+ (nm)*C}(T)+ O(e o™t e~ on/E),
(1.1)

where 0=2 for T> T, but 0=1 for T<T,. The

bulk specific heat, as found by Onsager,'® diverges

at the bulk critical temperature T2 according to

CUT)/ky=—-AyIn| T/TS =1| +By+ -+, (1.2)

while the specific heat C*(T) is equal to that due
to a single isolated defect!!''2 which varies as

CH(T)/ky= = Co/[(T/T2)=1] =C,[In| T/T? -1]]?
—C,In|T/T2 =1| =C,++++ . (1.3)

When 7z and :z are finite, we find for the various
types of defects shown in Fig. 2 that the critical
temperature for defect concentration x=1/nm
is shifted to

T, (x;7) =TI 1 =@ x = Qx%Inx~" — Q,(7)x*
- Q% In?x + O (x* Inx)], (1.4)

where T7=n/m. The amplitudes @,, @,, and @,
are found explicitly for the general ratio J, /J,

of horizontal to vertical interaction strengths, and
are seen to satisfy the relations

Co=A,Q, and C,Q,=24.Q,. (1.5)

These relations have been shown'® to follow from
a suitable scaling hypothesis. The function @,(7),
which is also calculated exactly, depends upon
T=n/m, which specifies the “shape” of the de-
fect distribution. Moreover, we show that the
specific heat for a system with a finite concen-
tration of defects still diverges logarithmically
as it does in the perfect lattice; explicitly we find

Cn,m, T)/kg= —AX)In|{T =T, (x; 7)} /T?|.

However, the amplitude A(x) is calculated ex-
plicitly [for defect types (b) and (c)] in a following
paper.'* The behavior of A(x) as x -0 again veri-
fies the scaling hypothesis.!® In the present paper
we calculate in Sec. II, the partition function for
the defects illustrated in Fig. 2. The results

[for defect types (a) and (c)] are brought into
tractable form using determinantal manipulations
presented in Appendix A. The incremental free
energy and specific heat due to a single hole
(missing sites) and the corresponding shift in the
critical temperature as x -0 are evaluated in Sec.
III. Some of the crucial but rather tricky asymp-
totic analysis of double sums over lattice Green’s
functions is relegated to Appendix B. Using the
results obtained in Sec. III, we study the incre-
mental specific heat and temperature shifts for
small x for other defects in Sec. IV. Finally, we
summarize our results and compare them briefly
with other work in Sec. V.
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FIG. 1. (a) Rectangular Ising lattice with point defects
on an mxn grid; (b) single-point defect showing modi-
fied interaction bonds.

II. EVALUATION OF THE PARTITION FUNCTION

A. Pfaffian expression

Consider a Mm X Nn square lattice periodic
strip (Mm +1=1) whose horizontal interactions
are J, =k, TK, and whose vertical interactions
are J, =ky TK, with impurities on defects located
at the sites (Im, kn) for 1 =1,2,...,Mand
k=1,2,...,N. As illustrated in Fig. 1, the
horizontal bonds between an impurity (or defect
site) and its left and right neighbors are J; and
Jy, respectively, and the vertical bonds between
the impurity with its down and up neighbors are
J, and J3, respectively. In the thermodynamic
limit M, N—-=_ the partition function Z can be
written in terms of the Pfaffian of an antisym-
metric 4 MNmnX4MNmn matrix A, as

Z=Pf[A](2 coshK, coshK,)*¥mn

«(€OshK ] coshK | coshK; coshK ; uN @.1)
cosh®K, cosh®K, o

The matrix A has 4X4 diagonal blocks
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(a) (b)

(c) (d

FIG. 2. Four types of point defects considered ex-
plicitly: (a) hole or vacancy, (b) single (horizontal)
bond, (c) bent double bond, (d) straight double bond.

é(isj;iaj)—_'éo:[ao,)\u]

R L U D
R|{0 1 -1 -1
_L -1 0 1 -1 ) (2.2)
vlji1 -1 0 1
D1 1 -1 0

foralli andj (1sisMm and 1<j s Nn), where
A, =R, L, U, D, and close-to-diagonal blocks

é(l,],l,]‘i-l): _éT(1,]+1;Z’J)

2+ (2 =21)0; 1 0j 5 m-
(2.3)

where the superscript T denotes matrix trans-
position, and

+(a) =2,)0; ,1n0; & m»

All,j;+1,j)==-AT(E+1,j;4,j)
= E+(E' - l_)_)éi,ln-].aj.km
+ (p_” _E)Gi,ln 6.1',’2 m? (2'4)

foralli,j andall I,k (1SISN, 1sks<M). These
are the only nonvanishing blocks. In these ex-
pressions, a, and b are 4X4 matrices, each of
which has only a single nonvanishing element,
namely,

(@)rL =2y, @nrL =24, (@lrL =21, (2.5)

0)yp =25, (bVyp=25, 0" yp=25, (2.6)
where the interactions enter through

z;=tanhK, , zj =tanhKj, z{ =tanhK . (2.7)
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It is obvious that the matrix elements of A form This shows that the matrix A has a close-to-cyclic
a doubly periodic set satisfying - structure consisting of nearly cyclic block ma-
trices of the size 4mnx4mn. Consequently, in
the thermodynamic limit the reduced free energy
(2.8) of the lattice with defects is

A(,j; - 1)=AGi+n,j; k+n, 1)=A(E,j+m; Rk, L +m).

1 2T ™ dé
InZ =1n(2 coshK, coshK,) + f a6, f —2 In DetU(6,, 6,)
0

. 1
f(1)= u,lllvril«e MNmn 2nm J, 2w 2m

-1, [coshK | coshK} coshK coshK;
+ (m) 1n< cosh®K, cosh?K, ’ (2.9)
where U(6,, 6,) is the 4mnx4mn matrix
— e
B, B - B{Te™%
-B/ B, B
’ELT B
u(e,, 6,) = . ) (2.10)
B B
E;-Ieiez —E;»T E:) n Xn
while B, is the 4m X4m close-to-cyclic matrix
r a, 31 _E'J_Te =161
- 3, &
-3 3
B,= . . (2.11)
2 !
L_Eleiel —a'f 2y J mXm
-
The elements of By are identical to that of B,, B. Nature of the transition
except for those on the last row and last column, .
so that We note at this point that the basic 4X4 ma-
o r ie trices a,, a, and b, and hence the 4m xX4m ma-
- ’ 20 & =
(By)mi€ 7%= = (By )y me'"t =2, (2.12) trices By, B,, B, etc., are analytic functions of
(B.) = (BT =a/ 2,, 2, etc. and hence of the temperature T. It
- = m= ) . .
ofmstm o fmomt - =t follows that DetU(6,, 6,), which appears in (2.9)
and in the integrand giving the free energy, is an
(B,), » =(B,) otherwise. (2.13) analytic function of T, and indeed it is also an-
o7tk o7 alytic in cos6, and cos6,. From this we conclude,
Finally, the 4m X4m matrices B,, Bj, and B as in the case of the perfect Ising lattice, that
are diagonal, with diagonal blocks the only singularity of the free energy can occur
B,)y = (By)ym= (B = (B, =b, for 1sism -1, at a temperature T, at which the determinant of
B = (B m=(Bi)us = (B =b U(6,, 6,) vanishes. It is a reflection of the trans-
(2.14) lational invariance of the lattice with regularly

spaced defects (as of the perfect lattice) that the
determinant can vanish only for 6, =6,=0. In
(B mm=b", (B mm=b". (2.15) the vicinity of such a temperature, the deter-

and
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minant must vary simply as [p,(T = T,)? +p, 62
+p,62] for small 6, and small 6,. From this it
follows by standard arguments that the specific
heat has a singularity of the form A In| T - T,
so that T, is evidently the critical temperature;
furthermore, the specific-heat anomaly has the
same singular character in the lattice with reg-
ularly spaced defects as it does in the perfect
lattice. None of this, of course, is surprising,
but it is worth stressing since it is widely pre-
sumed that in the case of randomly distributed
point defects the nature of the specific-heat sing-
ularity will be very significantly different. [In
principle one could ask whether there might be
more than one critical temperature; in some
Ising models this is certainly possible, but for
the present class of defect models it is clear
physically that there will be only a single critical
point. For small fixed m and %, this can be

r B, B -BJe™'
- EIT B, B,
H(ev 92) = - 1_31T ?o
B, B,
B, -B7 B,
-,

|,
which is also nearly cyclic. From this observa-
tion, we obtain

ITI.

n Xn
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checked by explicit calculation. For large m and
n we will also find a single (shifted) critical point.
However, we have not examined the general ques-
tion more rigorously. ]

Although the nature of the specific-heat singu-
larity is unchanged, its location, T,=T,(x), de-
pends on the defect concentration x =1/m#n and
so does its amplitude A (x). In the remainder of
this paper we will calculate the variation of T, (x)
for small x correct to order x°1n?x, for various
types of defect. A following paper will address
the question of the variation of the amplitude
A(x).

C. Perfect lattice

For the perfect Ising lattice (with no defects),
we have a; =a;’ =a,, b’ =b” =b; hence the cor-

responding matrix U(6,, 6,) becomes

, (2.16)

DetU(6,, 6,) = [T Det(a, +a,e?*1 —aZe= 41+ pei ¢z SERAROR) 1 8§ CICRER) (2.17)
%1 92 1 P2
where the products run over the values
0, =@21k+6)/m, k=1,...,m, ¢,=Q2ul+6)/n, L=1,... n. (2.18)
Evaluation of the 4x 4 determinant yields
Ay, ) =(1+22)(1+22) = 22,(1 —22) cos ¢, —22,(1 — 2%) cos,. (2.19)
It then follows from (2.1) and (2.9) that the reduced free energy for the perfect Ising system is
fo(T)=1n(2 coshK, coshK,) + 1 f” a8, [*" dbo, ln DetU,(6,, 6,)
o ! YT 2mn f  2m J, 2m =071 T2
2™ 2T
=1n(2 coshK, coshk,) + 1 f LY f g8, lnA(6,, 6,), (2.20)
2 J, 2m J 2w

as found and analyzed'® in detail by Onsager.

