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An extensive rotational-Raman-scattering study on oriented crystals of high-purity paradeuterium and

orthohydrogen is presented. The excitations studied include the one- and two-libron bands (J = 1~1),
the J = 1 l3 rotons, and the J = 0~2 transitions of the impurity J = 0 molecules. The use of oriented

crystals has permitted a determination of the single-libron mode symmetries which, together with very

good frequency agreement with the most recent anharmonic libron theory, provides a firm

experimental basis for the Pa3 structure, When corrected for virtual (J = 3) processes, the single-libron

frequencies yield values for I;„of0.747 + 0,019 cm ' (D,) and 0.582 ~ 0.017 cm ' (H,), which are in

generally good agreement with other experimental values. New results on the concentration and

temperature dependence of libron frequencies and line shapes are also presented, An analysis of the J =
0~2 and J = 1~3 spectra shows that both excitations are strongly coupled to the librons. This results

in substantial modifications of the frequencies expected from simple theories, and in the appearance of
extra features, interpreted as libron sidebands. In the case of the J = 1~3 band, linear combinations of
polarized spectra obtained from oriented crystals has allowed the separation of previously unresolved

lines. Spectra of the various rotational transitions in the disordered phase of both H, and D, are also

presented.

I. INTRODUCTION

In the past ten years there has been extensive
theoretical and experimental activity directed at
the solid hydrogens (H„HD, D, ), and especially at
the ground-state and low-lying rotational excita-
tions of the low-temperature orientationally
ordered phase of ortho-H, and para-D, . Baman
scattering is particularly well suited to probe the
rotational dynamics of such solids, and in this
paper we present results for most of the observ-
able pure rotational Baman transitions in oriented
crystals of high-purity para-D, and ortho-H, .

The relatively slom ortho- para conversion rate
provided by nature in solid hydrogen and deuterium
(1.9/o/h for H„and 0.058%/h in D, ), allow one
to prepare and study samples which are in a meta-
stable rotational state, J =1. Solids having high
concentrations of the ~=1 species have many
properties in common with magnetic systems. In
particular, at low temperatures (3.8 K in pure
para-D2 and 2.8 K in pure ortho-H2) there is an
orientational ordering of the ~=1 molecular or-
bitals, closely analogous to the spin ordering in
an antiferromagnetic system. ' One of the most
challenging problems has been the determination
of the ground state of the orientationally ordered

solid, i.e. , the space group of the crystal at 'E

=0 K. The structure is difficult to determine by
the standard techniques, x-ray and neutron dif-
fraction, because in addition to the usual problems
enc ounter ed in locating protons or deuter ons, the
diffraction lines associated with the orientational
order are weakened by the near sphericity of the
molecule, and by the fact that the molecule is in

the quantum state &=1. [This results in a further
reduction in the cross section by ~» (Ref. 2).]
X-ray measurements' had determined that at the
transition to the low-temperature phase the molec-
ular centers transformed from an hcp to an fcc
lattice, however, the orientations of the molecules
could not be determined. Subsequent neutron-dif-
fraction data4 mere consistent mith the Pa3 space
group predicted theoretically on the basis of a
pure electrostatic quadrupole-quadrupole (EQQ)
anisotropic intermolecular potential. ' However,
the validity of these measurements remained in
doubt because of strongly interfering background
peaks.

In the I'a3 structure each molecule sits at an fcc
lattice site with the axis of the m~ =0 molecular
orbital oriented along one of the [111]body diag-
onals. The arrangement is such that for each of
the four simple-cubic sublattices comprising the
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fcc structure, the molecular orbitals are parallel.
In the molecular-field approximation the ground
m~ =0 state is separated from the degenerate
m~ =+I states by 191", where I' =Ge'Q'/25R', is
the EQQ coupling parameter. (If the lattice sums
are extended to all neighbors the splitting becomes
21.21'.)

The m~ = +I (or suitable linear combinations)
levels correspond to molecular orbitals which are
oriented at 90' to the ground ra~ =0 orbital. How-

ever, the elementary reorientational excitations
of the solid are not these molecular-field states
but rather the librons: spin-wave-like collective
excitations' within the ~=1 manifold of states. On

the basis of a Pa3 structure a number of authors"
used simple spin-wave theory to calculate the
dispersion relations and other properties of the
librons. The frequencies of the librons were pre-
dicted with rather high precision in terms of the
single parameter I', whose value in the solid was
also presumed to be well known. They give eight
modes for general k, and three distinct frequen-
cies at k =0. We realized that these Jt'=0 modes
should be Raman active and identified them by
their group-theoretical labels as E~, T~', and

which are twofold, threefold and threefold
degenerate, respectively. In our original Baman
experiments, ' at least four distinct features were
observed in the region of the expected libron bands
(- 5-15 cm ') in polycrystalline samples of both
ortho-H2 and para-D, . The three lower-frequency
features were much sharper than the highest-fre-
quency feature. Not only was an extra feature ob-
served, but the three lowest lines were substan-
tially lower in frequency than expected from theory,
and simple scaling of ~ =-~ ff was inadequate to
identify the lines by means of a frequency fit. Two
possible models were proposed to explain the ob-
servations: (i) The three lower-frequency lines
were the single-libron transitions with the fourth
being a two-libron transition; and (ii) the actual
structure was distorted from Pa3 in such a way
that the degeneracy of the single-libron model was
partially lifted, explaining the extra feature. Al-
though the first model yielded reasonable inten-
sities, the frequencies were in serious disagree-
ment with theory, whereas this was apparently
not a problem in the second model.

A number of attempts to explain the observations
were ma.de. An extension of the range of the EQQ
interaction from nearest-neighbors only to a sum
over all neighbors' was inadequate as it could be
represented by a new value of I"„;,. Likewise,
consideration of the effects of the large zero-point
motion in the hydrogen lattice led to a renormal-
ized ~„,, " We obtained new and improved Baman
data, " still on polycrystalline samples, in which

the ~=0-2 spectra of ~ =0 species in the ~=1
solids were observed. This provided information
about the local-site symmetry of the ordered solid
and essentially eliminated the proposed distortion
of the Pa3 structure. A number of possible meta-
stable structures (all less favorable than I'a3)
were predicted by James. " Coll and Harris"
considered one of these structures but were unable
to obtain a fit of libron frequencies to experiment,
although a good frequency fit to the distorted Pa3
structure could be obtained if non-EQQ anisotropic
terms were added to the interaction potential.
Nakamura and Miyagi' then calculated the fre-
quencies for the three single-libron plus two-
libron model, but there still remained a serious
problem with the frequency fit, and the mechanism
they provided for the two-libron line was unable
to account for the observed intensity. Coll et al.""
then realized that cubic anharmonic terms of the
EQQ Hamiltonian were very important and on the
basis of diagrammatic perturbation theory were
not only able to provide a good frequency fit for
the undistorted Pa3 structure based on a single
parameter I'„;, but were also able to explain the
intensity and structure of the two-libron feature. "
At this same time we succeeded in growing oriented
crystals of ordered H, and D, . The polarized
Raman spectra of these samples allowed a definite
identification of the three lower-frequency modes
as the single-libron modes of the undistorted Pa3
structure. " Recently, a new elastic-neutron-scat-
tering study by Mills et a&.' has provided further,
direct proof of the Pa3 structure.

In spite of the good agreement between theory
and experiment 'or the Raman observed lines,
there remained a var iance in the value of I', ff

measured by different experimental techniques,
especially for D, . Recently, Harris et al."have
shown that this could be largely accounted for by
mixing of the ~ = 3 state into the ground ~ = 1 state
(virtual &=3 processes), an effect which is larger
for D, because of the smaller splitting between
the ~=i and 3 rotational levels. A substantial
part of the present paper is concerned with a
detailed presentation of the earlier reported"
libron spectra in oriented crystals, and an anlysis
in terms of the latest theoretical refinements.

In addition, previously unpublished data of the
dependence of libron frequencies on ~ =1 concentra-
tion, two-libron spectra, libron line shape, and

the temperature dependence of the libronlinewidth
are presented. The temperature dependence of
libron frequencies has also been studied. In the
random-phase approximation (IIPA), this depen-
dence should be that of the orientational order
parameter (3&', —J(J+1)) . The temperature de-
pendence compares reasonably with theoretical
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and experimental curves of the order parameter
versus temperature.

At this point it is useful to make a critique of
some of the experimental methods used to study
the librons. The thermodynamic measurements,
such as specific heat and (sP/s1')», "provide in-
formation about the ordering —long and short
range —and the size of the interaction; however,
the information is in the form of thermodynamic
averages over density-of-states functions and is
not sensitive to the details of the structure and

dynamics of the ordered state. Likewise, NMR,
although very useful in measuring the temperature
dependence of the order parameter, " is also in-
sensitive to much of the detail. The ideal set of
measurements for studying the structure and

dynamics would be elastic and coherent inelastic
neutron scattering, the former to determine the
structure and the latter the dispersion relations
of the librons, i.e. , the lom-energy states of the
solid as a function of wave vector. Unfortunately,
the experimental problems are severe and the
possibility of the latter study still seems remote.
(Incoherent neutron scattering has been analyzed
to determine the libron density of states, ") Opti-
cal measurements, which do not suffer from many
of the experimental restrictions of neutron scat-
tering also can be used to obtain detailed informa-
tion concerning the energy states of the solid, 31-
though limited to certain regions of the Brillouin
zone. In fact, this restriction to k =0 was initially
an advantage in the study of the ordered state since
it simplified the interpretation of the rather sur-
prising spectra that mere observed. The observa-
tion of librons as sidebands or combination bands
in infrared" and Raman spectroscopy, although
providing detailed energy information, still in-
volves excitations throughout the Brillouin zone
which substantially increases the complexity of
sorting out the spectra and in some cases, the dif-
ficulty of distinguishing between pure first-order
or combination spectra. These problems are also
present in the interpretation of the 4J+ 0 Raman
rotational transitions where the librons apparently
occur as sidebands.

In this paper we also present new measurements
of the Raman spectra associated with J=0-2
impurity transitions" and &J=1-3 roton bands. ""
The nominally pure J=1 solid always contains
J=0 impurity species due to either incomplete
initial separation or to conversion. For low J =0
concentration the impurity sits in a J=1 environ-
ment. The Raman selection rules J=0, +2 allow
transitions to the (2&+ 1 =5) & =2 states, whose
degeneracy is partially lifted by the interaction
of the EQQ moment in the &=2 state with the
electric-field gradient from the ordered sur-

rounding J=1 molecules. One might expect to
be able to predict, the line splittings reasonably
well with a molecular-field theory. For the J'a3
structure the number of distinct lines should be
three because of the local point symmetry (C„)
and the number of symmetry-inequivalent sites
(one). The observed spectrum of four features,
none of which correspond to molecular-field-
theory predictions, is interpreted as being com-
posed of the three impurity transitions plus libron
sidebands, the interaction with the libron probably
resulting in large energy shifts from the molecular-
field predictions.

Similarly unusual results are found for the J
=1-3 bands. Because the J =3 excitation can oc-
cupy any lattice site of the pure J=1 solid there
are exciton bands which for any value of the wave
vector k have a multiplicity of 28 due to the four
symmetry-equivalent sites and the 2J+1 =7 states
per site. The degeneracy is partially removed by
Bnisotropic interactions. The earlier spectra' "
showed an unexpectedly small number of distinct
features. In the present work me have processed.
the polarized spectra from oriented crystals to
show that the features actually consist of several
overlapping unresolved lines. The spectra, which
disagree with simple spin-wave theory, are inter-
preted as both pure J = 3 roton, and roton-libron
combination bands.

