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Second-order Raman scattering in the group-Vb semimetals: Bi, Sb, and As
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Second-order Raman scattering has been observed in the group-Vb semimetals Bi, Sb, and As.
Comparison of the spectra in Bi and Sb, which are primarily of even A, g symmetry, with neutron-

scattering measurements indicate a predominance of overtone scattering. Variations in the form of the
second-order spectra are attributed to differences in the phonon density of states within the group-Vb
system. In contrast to Bi and Sb, the optical modes at I in As are shifted to relatively higher

frequency so that the Eg(I') mode no longer occurs at the minimum of the optic branch. Differences in

the vibrational spectra near I" between As and Bi or Sb are attributed to a decrease in second- or
further-neighbor interactions. From the ratio of the second- to first-order scattered intensities the

corresponding ratios of average electron-one-phonon to electron —two-phonon deformation potentials
are determined.

INTRODUCTION

The semimetals As, Sb, and Bi constitute an
interesting class of materials whose electronic
and vibrational properties are largely determined
by the simple cubic distorted rhombohedral struc-
ture and the resulting mixture of metallic and co-
valent bonding. ' Many of the physical and chem-
ical properties of these materials suggest, as in
the group-IV elements Si, Ge, Sn, and Pb, that
with increasing atomic number the fraction of
metallic to covalent bonding increases. This is
reflected as a decrease in the s-P hybridization
as well as in the overlap energy so that Bi, which
has the smallest number of free carriers, tends
toward P' metallic bonding'; the common valence
+3 of Bi in most compounds is a manifestation of
this tendency. In contrast, As has an internal
displacement parameter u, which is larger than in
Bi and Sb so that the tendency is toward that of a
covalent layered crystal with weaker bonding be-
tween double layers. '

The relative importance of covalent and metallic-
like bonding has at the present time not been ex-
plored in detail, though Golin and Stocco' have
calculated the charge density in As. They find
covalent bonding with a small bond charge between
nearest neighbors. The importance of short-range
covalent bonding interactions in As and Sb is seen,
for example, by comparison with the electronic
and vibrational properties of their amorphous (a)
semiconducting counterpar ts. Photoemission mea-
surements in a-As and a-Sb (Ref. 4) indicate that
the primary effect of structural disorder is to
broaden the crystalline valence bands. Raman

scattering in' a-As and' ' a-Sb when compared
to the results presented here, as well as neutron
scattering measurements in a-As, ' also indicate
the importance of covalent-bonding effects. The
influence of metalliclike bonding effects on the
phonon dispersion in Bi and Sb has been suggested
by several workers. ' " The rapid rise of the low-
est optical E,(1) mode with wave number in Bi and

Sb has been suggested by Sharp and Warming' to
be a consequence of long-range forces and asso-
ciated free-car rier scr eening effects. Macfarlane'
has similarly indicated the need for long-range
forces to account for the behavior of the dynam-
ical matrix in Bi. He has also pointed to the possible
importance of long-range screening effects,
though noted that free-carrier screening alone
could not account for the phonon dispersion.

Raman-scattering measurements in semimetals
and metals up to this time have been essentially
confined to first-order spectra and therefore only
yield information about k=0 modes. Recent sec-
ond-order Raman measurements in the group-IV
systems Si (Ref. 11)and Ge (Ref. 12) have given use-
ful information about the single-phonon density
of states. This result is a consequence of the
Raman scattering in these materials being pri-
marily due to overtone scattering processes in-
volving two phonons of the same branch of equal
and opposite wave vector, rather than combina-
tion modes from different branches. In addition
the coupling constant appears to be a smoothly in-
creasing function of phonon frequency. The micro-
scopic reason for primary overtone scattering in
these systems is not known, however, Weber
et al. " have successfully obtained this result with
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a phenomenological model for the second-order
Raman process which involves bond polarizabil-
ities. The goal of the present work was the ob-
servation of second-order Raman scattering in the
group-V~ semimetals, to gain information about
the vibrational spectrum'and to ascertain whether
overtone processes primarily determine the spec-
tra as in Si and Ge. While the phonon dispersion
in Bi and Sb has been studied experimentally and
theoretically, ' ' similar studies have not been
performed in As. The results presented here for
As are rather interesting and indicate qualitative
differences from the spectra of Bi and Sb which
bear on questions of bonding and interatomic forces
in these systems.