D. Green’s-function transformation

We will now transform the expression (2.9) for the free energy to a more convenient form by writing

DetU(6,, 6,) = Det[ U,] Det[I + Uy*(U - U,)] = Det[ U] Det[i+G(6,, 6,)y(6,, 6,),

(2.21)
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where y is the square submatrix of the difference matrix AU=U - U,, which consists only of the nonvan-
ishing rows and columns of AU, while I and the Green’s-function matrix G are corresponding submatrices
of I and G,=U;*, respectively s (i.e., consisting of the same rows and columns as y). On comparing (2.16)
with (2. 10) we find that the only nonvanishing elements of AU=U-TU, are

y-go=AUm,m -~1,R;n,m,L)= -AU@n,m, Lyn,m =1, R)= =y, _p=2 =2,
yu.p=AUm=1,m,U;n,m,D)= =AUm,m, Dy;n=1,m,U)= =yp, .y =2; =2, (2.22)
V.- =BUMm,m,R;n,1,L)= =AU*n, 1, Lyn,m,R)= = y*, . =(2] —2,)e*°1,

Yo ,-p=AUm, m,U; 1, m, D)= = AUX(1,m, Dyn,m,U) = =y*, y = (25 = 2,)e*%2.

This shows that y and G are 8X8 matrices {W1th rows and columns labeled [-R, L, -U, D,R, -~ L,U, - D]
or [(n,m = 1)R, (n,m)L, (n=1,mU, (n,m)D, (n,m)R, (n, 1)L, (n,m)U, (1, m)D]}. Since the matrxx U, is
nearly cyclic, its inverse'® is easily evaluated, and we find that it is given by the matrix elements

(4 Rl =[U  nstivrirmn = LU  (0uon s awon

- — D Demirdrmitoa{ A5, 6,)},, (2.23)

mn b, b3

where ¢, and ¢, run over the values defined by (2.18) and where

ho=h* h+h* = ghh* 2 —gh* 2-gh
APy, 0,)=A(0y, by) 7 —h=hregrhhr - —heh —2+gTh 2-gh | (2.24)
-2+g*h 2-gh -g+g8* g+g*—gg*h
-2+g*h* -2+gh* -g-g*+gg*n g-g*
in which
g=1+2'% h=1+z,e%2 (2.25)

while the determinant A(¢,, ¢,) was defined in (2.19). Finally, the matrix G is an 8 X8 submatrix of
G,=U;*, whose elements are represented by [, k]x,-

On substituting (2.21) into (2.9), we find that the reduced free energy for the system with defects can
be expressed as

2" de, (%" dé = coshK ! coshK! coshK coshK}
T T ht § f — -1 1 1l 2 -2 . .
F(T)=fo(T) + 2mn o 2T g 2mW lnDet[l+§1] +(mn) ln( c:osthlcosth2 ) (2.26)
Thus the calculation of the free energy is reduced
to the calculation of a double integral over a log-
arithm of an 8 X8 determinant of elements defined
in terms of double sums.
—
IIl. VACANCIES OR MISSING SITES ly7(6,, 6,)+G(6,, 6,)| = (2,2,)7%[ [0, 0]\, (3.2)
Consider now the case when the impurities or

defects are vacancies or holes formed of four in which the elements [0, 0], are defined by
missing bonds [see Fig. 2(a)], so that z| =z"=2, (2.23). The derivation of this formula is presented
=z =0. The free energy of the system given by in Appendix A.

(2.26) can be rewritten as
A. Free energy due to a single hole

f(T)=f,(T) *3 1n(z 123) --—1~ In(cosh?K , cosh?K,)

When n, m =<, it is easily seen that the double
sum in (2.23) becomes a double integral. If we

1 fz" dae, (" de, thus define
Y Tom ) 2 ) 2 In|yt+Gl. (3.1)
2m 2" dg -
It turns out that the determinant of the 8x8 ma- Apq f 2 C08PP, c0sqP, ATH¢y, ),
(V]

trix y™ +G can, in this case, be reduced to a
determinant of a 4X 4 matrix, namely, (3.3)
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with A(¢,, ¢,) given by (2.19), it is not hard to where the superscript © denotes the condition
check the relations n,m-=2, and
[0,0]5:=[0,0]7,=[0,0]5,=[0,0]55=0, (3.4) (0,0]55==[0,0]5r=[0,0]zp==[0,0] 3¢
= -[0,0]5,=[0,0]5,=-[0,0]5,=[0,0]5
[0!0];1.:—[0)0]:12 [ ’ ]LU [ JLD [ ]DL [ ]UL
=(1=22)A-2,(1+23)A,,-22,2,A,,, (3.5) =Ago= 21410 =22 A 0 — 2124, 3.7

w w It can be seen from these equations that the ma-
(0,0]yp=-[0,0]50 trix in (3.2) becomes antisymmetric when z,
=(1=22)A = 2,(1+23) Ay = 22,2,4,,, (3.6) m ~~, Hence in this limit we have

—

ly™+Gl =(2,2,)"*{[0,0]7.[0,0]5,~1[0,0]55[0,0]75+[0,0]75[0, 0] 75 }?
=(2,2,)"*{[0, 0] 5.[0,0]7p = 2([0, 0] )} . (3.8)

Consequently the free energy of (3.1) can be written as the bulk free energy f, plus the free energy f,
due to a single hole, namely,

fafotam) i +0(e™om 1 gm0 t2), (3.9)
where
Fu(T)=1n[(1 - 23)(1=22)] +1n|[0,0]5,[0,0]7, - 2([0, 0] 5 )l , (3.10)

while £, and £, are the correlation lengths for the horizontal and vertical directions and 0 =2 for T>T,
but 0 =1 for T< T,; the correction term in (3.9) is discussed further in Appendix C.
We can calculate f, exactly: To simplify the notation let us put

a=(1+22)(1+22), b=z,(1-22), c=2z,(1-22), (38.11)
so that from (2.19) and (3.3) we have

2T 2
5‘—& %(a-zb cos®, —2¢ cosg,)™. (3.12)

This integral can be evaluated in closed form as'®'?

A= (2/MK(K)/[(t%+4D)(t? + 4c)) V2, (3.13)
where K(k) is the complete elliptic integral of the first kind and of modulus « given by
k2=16bc/(¢2+4b)(t2 +4c), (3.14)

where the deviation from the critical temperature is measured by the variable

t=1-2,~2,=2,2, (1 +2,.)(1+2,.){ = [(1 = 2,0)d, + (1 = 2,.)J,] (B~ B.)

+[206(1 = 20 )T +256(1 = 250)T% = (1= 2, )(1 = 2,0) 0, T, ] (B= B (3.15)
with 8=1/kzT. The critical temperature T2 =1/k5z8, of the perfect Ising lattice is determined by
exp(—2J,/ky T?) =tanh(J,/k T?). (3.16)
In the symmetric case J, =J, =kz T K, we have
t=—-4V2(V2-1)(K-K,)+4(V2-13 (K- K, +O[(K - K, )?]. (3.17)

It is also useful to note the easily checked relation
a-2b-2c=t2, (3.18)

The integral A, can be evaluated exactly,'®"'® yielding

2 2m -
de f —2- cos@, (@ —2b cos¢, —2ccos¢,) ™t =4, 1—’;—%@, (3.19)
(¢]
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where Ay(6, k) is Heuman’s lambda function'* with
modulus « given by (3.14) and argument

6=sin[(£2 +4c)/(t2 + 4b + 4c) V2. (3.20)
Similarly we find

Ay, =Ay-[1-A,8,k)/2c, (3.21)
with argument now given by

§ =sin"[(t2 +4b)/(t2 + 4b + 4c)) V2. (3.22)

Finally, the integral A,, can be evaluated'®'*® as

AND FERDINAND 13

A=A +13(t%+4b +4c)A ,/(8bC)

~ [(£2 + 4b)(£2 + 4¢))Y2E (k) /(41bc),  (3.23)

where E (k) is the complete elliptic integral of the
second kind. These results, with (3.4)=(3.7),
show that all these matrix elements [0, 0], can
be expressed in terms of elliptic integrals; the
formulas are tabulated in Table I. It follows that
the incremental free energy f,(T) due to a single
hole can also be written in terms of elliptic in-
tegrals. In particular, in the symmetric case
J,=Jd,=kyTK, the free energy f,(T) reduces to
the simple form

FuT)=In{ & (1+2%)?% = 3 = (1 +22)E (k) /47 = (1 + 2%)k’ K(k)/7

+(22%/mk%)[ E (k) + 2k’ E (K)K(k) = k"*K(K)] },

(3.24)

in which the Heuman lambda functions cancel out, while the conjugate modulus is

K =(1-k2V2=1-82%/(1 +2%)2,  z=tanhK.

(3.25)

This result can also be obtained independently by calculating the ratio Z"/Z, where Z" is the partition
function of a Ising system with a single hole present at the origin!; the incremental free energy may also
be expressed quite simply in terms of two-spin and four-spin correlation functions of the perfect Ising

lattice.'?
In the limit T-T2, (¢-0,x~1), we have®
K(k)=~1n|4/k'|, E(k)=1+3«'%In|4/k'|,
and?!

Ao(B, k)= 2B/m+(2/7) sinB cosB(1 — k) In| 4/k’] .

(3.26)

(3.27)

Hence the free energy f,(T) due to a single hole, in the general case, has the form

fu(T)=In[(1 =23)(1 = 22)] +1n| Dy = D,[ ¢ In|¢| + D,} + Dyt2In| ¢ | +O(t3 | ])],

(3.28)

as T-T., where the amplitudes D, (¢) (i =0, 1, 2, 3) are analytic functions of ¢, not vanishing at

TABLE L. Expressions for the matrix elements [0,0]5,.

b=z(1-23), c=2z)1-2}), k’=16bc/(t*+4b)(t*+4c), w'’=1-«?,

0=tan"1[(t2+4c)/4b]1/2, F=tan~![(t2+4b)/4c]V?, E=E(x),

[o, 0];L=

K=K (k)

2K {(1+2,) — 2,2,4(t? +4b +4c) /4bc}

TL(£2+4b)(£2+ 4c)]1/2

L%+ 4b) (2 +40))2E 2,1 +2))[1- A6, )]

2mbe

[0, 015,

=21.‘1{{(1 +2,) — 2,2,t(t +4b +4c) /4bc}

7[(£2+4b) (2 +4c) ]/

2b

L2124 4b)( +40)IVIE | 2y(1+ 2D [1- Ag(F, k)]

2mbc

2c

2tK{1 —2,2,t(t%+4b +4c)/8bet z[1— A9, 1))

[0, 0lgy= T[(E2+4b)(t2+ 4c¢)]1/2

2b

L22l1= A6, k)] +z,z2[(t2+4b>(t2+4c)]1/2E

2c 4mbc
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t=0(T=T2). They are listed in Table II.