The paper is organized as follows. In Sec. II
we discuss experimental techniques; Sec. III is
devoted to the libron spectra. The J=0-2 impurity
spectra and J=1-3 roton bands are considered in

Sec. IV, measurements of ortho-para ratio and
conversion rate are presented in Sec. V, followed
by a general discussion in Sec. VI. The paper is
concluded with an appendix on Raman intensities
and on the data-processing techniques employed in
analyzing the J=1-3 spectra.

II. EXPERIMENTAL TECHNIQUES
A. Preparation of ortho-para species

Samples of O-H, and P-D, were prepared from
normal gas using an absorption column of the type
described by Depatie and Mills. " For this method
it is necessary to maintain a long column of acti-
vated alumina at a temperature of about 20 K.
This is most easily achieved with a liquid-hydro-
gen bath. In order to minimize the amount of
liquid hydrogen brought into the laboratory (for
safety considerations) a special cryostat was
designed and is shown in Fig. 1. The system
couples a long insulated tube to a small 2& liter
storage Dewar. By pressurizing the liquid hydro-
gen in the Dewar the hydrogen level could be
raised to the top of the cryostat. The required
pressure was maintained with a manostat, which



756 HARDY, SII VERA, AND McTAGUE 12

SEPARATION
COLUMN
(0=Iso cm)

1.27 cm

ENRICHED GAS
OUTLET

NORMAL GAS
INLET

XIBLE
BELLOWS
TUBING

EVACUATION
PORT

L Hp GAS

EXHAUST

CARBON
RESISTANCE
THERMOMETER

VACUUM
STAINLESS TUBING~COVERED WITH
ALUMINUM FOI L

+pl
) ~ PRESSURIZATION

FROM MANOSTAT

2.5 LITER
LIQUID HYDROGEN
STORAGE DE WAR

LIQ. Hp ~
~BELLOWS

MOL ECULAR
SIEVE PELLETS

FIG. 1. Cryostat used in ortho-para separation. The
separation column, which is packed with activated alu-
mina, is cooled by forcing the liquid hydrogen up the
center tube to the desired level.

temperatures greater than 200'C caused the low-
temperature conversion rate to be considerably
increased, thereby reducing the efficiency of the
separation column. The activation procedure
finally adopted was to heat to 100 C under vacuum
for 1 day. (Overheated alumina could be at least
partly restored to its original condition by expo-
sure to air for a day or so. ) In an attempt to
further reduce the ortho-para conversion rate,
the alumina (Alcoa grade F-1) was thoroughly
washed before activation with concentrated HCl
to remove certain paramagnetic impurities, main-
ly Fe'"; however, no definite proof of the efficacy
of this procedure was obtained.

The initial purities of the gases used were
99.999% for hydrogen (Matheson ultra-high purity),
and 99.65 at. lp for deuterium (Bio-Rad labora. -
tories). The yield per desorption run was about
2 liters at NTP with odd-& concentration -99%
for P-D, and ~99'%%up for ortho-H, . Samples were
stored at approximately 1-atm pressure in baked-
out Pyrex bulbs. Deuterium samples could be
stored for periods of order weeks without notice-
able degradation in purity. Samples of hydrogen,
however, converted more quickly and had to be
used within a few days if the highest purity mas
to be achieved.

Subsequent handling of the gas samples undoubt-

edly introduced impurities such as out-gassing
products from parts of the vacuum system that
could not be heated, and in some cases small
quantities of air. However, the fact that the
crystals were grown slowly from the liquid en-
sured that the concentrations of molecules in solid
solution were close to that given by the equilib-
rium solubilities at temperatures below the melt-
ing point. For non-hydrogen impurities these
solubilities are extremely low at the partial pres-
sures involved. "

B. Crystal growth

was set by monitoring the liquid level with a carbon
resistance thermometer. Desorption was achieved

by withdrawing the column from the cryostat at
a fixed rate of about 4 cm/min. (The optimum

rate depends on the unavoidable ortho-para con-
version taking place on the surface of the alumina,
and differs for H2 and D2. )

To obtain reasonable quantities of high-purity
gas per desorption it was necessary to experiment
with the activation procedure for the alumina in

the column. The efficiency of the separation in

which the odd ~ species is preferentially adsorbed,
is limited by the rate of conversion of the J=1 to
~=0 species on the alumina. It was found that

prolonged heating of the alumina, in a vacuum to

The key to the present series of experiments
was the ability to obtain optically clear single
crystals with known orientation for all of the
species of hydrogen and deuterium. For para-
deuterium and orthohydrogen it was also impor-
tant that crystal growth take place fairly quickly
because of the finite rate of ortho-para conversion
(-1.9/p/h for solid H2 and 0.06/o/h for solid D,).
The growth techniques were similar to those out-
lined previously. " The samples mere first rapid-
ly solidified by lowering the Raman cell (a 1.2-
cm-diam Pyrex tube) into the liquid helium, at.

which point the valve to the sample bulb mas
closed (Fig. 2). The cell was then lifted above

the liquid helium, the sample remelted with the
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FIG. 2. Simplified dia-
gram of experimental ar-
rangement and details of
Raman-scattering cell. The
bottom surface of the cell is
a dielectric reflector de-
posited on a Pyrex blank
which is cemented to the
Pyrex tube with degassed
Epoxy cement (Epibond 121
with 9816 hardener). The
Raman celI could be raised
or lowered through the vac-
uum seal at the top of the
cryos tat.

Copper rod

aid of the focused light of a microscope lamp,
and then the cell very slowly lowered until solid-
ification initiated at the bottom of the cell. Growth
began in the shape of a very small piano-convex
lens directly above the pointed copper cold finger
that was in contact with the Pyrex cell bottom.
The growth propagated up and out to the walls and
was allowed to proceed upward at a rate of 1-4
cm/h with the solid-liquid interface becoming flat
as it moved away from the bottom (a typical sam-
ple height was 1.5 cm, the diameter was -1.0 cm).
Throughout its growth, the crystal was observed
between a pair of crossed polarizers, one placed
on either side of the Dewar tail, that could be con-
veniently rotated while being maintained in the
crossed condition. Due to the birefringence of the
uniaxial hcp phase, crystal-grain boundaries were
clearly visible. Such boundaries could be detected
very early in the growth and if any appeared the
crystal was remelted and growth restarted. Any
excessive strain was visible through the crossed
polarizers as a coloration. At the completion of
solidification the upper surface of the sample had
the same shape as the liquid meniscus, concave
upward. If at this stage the cell was further cooled,
cracking in all parts of the sample generally re-
sulted, being particularly severe for para-D, . To
avoid this problem, which was due to sticking of

the sample to the glass walls and subsequent nega-
tive pressure on contraction, the sample was held
at a temperature just below the triple point, the
temperature being monitored via the vapor pres-
sure. Due to the temperature gradient in the cold
helium gas surrounding the cell, the upper sides
of the sample were warmer than the center of the
top surface of the sample (which was cooled by con-
duction to the cold finger), and by sublimation and
redeposition the sample shape was transformed
into the convex form shown in Fig. 2. Very care-
ful cooling, during which the optically monitored
strains in the sample were not allowed to become
too severe, then resulted in the entire sample
pulling away from the vertical walls and the crys-
tals normally remained crack and strain free on
further cooling to 4.2 K. The samples used to
obtain the present spectra had no apparent grain
boundaries or visible cracks and were assumed
to be single crystals of the hcp phase. In principle,
the c-axis direction could be determined by the
optical birefringence, but the possible existence
of strain that was predominantly along the tube
axis could confuse the results. Instead, the direc-
tion of the c axis was determined by the polariza-
tion properties of the Raman active optical phonon
of the hcp phase. " For one of the para-D, crys-
tals the angle between the c axis and the axis of
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the scattering tube (z or vertical direction) was
determined to be less than 14'; the actual angle
could be considerably less than this upper bound
which was arrived at through consideration of the
signal-to-noise ratio of the optical-phonon polar-
ization ratios. For other crystals the bound was
not as carefully determined, but for all of the
spectra discussed in the present paper, to within
experimental error the c axis was always in the
vertical direction.

The possibility of the sample temperature being
higher than the helium bath surrounding the cell
was checked by monitoring the trans ition tem-
perature via the Raman spectrum. The differen-
tial, which could be caused by infrared radiation
funneling down the scattering tube or by absorp-
tion of laser light, was found to be less than 0.1
K. When knowledge of the temperature was
critical, about 0.5 cm of helium was condensed
in the Baman tube, on top of the sample, the vapor
pressure of which served as a thermometer.

IL. Raman spectrometer

Except for a novel frequency-calibration system,
the Raman spectrometer was of standard design.

0
The exciting source was the 5145-A line of a
Coherent Radiation Laboratories model 52 argon
ion laser operating in the power range 0.1 to 0.7
W. Bight-angle scattering was observed using a
Spex model 1400 double monochromator and a
cooled I.T.T. FW-130 photomultiplier whose output
was detected with a Keithley model 301 operational
amplifier connected for current detection. In pre-
vious experiments' " the major source of error
in determining the frequency shifts of Raman fea-
tures has been the irregularity and irreproducibil-
ity of the spectrometer drive. For the present
work a calibrator was devised" which can achieve
accuracies better than 0.05 cm '. By means of a
180 mirror segment mounted on a 20-Hz chopper
wheel, the Raman light and a spectral comb gen-
erated with a Fabry-Perot etalon illuminated by
white light were fed alternately into the mono-
chromator. The output from the current amplifier
was separated into a Baman channel and a calibra-
tion channel by two gated amplifiers, and then re-
corded simultaneously with a two-pen recorder.
By calibration with 13 lines of neutral neon, the
fringe spacing for the etalon used in these exper-
iments was determined to be 2.0562 cm '. (In
this paper the reciprocal centimeter is used
exclusively as an energy or frequency unit, v

= v/c. ) The absolute position of the fringes with

respect to the laser line usually held to within
0.01 cm ' over periods of several hours. This
implies an extremely stable fringe spacing of

order Av/n or 10 ' cm '. In most cases the ac-
curacy to which a feature could be located was
limited by the irregularity of the spectrometer
drive between fringe peaks or by the noise on the
fringe pattern. The latter limitation could be
easily relieved by using etalon mirrors of lower
reflect ivity. "

D. Scattering cell

The final configuration of the scattering cell,
which underwent a number of design changes in

order to optimize the quality of the hydrogen crys-
tals, was extremely simple. Shown in Fig. 2, it
consisted of a 1.2-cm-o. d. Pyrex tube with a
Brewster window on one end, and bonded to the
other end a first surface dielectric reflector posi-
tioned accurately perpendicular to the tube axis.
Inside the tube was mounted a quartz condensing
lens of about 5-cm focal length. The laser beam
entered the cell vertically, and when properly
aligned was reflected back out of the cell by the
dielectric mirror. The advantage of this arrange-
ment mas that the laser beam never passed through
the Dewar walls and ordinary Pyrex Dewars with-
out optical windows could be used. The quality of
the glass was sufficient for adequate imagining of
the focussed beam on the spectrometer slits. The
polarization properties of the cell were carefully
checked: polarized light emitted from the region
of focus of the condensing lens was not measurably
depolarized, and both polarizations were trans-
mitted with equal amplitude. Noise in the output
Raman signal due to bubbles in the liquid helium
was undetectable, whereas bubbles in the liquid-
nitrogen jacket were excluded from the critical
area by. the simple expedient of tilting the outer
Dewar until it contacted the inner Dewar near the
exit beam.