Concurrent with a preliminary report of this
work, "Salgado et al."have reported neutron
scattering from polycrystalline semimetals using
the technique of Oskotskii et al. " for coherent
neutron scatterers. Their results, which yield
the approximate density of phonon states, are of
limited resolution for the optic modes and as such
do not indicate the detailed features reported here.

Considerable attention has also been paid re-
cently to the resonant behavior of first- and sec-
ond-order Raman scattering near energy gaps in

semiconductors. " These studies yield informa-
tion about electron-two-phonon deformation po-
tentials and show that the electron-two-phonon
interaction in many semiconductors is anomalously
large. Resonant behavior in the first-order scat-
tering of As, Sb, and Bi has been recently re-
ported. " In the present work we were not able
to study in detail the corresponding resonant be-
havior of the second-order scattering of As, Sb,
and Bi. By making the necessary assumptions we
were able, however, to obtain from the observed
ratios of first- to second-order scattering average
values of the corresponding deformation potentials.

and polish other faces of Bi and Sb using 0.05- p. m
alumina plus Syton polish (Monsanto Corp. , St. Louis,
Mo. ) were not successful in that the resulting first-
order Raman spectra did not satisfy the expected
selection rules, a result attributed to selection
rule breakdown induced by some form of surface
disorder. Electropolish was not successful either.
The As sample was cleaved and maintained in a
high-purity low-humidity environment of less than
1-ppm H,O to prevent oxidation. Removal of the
As sample from this environment for several
hours did not, however, indicate an oxide asso-
ciated darkening or a degradation of the signal.
This suggests that the As crystal was of sufficient
purity that the usual fast oxidation to As, O, did
not occur. In spite of the breakdown in selection
rules for fir st-order scattering, the form of the
second-order spectra on the polished (110) faces
was similar to that of the cleaved trigonal faces
indicating that the Raman tensor components"
are similar in form. For primary overtone scat-
tering this is what would be expected.

EXPERIMENTAL RESULTS

A. Bismuth

The first- and second-order Raman-scattering
measurements for Bi at 300 K obtained with no

analyzer in the scattered beam are shown in Fig.
1. The dashed curve indicates a rough estimate of
the stray-light background. Polarization mea-
surements indicate that the second-order spectrum
is primarily composed of the A.„symmetry com-
ponent with /t „/F~= 8-4 and has similar shape for
both components. The ratio A„/E, corresponds to
a'/c', where a and c are the Raman tensor ele-
ments of A. , and E, symmetry, respectively. "
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The Raman-scattering measurements were per-
formed with a Spex third monochromator system
employing photon counting and the use of a multi-
channel counter to improve signal to noise. The
following laser lines were primarily used: for
Bi the krypton 6471-A, for Sb the argon 5145-A,
and for As the 5145-A line. Measurements at
other laser frequencies, Bi (argon 5145A) and Sb
(a,rgon 4880 A) did not indicate any qualitative
change in the second order spectra associated
with resonant Raman effects.

The crystals employed were grown at the Max-
Planck-Institut by Dr. E. Schonherr using the

Bridgman technique. The data reported here were
taken on cleaved trigonal faces. Attempts to cut
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FIG. 1. Smoothed first- and second-order Raman
spectrum of a cleaved (001) face of Bi at 300 K. The
dashed curve indicates the estimated background.
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TABLE I. Ratios I )/I(') of second- to first-order
scattered intensities in As, Sb, and Bi and correspond-
ing ratios of electron-two-optical-phonon to electron-
one-phonon deformation potential. The numbers in
parentheses indicate the laser wavelength employed in
A.