. REGULARLY SPACED DEFECTS 1245

Consequently, the incremental specific heat C, due to a single hole is (8=1/k;T)

v(1y /b, = g T
CHT) kg~ B —5 15

T -1 T
=—C°[?g-—l] —Cl[lnﬁ—l

c

in which

at\ D,
= = ) e -2
CO - Bc < aB)c Doc ’ Cl. Cov

9%t D, at\?
c,-2(55) Beasn (B5){ [

ot 9 D
22(55) (55 3.

where the subscript ¢ denotes values at T = T?.

ot
o (55).

In the symmetric case (J, =J,), we may quote
the value for the incremental free energy at T,

FU(T)=1n[V2 =1+(6=4V2)(n™" = 77%)]
~ ~0.716 0631, (3.32)
and the values for the critical amplitudes,

C = [4-(8-4V2)/m] In(v2+1)
° r[1+2(V2=-1) (17t = 772)]

=~ (.7173 8464, (3.33)
C,=C%~0.5988383, C,~0.3880765. (3.34)

B. Shift in the critical temperature for finite n,m

When % and m are finite, it is clear from (3.1)
that the critical temperature is determined by
the condition at 6, =6, =0, namely, it is a solution
of

ly™(0,0)+G(0, 0)| =0, (3.35)

since, as in the perfect Ising model, this is the
only possible source of a singularity in the double
integral. Note, however, that this term must
also cancel the singularity in f,(T) at the unshifted
critical temperature of the perfect lattice. In
studying this equation the main task is the analysis
of the double sums

Spq (m, 1)

_ - cos(2wlp/m) cos(2mkq /n)
=(em 1:2 A(27l /m, 21k/n) :

(3.36)
Now it is easy to check from (2.23) that equations

2
] -C,In

+D,. + 1]

2 -1]+0) (3.29)
(3.30)
D _ Qa.c_}
DOC DOC
(3.31)

r

precisely similar to (3.4)=(3.7) hold for finite »
and m when 6, =6, =0, except that the double in-
tegrals A,, are to be replaced by the double sums
Spq (n,m). More explicitly, at 6, =6,=0 we find
[0,0]%.=[0,0]3,=[0,0]%y =[0,0],=0,
(3.37)
(0,0]%,=~[0,0]%x
=(1 - 22)S,, - 2,(1 +23)S,, - 22,2,5,,
(3.38)
(o, 0]?/0= -[0,0]%y
=(1=22)S,, — 2,(1 + 22)S,, - 22,2,S,,,
(3.39)
where the superscript zero denotes the condition
6,=6,=0, and
[0,0]%y = =[0,0]5,=[0,0]%p= =[0,0]3%
==[0,0]2,=[0,0]5,=[0,0]35==[0,0]5,
=Sp0 = 21510 — 2550, = 2,255, - (3.40)
On using the reduction formula (3.2), the criti-
cal-point equation becomes
|y™*(0, 0)+G(0, 0)|
={0,0]2.[0,0]3, - 2([0, 0]%y)?}2=0.  (3.41)

We are concerned with the study of the behavior
of the critical temperature for large m and =,
i.e., a low concentration of defects. Accordingly,
the double sums S,, (m,7) must be evaluated as-
ymptotically as m,n -« in the limit ¢ -0 (i.e.,
T-T,). This task, which represents the hard
heart of the analysis, is undertaken in Appendix
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B. As might have been anticipated, the asymp-
totic results have, in part, a scaling form in
terms of the variables mt¢, nt and the ratio

= V2
_ s&—_zﬁ] L
L [zz(l—zf) m’ (3.42)
where

in =m/bY2 =m/[ z,(1 - 22)]2,
n=n/cY? =n/[2,(1 —Zf)]dzl

(3.43)

J
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Specifically we find

. 1 V2 . pres =
Spo(m, 1) = Zn + W[ln(mn) +P(mt,nt))

(3.44)

+O0(t%Inm, m™2),

where, with 7=9/x, the scaling function is given
by

P(x,y)=7| x| (cothz| y| —=2[y| * =4[ y[)+n|y| *(coths| x| —2|x| > =4[ x|)

+8n1 Z Do [(ey +4m2 77412 1 42Tk ?) ™ — (A2 T7H2 4 472 TR)
=1

k=1

+{Cp+In(2/m) = FIn[(b+c)?/bc] =% InT+2F(7)},

in which Cz=0.5572157 is Euler’s constant, while

. 1
F(T): -;.'ETTT+ ;m

= = 31In[ 6,(0] i 7)6,4(0[ i 7)6,(0] i 7)]
+31n2 (3.46)

where the 6,(v|i T) are the elliptic 6 functions.
It is not difficult to see that P(x, y) is analytic
for all real x and y.

From Appendix B we obtain the further results

1 o b V2
S,olm, n) =Sy, (m, n) - pry tan (;)

-1/2
+ @;)T G(T)+O0(t%lnm,m™),

(3.47)

. . 1 fc V2
Sor(m,n)=Sy,(m, n) - P tan <3)

-V2
+ (biz)z G(T™)+0(t%Inm, m™%),
(3.48)
X 1 (bc)~v2
S1ulm, 1) =Soom, ) - m(bc)7? e G(7)
-V2
+ _______(bc}zz G(T™)+0(t%Inm, m™),
(3.49)
where the function G(7) is defined by
s = 2wl dF
G(r)= E'Ze””-f ar (3.50)

and hence satisfies the symmetry relation

(3.45)

G(T™M)+72G(1)=3T (3.51)

corresponding to interchange of m and n (or m
and 7).

On using these asymptotic results for the
S,o(m,n) in (3.38)—(3.40) we obtain the asymptotic
forms of the matrix elements [0,0]%,. The cri-
tical-point equation, which determines the shift
in critical temperature from ¢ =0 to ¢ (i, n),
then becomes

D, + 277D1(bc)1/2t800(m, n)+E, /mn - t3SZ (m, n)

+(E,/mn)t S,y(m, n)=0, (3.52)

in which Dy(¢) and D,(¢) are given in Table II,

while E| and E,, which depend on m/n, are param-
eters listed in Table III. The neglected corrections
to this equation are of orders £2In(mn) and
(mn)™2In(mn). It is appropriate to recall at this
point that (mn)™ is simply the concentration, x,

of defects (holes, in this case).

Now to solve this equation we must first esti-
mate ¢ .(m,n) in leading order. Initially, we might
suspect that ¢, is of order 1/m (with 7<n/m of
order unity). However, on this assumption the
equation reduces to

D, + 2n(bc)‘/2D1tSOO(t ,m,n)+O0(t%Inmn)=0.
(3.53)

But when ¢ _.m is of the order of unity, it follows
from (3.45) that S, is also of order unity, so that
the equation is, in fact, inconsistent. Thus we
assume and confirm directly that /., is of order
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TABLE II. Critical amplitudes for a single defect.

_4 -1(2)‘“ 4 -(s)"”- Aty e — L
u—ﬂ_tan = . u—ﬂ_tan B =2=-u, A(t)_27r(bc)1/2

Vacancy (a) . ~
Dy(t)={424(1+23)b " u+ 4242, At) {4251 + 2D)c 1w’ + 42,2, A1) }

—2{4zp~lu+dz,c7lu'+ 22,2, AP

Dy(#) = A {(1+2y) [ $25(1+ 2D’ + 42,2, A()] + (1 +2) [ 1 2,(1 + 2)b ~lu + 42,2, A(t))
—4[dzp~tu+dzyclu’ +22,2, At)] }

Dy(t) =4 In[(b +c)/64bc]

Dy(t) =24(8)%2,2,[ 2,2,(b + ¢) — bc] ——{;l(t)(bc)“[22122 +23(c /byu+25b /c)u' ]

Straight-bond defect (d)
Dy(ty={z7' = f27tu+ g2.z,c 7w P+ L1+ 2) "0l - 1623 At)?

Dyt)=At)(1+2p{ 227! = L[201 - 2} — (1 + 2D(2] = 2) b ' + 2,2,0 ™0’ — dzy(2]t+ 2 At}

1/mn, i.e., proportional in leading order to the and expand Dy(t) and D,(t) as
concentration x, in which case £Sy,(f, m,n) is , 2
’ > Dy(t)=D tD o(¢
of order unity. Accordingly, let us put o(t) o - °‘_+ (%), (3.55)
D,(t)/A(t)=D, /A, +¢(D,/A). +O(t?), (3.56)
A(t)=1/2n(bc)v? (3.54) so that (3.52) becomes
(tcmn)[ Dy, /A, +(E,=1)/nm) + Dy, +[E, + (D /A),) /nm
+t [ D, +3D, In(nm)+ D, Py(7)] + O(n~>m ~2 Inn m) =0, (3.57)

where Py(7) is the limit of P(x, y) defined in (3.45) as ¢t =x/m =y/n approaches zero with fixed % and 7.
We may now try a solution of the form

t.m,n)= —umm) [ 1+v,(mm) " In(nm) +w(mm)™ + v,(nm) 2 In?(nm)). (3.58)

On substituting this trial form, dropping terms of the order (zm)™2In(rzm), and comparing the remaining
coefficients, we obtain, finally,
u=D,, /A D,, v,=35D% /A D%, v,=20%, (3.59)

oc s

and

w(7)= (A, /D, )[Ey(1) = 1] = DS E () + (D, /A),]

+(Dy, /A, )D{, /D% + (D3, /A, D3 )Py(7),  T=n/m. (3.60)
Since the variable ¢ of (3.15) may be put in the has the alternative form
form T, (x)=T2[1-Qx—Q,x%Inx"" — Q(7)x?
~ 0y _ 0y _1]2 .

t=r [(T/T)=1]) +7,(T/T2)-1]?, (3.61) —Quxt Inx 4 O(x® Inx)], (3.63)

where in which
_rof8t\ _ _, (3L _L(T0 2( 9%t ) _
rl_Tc(aT)c - B‘(aﬁ o =8 T (gr) Q, =u/r, =(r,D. /Dy, )/(r?A,), (3.64)
(3.62) Q2=Q101=Q1(71D10 /Doc )2/2(TfA-c )’

Eq. (3.58) for the shift in critical temperature Q,=2Q,v% (3.65)
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TABLE IIl. Constants E;.