III, RESULTS: LIBRONS

All spectra were obtained using the scattering
geometry shown in Fig. 3 where k, and k, denote
the incident and scattered light directions, re-
spectively, and ~FZ denotes the lab frame. The
polarization is indicated by expressions such as
XF, FF, etc. where the first and second letters
denote the electric field direction of the incident
and scattered light, respectively.

Although data have been obtained for several
single-crystal paradeuterium and orthohydrogen
samples, the bulk of the data to be presented was
obtained from a single high-quality paradeuterium
crystal grown from gas having an estimated initial
concentration of 99% of ~ =1 species. The crystal
had the shape of a right-circular cylinder of
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k,

Y

FIG. 3. Scattering geometry used in the experiment.
The incident laser beam is along Z and its polarization
denoted by 6. The scattered light {polarization given
by &) is observed along ~.

diameter 1 cm and length 1.5 cm, and all surfaces
except the bottom face were free. This ensured
that the upper half of the crystal, which was used
for the Baman scattering, was well annealed and
strain free, and therefore very close to zero pres-
sure. Following the growth, which took approxi-
mately 2-,' h, spectra of the optical phonon, ~=1- 3, ~ = 0- 2, and ~ =1»1 reor ientational transi-
tions in the hcp phase were recorded at T =4.2 K.
The polarization properties of the optical phonon
were obtained and then the crystal was cooled im-
mediately to 1.16 K. A similar procedure but
with faster growth rates (-,

'
h) was used with ortho-

hydrogen samples.

A. Intensities

Spectra taken for frequency shifts 3-40 cm '
for all four polarizations, X~, XZ, ~~, and ~Z,
in deuterium are shown in Figs. 4 and 5. (There
were no other features noted up to about 180 cm '
where the ~=0-2 spectrum of ortho-D, molecules
occurs. ) Representative spectra for hydrogen are
shown in Fig. 6. No fundamental differences have
been noted between the hydrogen and deuterium
spectra. Due to the faster conversion rate and
generally lower quality of the spectra in hydrogen '
the quantitative analysis has been concentrated
on deuterium; in the following sections the dis-

cuss ion concerns par adeuter ium unless otherwise
noted. All of these spectra change very little, if
at all, when the sample is rotated about an axis
coincident with the laser beam. One notes im-
mediately the strong polarization dependence of
intensities for the three lower lines which are
now identified with the three k =0 libron modes
of the Pa3 structure; the shaPe of the broad upper
feature seems to change more than its total inten-
sity, which is consistent with its assignment as a
two-libron band. This is in contrast to earlier
spectra' " taken in polycrystalline samples where
the spectra were essentially unpolarized. In the
present case the cubic ordered phase originates
from a single hcp crystal which allows an identifi-
cation of the symmetry of the modes via the polar-
ization dependence of the intensities.

According to Schuch et a~. ' the transition from
hcp to fcc takes place by a sliding of hexagonal
layers relative to one another which requires
that the original hcp c direction become one of
the [111]directions of the cubic phase. A con-
sideration of the geometry shows that from a
single hcp crystal only two cubic crystallites can
result, related by a, rotation 2v/6 about the orig-
inal c direction. Further, given a specific fcc
arrangement of the molecular centers, there are
two ways in which orientational order could lead
to the expected Pa3 structure. This results in a
second type of domain analogous to a magnetic
domain. Thus for this structure, the present
sample could have up to four types of cubic
crystallites, each having a, [111]direction along
the original c direction which was, to within an
uncertainty of 14', along the vertical or Z direc-
tion. Calculations of the k =0 libron intensities
for the Pa3 structure (see Appendix A) show that
for the present situation the spectra should not
change when the crystal is rotated about the E
axis, which is consistent with experiment. A
comparison of the experimental and theoretical
polarization dependencies is given in Table I. The
experimental values were obtained by integration
of the experimental traces. In the cases of over-
lap, the lines were separated by assuming identi-
cal profiles for all of the lines. The theoretical
intensities (shown in parentheses) were normalized
such that for each mode the sum over the four
polarizations was equal to the corresponding sum
over the experimental intensities. This serves
to suppress theoretical information on relative
mode intensities, which is model dependent, from
the polarization dependencies which are a function
only of the crystal symmetry. The agreement is
seen to be reasonably good although the experi-
mental polarization dependence of the two 1',
modes appears to be systematically weaker than
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the calculated variation. There is considerable
experimental error for the &(~ ~ mode because of
its overlap with the much stronger E, mode. The
rest of the discrepancy is probably due to a finite
deviation of the original c axis from the Z direc-
tion. This conjecture was tested by calculating

intensities for orientations deviating slightly from
the cubic fill j axis being along the laboratory Z
axis. Although an. exact fit was not obtained with

any of the fear orientations tried, it eras concluded
that a deviation less than 14 could easily reduce
the discrepancies to the level. of the error.
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B. Frequencies

The libron frequencies, taken to be the frequency
shifts at the peaks of the features, were measured
as a function of the time that the sample was solid.
Because of conversion the ~=1 concentration con-
tinually decreases in time. This change in con-
centration was determined via the relative inten-
sities of the ~ =0-2 and J=1-3 transitions. "
This not only enabled a direct determination of
the conversion rate, but also enabled a determina-
tion of the libron frequencies as a function of con-
centration. The latter results could be extra-
polated to give frequencies for 100% ~ =1 species,
as is shown in Fig. 7. For the E~ and T ' modes

the frequencies mere fitted by least squares to a
straight line v = v,[1 -K(1 -X)], where X is the
fractional concentration of &=1 species. (The T '
mode was not easily separated from the E~ mode
at the lower values of X and in order to extrapolate
to X =1 an average value of K for the E and 1' '
modes was chosen. ) The values of & so obtained
are listed in Table II. For deuterium, where the
accuracy is highest, the values are 1.42 and 0.57
for the E~ and 1'~ modes, respectively. This is
in contrast to molecular-field theories that mould
predict K =1 for the average libron energy, and
also differs considerably from the value K =1.8
derived from specific heat and (sP/sT)» measure-
ments. " There is not necessarily any conflict
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TABLE I. Com arisop 'son of experimental and theoretical libron inte ica i ron intensities for para-deuterium.

Mode
Frequency

(cm-')
Intensity {Relative)

XZ YY YZ Expt.

Intensity for Powder
(Relative)

Theory
a b

9.18 0,36
(O.333)

p -D2(98.8%)
0.67 0.35 0.62

(0.667) (0.333) (0.667}

11.35 0.13
(O. 114)

0.077
(o.o5v3)

0.13
(o.1v2)

0.064
(o.o5v3)

0.26 0.211 0.318

T(2)

Two-libron

15.50 0.028
(0.0254)

0.078

0,017
(o.o12v)

0.103

0.030
(0.0383)

0.095

0.014
(0.0127)

0.082

0.060 0.080 0.042

0.18 0.25

b
Coll and Harris ~e",Qef, 16), anharmonic self-consistent.
Nakamura and Miyagi (Ref. 29), harmonic.
Since the detail' ed polarization dependence of the two-libron featur

l t o d
' t t otb obt' d

~ ~ ~

o e o ained from the present data in
tity given is an average over the four ol

in a rigorous way. The quan-
e our po arizations, appropriately normalized.
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TABLE II. Experimental libron frequencies extrapolated to 100% (J = 1) species and zero
temperature. E is the slope of the libron frequencies vs (J =1) concentration, and is derived
from a least-squares fit to the experimental data (see text). The results are compared to cur-
rent anharmonic theories with and without virtual (J = 3) processes.

0.6

9.18+0,05

11.35 + 0.1

15.50 + 0.05

Theory
[without (eJ= 3)
corrections'I

D2

11.29I' + 3%

14.071'+ 4%

19.551' + 11%

Weighted average

I eff '

I.without (J =3)
corrections]

(cm ~)

0,813+ 0.024

0.807 + 0,033

0.793+ 0.090

0.810+ 0.019

I'en
[with (4 =3)

corrections]
(cm"~)

0.740+ 0.024

0.747 + 0.033

0.749 + 0.090

0.743 + 0.019

0,7

0.9

6.75 + 0.15

8.58+ 0,2

11.80 + 0.2

11.291' + 3%

14.07~ + 4'
19.55I'+ 11%

Weighted average

0.598+ 0.022

0.610+0.027

0.604+ 0.066

0.603+ 0.017

0.575 + 0.022

0.591+ 0.027

0.590+ 0.066

0.582 + 0.017

See H,ef. 16.
See Ref. 19.

between the latter result and the present values
of K: Baman measurements determine the con-
centration dependence of the k =0 librons only,
whereas thermodynamic quantities are determined
by the libron density of states involving all values
of k, As yet there is no detailed theory for libron
frequencies as a function of ~ =0 impurities.

The experimental libron frequencies extrapolated
to X = I are given in Table II al.ong with the most
recent theoretical results of Coll and Harris" for
the k =0 librons. In order to display the very good
agreement between theory and experiment for the
1ibron- frequency ratios, a value of ~,ff was deter-
mined for each mode. A maximum likelihood value
of I',«was determined making the crude assump-
tion of independent Gaussian distributions for both
experimental and theoretical errors. However,
che main uncertainty in I'„;& derives from uncer-
tainties in the theoretical values. " Estimates of
the latter uncertainties" are only approximate
and therefore the over-all error given for I',« is
not very meaningful. The excellent fit for the
frequency ratios would seem to indicate that these
errors have been overestimated.

Recently, Harris et al."have further ref ined
the theory of the libron frequencies by including
the effect of virtual ~=3 processes. In the ap-
proximation of a common shift for all 0 =0 libron
modes, they found the libron energies to increase
by

&E, =45.211'/8,

which amounts io about a 10/o shift for D, and
3.5%% shift for H, . The last coluinn in Table II
gives the values of I'«., when the ~ =3 corrections
are included. One notes some improvement in
the variation of I'„., for the different modes. Since
the accuracy of the theoretical correction has not
been estimated, we have calculated the maximum
likelihood. value of I',«using the errors from the
adjacent column in Table II.

Nakamura et al."were the first to consider the
perturbation of ~=3 states on libron frequencies.
They determined the shift for each of the k =0
libron modes and obtained —531"2/8, —201'2/8,
and —61I'2/8 for the E~, &~~', and T~~2 modes,
respectively. These are of the same order as
the average shifts calculated by Harris et al."
but of opposite sign. Very recently, Fujio and
Nakamura" have added the shifts due to polariza-
tion of the ground state by an admixture of the .

(& =3, m, =0) state (an effect included in the work
of Harris et af."). The net shifts are now 281'/
8, 46I"/8, and —131"'/8 for the E, T" ~ and
1'~,'~ modes, respectively. This gives values of
I'„; for the respective modes of 0.765, 0.746,
and 0.807 cm ' for D~, and 0.584, 0.591, and
0.607 cm ' for H, . Here the variation in I',ff ls
rather large. (See ¹teadded in proof. )
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C. Two-libron spectrum

Figure 8 shows the two-libron obtained with the
polarization analyzer removed in order to increase
the signal-to-noise ratio. Its composite nature
is more evident than in previous spectra ' "'"
The vertical bars drawn under the spectrum indi-
cate positions and relative intensities of the dis-
crete two-libron excitations calculated by Berlin-
sky and Harris" using a localized model. Here
the value 0.802 cm ' used for I'„; was derived
from an earlier analysis of the single-libron spec-
trum, X=98.8%. The main features of the spec-
trum are seen to be reproduced fairly well.