As Sb Bi Bi
(5145) (5145) (6471) (5145)

b0.92B 0,08

(4880)

I (2) /I (~) 0.024 0.031 0.031 0.036

53

0.030

Overtone scattering is likely to occur in the A~
component of the spectrum since the square of a
given representation always contains the symme-
tric representation Al ~ this is, however, only to
be considered as a plausibility argument. The
ratio of the area under the second-order to that under
the first-order peaks is given in Table I. To compare
the measured spectra to neutron scattering mea-
surements it is useful to define a reduced second
order Raman spectrum obtained by multiplying
the intensity above background by the factor &u2j
(ns+1)', where ns+1 is the Bose-Einstein factor
for Stokes scattering and (d the frequency or wave-
number Raman shift. For overtone scattering the
reduced second-order intensity yields the spectral
density of states, i.e., the density of states
weighted by the coupling constants for the various
modes. Thus if the coupling constant is indepen-
dent of phonon frequency and wave number, the
reduced intensity yields the density of overtone
phonons at 2~, i.e., the density of one phonon
states with the horizontal scale expanded by a
factor of 2.

Figure 2(a) indicates the reduced Haman inten-
sity for Bi using the estimated background shown
in Fig. 1. The phonon dispersion determined by
inelastic neutron scattering' taken at 80 K is
shown in Fig. 3, with the frequency scale multi-
plied by 2 for comparison. First-order Baman-
scattering measurements of Grant et al."and
neutron measurements of Salgado et al." indicate
an approximate shift of -2+& cm ' to lower fre-
quency between 80 and 300 K. This corresponds
to a temperature shift of 4+1 cm ' in the 80-K
curves of Fig. 3 with respect to room temperature.
The lowest feature labeled 1 in Fig. 2(a) occurs as
an inflection at -173 cm ' (see Fig. 1 also) and is
-I cm ' below the lowest zone boundary phonon of
X3 symmetry. This small difference 18 consistent
with an X3 assignment to feature I, in particular,
since the neutron measurements at I' of Macfar-
lanee are 1.3 and 2.3+0.5 cm ' high relative to the
Baman measurements at the same temperature. '9

The relatively flat dispersion in the neighborhood
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FIG. 2. (a) Reduced Raman spectrum in Bi obtained
from Fig. I (resolution -4 cm ~). (b) Theoretical
optical-phonon density of states (Ref. 20). (c) Theoreti-
cal optical-phonon density of states fox' cohex'ent neutx'on
scatterers (Ref. 15). (d) Optical-phonon density deter-
mined by neutron scattering (Ref. 15) (resolution - 27
cm ) (b, c, and d frequency scales have been multiplied
by 2 for comparison with the second-order Raman data. )

of X in the directions I'X and A'X is consistent
with structure in the density of states and thus in-
dicates overtone scattering at this frequency. Sim-
ilarly feature II, the main peak, occurs at a fre-
quency common to that of a large number of flat
bands and is also suggestive of overtone processes.
Somewhat surprisingly, no further distinct fea-
tures are observed above II since the neutron re-
sults indicate several branches contacting the zone
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boundary at higher frequency. The cutoff of the
spectrum at -220 cm ' corresponds to the highest
frequencies in the dispersion relations observed
at A', T and other points in the Brillouin zone.

In Fig. 2, the reduced Raman intensity is com-
pared to the results of neutron scattering on poly-
crystalline Bi by Salgado et al. ,