2
a:l_:ﬁZE, r=al, u=§tan‘1a, w=2-u,
22y, m ™
T 2ml
G(T)_12_Z 22T 1
1=1
Ey=—[4(1+23)(1 - 24 tu+771] [z3077iG(™ ) + o i1G(T)]

—[(1+23)(8250) 1! + 771 [(L+ 250} (1 = 29) "17G(T) + 077G (T7)]
+[(1 = 23 "l + F(1+ 2y0) 22500 + 2m] 2Q1 + 2,025 [a711G(1) + a7 iG(T™Y)]
Ey=—(1+250) [271771G(7) + a7 17G(T)] = 2(1 + 290) "1 (1 +290)(1 = 290)T17G(T) + @771 G(T™Y)]
+2(1+ 2525 [ @176 (T) + TG(T)]
Eg=2{z71- dz7lu+douw} (L +2,0) (1 —2,)7'7G(T) —aT 7IG(T™Y)]

{21+ 25) %1 = 250 TITG(T) + /M) (L+ 250) (1 = 29) et iG(T™ Y + a7lrG(1)] }

=11 +28,)(1 - 250) "2 — (L +290)(1 = 2y0)"1n71

and
Qs(T)=Q1[W(T)+u’V'2/’Vf], (3.66)

It can be seen from (2.20) that the specific heat
for the Ising lattice without defects or impurities
behaves as

CoT)=rE 2 1 o(T)

=r2A,,~-7r2AIn|¢t|, (3.67)

where A, is the double integral given by (3.12)
and (3.13), and A(¢) is given by (3.54). This shows
that the amplitude A, for the specific heat C(T)

of the perfect lattice is given by

A =72A,.

On comparing the results for A,, @,, and @, with
the result (3.30) for the amplitude C, and C, for
the incremental specific heat due to a single hole,
we find the relations

C,=A,Q, and C,Q,=24,Q,, (3.68)

which are in precise accord with the expectations
of the scaling theory.® In the symmetric case
J, =d,, we have explicitly K, =z In(v2+1) and

F(T) =fo(T)+ (mm) ™[ In(coshK | /coshK ) +1n| 2, —2,| ] +

%= ®I +lz?¢%: ﬁz,/f Ty777] ~1-564 785,
(3.69)

Q,=4K2Q3/m=0.9474013,

Q,~1.147211. (3.70)

We also quote the special values

Q(1)=> =1.274047, Q,(1.5)~-1.165338, (3.71)
Q,(2)~ —0.942 1229,

Q,(2.5)~ - 0.657 4839,

Q,(3)> - 0.3346556. (3.72)
IV. BOND DEFECTS

In this section we shall show that the incremen-
tal free energy and the shift in the critical tem-
perature, due to other kinds of bond defects (Fig.
2), can be obtained easily by specializingthe basic
results of Sec. II for the general point defect

7

shown in Fig. 1(b) with couplings J},J7,J};,J5.
A. Single-bond defect (b): J} =J,, J, =Jy =1,
It is obvious from (2.28) that the free energy

of the system with single-horizontal-bond defects
of strength J] is

1 (%7 de (" de, o
2mn[ 27 l o InDet[y;*+G,], (4.1)

where f(T) is the free energy of the perfect lattice given by (2.20), while the determinant of the matrix
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¥, +G,, for single-bond defects, can be see from (2.24) to be simply of size 2X2.
In the limit », m - we find

|95 +Gy | ={[0, 1] 5, = (2] =2,) !}, (4.2)
From the definition (2.25), it is easy to show that the matrix element [0, 1], has the form
[0, 1]ps = (1 +2,)tA+ (1= 22)A,, = A,,) = 22,2,(Ag, —Ag,). (4.3)

Using the results of (3.13), (3.20), and (3.21) for the double integrals A, A,,, and A;, we find that the
incremental free energy due to a single-bond defect in an infinite lattice is

F3T)=1In(coshK | /coshK ) +In| 2, - z,|
+ In| 2(1+2,)1 K(k)/m{(£2 + 4b)(£2 + 4¢)] V2 = (22,) [ 1 = A6, k)]
v (1= 1= A8, K] - (=27, @4

where K(k), Ay (6, k), and Ay (F, k) are the elliptic integral and Heuman’s lambda functions introduced after
(3.13), (3.20), and (3.22). This result can again be checked by direct calculation for a single bond.!! 2
As T—-T? we find

AT =In| = (1+2,)A(t)t{In| t| +In8+ 3 In[(b+c)/bc]} +B(t)+0(t2In|t])|, (4.5)

where
/2 V2
B(t)= - _l_tan-l <2) + .2_‘.ZJ£Ztan'l <£> - —,_1—_- (4.6)
nz, c mc b 2, -2,

and A(t) is given by (3.54). Consequently, the incremental specific heat is

Cy(T)= = Cy/[(T/T)=1] = CY[n[(T/T Q) = 1[]*+O(In| ¢ ]), (4.7)
where

Cl=v,(1+2,)A,./B,, C°=(Cbp, (4.8)

in which the subscripts ¢ denote values at T =T, while 7, is defined by (3.62).
When 7 and m are finite, we find that the critical point is determined by

|y5(0,0)+G, (0,0) ={[0,1]%; - (2] —=2,)*}?
= {(1+2,)f S0+ (1 = 22)(S;0 = Sgo) = 22,2,(S o1 = So) — (2} = 2,)1}2=0. (4.9)
On substituting (3.44), (3.47), and (3.48) for the double sums S,, (m,n), this equation becomes

lt—:;f +B, + 7z-l—m—[E3 + (-‘;—?) j-pt.‘ic(l +25¢ ) 2 In(mm) + Py(7)) +t B, +O [lzgn};n):l =0, (4.10)
where B, and B, are the first two expansion coefficients of the function B(/) defined in (4.6), namely,

B(t)=B, +tB, + "+, (4.11)
while

E (n/m)= 3(1+ 2,0 227t (n/m)G (R /m) = (m/n)G(m /n), (4.12)

where G(7) is defined in (3.50). Consequently, the shifted critical temperature has the form
TP (x)=T2[1-@ x - Q5 x*Inx™" = Q(7)x* - Q¥ In’x + O (x* lnx)], (4.13)

with amplitudes

@ =(1+2,,)/B,7,, Q=QA, (1+2,)/2B2, Q=2(Q5)1Q}, (4.14)
B! 1 dz ‘
QQ(%):Q{’{E? (L+2,.) - Z[E3+<#>C}+Qf%f}d-ZQﬁPo(T), (4.15)

in which Py(7) is defined as before, by letting ¢ =x/m =y/n -0 in (3.45) with fixed 7 and #. Evidently,
the variation of the critical temperature T'; (x) for single-bond defects has the same form as for holes.
Moreover, its amplitudes @° and Q¢ satisfy the corresponding scaling relations'?
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Co=@A, and CiQ0=2A,Q%, (4.16)
with Ay=r24,. In a symmetric lattice (J, =J, =J), we find
QU=(2-1-2,)/K, (2 -V2)(V2+1+2(), QU)=4K:(Q)/T, (4.17)
QL n/m) =K (QP{[VZ+(6V2 - 4)z — (4+V2)z2 = 2V2(1 -2 ][ 122, - 2]
+4/2[ 5 = (0/m)Gn/m)) + EV2(V2 = 11} = (@) +2Q} Py(7). (4.18)

This shows that @(J)>0 for J;<J and Q’(J;)<0 for
J >J. Hence the shifted critical temperature
T,(x), for a finite concentration x of altered bonds Q(, 1)~ - 0.7851338, (4.23)
with bond strength J}>J, is larger than the cri- bloo 9o _

tical temperature Ti’ of the pure lattice, but is %L, 2) 1.111530,
smaller for J,<J, in agreement with physical Q3(, 3)~ — 1,446 455. (4.24)
intuition. The numerical values for J] =0 are

b(w)= - 0.015 85817,

Finally, in the opposite, antiferromagnetic limit

Q0)=(V2 -1)/K,V2~0.6646290, J}, = —= one has
Q3(0) = 4K2[ @(0))®/7~0.072 5952, (4.19) Q(-=)=1/(2 - V2)K,~3.873 142,
Q3(0)~0.015 8581, Q4(—=)~14.3173 49, (4.25)
Q2(0, 1)~ - 0.098 3296, (4.20) b(—*)=106.6654,
Q2(0, 2)=~ - 0.374 4069, Q4(-, 1) —33.451 54, (4.26)
Q2(0, 3)~ - 0.616 1616. (4.21) Q%(~, 2)= — 38.703 26,

In the extreme ferromagnetic limit, J; =%, we Q= ,3)>-39.27471L. (4.27)

find likewise
B. Bent-bond defects (c): Jy =Jy =0, J{=J,, J; =J,
Q()=~ - 0.664 6290, o
The free energy given by (2.28) for bent, missing
()=~ -0.072 5952, (4.22) double-bond defects, as illustrated in Fig. 2(c), is

F(T) =fo(T) = (nm) ™" In(coshK ,coshK,

L[ [y :
+ 2mn A 27 o2 1[1[')_70 +gc|(3132) ], (4-28)

0

where the determinant |y ;' +G,| can be seen from (2.24) to be of size 4x4. It is shown by Ferdinand,
in Appendix A, that this determinant can be reduced to a 2X2 determinant, and from (A.21) one finds

(lez)zl Xc-l +_(_}_c | = (o, 0]..[0,0]yy - [0,0]5.[0,0].p. (4.29)

Hence, it can be seen from (3.4) and (3.7) that the incremental free energy f{(T) due to a single bent-bond
defect in an infinite lattice is

F(T) = —In(coshkK, coshK,) +1n|[0, 0] 7,
= - In(coshK, coshK,) +In{ 2t K(k)[ 1 = 2,2,¢ (£2 + 4b + 4¢)/8bc] /m[(£2 +4b)(L2 +4c)]v2
+2,2,171(be) V2K TIE +2,(2b) [ 1= Ao(6, K)) +2,(2¢) [ 1 =Ay(8, k)] }
=In| =A@ )t{In| ¢ | +n8+3 In[(b+c)/bc]} +B(t)+O0(t%n|t])], (4.30)

wh?r? Kj(x), E(k), Ay(6, k), and A9(0,7<) are the F(t):ﬁl— (2 V2
elliptic integrals and the Heuman’s lambda func- b c

tions introduced in Sec. III, while A(t) is given 2y, afC\P 22
— _1_2l7_ 4.31
in (3.54) and T e tan (b) * n(bc)V? ( )
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Therefore, the incremental specific heat is in which G(7) is defined in (3.50). Hence we find
. 2 the result
IT)—;C"——C" lnl-l +0(In| ¢])
Ce(T)= T/T2-1 77| T¢ ’ To(x)=T,[1-@Qfx-Q5+ Inx™ - Q5(n/m)x?
(4.32) - Q5% In®x + O(x® Inx )], (4.38)
with the amplitudes with
Ci=7,4,/B,, CS=(Co®: 4.33 1 A 2()
ord /B, G sl e oS am

in which the subscript ¢ again denote values

evaluated at T=T,. Q( ) Qc< =E +E>+2Q P+ @
When z, m are finite, using (4.29), (3.37), and B, B 2 r,