Berlinsky" later calculated the complete two-
libron spectrum without the simplification of
localized excitations and the result is shown as
the dashed line in Fig. 8. The librons were treated
anharmonically and libron-libron interactions in-
cluded explicitly. The theoretical spectrum shown
has been convoluted" with a Lorentzian function
of width 1.25 cm ' in order to approximate the ef-
fect of the instrumental resolution. Correspon-
dence between theory and experiment is quite good
as far as the general shape is concerned and only
a slight adjustment of I „-,- would be required to
make the main peaks coincide. Some of the dif-
ferences may be due to the fact that the theoreti-
cal profile is for a powder, not an "oriented"
crystal. In addition, the theory considered only
nearest-neighbor interactions. An interesting
result of the inclusion of libron-libron interactions
is that a weak bound state is predicted. In prin-
ciple this produces a & function in the spectrum,
but after the effect of instrumental broadening

is included it appears only as a small bump to
the left of the main peak (indicated by the arrow
in Fig. 8). There may, in fact, be a corresponding
feature in the experimental spectrum, but the
signal-to-noise ratio is too low to make a positive
assignment.

D. Temperature dependence of libron modes

The temperature dependence of libron modes
was studied in a single crystal of 97.8% P-D, . The
sample was thermally cycled through the transition
five times in order to stabilize the fcc phase. "
Care was taken not to exceed the transition tem-
perature by more than 0.4 K, since at tempera-
tures of order 12 K or higher, the original hcp
structure is quickly recovered. The purpose of
so preparing the sample was to isolate from the
temperature dependence of the librons the com-
plications arising from the fcc to hcp structural
change that accompanies the orientational trans-
formation of uncycled samples. Spectra were ob-
served first at the lowest temperatures (-1.10 K)
and then at monotonically increasing temperatures
which were held constant while measurements
were made. Representative spectra that were
taken are shown in Fig. 9. At 1.10 K the one-
libron lines are seen to be sharp, with a width

slightly greater than that determined by the in-
strumental resolution. As the temperature is
raised the lines broaden into each other with only
minor observable shifts of the scattering maxima
toward the lower frequencies. The libron struc-
ture remains distinct to within a few centidegrees
of the transition temperature T„estimated to be

I I I I i I I I I I I

20

TWO —L I BRON SPECTRUM

PARA DEUTER IUM (98.8 %)
T= I. I6 K
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FIG. 8. Two-libron spec-
trum observed in high-pur-
ity (98.8%) para-D& at low
temperature (T=1.16 K).
The bars are the theoreti-
cal results of Berlinsky and
Harris (Ref. 17) in the ap-
proximation of localized
excitations. The dotted
curve is the complete two-
libron spectrum calculated
by Berlinsky (Ref. 31) con-
voluted with a Lorentzian
instrumental line-shape
function of width 1.25 cm i.
The arrow indicates a lo-
calized mode (0-function)
broadened by the line-shape
function.
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FIG. 9. Traces of libron spectra at several tempera-
tures in 97.6% paradeuterium. The gain may be slightly
different for each of the temperatures.

3.854 K from these data and from knowledge of the
para-ortho concentration. Above the transition
temperature the libron lines disappear complete-
ly and are replaced by a very broad scattering
spectrum associated with molecular reorienta-
tions in the disordered state. " These excitations
might be called "paralibrons" in analogy with the
term paramagnons used for the remnants of mag-

nons above T, in magnetic materials. It is in-
teresting to note the apparent rapid decrease in
intensity of the two-libron band and the 1'~ mode
as the temperature increases.
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FIG. 10. Temperature dependence of the libron fre-
quencies in 97.6% paradeuterium. The frequencies were
taken at the peaks of the respective features.

j. Frequencies

The dependence of the libron frequencies on

temperature is shown in Fig. 10 and in reduced
form in Fig. 11. The most complete data was
obtained for the strong E~ mode. The 1'~' and

modes could only be followed to 0.81', -0.91',
because of line broadening and signal-to-noise
problems. The uncertainty in T, and the breadth
of the line precluded reliable data on the E, mode
closer than a few centidegrees of the transition.
Up to this region the frequency is seen to have
decreased by approximately 4/p of the low-tem-
perature value. Such weak temperature depen-
dence is characteristic of first-order phase tran-
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0,75T~, respectively, where
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(c) is the corresponding re-
sult of Hardy and Berlin-
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from the libron density of
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sitions. Although there are no published theories
for the temperature dependence of the libxon fre-
quencies, it has been pointed out by Baich' that
on the basis of a random-phase approximation
(RPA) treatment, one would expect the libron
frequencies to be proportional to the orientational
order parameter (1 —-', J,)r. Lee and Baich" have
calculated the temperature dependence of n =-, (&', )
by R clustex'-VRI'lRtlon method Rnd ln Flg. 11
their result for 1 3n =(1——~ &,')r is plotted vs
T/T, [shaded region (b)j. The range of theo-
xetical values is due to the fact that near the
transition there Rre several structures having
very nearly the same free energy and it is dif-
ficult to assign a transition temperature. Baich"
suggests that I', upon warming will occur for
values of T/T„s eomherwbeetween 0.715 and 0.75
(T, =191/3k). This predicts values of T, between
5.24 and 5.5 K, respectively, if the experimental
value from the present Baman results E'„-, =0.810
cm ' ls used. For purposes of comparing tem-
perature dependencies, the VRlue of T wRS Rd-

justed to equal the experimental value. In view
of the experimental error and the approximations
made in the theory, the agreement with the re-
duced libron frequencies is reasonable. Best
agreement is obtained with the lower limit of
the theoretlcR1 I'Rnge coI'I'espondlng to larger

T,f'T„. Also shown in Fig. 11 are the results of
Hardy and Berlinsky'6 for

(1 —z J'. ),/(1 —2 ~'. ), ,

where zero-point libron motion is taken into ac-
count and where the temperature-dependent libron
occupation number n(T) is determined self-con-
sistently from the theoretical anharmonic density
of states.

As a comparison with other experiments, the
NMB results of MeyeI, Weinhaus, and Mara-
viglia2' and Hardy and Berlinsky36 for the nor-
malized Pake doublet width of the ~=1 molecules
in ordered paradeuterium are also shown in Fig.
11. This quantity should be directly proportional
to (1 ——,'J2) r. The former results were obtained
for 4=1 concentrations X between 0.55 and 0.96
and extrapolated to X =1.06; the latter were taken
at a fixed concentration X =0.98 and are uncor-
rected. The two sets of NMB data agree quite
well and are represented by a single curve but fall
somewhat below the Baman data, and theory.

%e have found no evidence for structural changes
to any of the intex'mediate ordered states that have
been the subject of theoretical conjecture. 12 How-
ever, a careful search was made only on one 97%
para-02 sRmple which had been flI'st thermally
cycled.
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2. Line~idths commented on in the discussion.

Signal-to-noise considerations limited the study
of linewidths to the E~ mode whose lower-fre-
quency side was essentially unperturbed by over-
lap with other lines. The instrumental broadening,
which was important only at low temperatures,
was removed according to

where 4v,„„was determined from the profile of
the laser line (&v,„„=0.70 cm ' for the traces of
Fig. 9). The temperature-dependent part of the
broadening was then extracted according to

B(T)=([QP(T)]2 [Qy(T =l I K)]2] ~~2

where the b. v 's and B(T)'s are full widths at half-
height and c v(T =1.1 K) =0.72 cm ' for the 96.6'
P-D, sample. Of course this procedure is rather
crude in that the instrumental, static broadening
and temperature broadening profiles are not in-
dependent Gaussian distributions, and therefore
subtracting the squares of their widths does not
separate them in general. A deconvolution was
not attempted due to the low signal-to-noise ratio.
However, because the temperature-dependent part
quickly becomes dominant, the shape of the B(T)
vs I/T plot, Fig. 12, is not likely to be much af-
fected. As can be seen from Fig. 12, the broaden-
ing process is reasonably well described by an
activation energy, of magnitude 15.3 K or 10.7
cm '. This falls quite close to the central peak
of the one-libron density of states calculated by
Berlinsky and Coll" in a self-consistent anhar-
monic approximation. This point will be further

E. Line shapes

One might expect that the temperature-dependent
part of the broadening would have a Lorentzian
profile, characteristic of lifetime broadening.
However, a detailed examination of the low-fre-
quency side of the E~ mode showed this not to be
the case. In Figs. 13(a) and (b) are presented the
smoothed experimental data for temperature 3.414
and 3.73 K, respectively (T, =3.854 K). The error
bars indicate limits on the data for maximum pos-
sible shifts in the baseline from which the signal
amplitude is measured. In one case, Fig. 13(b),
the baseline cannot be shifted downward and the
bars allow for possible scattered light from a
broadened line centered at zero-frequency shift.
There are additional errors not shown, namely,
statistical errors in the amplitude due to noise,
and small irregularities in the frequency scale due
to nonuniform grating drive; these do not affect
the basic features.

For both temperatures the line shape seemed
to be intermediate between a Lorentzian and a
Gaussian. This prompted a fitting of the shape
with their convolution

where p controls the relative widths of the separate
distributions. " The solid lines in Figs. 13(a) and
(b) are for y =0.5, which is equivalent to a ratio
1.67 for the Gaussian to Lorentzian width. In both
cases the fit is remarkably good and certainly

4.0—
PARA- Dp
CHANGE IN LINENIDTH

FIG. 12. Change in line-
width (full width at half-
height) of E~ mode in 97.6%
p-02 as a function of 1/T.
The instrumental linewidth
and temperature-indepen-
dent part of the linewidth
have been removed (see
text). The straight line is
given by 164 e ~~ 3~ ~.
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FIG. 13. Observed low-frequency Baman-intensity profile of the Ez mode in 97.6/0 paradeuterium for (a) T =3.414 K
and (b) T=3.73 K. Also shown are the spectrometer profile, the profile of the E~ mode at T= 1.1 K, and several theo-
retical lineshapes. The solid curves are proportional to the convolution of a Gaussian and a Lorentzian shape, where
in both figures the ratio of the respective widths Wz/8'I has the value 1.67.

partly fortuitous since the instrumental and im-
purity broadening has not been removed. However,
the behavior of the tail of the profile, where these
disturbances are negligible, allows one to draw the
conclusion that for 97.6% J =1 P-D2 the tempera-
ture-induced broadening is not a simple lifetime
effect.

IV. RESULTS: 6J= 2

A. J=0~2 impurity spectrum

The pure rotational Raman spectrum due to the
-1.2% orthodeuterium molecules in an oriented
crystal of paradeuterium consists of four features
and is shown in Figs. 14 and 15. Except for dif-
ferent relative intensities of the features the spec-
trum is essentially identical to that obtained pre-
viously in a polycrystalline specimen. " The fre-
quencies, which agree remarkably well with the
earlier less accurate values, are given in Table
III. For hydrogen, the values in the table were
obtained by extrapolation to 100% & =1 species
from a study of their concentration dependence.
(See Fig. 16. Also included are the correspond-
ing results of Prior" and the infrared-absorption
results of Clouter et al.4o for 99% ortho-H, .) The

frequencies are also expressed relative to an
estimated origin vo of the &=0-2 transitions (the
single frequency that would be observed if the
anisotropic intermolecular interactions were
switched off). Since, as will be seen, there is
presently no satisfactory theory for the splittings,
the origin cannot be deduced from the impurity
spectrum itself. Instead, the theory of Van
Kranendonk" for the ~=0-2 roton triplet in pure
~ = 0 samples was used to extract &o from the data
of McTague «a~." According to Van Kranendonk, "
v, = v, ——,

' &, where &, is the frequency of the
center component of the triplet and ~ the spacing
of the lines, which leads to a value &o =178.66
cm '. Although derived for the hcp form of the
solid at a slightly different density from the fcc
phase, this value should be quite reliable since
the total change in vo in going from gas to solid
is only 0.9 cm '."