" Fig. 2(d), and
to theoretical calculations of the density of states
of the optic branches. "'" The onset of the re-
duced Raman intensity occurs -16 cm ' above the
theoretical onsets, a result possibly due to the
difficulty in estimating the background. The neu-
tron curve of Fig. 2(d) was obtained by subtracting
a constant background from the experimental re-
sults so as to yield a gap between acoustic and
optic modes and to eliminate a high-frequency tail.
The neutron results indicate a single main peak
-5 cm ' above and somewhat broader than that
observed in the reduced Raman intensity. Note that
according to Fig. 3 the lowest optic mode occurs
at F. The lack of the additional structure in the
neutron measurements, which is, however, ob-
served in the theoretical calculations shown and in
Figs. 2(b) and 2(c), and the extended tail reflect the
limited resolution of -13.5 cm ' (or 27 cm ' for the
second-order comparison). This is in constrast to
the Raman resolution of -4 cm '. The limited neu-
tron scattering resolution also explains, at least
in part, the smaller width observed in the Raman
measurements. The weaker shoulder obtained in
the theoretical calculation at -170 cm ' of Fig.
2(c) is, for example, not seen in the neutron mea-
surements. The calculation of Fig. 2(c) was ob-
tained with a Born-von Karmln model employing
a root sampling technique so as to fit the mea-
surements for coherent polycrystal neutron scat-
tering; under a number of assumptions this tech-
nique should yield the phonon density of states. "'"

Also shown in Fig. 2(b) is the histogram density
of optic phonons calculated by Czochar et al."
using a five-neighbor Born-von Kfrmfn model.
While the gross features of the reduced Raman
intensity are similar to those of the theoretical
calculations and thus indicative of overtone pro-
cesses, the lack of distinct structure and the
relative weak intensity above 200 cm ' cannot be
explained with a frequency-independent coupling
constant. The observation of appreciable struc-
ture in the theoretical calculations and in the pho-
non dispersion suggests a decrease in the Raman
coupling parameter at higher frequency.

8. Antimony

Figure 4 shows the first- and second-order
Raman scattering for Sb with no analyzer in the
scattered beam. As in Bi both symmetry com-
ponents were found to have similar shape with
A„/E~= 3. In addition to the main structural
band between -235 and 320 cm ', weak reproduc-
ible structure is also observed at -190 cm '. The
reduced Raman intensity calculated with the, as-
sumed background of Fig. 4 is shown in Fig. 5(a.).
While the phonon dispersion in Sb has not been
studied in the same detail as in Bi, measurements
in the I'X, I"I., and I T directions have been per-
formed by Sharp and Warming. ' Comparison of
the reduced Raman intensity with these measure-
ments indicates that feature I at -268 cm ' cor-
responds to the lowest zone-boundary mode which
occurs at X. In Bi the lowest optic X mode is of
symmetry X, while the higher modes Xy and X4

assigned in Fig. 3 are nearly degenerate. In Sb,
a detailed branch separation comparable to that of
Fig. 3 for Bi has not been performed, however,
the qualitatively similar dispersion in Sb makes
it reasonable to assign feature I to X,. The
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FIG. 4. Smoothed first- and second-order Raman
spectrum of a cleavage (001) face of Sb at 300 K. The
dashed curve indicates the estimated background.
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Baman peak II at -286 cm ' occurs, as was the
ease in Bi, at a frequency corresponding to a
number of phonon branches and cannot be assigned
to a single region of the Brillouin zone. The
weaker higher-frequency feature at -304 em '
occurs, within the experimental uncertainty of the
neutron measurements (+2 cm '), at the frequency
of the highest X mode and the lowest T mode.
Comparison with Bi suggests that other zone-
boundary modes may also contribute to this fre-
quency. Weak reproducible structure at -280 cm '
also oeeurs at a frequency corresponding to that
of several bands.

In Fig. 5 the reduced Baman intensity is com-
pared to the neutron polyerystal measurements of
Salgado et al."and to the theoretical density of
states of Sosnowski et al."calculated with a model
similar to that used to determine Fig. 2(h) for Bi.
Qf the two models calculated by these authors we
have chosen their least-square-fit model since
distinct peaks occur near to features I and II in the
reduced Baman spectrum. The fit of this model
to the lowest-lying optical branches is poor, how-
ever, and does not reproduce the sharp rise at
low wave vectors. This results in a larger the-
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FIG. 5. (a} Reduced Raman spectrum in Sb obtained
from Fig. 4 (solid curve) and optical-phonon density
determined by neutron scattering (Ref. 15} (dashed curve).
(b} Theoretical optical-phonon density of states (Ref. 21}.
(Neutron scattering and theoretical frequency scales
multiplied by 2 for comparison. )

oretical density of states at the lower region of
the band similar to the situation in Bi. The other
model of Sosnowski et al. ,

"using an algebraic
approach yields a lower density of states in this
region but does not yield agreement with features
I and II.