(3.40) we find that the critical temperature is
determined by

[ 0, O]gL =t Soo - 31(510 - Soo) - ‘32(501 - Soo)
= 2,2,(S;; = Syy) = 0. (4.34)

(4.40)
which again satisfy the predicted scaling relations
Q=Ci/A, Q=3A,(QFF =3CiQi/A,. (4.41)

The numerical values for a symmetric lattice
On substituting (3.44) and (3.47)—(3.49) for the J,=d,) are
double sums S,, (m, n), this equation reduces to

& : Q=1/K,2V2[+(V2-1)/1]~1.267973, (4.42)
(tmn)™ + B, +(nm)™E, +t[ A, In(nm)

_ 5=20.506 1820, Q$~0.4041414, (4.43)
+A,Py(1)+B,] +0[n®m 2 In(nm)] =0,  (4.35)
Q3(1)~ -0.6799627, @Q5(2)~ —0.5045234, 44
where, simply, (4.44)
5 _%® —=, _(dB Q5(3)~ -0.1797111.
B, =B(0), B. :<—> , (4.36)
at Ji=o
while C. Stralght-bondbdefects d): JV=J} =0, J, =Jy=J,
n 1 _ Finally, we consider the case of a straight
4(_> 2Lzzs <_'L>G (”?> double-bond defect as illustrated in Fig. 2(d). The
m Z2c \ MM m free energy of (2.28) can be written as a double
n integral over the logarithm of a 4xX 4 determinant,
N 12—+51£<ﬂ>c 2, (4.37) ’ & '
2, \n 7 namely,
1 - 2T de, (P27
F(T)=f,(T)+ mlnsmh K, + 2m .!: I 1nlyd +Gd| (4.45)

In the limit #, m—~~, the matrix Ya +G,x becomes antisymmetric and we find that the incremental free
energy due to a single straight-bond defect is

Si(T)=2InsinhK, +In| (27" +[0, 1] £,)* = [0, 017, [0, 2] 2., (4.48)

where [0, 0], is given by (3.5) and [0, 1]z, by (4.3), while we have
[0,2) gL =(1+2)tAg+ (1 = 22)(A, —Ago)- 2,(1 +25)(A o~ Ago) = 22,2,(A,, —Ay). (4.47)
It is easy to verify the relation

aA  -bA,+Ay) -2cA,, =0. (4.48)

This shows that [0, 2] 5, can also be written in terms of the double integrals already calculated in Sec.
III. In fact, we find

[0,2] 51 = 2tK[(1+2,)+ 2" =t 2,(t2 + 4b + 4c)(42,bc)™ ] /m[(£2 + 4b) (2 + 4c)] V2

—(1+22)(22,6) [ 1 = Ay(6, k)] + 22,27 kT'E /m(bc)V2. (4.49)
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As T-T? (t-0), the incremental free energy thus varies according to

FUT)=1n| Dy(¢) =D, ()t {In|¢| +1n8+3In[(d +c)/bc]} +O(t21n| ¢ )], (4.50)

where the amplitudes D,(¢) and D,(¢) are again
analytic functions of £ and are listed in Table II.
The incremental specific heat due to a isolated
straight-double-bond defect is

d -Cg d T i
CiT) = T/T0 -1 -C{|In 7 —1] +0(In| ¢])
(4.51)

in which the amplitudes are
Ci=(C3y. (4.52)

When #z and m are finite, we can, by using a
relation similar to (4.48), namely,

Cg =7’151c /Eoc s

ly2%(0,0)+G4(0,0)| =0 (4.54)

reduces to
D,(t)+D,(t)A(t )7 S oo + (EnPmP)TIE
+(nm)E +On ™ *m ™% 1nn) =0, (4.55)

where A(t) is defined in (3.54), D,(¢) and D,(¢)
listed in Table II, E,=0, and E4(n/m) given in
Table III. Consequently, we obtain for T%(x) a
result of the same form as before but with ampli-
tudes

o= Die e Dl oa_ UKY
aS, = b(Sge+ Spe) —2¢S4, =0, (4.53) 1 D_(,(_.ACV1 ’ 2 D;Aﬁrl ’ 4 Q‘; ’
show that the critical equation (4.56)
n Y H nD: - D /AV
Q{5 - QDo /A D}/ Do = DR En/m) + (B /Y] +Qira/ri} + 264 Py, (4.57)

in which the prime denotes the derivative with
respect to ¢{ and the subscript ¢ denotes values
at T=T2; P,(7) is defined as before by letting
t =x/m =y/n—0 in (3.45) with fixed m and %, and
7,,7, are defined in (3.62). The appropriate
scaling relations are again satisfied.

In a symmetric lattice (J, =J, =J), we find the
numerical values

Q= [5_12(3?_”1)%2]& ~1,1411706, (4.58)
Q1~0.3679879, Q=~0.2372154, (4.59)
Q4(1)~ - 1.169 508,

Q3(2)=~ -1.629508, (4.60)

Q4(3)=~ -1.955392.

V. DISCUSSION
We may summarize our analysis of the shift
in critical temperature produced by an array of
point defects on an m X7 grid by the rather simple
expression

T, (x, T)=T2[1=(Cy/Ag)x = 5(C3/A2)%? Inx"*
= Qy(T)x? = 3(C3/A3)%® In?x + O(x® Inx)),
(5.1)

where x =1/nm is the density of defects (on a per
site basis) and 7=n/m. The amplitudes A, and
C, are those of the leading critical singularities

r

in the bulk specific heat and in the incremental
specific heat due to a single isolated defect [see
(1.2) and (1.3)]. To derive this expression we
have observed that C, =C2%, which follows from
(3.30), (4.8), (4.33), and (4.52).2 The form (5.1)
is consistent with a general scaling theory'® for
the effect of point defects; thus although it has
been checked explicitly only for the defects il-
lustrated in Fig. 2, we expect it to be true for
all bounded defects in the limit of low density. A
further check on the scaling theory is provided
in the following paper!'* where the change in the
amplitude of the shifted logarithmic specific-heat
singularity is calculated.

It is instructive to examine the results for the
various defects numerically; this indeed reveals
that the asymptotic form (5.1) is surprisingly
accurate even for concentrations x so large that
the mean defect spacing is only two lattice
spacings! To compare the different defects in
the case where the modified interactions are all
zero, corresponding to missing bonds, it is useful
to to introduce £, the fraction of missing bonds
(per bond) via the definition

% =2x for vacancies (a),
=3x for missing single bonds (b), (5.2)
=x for missing double bonds (c) and (d).

The corresponding reductions in T, according
to our asymptotic formula (5.1) are plotted versus
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% in Fig. 3, for a symmetric lattice (J, =J,) with

a square grid of defects (m=n, 7=1). In this
normalization the tighter groupings of missing
bonds yield higher critical temperatures, as is

to be expected. The close similarity of the single-
bond and bent-double-bond defects [(5) and(c)]

is, however, rather surprising. We may note
that for missing single bonds we find [ T.(x)/T 2] -1
= 2Q] X ~1.329 258%, in leading order; this agrees
with Harris’s result for a random system of miss-
ing bonds.! Since the coefficient of x is indepen-
dent of the distribution ratio 7 it is quite reason-
able that the random- and ordered-system shifts
in T, should agree in first order.

The dependence of T, (x, T) on the distribution

ratio for vacancies is shown in Fig. 4, which
displays the deviation from the leading linear
form T2(1 -Q,x). The critical-temperature de-
pression is smallest for a square defect array.
It is remarkable, however, that even for a mean
spacing as small as 33 lattice constants, the cri-
tical point varies over only 0.8% as the distri-
bution ratio increases up to 3:1.

By symmetry we have T, (x, 7) =T, (x, T™!) for

o]
1 T T T T T T T T
4;'(4 3:;3 2x2 (nxm)y s
/(c) + ]
0.8 B
Te(%)
TCO B (d) T
o6l (b) (d) = |
© S
~ ,—(a)
04+ rT= %:1 B
(c)
(b) =,/
o2r .
missing bond fraction X
0o I 1 ! 1 l 1 1 1
(o} 0.2 04 0.6 0.8

FIG. 3. Shift in critical temperature of a symmetric
lattice (J,=dJ,) produced by vacancies and missing-
bond defects distributed on a regular m xn array vs
the missing-bond fraction ¥ 1/mn, according to the
asymptotic formula (5.1).

REGULARLY SPACED DEFECTS 1253

vacancies and bent-bond defects. However, this
is not the case for the oriented, anisotropic de-
fects (b) and (d), as can be seen from Fig. 5. For
single-bond defects it is clear that the lattice
decomposes into disconnected vertical strips of
finite width 7 when z=1. For such configurations
one must have T,=0; the same argument applies
to straight-double-bond defects when »=1. These
observations provide an understanding of why

the critical temperatures at fixed x fall rapidly
when T (=1/m) decreases, as evident in Fig. 5.
We may note in passing that bent double bonds

(c) with m or n equal to unity also yield T,=0.

For vacancies, however, the lowest values m
=n=2, x= 3 leave the lattice two dimensional and
hence with a finite T,. [By contrast a random
distribution of vacancies at a density exceeding
the percolation density p, (~0.55) disconnects

the lattice into finite pieces with probability one
and hence yields T, (x)=0 for x> p,.]

Finally, to demonstrate the accuracy of ithe
asymptotic expression for T, (x) at finite x we
examine the values of T, for various small finite
values of m and n (which leave the lattice two-
dimensionally connected). Consider first single-

3x4
4x4 2x6  3x3 2x4 2x3 2x2

fT I III T I T I

0.95

0.9

0.85

vacancy density x J

08 1 | i | !
o] 0.1 0.2 0.3

FIG. 4. Shift in critical temperature vs concentration
x produced by vacancies on m xn array for different
values of T=n/m. Note that the 7-independent linear
shift has been divided out.
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(d) double --—--- LN
0.6— AN y_
\\
1 N
2 \\
1
L T=f=1% 3
0.4 —
missing bond fraction X
| | L | I |
[o] [oX] 0.2 0.3

FIG. 5. Variation of critical temperature with dis~
tribution ratio 7=z /m for missing single-bond defects
(b) (solid lines) and straight-double-bond defects (d)
(dashed curves).

bond defects (b) and straight-double-bond defects

AU-YANG, FISHER, AND FERDINAND

(d), with m=1 and 2, respectively, but z arbitrary.