The ~ =0-2 spectrum in the fcc phase is of par-
ticular interest in that the spectrum of essentially
isolated 4 =0 molecules should reflect the molec-
ular site symmetry in a straightforward manner.
In the Pa3 structure the molecular site symmetry
is C„, which requires the ~ =2 state to split into
three components, m~ =0, +1, +2, where m~ is
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Eo= —2d C~~ = —d» Cp2 =2d» (2)

where d = 95I'0/21.
If the sum is taken over all neighbors the en-

ergies in Eqs. (1) and (2) are increased by the
factor 1.118. The results, replacing I 0 with I'„ff
=0.81, are shown in Fig. 17 along with experiment.
Also included for completeness are results cal-
culated for two of the orientational orderings
studied by James. " There is no agreement, even
qualitative, with any of the patterns. This lack
of agreement prompted the conjecture that the
spectrum consists of the three expected ~ =0-2
transitions corresponding to the Pa3 site sym-
metry plus a libron combination band at higher
frequencies, with a resulting depression in fre-
quency of the 4m+ = H transition in analogy to
the effect of the two-libron band on the single-
libron frequenc ies.

The present ~=0-2 spectra were obtained in

single crystals and hence in principle the lines
should be identifiable by their polarization proper-
ties. Table IV compares intensities calculated for

the projection of J along the axis of symmetry.
If one assumes that neighboring ~ =1 molecules
are not perturbed by the presence of a J =0 im-
purity, the frequencies can be calculated in the
molecular-field approximation using the result of
Batch and James44 for the effective potential (sum-
ming over nearest neighbors):

V„.„=—(951',/6)(3 cos'y —1),
where y is the angle between the internuclear axis
and the symmetry axis. For a molecule in the
~=2 state one obtains for the energies

the Pa3 structure assuming the molecule sits in

a potential of the form given by Eq. (1), along with
the experimental intensities derived from the data
shown in Fig. 15.

Except for the 4m~ =0 transition, the theoretical
polarization dependencies which have to be aver-
aged over the various crystal-field axes present
in our "oriented crystal, " are rather weak. This,
coupled with the rather low accuracy of the experi-
mental intensities, precludes a positive identifica-
tion of any but the &m~ = 0 transition, although the
general trends appear to be consistent with the
high-frequency feature being the combination band.

In R less rigorous way one CRn complete the Rs-
signment by noting that the three lowest features
have linewidths considerably narrower than the
upper feature: Separating out the instrumental
broadening as before, the lowest lines are seen
to have very nearly the same width, 0.6 cm ',
whereas the upper feature has a half-width of at
least 2.5 cm ' which suggests that it should be
associated with the libron combination band. Fur-
thermore, the peak of the upper feature is dis-
placed from the &mI =+1 line by an a.mount cor-
responding almost exactly to the ma, in peak of the
anharmonic single-libron density of states cal-
culated by Berlinsky and Coll. ' One can dis-
tinguish very weak structure near 184 cm ', the
region appropriate to librons in combination with
the &m~ =0 transition. One could argue that the
weakness (or absence) of such a band is due to fhe
fact that the I&, mz) =

I 2, 0) state is rather similar
to the I 1, 0) ground state of the para neighbors
and therefore couples weakly to the librons. Car-
rying this picture further one would expect the
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! 2, s2) states, which most resemble the! i, +1)
single-molecule excited states, to be very strong-
ly coupled to the librons. This is in accord with
the large shift and anomalous intensity of the
&~~ = +2 line. The corresponding combination
band, however, seems to be either missing or

extremely weak.
Boggs et al."have independently given analogous

assignments to the ~ =0- 2 sidebands observed in
the infrared fundamental band of 99.7 /o oxthokydro
gen. The signal-to-noise ratio was quite high and
a. fairly convincing fit to the upper feature was
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fJ =0 2 trans11on p D dTABI.E III. Frequencies of J =

Proposed
ass ignment

D, (98.8% J=1; T'=1.16 K)
7'(cm ~) ET(cm ')

(100% Z = 1;V"= 1.15 K)
~) 4T (cm"~)p cm

Combination

172.15+ 0.1

174.75 + 0.1

181.33+ 0.15

186.78 + 0.2

-6,51

2.67

8.12

347.92 + 0,38
(347.91)

350.36+ 0.38
(350.17)

354.43+ 0.9
(355.07) '

359.35+ 1.2
(359.27)"

1.04

5.96

vp = 353.39

(Ref 39) for 99% orthohy-
Extrapolated.

its of Cl.outer, Gush, and Welsh"From infrared-absorption results o ou e,
tri let in nearly pure J = 0 sampsam les; see text.1s derived fx'om the J =0~ 2 roton r p e&p 1s derive

fcc hydrogen

T = l. l5 K

This work

I Prior (Roman)

Clourer er al
and Boggs et al. (infrared)—

FIG. 16. Frequencies of
the J=O 2 features in
ordered orthohydrogen as
a function of J=1 concen-
tration. The straight lines
are least-squares fits to
the present Baman data.
Included for comparison
are the corresponding re-
sults of Prior (Ref. 39),
and frequencies from the
near-infrared absorption
spectra of Clouter et aE.
(Ref. 40) and Boggs etal, .
(Ref. 45) (t e J=o-2 fea-
tures are observed in com-
b' tion with a vibron tran-
sition in the J'= 1 host),

I
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Experiment

FIG. 17. Comparison of
experimentally observed
splittings of the J=2 state
of ortho-D2 in ordered
para-D2 with simple molec-
ular-field predictions for
various structures. The
theoretical model ignores
tipping corrections, i.e.,
the orientations of the J=1
host molecules are assumed
to be unaffected by the pres-
ence of t6e J= 0 impurity.
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made by convoluting the ~m~ = +1 profile with an
approximation to their results for the libron band
(observed as a combination with a vibron). The
same procedure applied to the 4m~ =0 transition
yielded a peak that also corresponded well to the
experimental spectrum. This feature is very
sensitive to impurity concentration and has been
observed only in a very pure sample (99.7 Vo).

For completeness the J =0- 2 impurity spectra
for para-D, and ortho-H, in the disordered phase

are presented in Fig. 18. The marked asymmetry
is very likely due to the considerable short-range
order of the ~=1 molecules that exists close to
the transition temperature. The high-energy
wing of the line derives from the creation of a
J=0-2 roton plus a "para-libron. " The lack of
thermal excitation of the high-frequency "para-
librons" explains the absence of the low-energy
wing, since it derives from the creation of a ~
=0-2 roton plus the destruction of a "para-libron. "

TABLE IV. Theoretical intensities of J = 0 2 transitions of J = 0 impurities for an "orien-
ted" crystal in the ordered fcc phase. Experimental values for 98.8%para-D2 at 1.16 K are
given in parentheses. Here, 4=

(&& 7r) (a)t -0:g).

Polarization Multiplier
Transition intensity

Am~ ——+ 1 6m~ ——+ 2

Powder average

Combination

Xz
XY
YZ
YY

XZ
XY
YZ

XY+XS

—,
' (a'/4x)

—g '/47r)

2
2

2
8
3

6(7.3)
12 (13.2)
6(6.3)

18(15,2)

18(18)

4

4
Qi

[111]axis

28 (23.3)
20 (20.1)
28 (21.7)
24(1e.9)

48 (42)

4
4
16
3

along Z axis

2O(5.3)
22 (6.1)
2O(4. 7)
3o(6.3)

42 (15)

(4.3)
(4.9)
(4.1)
(4.9)

(21)

'The values in parentheses are those experimentally determined from the peak heights of
the features and are normalized such that the sum over the four polarizations for the Am+ = 0

transition matches the corresponding theoretical quantity. Exceptions to this are the exper-
imental values for the polarizationXY+XZ which were obtained with the polarization analyzer
removed; the signal-to-noise ratio was somewhat higher and the intensities were determined

by the area under the features.
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=1-3 transition is accompanied by reorienta-
tions of neighboring J =1 molecules (the direct
analog of the ~=1-3 roton plus libron transitions
of the ordered phase). This accounts for the lack
of a low-frequency tail since the temperature is
considerably less than the bandwidth of the ~ =1
-1 orientational band. The higher frequency
orientational modes are therefore not thermally
populated. The present lack of a theory for the
line shape precludes any quantitative analysis.

The corresponding ~ =1- 3 spectrum in the
hexagonal disordered phase of orthohydrogen is
shown in Fig. 20.

I
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FIG. 18. J=O 2 spectrum of small amounts of J'=0
impurity molecules in the disordered phases of para-02
and ortho-H2 (T =4.2 K). For deuterium, spectra @pere

recorded for both hcp and fcc orientationally disordered
phases.

B. J= 1~3 spectrum

4. Disordered state

Figure 19 shows the J=1-3 spectra observed in

the disordered phases of paradeuter ium. The spec-
trum for the hexagonal phase was taken before
the sample was cooled below T, and had X =98.8%.
The spectrum labelled cubic phase was taken after
the sample had been cycled several times through
the transition and therefore, according to the
result of Schuch et ait. ,

"was predominantly in.

the cubic phase (X =97.8Vo). This was corroborated
by a disappearance of the hcp phonon. 46 %'e have
plotted the logarithm of the intensity in order to
emphasize the near exponential behavior of the
high-frequency tail. (Above v=310 cm ' the in-
tensity varies approximately as e" ' mhere a
=6.25 cm '.) In view of the analysis of the or-
dered-state spectrum presented in the following
section, it is reasonable to conjecture that much
of this tail is due to combinations in which a ~

In the ordered state, one expects excitations
from the nondegenerate ~ =1 ground state to the
4=3 manifold to form a band with well-defined
dispersion curves: E vs k. As with the librons,
one should see features corresponding to the k
=0 modes. Since there are a total of 27 possible
modes ffour lattice sites, and (2&+I) = 7 states
per site ] one might expect a large number of lines,
even allowing for some degeneracy. Therefore it
was very puzzling mhen the spectrum was first
observed, '*" that there mere only three features,
each of a different width. Figure 21 shows the re-
sults obtained in the present experiment for the
same oriented crystal used to obtain the libron
spectra. The polarization analyzer has been re-
moved to give maximum signal-to-noise. One
again sees only three features: the lowest energy
one having a width of about 1.5 cm ', only slightly
larger than the instrumental width of 1.25 cm ',
the central line being considerably broader (2.5
cm '), and the upper line having an enormous
high-frequency tail of approximately exponential
character.

When the spectra were obtained with the polari-
zation analyzer in place, Figs. 22(a) a.nd (b), dif-
ferences in the relative mode intensities for the
various polarizations XP, XZ, FY, FZ were
evident. On later examination it was also noted
that there were small frequency shifts and changes
in line shape from one polarization to the next.
This immediately suggested that each feature con-
sisted of two or more unresolved lines of different
symmetries. Since the polarization dependence of
the modes depends on their symmetry, one could
separate the modes in turn by appropriate linear
combinations of the spectra. . (The &~ modes are
predicted to have zero Raman intensity. ) The
spectra of Figs. 22(a) and (b) are not very suitable
for this procedure because of the compressed and
somewhat erratic frequency scale. However,
since the apparatus had been dismantled these
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FIG. 20. J=1-3 Raman spectrum of 96.7% ortho-H2
in the hcp disordered phase (T=4.2 K).

remained the only single-crystal data available
on the J =1-3 Raman transitions. Fortunately,
by very careful processing of the data, (see Ap-
pendix B) it was possible to convert the spectra,
to a common frequency scale and then to construct
arbitrary linear combinations thereof.