The neutron measurement shown Rs a dashed
curve in Fig. 5(a) has its main peak near peak II
of the Baman spectrum. A constant has been sub-
tracted from the neutron data in order to eliminate
an extended tail at higher frequencies and to intro-
duce the gap expected between acoustic and optic
branches. ' Due perhaps to a resolution limit of
-18.5 cm ' (37 cm ' in second order) the neutron
data do not have any mell-resolved structure.

The experimental band width of the Baman re-
sults and its correspondence to the theoretical
ealeulations and the neutron data clearly suggests
the dominance of overtone processes. The relative
intensity of features I and II in both Bi and Sb when
compared to theory strongly corroborate this con-
clusion. A further argument for dominant over-
tone rather than combination processes is based on
the position of the lowest zone-boundary combina-
tion and overtone modes which, based on the neu-
tron results, ' involve X phonons. In particular,
zone boundary combination process involving two
optical X phonons can be seen from Fig. 3 and in
the results of Sharp and%arming, ' to have their
onset at frequencies considerably above the lowest
overtone modes. Weak structure at 190 cm ' may
reflect weak combination acoustic plus optic modes
and again suggest dominant overtone scattering.
As found in Bi, the intensity of feature III does
appear low relative to the theoretical calculations
and the neutron scattering results, suggestive of
a possible decrease in the coupling parameter at
higher frequeney.

C. Arsenic

Figure 6 illustrates first- and second-order
scattering in As for unanalyzed scattered light.
The relatively weak signal intensity made polar-
ization measurements rather difficult and time
consuming, so that by analogy with Bi and Sb we
assume primary A.~ scattering. In Fig. 7 the re-
duced Baman intensity is compared to the neutron
results of Salgado et al. " on polycrystalline As.
The main Baman features have been labeled I, II,
III based on the general qualitative similarity to
the spectrum in Sb. The neutron resolution is
-20 cm ' (40 cm ' in second order), while the
Baman spectrum has -5 cm ' resolution. An ex-
tended high-frequency tail in the neutron results
has been subtracted for purposes of comparison.
An lmpol tant difference, with respect to Sb Rnd Bi,
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is the observation in As that the E,(I') mode occurs
above the minimum in the optical band of the sec-
ond-order spectrum. Comparison with the neu-
tron-scattering results also indicate this qualita-
tive difference. As neutron-scattering measure-
ments suggest a gap between acoustic and optic
modes as in Bi and Sb, the onset of the optic
branch must occur either within or at the boundary
of the Brillouin zone. Since the lowest mode is no
longer at I', appreciable contributions to the den-
sity of states might be expected from the lowest-
lying zone-boundary mode. The feature labeled
0 might, for example, correspond to a flat branch
at or near a zone boundary. In addition, the es-
timated onset of the Raman spectrum -40 cm '
below 2E~ indicates a dispersion of at least 10%
in certain modes.

The qualitative differences between As and Sb or
Bi make a symmetry assignment of the As peaks
somewhat tentative, so that the features labeled I,
II, and III may not correspond to the same sym-
metry points in the three materials. The struc-
tural difference between As and Sb or Bi results
in an increase in the ratio of the next-nearest-
to-nearest-neighbor distance. A calculation of
Yarnell et al. ' for Bi has shown that in the tri-
gonal direction the problem is similar to that of
pseudo-one-dimensional chain. Decreasing the
interaction between next-nearest neighbors in this
model results in a depression of the T point modes
such that the lowest mode occurs below E,(1').
One might therefore speculate that feature 0 to I
would correspond to the T point TO mode. In Bi
and Sb feature I was shown to correspond to over-

tone scattering from modes near X. The relative
intensity of feature I in As relative to that of Sb
suggests a tentative labeling of X, in As.