As can be seen from Fig. 6, these yield the same
configuration of missing bonds so that T2(m=1, n)
=T%(m=2,n). Furthermore, by using the decora-
tion technique'? to remove the sites adjacent to
the missing bonds, this lattice structure can be
reduced to a layered lattice.®® The critical tem-
peratures of arbitrary layered Ising models can

S

FIG. 6. A lattice with single-bond defects (b) on a
grid with m =1 or, equivalently, double-bond defects
@) on a grid with m =2,

be found exactly.*'*® In this way the critical equa-
tions are seen to be

(1-2,)/(1+2) =z;‘/""“.

The exact critical temperatures following by
solution of these equations for »=2-6 are dis-
played in Table IV. Also listed in the table are
the percentage deviations from the exact results
obtained by using the asymptotic formula (5.1)
(with appropriate m and n), both retaining the
term of order x° Inx?, and truncating the expan-
sion at order x%. In the worst case the deviation

(5.3)

TABLE IV. Exact values of T¢(x, 7)/T? in a symmetric lattice with T=n/m for single-
missing-bond (&) and straight, double-missing-bond (d) defects, compared with the asym-
totic expansion (1.4) truncated at O(x31In%) and O(x?).

(b) m=1, x=2% d) m=2, x=X

Exact Percentage deviation Percentage deviation
n x Te(x, 7)/T 0O(x%1n%x) O(x?) O (x®In) O(x?)
2 0.25° 0.7231749 3.399 3.531 3.527 4.512
3 0.166 0.822 8277 1.765 1.851 0.592 1.021
4 0.125 0.8694034 1.266 1.321 -0.071 0.160
5 0.1 0.896 5256 0.989 1.026 -0.271 -0.130
6 0.083 0.914 3005 0.817 0.842 -0.335 —0.242
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TABLE V. Critical-point equations for vacancies at
spacings m X7 [from Ferdinand (unpublished)].

2X2 (1-2})=2}(1+2)

2x3 (1-23)2=2}(1+625+2%)

2x4 (1-2)=2{(1+1525+152§+25)

2%5 (1-23)5=2§(1+282%+ 7024 + 282§+ 25

is only a few percent and, as X decreases to 0.1,
this error drops rapidly below 1%. (The expres-
sion for double-bond defects gives better agree-
ment, presumably because x is 1/2z in that case
rather than 1/x.)

The decoration technique can also be used easily
to find the exact T, for vacancies on a 2X2 grid.
For larger values of (m,n) the critical tempera-
ture can, in principle, be found from the deter-
minantal equation

DetU(0, 0; T) =0, (5.4)

where U(6,, 6,; T) is the 4mnX4mnr matrix speci-
fied by (2.10). However, owing to the rapidly in-
creasing size of these determinants their alge-
braic reduction is somewhat tricky. Nevertheless,
with perseverence one may obtain the explicit cri-
tical-point equations displayed in Table V for

the 2X n sequence with #=2-5. The exact cri-
tical temperatures for vacancies following from
these equations are listed in Table VI. Also shown
in this table are the percentage deviations from
the exact values resulting from evaluation of (5.1)
correct to orders x®In%x and x%, respectively. The
full expression is in error by less than 1% even
for m=n=2, which is the most concentrated case
realizable! The deviation drops below 3% as x
decreases to 0.1, Furthermore, the true values
are bracketed by the expressions truncated at
O(x?) and O(x® In®x). The asymptotic expansion

is thus very satisfactory for x<0.1.

TABLE VI. Exact values of Tg(x, 7)/T in a symmetric
lattice with 7=n/m for vacancies (a), compared with the
asymptotic expansion (1.4) truncated at O(x3In%) and
ow?).

Exact Percentage deviation
mxn x To(x,7)/T? 0(x31n%) o@x?
2x2 0.25 0.576 5997 -0.816 5.159
2x3 0.166 0.711 7460 -0.615 1.781
2x4 0.125 0.782 0642 —0.436 0.803
2X5 0.1 0.824 8923 -0.326 0.411

ITI.
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APPENDIX A: REDUCTION OF THE GREEN’S-FUNCTION
DETERMINANTS

In evaluating the thermodynamic properties of a
diagonal interface in a laitice and a diagonal lat-
tice edge,'® it is found that the matrix elements
(7, k]), satisfy many useful interrelationships.
These relationships will be demonstrated here.
Using them, we can also show that the determi-
nant |y~! +G| for holes, or for bent-bond defects
(Fig. 5), can be reduced in size by a factor of 2.

If g=1+z,e"% and h=1+2,¢*2 [see (2.25) it is
straightforward to verify the two identities

h+h* 27 (R +h* - ghh*) - @ — gh*)|e™
- (2,/2,)(2 = gh)e!®1™1%2 =0,
(=2 +g*h)e +27((2 - gh) + (g - &%)

—(22/21)(g+g* - gg*h)e'wﬁ =Z;1A(¢1, ¢2) , (A2)

(A1)

where A is defined in (2.19). It can be seen from
the definition (2.25) of the matrix element (I, k], ,
that (A1) implies

[S’SI]RR +z7' (s, S'+1]RL - [s,s’+1]m,)

~(2,/2,)[s +1,8"+1]zp =0, (A3)
and
[s+1,s"+1]y, =25 (s, s'+ 1], +[s,s"+1]5.)
+(2,/2,)s,s'],,=0. (A4)
Likewise (A2) yields
[s,s'= l]uR +3f1([3,3']UL - [s,s’]m,)
+(2,/2,)s,8"= 1yp =270, 08,0 (A5)
and
[s+1,s")yp - 2; (s, s lpp +[s, 5" Irp)
+(2,/2,)s,8'=1],p =276, ;0. (A6)

On taking the complex conjugate of both sides of
(A1) and (A2), we obtain two further equations,
each of which gives rise to two equations that re-
late the elements [Z, k])‘u. Next, we can see from
the definition of g and & that we may interchange
z, and z,, and ¢, and ¢,, in (Al) and (A2). The
resulting equations and their complex conjugates
give rise to eight further equations for [, k], .
These 16 equations can be summarized by the four
matrix equations
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1 0 1 0
SIOTOY R I G RO LT I ) R K (a7
-z7t 27t -z7! -zt
-2,/2, 0 -z,/2, 0
and
1 0 1 0
Q6,0 7 || B 6,00, Qs s| T | 2| T 6, 80, (A8)
-z;! -z;! -z;! z;!
2,/2, 0 2,/2, 0
where the Green’s-function matrices are
[s,s"] zr [s,8"+1] gy [s,s'+1]zy [s+1,s8"+1] 4,
Q. )= [s,s'=1] .z [s,s') .1 [s,s1ey  [s+1,s'];p ’ (A9)
- [s,s'=1lyz [s,8')uz [s,s']vu [s+1,8"]yp
Js—l,s’—l]DR [s=1,s"1p, [s-1,8"lpy  [s,s")pp
f [s,s)yw [s+1,8']yp [s+1,8']lyr [s+1,8'+1],,
Qls, ') = [s=1,s"1py  [s,s'lpp [s,s'lpr [s,s'+1]p, ‘ (A10)
[s=1,51pe  [s.s')gp [s,s ]z [s,s"+1] 5,
JS‘I’S"I]LU [s,s'=1].p [3,5"1]1,12 [s,s'].,

while the superscript T denotes the matrix transpose.
We can now use (A7) and (A8) to reduce the size of the determinant IX'I +§| for holes. We find from
(2.23) and (2.24) that the 8 X8 matrix y~' can be put in the form

it 0
X“=X*[ :IK, (A11)
0 Xz-l
where
1
(CAT :
V= with U(6)= , (A12)
0 u(s) 1
eiB
and
0 z* 0 0 0 z' 0 0
_ =1 _ -1
gir=|TH 0 0 0 gm0 00 (A13)
0 0 0 z! 0 0 0 gz
0 0 -z'0 0 0 -z* 0

From the definition (2.25) of the matrix elements [l, k], , we obtain the following relations:
(L,ktm]y, =e¥ o[l k], , [lxn,m]y, =e" %[ k]y,. (A14)

These equations together with (2.24) show that the 8 X8 basic Green’s-function matrix G has the form
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Q(0,0)
G-v*
s
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where Q and Q are given by (A9) and (A10), while

(1, -1]pz
(0, -1] pp

[ ’ —I]RR
(

0’ -Z]LR

(-1,1]zy
[-1,0] .y
(
[

I
"

-1,0] 4y
-2,0] 5y

o)
_ v,
Q(0,0)
(1,015, [1,0]4y
(0,0],, [0,0],,
(0,01, [0,0]zy
[o,-1],, [0
(0,1]gp  [0,1] s
(0,0],, [0,0] .z
[0,0]yp [0,0] 4z

[—1,0]00 [—I!O]DR [_1’ l]DI;

’ _l]LU [l, —I]LD_‘

(2,0] 4y |
[1’ 0] DD
[1,0] zp

[0,2] 5, |
[0,1],,
[0) 1] UL

Note that the rows of X and Y are rows of either
Q(1,0) or Q(0, 1) and either Q(0,1) or Q(-1,0),
respectwely, while the columns of X and Y are
columns of either Q(0, -1) or Q(1, 0) and either
9_( 1,0) or Q(O 1), respectxvely Since the rows

of columns of Q and @ satisfy the matrix equations

(A1) and (A8), we can apply row operations and

column operations to the determinant |y~

11G| to

reduce its size. To be specific, we first multiply
the matrix V(y~' +G)V* from the right by a con-

stant matrix block diagonal matrix K =diag{K,

where
1
K= o |l ’
-zit 01
sz/zl 001

(1

_2;1

g

-z;' 01
Lzl/z2 001

Kok

(A18)

and then multiply it from the left by the transpose

matrix K7,

This leads to

I=n"?

with x2= y2 4 22,

r(6) =7, +E (ry+7_))elte,
1=1

> [ (21[1) . <2nl>]"
x-ycos|—)-zsin(— ,
=1 n n

whose coefficients can be easily found as

III.
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(A15)

(A16)

(A17)

ly™ +Gl=[K"VG +GV K|

=(2122)-4l[0’ O]Xuly A’; b =R1L’ UaD ’

(A19)

which completes the reduction.