In attempting to separate the modes we have
made the assumption that the intensities of the
E and T~ modes of the J =1-3 spectrum have the
same polarization dependencies as the respective
libron modes. Since there was some uncertainty
in the orientation of the crystal, we used the ex-
perimental values for the libron-mode intensities.
To within the error involved this should permit
complete separation. Accordingly, we have con-
structed linear combinations of the spectra cor-
responding to the mixture ~—0.60XI which

should suppress all of the T~ modes, and the mix-
ture XV —0.53~ which should suppress all of the

E~ modes. Similarly the mixture YZ —0.45FF
suppresses T~ modes and YY —0.57YZ suppresses
E, modes. We have then averaged the two sets
of pure E, and pure T~ modes, and the results are
shown in Fig. 23. The linear combinations quoted
above are based on the experimental T, and E,
libron-mode dependencies that were observed in
the same crystal. It is doubtful that the E~ and
T modes are completely separated in Fig. 23
since there was some uncertainty in the coeffi-
cients. However, the frequency shifts of the two
lower features are easily discernible, and the
relative intensities of the features are quite dif-
ferent. In passing we note that the broad upper
feature seems to have predominantly T character.
In Table V the absolute energies of the various
transitions are listed, along with their values
relative to the unperturbed J =1-3 energy as de-
termined experimentally from the Baman spectrum
of 2/g para, -D, in ortho-D, (see Fig. 24). The de-
tailed assignments are based on the theoretical
results of Nakamura et al."and I ee et al."to be
described in the following paragraphs, aided by
the experimental separation of the E~ and T~
modes.

There have been two attempts to calculate the
positions and intensities of the J=1-3 roton lines.
Lee, Raich, and Etters" based their treatment
on Van Kranendonk's theory of energy bands in
solid parahydrogen. This is a linear spin-wave
type of theory and is expected to work well when
the bandwidth to gap ratio is small. Their results,
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for the case of EQQ interactions only and no cry-
stal field, are given in Table VI. Also shown are
the results of Nakamura, Miyagi and Fujio' who
independently calculated the positions and inten-
sities, Rnd in addition labelled the mode symme-
tries. Their theory appears also to be a linear
spin-wave treatment assuming pure EQQ inter-
actions. Although the results are very similar to
those of Lee et &E.,

" there are quantitative dif-
ferences that become increasingly noticeable at
the lower frequencies.

In the theoretical model of Lee et al.4" the posi-
tions of the J =1-3 Raman lines are given by

e „=E,„+38I'/3+E, ,

where E„are the k=0 energy levels of the J =3
roton bands and E, is the energy of the unperturbed
4'= l-3 transition. The term 38I'/3 is the near-
est-neighbor molecular-field result for the dif-
ference in energy between the unperturbed J = 1
level and the J =1 ground state. This shift be-
comes 42.4I'/3 when all neighbors are considered'
and in Table VI we have in fact reproduced values
of e„-EO=E„+42.41'/3, which can be compared
directly to the experimental results of Table V.
The theoretical energies of Nakamura et aE.3o axe
given directly ln this form.

It is evident that with the assignments forced on
us by the polarization dependencies, the corres-
pondence between theory and experiment is gene-
rally poor. An exception to this is the separation
and relative intensities of the two E~ modes,
where the agreement is fair. The strong compres-
sion of the T~ modes is very reminiscent of the
depression of the single-libron modes by the pre-

sence of the two-libron modes. If one postulates
that the broad upper feature is a roton plus libron
band with predominantly T~ character, then a con-
sistent picture emerges: the E~ modes are little
affected by the librons and their energies should
therefore agree with theory (which neglects roton-
libron coupling). One then ha. s to account for the
negative shift of about 5I' of the two E~ modes.
This may be due to an incorrect choice of E,

OP

which was determined from the J = 1-3 spectrum
of 2/o pa, ra-D, in ortho-D, (Fig. 24), but such a
large discrepancy seems unlikely. Although one
would have preferred a smaller concentration of
para-0„ the line is fairly narrow with the expec-
ted shoulders due to J'=1 pairs. The value of E0
so determined ls 298.75 cm ', only slightly dif-
ferent from the gas-phase value of 297.5 cm '.
There remains the possibility that E, is different
for para-D, in ortho-D, than for pure para-D, .
Qne possibility is the virtual excitations that do
not conserve 4, However, recent cRlculRtions
show thRt cori ectlons to Eo of this type amount
to of order 4 cm ' or less, and R considerable
discrepancy still remains.

Lee et aE."and Nakamura et ul."also calculate
the effect on roton energy levels of R crystalline
field having a threefold symmetry axis. These
results have not been included in Table VI since
they afford no significant improvement in the a-
greement between theory and experiment.

For completeness, the J =1-3 spectrum of
94.5% ortho-H, in the ordered state is shown in
Fig. 25, No attempt was made to separate the
modes as in D,.

It is clear from the present data that current
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(a)
I"IG. 22. J=1 3 Raman spectrum in 98.8% para-D2 in the ordered phase for (a) p( ) olarizations XY and XZ and (b)

polarizations YY and YZ.

theories for the J =1-3 roton band are inadequate.
In view of the difficulties encountered in interpre-
ting the libron data that remained unresolved until
libron-libron interactions were included, it is not
surprising that the simple roton theory is not very
satisfactory. The problem is that there are ac-
cessible levels (the libron band) close to the ground
state, and the conditions for success of the spin-
wave-type theory are not satisfied. A solution to
the coupled libron-roton problem unfortunately
seems quite formidable. In the meantime, it

would be worthwhile repeating the present mea-
surements at higher resolution,

V. MEASUREMENT OF ORTHO-PARA RATIO AND

CONVERSION RATE

In this work the ortho-para ratio of the samples
was determined spectroscopically from the rela-
tive intensities of the J =0-2 and J =1-3 rota-
tional Raman transitions. Since there has not been
an independent check of 1(J =0-2)/Z(J'= l-3) vs
concentration X (by, for example, thermal-con-
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ductivity measurements on the gas) one has to
rely on a theoretical calculation of the intensities.
For a dilute gas, where one can treat the mole-
cules as independent, and in addition ignore loeal-
field effects, a straightforward calculation of the
total Raman intensities (summing over final states
and averaging over initial states) yields

io, /~, , =f[c/(i —c)] .

Here c = 1 -X is the eoneentration of J = 0 species
and it has been assumed that there is no thermal
population of the upper states Previouslyxx we
had applied this result to the hcp phase of the
solid, arguing that one only required orientational
disorder to treat the moleeules independently.

However, at 4 K where the measurements are
normally made, there is considerable short-range
order, i.e., correlation between orientations of
neighboring molecules, and it seems unlikely that
the result holds exactly. Indeed, it is possible to
set up the calculation for the solid in terms of
moments of the polarizability operator. If one
assumes a pure EQQ intermolecular interaction
one ean evaluate the moments in terms of a high-
temperature expansion. Unfortunately such ex-
pansions are known to converge very slowly"
and would not be reliable in the present ease at
4.2 K, although an examination of the leading
terms seemed to indicate deviations from EIl. (3).
Since some important aspects of the present work
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TABLE V, Frequency shifts of the J =1 3 features in
the Haman spectrum of ordered para-D& forX = 0.985
and 7' = 1.16K.
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Energy origin = 298.75 cm as taken from J = 1 3

spectrum of 2% para-D2 in ortho-D& (Fig. 24),
I'0 is taken to be 0.802 cm, the value derived from

the libron spectra.

Tg MODES
range order. The reasonably small difference
between theory a,nd experiment shows that the
relative intensities are not greatly affected by
short-range order, and indirectly lends further
support to the use of Eq. (3).
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FIG. 23. Computer print out of linear combinations of
the processed spectra of Fig. 22. The linear combina-
tion for the upper solid trace has been arranged to sup-
press T~ modes, leaving only &~ modes, vtrhereas the
r everse is true for the bottom solid line. The dotted
line, a replica of the pure T~ spectrutn, is included so
that the shifts of the lines are more easily seen.

depend criticaDy on an accurate knowledge of e,
we looked for other ways to check the & factor in
Eq. (3). Although in principle we could determine
the concentration independently from the mea, —

sured transition temperature by using the results
of Schuch et &l.,

' the accuracy w'as not sufficiently
high in general. The most accurate check on Eq.
(3) came indirectly from a measurement of

Io 2/I, , as a function of time. By applying Eq.
(3) one can deduce conversion rates (see Fig. 26)
which can then be compared to other independent
measurements. The comparison is made in Table
VII a.nd one notes remarkably good agreement.
Hence it seems that the z prefactor can be used
with moderate confidence.

In 1ooking for internal consistency we have also
measured I, ,/I, „where I, , is the intensity
of the feature near zero frequency (in the ordered
state this is the libron band), and compared the
result to theory" (Table VIII). The calculation
for the disordered phase is based on no short-

VI. MSCUSSION

The current level of understanding of the ground
state in the orientationally ordered phase of para-
deuterium and orthohydrogen and the low-lying
excitations —the librons —appears to be excellent.
The situation for the higher-energy rotational ex-
citations (with hat 0) is less satisfactory although
a reasonably consistent picture can be constructed,
the details of which, however, will require a con-
siderable amount of further theoretical work. It
has turned out, perhaps somewhat surprisingly,
that the librons interact very strongly with the
higher rotational exeitations, producing large
ener gy-level shifts and combination bands. A
thorough understanding of the librons, and espe-
cially the effects of anharmonicity seems now to
be crucial to a proper description of these higher
rotational modes. Furthermore, such an under-
standing is required to describe the effects of
J =0 impurities, temperature, and density on the
properties of the ordered phase.

Present experimental data on the one- and two-
libron Raman transitions show very good agree-
ment with anharmonie theories based on the Pa3
structure and a. renormalized EQQ interaction in-
volving a single parameter I',«. The value of I',«
deduced from the k =0 librons has been brought
into even better agreement with other measure-
ments by the recent work of Harris et &l."who
took into account the effect of virtual J =3 pro-
cesses. In lowest order this produces a common
energy shift of the libron modes and hence changes
the value of I',«. At this point, a calculation of



BAMAN SCATTERING IN ORIENTED CRYSTALS OF. . .

298.75 cAl

J= l~3 OF

2 % PARA —Dp

IN ORTHO —Dp HOST

[ l. 2 /o HD PRESENT j
T = 4.2 K

I I I I
t

I I I

290

(b)

l [

BOO

586.68 cm I

I t I I

[
BIO

FIG. 24. Raman spectrum
of emaIl amounts of 4=1
molecules in J=O hosts for
both 82 and Dz. These
spectra are used to deter-
mine the effective rotation-
al constant in the solid.

J = I ~3 OF

2% ORTHO- Hp

IN PARA Hp HOST

T= 4.2 K

I I I I
)

I I l

580 59O Cm-I

FREQUENCY

the shift for each of the libron modes seems im-
portant, especially for para-D, where the effect is
large, of order 10%%uo. The most recent work of
Fujio and Nakamura" appears to have reached
this objective, but now the agreement with experi-
ment is less satisfactory. A quantitative under-
standing of these polarization effects will be par-
ticularly critical in the interpretation of high-
pressure libron frequencies since the relative
importance of the shift varies as l'/B.

Any complete understanding of the dynamics of
the ordered state will require confirmation of the
libron dispersion relationship. The present one-

libron Raman lines only provide detailed informa-
tion about the zone center, while the two-libron
band, which involves librons of equal and opposite
k, probes other parts of the Brillouin zone, espe-
cially the zone edges. However, the information
obtained in the latter case is not as useful as that
obtained from coherent inelastic neutron scattering
which in principle gives the dispersion curves
directly. Unfortunately, the possibility of such
measurements seems remote because of the small
form factor and the bothersome ortho-para con-
version. " On the other hand, the one-libron den-
sity of states can be obtained with quite good re-
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TABLE VI. Comparison of observed J'= 1—S features in para-DI with theoretical%= 0 roton
modes (X=0.985, T=1.16 K). The energies are measured relative to the unperturbed' =1 3
transition.