The single peak in the neutron results of Fig. 7

in As occurs between feature I and II, in contrast to
its position in Sb and Bi, and probably reflects res-
olution broadening. Feature II, which occurs as a
shoulder, by analogy with Sb and Bi is expected to
correspond to the frequency of an appreciable
number of bands and cannot be assigned to a single
region of the zone. Feature III, which is broader
and has more integrated strength than in Sb, would
correspond to the highest-lying modes. The ap-
preciable asymmetry in the neutron measurements
at higher frequencies is clearly consistent with
the relative strength of feature III and with the
implicit assumption we have made, based on the
results in Bi and Sb, of primary overtone scat-
tering. The estimated termination of the second-
order spectrum in Fig. 6 occurs near to 2AM(I')
while in Bi and Sb it takes place at considerably
lower frequency. In Bi, and possibly in Sb, the
highest-lying zone-boundary modes occur near T.
Decreasing the range of interactions in the model
of Yarnell et a/. " results in a change in the form
of the dispersion of the highest-lying (LO) modes
along T, with the resulting zone-boundary modes
occurring at a lower frequency than A„(I'). Sim-
ilar results have been observed by Smith for other
directions in the Brillouin zone. " It is thus pos-
sible that the maximum optical modes in As occur
at or near I' in frequency. Single-crystal neutron-
scattering measurements of the phonon dispersion
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Fig. 6 (solid curve) and optical-phonon density of states
obtained by neutron scattering (frequency scale multi-
plied by 2 for comparison) (dashed curve) (Ref. 15).
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in As are clearly required to test the tentative
assignments made here.

DISCUSSION

While detailed theoretical calculations are re-
quired in the semimetals, comparison of the re-
duced Raman spectra indicate a number of ten-
dencies. In Sb and As the reduced Raman intensity
at lower frequencies (peak I) increases relative to
that in Bi. This suggests a relative increase in
the density of states at lower frequencies as do the
limited theor etical calculations. Contributions
of the coupling constant to this variation cannot
be excluded. Measurements in Sb, both above and
below the optical gap E„"suggest that resonant
Raman effects do not influence the shape of the
spectrum, i.e., the spectral dependence of the
coupling constant. Similar results were drawn
from measurements in Bi near to and above E, .

Comparison of the second-order spectra with
neutron scattering data for single and polycrys-
talline samples has established the dominance of
overtone scattering, a result common to other
elemental materials with two atoms per unit cell
(Si, Ge). The relative intensity of the second-
order Raman spectra at higher frequencies in Bi
and possibly in Sb is lower than the neutron scat-
tering and theoretical densities of overtones states.
This suggests a possible decrease of the coupling
parameter at higher frequencies. An explanation
for such a decrease in the coupling constant with
frequency is at present lacking. Further experi-
mental and theoretical determinations of the den-
sity of states are required to confirm the present
data. It is, for example, possible that off symme-
try directions are not appropriately weighted in
the Born-von Karman models so that the density
of states is lower than predicted at higher frequen-
cies. The reduced Raman spectra also indicate an
increase in the scattering intensity at higher fre-
quencies in the series Bi, Sb, As, which are most
reasonably interpreted as an increase in the den-
sity of states.