Consider now the case of a bent-double-bond
defect [Fig. 2(c)] specified by J! =J?=0, J/=J,
Jy=dJ,. It is not hard to see that the matrix
(yz' +G,) for the perpendicular missing bonds is a
submatrix of the matrix y~! +G for holes. In fact,
from (2.24) we find T

«=U*(0y;* +Q(0,0)] U(H) . (A20)
Consequently, on using (A7) we have
Iy2!+Gl=1K{[y* +Q(0, 0)IK,|
(0,0],, [0,0],,
=(z,2,)72 , (A21)

[0,0]5, [0,0]yy

which is only a 2X2 determinant.

APPENDIX B: DOUBLE SUMS Spq (m,n)

In analyzing the double sums S,,, we find that it
is possible to carry out one of the summations
exactly. Hence we first calculate a sum of the
form

(B1)

The summand 7(6) has the Fourier series

(B2)
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7o = (62 = 92 = 2 {(y 2iz)/[x + (x2 = y2 = Z2PRT T (B3)
Consequently, the sum becomes®
[=74+ 9 (o +7 ) (B4)
=1
=(x%- y2 - 222014 1 + 1 . (B5)
[x+ (22— y2= 2202 /(y —iz)" =17 [x+(x%= ¥2 = 222" /(y +iz) -1

On using this result, we find

m n -1
Sm=m-xzn-12 (a-Zbcos (%’l)—%cos (E-f-lf—ﬂ ,
=1 k=

=1
=m“2X(~Zr—:£>_l [1 +2 Y<%)] (B8)

m
=1

where
X (8) = (a - 2b cosd]? - 4c?)2 (B7)
¥(6)= ([a—22bccose] . XZ(Ce))n_l ’ (88)
and

Sio =m'1‘z’:;cos (%)X <—2mll->-l [1 +2/Y (-?mllﬂ . (B9)

Since we can write

cos(2wk/n)
a - 2b cos(2nl/m) - 2c cos(2nk/n)

a - 2bcos(2nl/m)

==@e)™+ 2c[a - 2b cos(2nl/m) - 2c cos(2mk/n)] ’ (B10)
we have
Sor ==(2c) ' +(@/2¢)Sy - (b/¢)S14, (B11)
and also

b & 2al\ [ 2al\* 271
Sy = 2—“c S10- = gcosz (—;:—)X (—m"—> [1 +2/Y(—£—)} ) (B12)

For j=1,2,3 let us put

1 & -1 2111/ <2nl>

I,-—m l§=lcos <—m) X ) (B13)
1 ¢ -1 2111/ (21rl <2nl)

Jy= o ‘Zlcos <-———m ) X\ )Y\ ) (B14)

We shall calculate these sums individually in the limit n, m -~ (fixed 7) as t~0.

Sums I;
We can write
X(6)={t2+4bsin2(} 6)} 2{t2 +4c +4bsin? (3 O)} /2, (B15)
in which ¢ is given by (3.18); then we can make the decomposition
L=I¢+I°+R, +R,, (B16)

where the contributions in order of importance are

2= @mc) S [t’ +4b sin? (%)]-llz, (B17)

=1
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b= (4mb'2) E [sm( >Tl %[c +b sin? (%f—)]-l/z -c ‘/2} . (B18)

with the correction terms

=(@2m)! ; %[tz +4b sin? (%)]-1/2 - [Zb‘/2 sin (%)]-1} %[c +bsin? (%l)]-l/z - c'l/zt , (B19)
Ry=m"! i [t? +4b sin? (%)]_m{[w +4b sin? (";l) it 21\-1/2 - [4c +4b sin? (%lﬂ-m} . (B20)

It is not hard to verify the bounds

|R,|< (t2/166Y2¢ 3/Z)m'lz cse <ml> O(t?1nm), (B21)
-1

|R,|<t/m8c¥2 4+ (t2/166Y2c¥2)m1 Z csc <-:n—l> = O<ZIf , 12 lnm) . (B22)
1=1

By removing the leading term the sum I{ can be written

19 = @mtc 2yt (mete)y ! 3":/21{{ " sz(:,f)] v [2(;!/% sin (%l)]_l}

=1

+[4m(bc)‘/2]'l ’"21 cse (%) s (B23)

1=1

where [x] denotes the integer part of x. Ferdinand and Fisher? evaluate the last sum as

m"z csc(nl> <2>{CE+ln<2;n>}+ o(m=2), (B24)

where Cj is Euler’s constant and the correction term follows by more careful analysis. It is easy to check
that we have

Z {@b¥enl)y " = [£2m? + b2 4} = O(t?) . (B25)

1=[m/2]

Consequently, the sum I{ becomes

a 1/2)-1 12]-1 2m t2m? 2
I? = 2mtc?) ! +[4m(be) 2] {2C +21n — )Rl 35,7 +R,+O(t?), (B26)

in which R, o(x) is the remnant function®® and

[m/

-1/ -1 2727-1A 1/2 -1
R, = (mc?)™! Z [t"’ +4b sin <"—l>] [2b1/2 sm( l)il - l:t2+ 4bn2l } + [21) ﬂl] l
3 &t m m m m )

- [ B e (3)- (8) ]+ Lomiperd 5 oo (3)- ()] om

where we have expanded in powers of 2. We can use the same devices as developed by Ferdinand and
Fisher in deriving (B24) to obtain

7 32 eser (22) - (2 ]t om0, (520)
m! [:/j] I:csc5 (:nl ) - (—%)5] = 0(m?). (B29)

These results show that the correction term R, is or order t2lnm, or t*m?. The lemma (B4) can be used*
to convert the sum I? to an integral plus a correction, namely,

1”:%]1[&— (c +bsin%] 2 = c"2) L R, = —[4m(bc)2] ' In M]+R (B30)
17 4qb'2 ), sing 4 c 47
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where

_ 1 “’J‘”de o
Ry=gom ; | Sing cos(2m16)([c +bsin%6] V2 = ¢~V2)

= #ﬁ; ‘[" do cos(ZmIG)[— %Wb; sin6+0(sin39)] ) ®31)
Since
" 2 1 ™
[ cos2pésingdo= s = 5.5, fo c082p08in?*16 6 = 0(p-24-2), ©32)

we conclude that R, is of the order m™. On combining (B26) and (B30), we establish the result
( t2m?
1,=(2mtc¥?)™ 4 [4n(bc)Y2] {2cx+2 1n<2—”’-"—>-31,2 0 (E':-;—) - m[”—;’—c]}w(tz Inm, m™2). (B33)
Now we write

2 L -v2
11—12=2i:sin2 (”—l>/x(—”>=(2mb‘/2)'lZsin(”—l)[c+bsin2 (”—l>] +R,+R,+R,, (B34)
=1 m m = m m

where the correction terms, whose order of magnitude can be easily estimated, are

12w, (7l -1/2 (Tl ) -1/2 .
R, = - Som Z[! +4b sin <;)] [4c+4b sin (Z)”:' =0(t%1nm), (B35)
m= -1/2 Ve
R,=(2bm)™ [4c+4bsin2(ﬂ)+t2] {[t2+4bsin2(ﬂ—l>] —2b’jzsin<"—l)}=0(t21nm), (B36)
=1 m m m

R,= (mbV2)™t z sin(”—ﬂi){\}c +4b sin® ("—"i) + t2:| v - [40 +4b sin® ("—"ll)] -1/2} =0(t?). (B37)

In analogy to (B30) and (B31), we find the sum in (B34) can be written as sums of integrals or as the sums
of certain Fourier coefficients of the summand,

_ 1 f” dfsinb 1 <X (", cos(2ml06)sind 4 2
Letie g | [ty gy | 46 A 0™, 2 1am

_1 -l<g>*/2 _t@) 1, -
=73 tan - - 2"(—5;)75 m2+0(t Inm,m™?), (B38)

where £(2) = 1 7? is the Riemann ¢ function.
Finally, we obtain

. o7l 2ml = g T\
I,-21,+1, =4gsm"<—”—l)/X <7) = (0Y2m) ™ 2 sin® (Z)/l:c +b sin? (—);;)] +Ry+Ry+R,, (B39)

in which the correction terms are

2 m- -2 -12
Ry= - L E sin® (-”—l->[t2+4c +4b sinz(ﬂ)] [t2+4b sinz(ﬂ)] =0(t?), (B40)
bm £ m m m
- - V2
= -1 -zlr_l_l:z -z<"_lj|l/2’|:z 2”_1] _1/2'<ll__ 2

R, =(bm) gsm (m) t2+4c +4bsin p ) t2+4bsin o 2b¥2 sin - /—O(t ), (B41)
- -2 -2

Rm-;i;ﬁ sin® (%)%\:tz+4c+4bsinz ("—”m —[4c+4b sinz(%il }=O(t2). (B42)
=1

On using (B4) and (B32), the sum in (B39) becomes an integral so that we obtain
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1 T dfsin®6
Li-2l+ k= o i, [c+bsin?é

b-c (b 12 V2 _
= — tan ‘<-E> + 5 +O0(t%, m™). (B43)

10

Tz +0O(m™*)+R,+R,+R

This completes the calculation of I, I,, and I,.
Sums Jj

We shall first show that the denominator Y(6) in these sums is exponentially small for ¢ away from the
origin; hence the main contribution comes from the region where 6 is small. 1t is easily verified using
the form (B45) that the term inside the braces in Y() as given by (B8) satisfies the inequality

[@ —2b cosb]/2¢c +X(6)/2c = 1. (B44)

Since cosé6 is a decreasing function of 6 for 0 <6 < 37, we find that X(6), and hence the above expression
and Y(0), are increasing functions of 6. Therefore for [%m] =121, we have

Y<m> > Y<2_ﬂl£) ) {1 , [+ 4b sin*(ale/m)] X(mc/m)}" -1
m m

2c 2c

b 1/2 7l In b 1/2 n
> - in(—= -1= — — =
> {1+2<c> sm<m>} 1 exp[2nlc<c) m] 1, (B45)

for I, «m. If we choose [, such that 1« , <«<m, then ¥Y(2nl/m)™! is exponentially small for > [.. Conse-
quently, we can write

J,=bX )Y (0)] "+ Z [x(ﬂ’—l)y(i;—’ﬂl +0(e%), (B46)

=1 m

where @ is a positive constant. In the interval 0 <6 <2nl,/m<« 1, we expand Y(6)™' and X(6) " around the
origin to obtain

_ 1 Lawm_ )" n W] - [—*—ﬁ W %(ﬂl)‘h‘} )
Y@nm (e -1) +{cosh - -1 JL———mac - W + , (B47)
.___1_____~ 1 —1[ %("’l)‘1 w? ]
@ D)W L+ S - e+ | (B48)
where
7o 2 m m _ _[+25,2 27271/2
n= 7, M= and W=W(l)=[t’m? +4n?1%] V2, (B49)

In particular, for [ =0 we have W(0)=|¢/m and
[mX(0)Y(0)]~* =[2c/2m|¢|]~ Y™ ! = 1]7{1 + O(£?)}. (B50)

These results give
g, =2c2m|t] 4™~ 1)1+ (be)™V2 D /W ™MD/ ~1]4R,,, (B51)
=1
with correction term

o0 2 4
()12 Laway/m_qq-1| 3 W ]
Ri=(be) ; {[e 1 [mszS 8mc

+ [cosh (—ﬁ;lvz) - ]-1[-‘%‘;% —3—(1,%]} +0(e™%), (B52)

Since the two series

w(l) & w(l)®
ge""“”“— * £ coshaw(l)/m] -1 (B53)

converge, the correction term R, is of the order m2,
Since we can write
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28 (7l 2nl\ . [ 27l
J, -J2=E; sin’ (;,T)/X (—;;) Y(7> (B54)

the results (B45), (B47), and (B48) may be used to give

w 2
R T Rl P L
1=

- eETRT] O e ). (B55)

The above sum may be approximated by its value at T=7, (¢£=0), and we find
2
Jl _Jzzém-Z(bc)—l/Z 2 eﬁ‘ﬂlﬁ'ﬂhﬁ 1 +O(t2’m'4’e'olc)' (B56)
1=1 -

Likewise we obtain

J, =2, +dy= —E sin ("l> (2"1) (i:l) om™). (B57)

These results for I; and J, can be used to evaluate the double sums S, (7, n).