Expt. '
Intensity

NMI"

Ag

TII)

g(i )

Tt I)

E('2)

TI I)

Tii)

TII)

-6,53

-1.34

-0.20

14.21

24.17

25.36

24.69

-9.00

-1,90

-0.95

13.10

(-4.09) ' 0.14

0.039

0.35 (1 24)

(1.24)

0.92

3.70

'I ee, Raich, and Etters (Ref. 46); the quantity 42.4/3 corresponding to the depression of the
4 = 1 ground state has been added in order to compare their results to Nakamura eI; al (Ref. 30)
and to experiment.

Nakamura, Miyagi, and Fujio (Ref. 30).
I' is taken to be 0.802 cm ~, the value derived from the libron spectra.
These are equivalent intensities for a powder sample derived by assuming the angular de-

pendencies to be the same as for librons of equivalent symmetry. See Appendix A.
~The TP ) and V~I) modes are not resolved and the common values correspond to the center

of the single feature observed.

solution from incoherent neutron scattering. "
Optical measurements of the two-libron band, with

high enough signal to noise and resolution that the
singularities in the spectrum can be detected, will
also provide detailed information on libron dyna-
mics. Furthermore, a comparison of the tvn-
libxon optical spectrum with the one-libron neu-
tron spectrum is a sensitive probe of' libron-libron
interactions.

In this paper we have presented the temperature
and concentration dependence of several libron

parameters, In general, there are no theories
with which to compare the experimental results,
and we have therefore presented the data in re-
duced forms, pointing out some suggestive syste-
matics in hopes of stimulating further theoretical
work. For the case of the libron frequencies, it
was useful to compare their temperature depen-
dence with experimentally determined values of
the order parameter which, in the RPA approxi-
mation at least, is proportional to the libron fre-
quencies. The result was that the librons seemed

J ~1~3
0RTHO- H~ (9&.5 'i. )

FIG. 25. J=1 3
Raman spectrum of 94.5%
ortho-H2 in the low-
temperature ordered
state.
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to have a weaker temperature dependence than
the order parameter. Libron linewidths were also
studied and the temperature broadening fitted to
a, n exponential in 1/T. Here again there is a lack
of published theory.

Measurements of the libron frequencies as a
function of J = 0 impurity concentrations point out
the inadequacy of the molecular-field theories; a
comparison of the present results with specific-
heat data seems to show that the concentration
dependence is different for librons of differing k.

There is a similar situation, with regard to lack
of theory, for the J=0-2 transition of the impuri-
ty molecules for both the ordered and disordered
phases. We have concluded, in agreement with

Boggs et &E.,
"that the highest-frequency feature

is a libron sideband, and have further speculated
that the large shifts in frequencies from the mo-
lecular-field values are due to coupling with the
lib rons.

The complete inadequacy of current theory to
explain the observed J =1-3 features in the or-
dered state is presumably related to the use of an
exciton theory whose success depends on the
existence of a nondegenerate ground state well
separated from the excited states (as in the case
for example in the J=0-2 roton bands in para-
hydrogen). "'" Although in the present case the
ground state is nominally nondegenerate, there is
a band of states nearby, namely, the librons, that
are strongly coupled to the exciton modes, and
this greatly complicates the situation. It seems
clear that: in addition to further theoretical work,

experiments at higher resolution and sample pu-
rity will be required to resolve this problem.
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This work
Jarvis et al .
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~0 ]
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TABLE VIII. Experimental ratios of total Raman intensities (polarization XP+XZ) between
the 4 =-1-1 and J =1 3 pure rotational transitions in solid paradenterium. The values given
in parentheses are derived from the approximate theory discussed in the text.

Time Temp .
(K) Phase

I (1-3)
~ (1 1)

I (0-2)
I (1 3)

Inferred O-D&

concentration
(%)

4.42
6.87

21.5

4.2
1.16
4,1

hcp disord.
fcc ord.
fcc disord.

1.69(1.875)
1.41 (1.45)
1.65 (1,875)

0.020
0.022
0.0376

1.19
1.32
2.14
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APPENDIX A: CALCULATION OF RAMAN INTENSITIES

The simplest way to calculate rotational Raman-
scattering intensities in molecular solids is to
apply the standard polarizability approximation
used for isolated moleeules, "the polarizability
now being the sum of the individual molecular
polarizabilities. The wavelength of the light is no

longer large compared to the dimensions of the
scattering center, but proper treatments of the
scattering process' show that for many practical
purposes one can assume the wavelength of the
light to be infinite and therefore uniform across
the sample, and the excitation from which it
scatters to be at k=0. There is the further prob-
lem that the dipoles induced by the incident radia-
tion interact with their polarizable neighbors which
is clearly an effect that increases with c —1, where
e is the dielectric constant of the solid. For hy-
drogen (e = 1.3) the effect is expected to be small
and will be ignored.

The calculations that follow constitute a detailed
account of results used previously in the analysis
of Raman spectra, '"'"and provide a basis for
comparing present Raman results with theory.
They also show explicitly, for the first time, the

correspondence between the libron scattering
matrices and the standard scattering matrices
given by Loudon" for the vibrational modes of

cubic crystals. Some of the results have also
been derived by Nakamura and Miyagi, "in partic-
ular the polarization dependencies of the scattered
light for the libron modes; their calculations were
based on a harmonic model, whereas the present
results are derived from the Bloeh spin-wave
approximation. " The sophisticated and formally
more correct calculations of Coll and Harris"'6
for libron intensities in various harmonic and

anharmonic approximations have been restricted

xf,((i)n„(j & ('5((u, —~„.), (A1)

where (d, is the frequency shift of the scattered
light, ~„=k '(E, E, ) the freq-uency of the transi-
tion, c the velocity of light, n; the thermal popu-
lation factor of the initial state, and I, the inten-
sity (power/unit area) of the incident light. Here
the quantity a,~ is a Cartesian component of the
total polarizability tensor: n =+~, n(p), where
n(P) is the polarizability tensor of the Pth mole-
cule and N the total number of molecules.

Since for the situations we wish to consider the
states ~i& and ~j) are expressed in terms of pro-
ducts of spherical harmonics, it is convenient to
also write the Cartesian components of n for a
single molecule in terms of spherical harmonics.
In the principal-axis frame of a diatomic molecule
(z direction along internuclear axis) with n,„=n„:Q z and Q

~~
the n for a,ny ve ctor E the quantity

E n E is given by

E n E =E2(n ~ sin'8+ n
ll
cos'8)

E 4( nJ. +nil)+ &(nil nJ. )

x (3 cos'8 —1)], (A3)

where 0 is the angle behveen E and the z axis.
Ignoring from now on the isotropic part of n which
makes no contribution to libron and rotational scat-
tering processes, and transforming to a general
coordinate frame using the spherical-harmonic
addition theorem,

to powder samples and therefore give only total
mode intensities. They will be used in conjunction
with our own results to compare theory to data
obtained in single crystals.

Consider the scattering geometry in Fig. 3
where light of polarization 0' and frequency ~, is
incident along the z direction, and the component
of scattered light having polarization p is detected
in the x direction. Following Wilson et al. ,

"the
power emitted per unit solid angle per unit fre-
quency due to scattering in which the physical
system changes from state ~i& to ~j& is given by

I"(i- j)=4I.(ld. -~,)/cj's&
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Here Q~ and Q~ are the spherical coordinates of
the molecular axis and the vector E, respectively,
expressed in the general frame. Evaluating both
sides for specific directions of E, the Cartesian
components of 0 Rle obtRlIled:

n, =~(y„—F, ,), n„=-f~(r„+y, „),

n,„=-~[(-',)'~'F„+1'„+F, ,],
n, =~[-(-',)'~'y„+ r„+F, ,].

The argument of the Ã, 's is understood to be Q„,
and 4= (r22w)'~'(no —n, ).

In the circumstance that the Cartesian compo-
nents of the total polarizability n are known in a
reference frame fixed in the crystal, then if the
incident and scattered photons have polarizations
in the dixections of the unit vectors e; and e„
respectively, Eq. (1) can be expressed as"

I"(f-j)=&

A =4[((u, —&u, )/c]'n, I,6(u), —(u, ,).

Intensity of J=0~2 for isolated J=O impurity molecules in the

fcc ordered phase

Denoting the states of the molecule by ~J, m~),
the requixed matrix elements are found using Eq.
(4) and

5(2J'+l)(2J+1) '~' J' 2 J J' 2 J
4m 0 00 -~' m'm

mheI'e the blRcketed expl'esslons RI'e signer 3 -g
ymbols 60 The results for a single molecule with

the Cartesian ~ axis along the molecular-field axis
Rl e

-j. 0 0

(0, 0/ (p)i2, 0) = (—',)'i
( ), , 0 -1 0

0 0 2

(O, O)n(p)[2+ 1) = „, O O

+1 i 0

II. ~j 0

(0, 0~n(P)~2, ~2) =,~, ~i -1 0

0 0 0

Pox the oriented crystals used in the present ex-
periments, one quarter of the sites in the cubic
Pa3 phase have the molecular field in the labora-
tory z direction, whereas the rest are inclined at
an angle 8„where cos6)0= 3. The intensities hRve
therefore to be averaged over the different sites.
Denoting the laboratory coordinate system by
XYZ, the molecular-field frame by X'F'Z', and

P and 8 the first two Euler angles in taking XYZ
into X'Y'Z' (8 is a rotation about the X' direction,
see Fig. 2), then the components of e; and e, in
the X'F'Z' molecular-field frame are given by

cos5 cosP + sin5 sing

e& = -cos5 cos8 sing + sln6 cosI9 cosp

cos5 sino sing —sin6 sina cosp

8 ltd' sing

sine cos8 cosP+cose sin8

-sine sin6) cosg+ cosa cos8

where 6 is the angle between e; and the Xdirection,
and e the angle betmeen e, and the Z direction. The
intensities for specific values of 5, e, and 8 can
then be easily evaluated using Eq. (5). For 8=0
there is no &P dependence. For 8=8, the &P depen-
dence disappears when the intensities are summed
over the three azimuthal angles of Z' that occur in
a single crystalllte: Q =go, $0+ 371, $0+$7t'. The
final results, appropriately averaged over the two
kinds of sites, are given in Table IV (main text)
along with the experimental values. Also included
for comparison are the results for a powder sam-
ple.

The I'eRSOIl fol the lmaglnary quRIltltles appear-
ing in the polarizability matrices for m~ =+1. and
m~=+2, is that the basis functions Y~ are com-
plex. However, any orthonormal set can be used
without changing the results, since the intensities
have to be averaged over all degenerate states. It
follows that for the purposes of calculating inten-
sities, a set of polarizability matrices A. , i
=1, 2, . . ., n, be!.Onging to an n-fold degenerate
transition can be replaced by any set of real ma-
trices B'=LC,,&', provided that Q, ,~C;~~'=1.

Libron intensities in the Pu3 structure

For the calculation of the intensities, the linear
spin-wave results of Mertens, Biem, and Hahn'
mill be used. Although the Bloch spin-wave ap-
proximation is not particularly good for prediction
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of the libron energies, "' the resulting eigenvec-
tors have the correct symmetry and therefore
yield the correct polarization properties of the
scattered light. An advantage of this formalism
is its conceptual simplicity.