Perhaps the most interesting result of this study
is the observation that the k™0 modes in As are
shifted to higher frequencies relative to their po-
sition in Bi and Sb. The observation that the E2(l')
modes in As are no longer the lowest modes of
the optic branch is a distinct difference which
bears on questions of the range and form of the
interatomic interactions. In Bi and Sb the min-
imum at E,(I') and in particular its relatively rapid
increase with increasing wave vector requires, in
a Born-von Karman model, the need for long-
range interactions extending beyond second-near-
est neighbors. ' ' Maefarlane' has noted that the

quantity Q& ~,'(k), which is equal to the trace of the
dynamical matrix, T(k), deviates appreciably
from a constant in Bi, especially near I. The
index i refers here to the band index. The results
of Sharp and Warming' indicate a very similar
variation of T(k) in Sb. Rosenstock22 has shown
that variations of T(k) from a constant value, in-
dependent of k, cannot arise from crystallograph-
ically unlike nearest-neighbor interactions or in-
teractions which have a "classical electromagnetic"
representation. Variations of T(k) with k must
therefore arise from interactions between second
or further neighbors which are not classical elec-
tromagneticlike in their representation. This
result follows from the fact that for nearest neigh-
bors the k-dependent part of the interaction ap-
pears only in off-diagonal elements of T(k) and
thus does not contribute to the trace." In addition,
the vanishing of the diagonal Coulomb terms is a
consequence of the electrostatic nature of the in-
teraction which, due to I aplace's equation, yields
a zero contribution to T(k). The results in As
point to an increase in the relative value of T(0)
and thus suggest that second-neighbor (or further)
interactions are less important than they are in
Bi and in Sb. The cha, nge in T(0) and in the sug-
gested form of the phonon dispersion is indicative
of the more covalent nature of As. A decrease in
the second-neighbor interaction in As relative to
Bi and Sb is also consistent with the decrease in
the ratio of nearest- to next-nearest-neighbor
distance and the resulting increase in compress-
ibility in the trigonal direction. '

Resonance Raman-scattering measurements in
semiconductors show that the second order pro-
cesses are due to the direct electron-two-phonon
interaction renormalized so as to include elec-
tron-one-phonon terms with nonresonant inter-
mediate states. "" Under these conditions the
shape of the second-order resonances is similar
to that of the first order. A detailed analysis re-
quires precise knowledge of the symmetries of
the states involved in the resonances. Such in-
formation is not available for the materials under
consideration.

The simplest expression for the ratio of the sec-
ond to the first-order scattered integrated inten-
sities, however, j.s""

I (2) Q( )g ((2) ((2)
f(1) ()(1)g (~2/ g

t

where 5 '~g, and 5~"4, are changes in electronic
energies produced by the phonon displacements to
first and second order in these displacements, 're-
spectively, X is the number of unit cells, (g) are
for classical oscillators the average phonon am-
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plitudes. For quantum-mechanical oscillators,
they must be replaced by the average square of
the appropriate matrix element between neighbor-
ing oscillator states:

((2) = (h/4MN~&) (l + ns), (2)

with M the atomic mass, u,- is the phonon fre-
quency, and n~ is the Bose-Einstein statistical
factor. The subindex 0 of (, refers to first order
scattering while 1 and 2 refer to the two phonons
participating in the second order scattering. The
terms 5&'~g, and 5i'l8, have dimensions of eV/cm
and eV/cm, respectively. For simplicity in cal-
culation, Q; is taken as the average frequency of
the corresponding band. In order to convert them
to the standard deformation potentials we multiply
them by the "quasicubic" lattice constant ao and

a'„respectively,
d=g g& &g z)=g~g~2~g (3)

We should point out that a number of numerical
factors of the order of unity are possible in the
definitions of Eqs. (l) and (2). We take them equal

to one for the sake of simplicity. The ratios D/d
obtained from the experimental data by this pro-
cedure for As, Sb, Bi, and a polycrystalline Bi-Sb
alloy are listed in Table I. These ratios are very
large, a fact already noted for the tetrahedral
semiconductors. "'" First-order deformation po-
tentials have normal values, of the order of a few
eV, at least for Bi." Thus, we conclude that the
semimetals As, Sb, and Bi also possess an anom-
alously large electron-two-phonon interaction
which may manifest itself in processes such as the
temperature dependence of the lattice contribution
to the carrier mobility. "
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