Double sum S, o (nm)

From (B7), (B13), and (B14), we have
Sooln,m)=1,+2J,, (B58)
and on substituting the result (B33) for I, and (B51) for J,, we find

. 1 2 2m m2t?
Sl =Ll 4+ it ) lamtee”) 1{”‘”““(7) R (55

_ m(” :”) 87 Z 1/W(e*®m/m - 11}- (B59)

It can be seen from the definition of S,, that this double sum is invariant under the transformation m—n,
b-c. We shall check that this property is indeed satisfied by our expression for S,,. The function
(¢* —=1)7! has the expansion in simple fractions®

(e*=-1)"t=x"'=}+2« Z (e +4m% %) (B60)

k=1

From this we find

i: {W(l)-x[eW(l)rT/'er _ 1]-1 _ (Zﬂl)'l [ezwﬁ-'/Tn - 1]—1}
1=1

1 1 — 1 t2m?
= 211l l}:coth( |tjm) - |t|m - ﬁ|t|m]+§;R1/2,o<—4wz >
= dmr¥®  AmnPR\ 7' [4mn?? 4mnPR\ !
2 t2m — ) —( — .
+ - ; [( nt———+ =t (B61)
Now let us put
& 1 T
F(T)— ;m+12. (BGZ)

On substituting these two relations into the last term of (B59), we may express S,, as
1

So0= Ty * 27(bc)*? (In(mn)"/? + P(m t, 7t)] + O(m~2, t* Inm), (B63)
where
2 2 )
P(x,y)=7x"Ycothsy - 2y~' = &y] +my~{cothsx —2x ™' = gx] + Cp +1n<7>— 3 nl: (bb+cC) ] +1 1n<ﬁ> +9F (A)
: y x

oc o0 -1 \ -1
+8m Z Z ([vy +—4nzlz+%4n2k{l - [(£>4n2l2+ <i>4n2kzjl ) (B64)
y x

=1 k=1

We may now rewrite (B62) as
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F(r)-%n7= 2 -t Z e 2" = —ln[n (1 —e"”"):] .
I=1 r=1 r=1
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(B65)

Since the elliptic 8 functions §,(v|iT) satisfy the relation®®

0 0 0 20Ty
60lir) 0l o0l (n (1-e- ))

we have

F(1)=%1n2 - 5 In[6,(0[i7) 8,(0|i7) 6,(0]i7)].

On using the 6-function identity?®

6,(0liT) = 7-/2,(0]iT7Y), (B68)
we hence find

F(1)=F(17") +%1n7. (B69)

Therefore we also have

2F<%) +3n (%) - 2F<f§> + %ln(%) . (B70)

This establishes that P(x,y)=P(y,x) and that S,
is symmetric in 7, 7 as required.

Sums S, ,,8,0,5,,
The sum S,,, given by (B9), can be written
S10=S00 = (I, = ) = 2(J, = J). (B71)
Hence (B38) and (B56) yield

1 (b\'?
szsoo"ﬁtan 1(;)

+(bc)‘/"’£”(’?- +0(t%1lnm ;m™*%), (B72)

where 7=7/m and

G(r)= £2) Z SR B73)

I=

It is not difficult to see
_.m a 9 —2miry_ 4
(1= 15 =37 ‘Z; In(l-e7*"")= = F(1).  (B74)

Thus we may differentiate both sides of (B69) to
obtain the relation

7G(1T)+77'G(T7Y) = 5. (B75)
From (B11) we then find

- a-2b
So1==(2¢) 1+[ e ]Sm

OB )” o 2]

+0(t¥Inm ,m™), (B76)

Because

(B66)

(B67T)

tan"X(b/c)Y?=5n — tan"*(c/b)"/? (B77)
and

[(@ = 2b)/2¢]Sge = S0 + t2Sye/2¢

=S40+ (2cmn) ™' + O(? Inm) (B78)

[in which we have used (B63)], we can write
S,, in the form

So1=Sg0 = (1/7c) tan"(c/b )2
+(cmn)~Y3 - 7G(7)] + O(t2Inm,m™%),  (B79)

On using the identity (B75) for G(7), we obtain

1 1/2 G(7°}
S =S°o—7r?tan°1<%> +(bc)1/2%—)

+O0(t%1lnm,m™), (B80)

Finally, we can write S,,, given by (B12), as

a —4b b
Si= |: % ]slo"’(?)soo

_<%)[(13 +1,-2L)+2(J,+d, - 2J,)]. (B81)

The results (B43), (B57), and (B80) yield

B a—Zb] 12 -x(_b_)l/z
s“_[ 2¢ Soo = 2nbc tan c

1 l:a 4b](b oz G(;r)

“wbe)’* L2 m

+O(£2 1om, m™%). (B82)

On using (B78) and (3.18) we find
_ 1
S“=Soo+(20mn) 1. W

'B ](b 71/ S0 L ot m, m.
(B83)

Thus the identity (B75) yields
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' 1 172 G(7)
Su=500—wg—+(bc) 1z )
(o=
+(bc)™V? L:lz—) +0(t%lnm,m™), (B84)

where we recall that G(7) is defined through
(B74) and (B67) in terms of elliptic ¢ functions.

APPENDIX C: CORRECTION TERM

In the limit n,m - =, the total defect free energy
(2.26) behaves as the bulk free energy plus the
incremental free energy f,(T) due to a single iso-
lated defect, except for the correction term

e(T)=AT) = f(T) -lam)™f(T), (C1)

which will be shown to be of the order e ~°™*1 or
e °"t2 where £,(T) and &,(T) are the bulk cor-
relation lengths in the vertical and horizontal
directions,’® respectively, while ¢ =2 for T> T,
but ¢ =1 for T<7T,. The correlation lengths may,
as usual, be defined in terms of the asymptotic
decay of the pair correlations above T, according
to

(SooSom) ~ exp[=MV/E(T)],
(C2)
<soosn0> ~ exp [— n( Ez( T)] ’

as m,n—-=, For simplicity, we will consider
explicitly only single-bond defects [see Fig. 2(b)];
however, from our calculation, one can see that
the result is true for all defects.

From (4.1) we find the error to be

1 2T d6, (" db
o= g [ 52 [ Gyt

-0, 15 - i =27, (©3)

where the 2X2 determinant is given by

l)_lb-l +Qb| =[0, OlRR[Oa O] LL ‘{[ 0,1]g;

(Z "21) 1}{

_1 LR+(Z —21) 1}
(C4)

in which the elements [l, k], , are given by (2.25).
Let us define the double sums

e ~ip%, -ird,

R,y (m,n)= —— :L:IZ%: INCIA
where A(cp q; ) is given by (2.19), while ¢, and
¢, run over the m,n values specified in (2.18).
We can then express the matrix elements [, 2], ,
as linear combination of the sums R, ,. By gener-
alizing the lemma of Barber and Fisher® we can
reexpress these sums in the form

(C5)

)

as Z Z AP+Jm q*!’ne‘(je ”’62) (CG)

j=-w j'==

R,

where A,  are the Fourier coefficients of
1/A(¢,,,) as defined by (3.3). The leading coeffi-
cient A, , clearly corresponds to the integral
approximation to k, ,(m,n) valid as m,n—=. One
of the integrations defining A, ; can now be car-
ried out explicitly to yield®!

2™ 46 cosré

A=) 20 X0
[a - 2b cos6+X(6)] 7!
(et

in which X(6) is defined by (B7).
Since X(6) is analytic in the strip 0<|6] <6, ,
where

6, =2sinh|t|/20Y2= |¢|/bV/? (c8)

we can use the argument of Barber and Fisher®
to show that A, , is exponentially small in 7, name-

ly,
A, o= Olexp(-|rt/b"?)]. (C9)

On comparing the integrand of (C7) with (B8),
(B45), and (B15), we can establish the bound

([a - 2b cosb +X(9)]>'M < <1 +C!_ﬂi> -ls!

2c
—|st
= exp (%;) (C10)

In combination with (C9), this yields the basic
estimate

A,,s=0[exp(—|7’t|/bl/2— [st|/cY?)]. (C11)

Therefore in leading order as m,n— < we have
Rb.a(m’ n)=A, @

+ E (Aim+P q

j=+1

i6 ije
LA, jneg€72) 400

(C12)
where the form of the remaining terms is easy to
see but will not, in fact, effect the final result.

Now we may substitute (C12) into (C4), using
the appropriate linear combinations to express
[0,0]zr, etc., and hence into (C3). The logarithm
in (C3) may then be expanded for T# T, in powers
of A .00 Ao, sns Aimer,00 €tC., to yield a Fourier
series. Integration over 6, and 6, is trivial for
the terms independent of 7 and » which then
cancel exactly in (C4). The only nonvanishing
contributions come from products of the form
A oA mo» AonAo,-n etc., which are at least
quadratic in the A, ,, etc. Thus by the estimate
(C11) the error term e(T) is of order
exp(-2m |t|/b'/?) or exp(-2n|t|/c*/?) for t#0. This
confirms our statement.
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