The Raman intensity for the creation of a libron
having wave vector k=0 is determined by the ab-
solute value squared of the matrix element
(O~n~k=o), where ~0) is the ground state. Using
the notation of Mertens et al. ,

'

N

lk=o& = TIA,'(n, z} Q (P) —Q QC" II 0'(&,f)4"(,h
n, g m ~ h n 0 fo-'m, h

(A9)

The state P,' (n, g) denotes the m ~ = 0 molecular-
field ground state of a molecule at lattice position
(n, g), where n is a cubic translation vector and g
labels the sublattice (g = 0, 1, 2, 3). The state
(t) hn (m, h) denotes the m ~ =+1(c(.=+) or m ~ = -l(n = -)
excited sta, te of a molecule a,t position (m, h), and

Ch gives the amplitude of (th for the libron mode
of interest. A normalization factor 1/~N has been
added so that (k~%) = l. Using the orthogonality of
the states, Eq. (9) reduces to

and QI", have to be transformed to the lab frame
or ex~ to the h frame. We choose to do the latter,
making the transformation in two steps, first
from the lab frame to the cubic crystal frame,
and then to the h frame. Taking as an example

n", = ~[Y„(nh) —Y, , (n", )],
where 0", denotes the spherical coordinates of the
molecule in the lab coordinate system, and using
the convention of Rose" for the rotation matrices,

(O~n~k=o) = —Q QC„"(y'„(m, h)~n(m, h)
m, h

x ~y,n(m, h))

oxen
= ~P [D'.,(f) —D'. ,(f)]

(A11)

Q QCn(yo~~h~yn)
h n

(Alo)

where (t)h =(t)h(q, h) and q is some arbitrary origin
in the crystal. In order to evaluate matrix ele-
ments such as ((II)h~o'zz~(t)h ) in which nxz is ex-
pressed in the laboratory frame and P», (t)hn are
expressed in the sublattice frame h, either Q'„

where (f}denotes the Euler angles to rotate the
cubic crystal frame into the laboratory frame,
and (h) the Euler angles to rotate the crystal
frame into the h frame. 0," and 0"„are the spheri-
cal coordinates of molecule h in the crystal and h

frames, respectively. Noting that gh'= Y»(Q»h) and
(II)»' = Y», (Q»h), and using Eq. (6) to evaluate the
matrix elements, one obtains

= -KQ[D', (1) —D, (l)]P (A12)

where K= —', (135K)'f'& and

= QD' (h)C„".

For a powder sample one needs to average
~
(0[oxz~k= 0) (' over all orientations of the crys-

tal axes with respect to the lab axes. Using the
orthogonality properties of the D's [Rose (Ref. 61),
p. t5], one obtains

f(0[o.„[2=0)f'=xSPQ[S'„[' for o~p

=rh;If' g[P [' for cr=p . (A13)

The eigenvectors

for k =0 are easily obtained from the results of
Mertens et «.' and are given in Table IX. There
are six circularly polarized modes labelled (c, ia),
(c, it)), where i =1, 2, 3, and two longitudinal modes
labelled (l, 1) and (l, 2).

The Euler angles for the transformations from
the cubic to h frames are given in Table X along
with the conventions used for the Z and I direc-
tions in each coordinate system. In Table XI are
given the d' (P) [generated by the prescription
given by Edmonds (Ref. 60, p. 62), and converted
to Rose's" convention: d„(P) (Rose) =(-1}



12 BAMAN SCATTERING IN ORIENTED CRYSTALS OF. . . 785

TABLE IX. Eigenvectors for%=0 libron modes.

z. : z/r= ts+ft+21&l e(2W 3) ebK

3
2m g*

1
C(c, 1g) =~ 2g*

0

1

0

1
C(c, S)=~ 1'3

2e*g
26g
2'

0

cg Q

C (l, 1) =&2

0

r, : Z/r = te+R -2IAI

3
2q q )i0

C(c, 2a) =~ —2rl+
W6

0 0

C(l, 2) =v 2

0
rl

'fl

7l

E, : E/r=19-3R

C(c, Ba) =

-1
0
0
0
0

1

0

1
C(c, Sb) =

0
0
0

(Edmonds)] from which the D'* (h) are im-
mediately obtained using Table II:

D'* (o.'py) =e' d (p)e'

The resulting values of

(A14)

1
P (c, 3a) —P(c, 3t))

8
2

0 W3 0

1 0 0

(0(c, b )+P(c, bb))= — 0 1 0

0 0 —2

-v3 0 0

Ib = Q D'*„(h)C„"
afp h

for each of the modes is given in Table XII along
with Q lP l' and hence the powder averages of
the Raman intensities. From Mertens et al„'
A =tb-(37+ 25 M3i ), so that cos'()f /2) =0.8248 and
the intensity ratios of the modes E:T ':T,'
are 1: 2 cos'&g & sin'&g or 1 0.413: 0.088.
These are the results given previously. '

The scattering matrices in the crystal cubic
frame can be obtained using Eq. (4):

&xs =(ol&xslk=-o) /&=&, -P, , (A&5)

etc. The results for the lower E~ mode are given
in Table VIII. A simple linear combination of the
P's yields the following real matrices:

0 0 0
In a similar way the scattering matrices for the
two T, modes can be put in the form

Sub lattice
index

Direction
of Z-axis

Direction
of X-axis

Euler angles for
taking cubic frame

to h frame

[111]

[711]
[1T1]

[11']

[F10]

[0I1]

[10T]

[T10]

1
7r4

3

7
7r

'Fi

cosp =3
1

cosp =3=i

cosp =&

cosp =-3

1
7r2

5
'tr

6

i
'jr

6

i
'tr

2

TABLE X. Sublattice directions and Euler angles for
transforming from cubic to h frame,



HARDY, SILVERA, AND Mc TAGUE

TAaZ, Z XI. d' (P) =(-1) &~~ 5).

m/

4 (1+cosP )

2sinP (1+cosP) 2(cosP +cos2P }

(V 3/2v 2)sin P

-2sinP (1-cosP)

4 (1—cosP)2

(v 3/2v 2) sin2p

2 (cosP -cos2P)

2 sinI3 (1 —cosP)

4(1+3cos2P)

(i/3/2/2) sin2P s(cosP + cos2P)

(~( 3j~2}sin2P 2sinP (1+cos P) 4 (1+cosP )

00 0 OOM OMO

OOM, OOO, MOO
0 I 0 M 0 0 0 0 0

where I=
~ cos2K for E~ and ~ sin. 2& for +~

These are precisely the scattering tensors listed
by Loudon59 for the Baman-active vibrational
modes of cubic crystals, class iii3(T„) (the tensors
for the E~ modes given in his table are in error
and were later corrected). Such a correspondence
is presumably required by group theory. It is a
further demonstration of the very close similarity
between the quantum-mechanical librons of 4 = I
molecular hydrogen and the classical librational
modes of solids such as N, and CO„ first pointed
out by ourselves' " and later demonstrated for-
mally by Coll pt pl cs

D = QD i (c)P~ (A16)

are generated, where (c) denotes the just defined
Euler angles. The results are given in Table
XII. Finally, the scattering matrices in the
laboratory frame are obtained:

The intensities for a single crystal have been
obtained from Eq. (12) by inserting the appropriate
Euler angles. For the present experiments in
which one of the [111] body diagonals of the crys-
tal is along the laboratory Z axis, the first two
Euler angles correspond exactly to the &'s and

p s given in Table X. Cl100sing Q and p to be tllat
of sublattice )i =0 and leaving y (which represents
a rotation about the [111]axis) as a variable, the
quantities

TABI E XII. Values of P~ and D~ for Libron modes.

p-i

C, Ba

-i &/2d

Mode symmetry
l, 2

Cue '""cos-'y
2

4de'"' cos-,'X

-~2dcos X

~2d cos2g

Tg (2)
C, Pg

(v3+ l)de '""(1+v)*)

—(v3 1)de'"v4(1+i)*)-
W2d (1+q*)

-W2d (1 + q*)

+ =T cos pg
82

Do

D g

-ie/~'~

3
——'i4W2e ' & -i2v2d(1 q )

82 32 cos2L~
8

'v)=e'v =&/I&l; d=~~/~&; I1— N'v=)i4ksnI)1(+v)*I '=4cos'k)(; Results for (1, 1) ino«are
obtained by replacing cos2g in (E, 2) mode with -i sin2'X. Similarly, (1+@*)in (C, 2a) mode is
replaced with (1 —q*) to obtain results for (C, 1a) mode.
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TABLE XIII. Elements of scattering matrices for E~
mode.

Mode (C, 3a)

Pxx= 3 rZ(i+We)

PYY= Tv 2(i -v3)
8

PXY PXZ PYZ

(C, Bb)

4Pxx= 3 ~2(i -~3)
P YY= 7~2(i +v~3)4

zz =-ski
PxY=Pxz =PYz =0

Dr~ =(0~ ar~( k=0) /K =D, —D „ (A17)

etc. The D, ~ depend only on y as e'& or e"& and
therefore the intensities, proportional to ~D, ~~',
will be independent of y.

APPENDIX B: LINEAR COMBINATIONS OF J= 1~3
RAMAN SPECTRA

In order to subtract one J =1-3 spectrum from
another it was necessary to convert the spectra
to a common frequency scale. The first step was
to very carefully digitize the spectra along with
their respective frequency marker traces by direct
measurements of the original strip-chart re-
cordings. This was done using an X-~ recorder
with a sharp point in place of the writing pen: The
I-axis voltage was stepped uniformly while the
~-axis voltage was adjusted to follow the trace.
Both voltages were digitized and recorded on paper
tape, and then transferred to IBM cards. The
next step was to smooth the periodic marker
traces so that they could be used for interpolation
of the spectrometer frequency. The smoothing
was necessary not only to reduce the noise on the
marker trace but also to remove the higher
harmonics from the periodic wave form which,
due to the nature of the Fabry-Perot etalon, is
not a pure sine wave. Since the period of the
markers was not a constant (the spectrometer
drive was not uniform in time), one could not use
a filtering function that was sharply peaked at

some fixed frequency. This would have the effect
of shifting the true maxima and minima of the
marker whenever the marker frequency varied
from the filter frequency. We chose the weighting
function in frequency space to be sin'(mf/2f, ) for
0& f & 2f, and zero elsewhere (f, is the average
frequency of the marker wave form).

This weighting function is zero at f=0 and at
all harmonics of the average frequency f „yet
is not sharply peaked at f, and will allow minor
changes in frequency with very little distortion.
Now, if the filtering were applied directly to the
finite wave forms (which typically included only
12 complete cycles), the disturbances produced
by discontinuities at the end points would be sub-
stantial. We therefore artificially enlarged the
traces by reflecting the marker traces about care-
fully chosen end points, and in addition tapered
these added sections to zero at the leading and
trailing ends. Smoothing of this wave form then
resulted in something very close to a sine wave
which had almost no discernible noise and for
which the peaks corresponded extremely well
with the peaks of the original marker trace. In-
terpolation was then accomplished by assuming
each peak and the following valley to be a sinusoid
of constant amplitude (but possibly changing fre-
quency). In this way each of the &= I - 3 Baman
spectra was converted to a common frequency
scale. Linear combinations of the spectra could
then easily be computed and plotted.

Note added in Proof. The authors have just
learned IT. Nakamura (private communication) j
that the 4=3 perturbations on the libron frequen-
cies given in Ref. 30 are in error. They should
read -53, —39, and -27 instead of -53, -20, and
-61 (units of I'/B) Together .with shifts 81, 66,
and 48 due to polarization of the ground state, the
final results are 28, 27, and 21 I'/B. This gives
values of r,ff for the respective modes of 0.765,
0.768, and 0.771 cm ' for D, and 0.584, 0.598, and
0.597 cm ' for H, .
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