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Superconducting proximity effect in the strong-coupling limit
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Some of the basic results of the theory of the superconducting proximity effect have been generalized to apply
to strong-coupling systems. The results agree with Moormann's theory of the proximity effect between weak-

coupling superconductors with different Debye frequencies and also indicate that logarithmic frequency

averaging is correct. The theoretical results are compared with experimental data on thin films and eutectic

alloys, and the agreement is very good.

Previous work on the theory of the proximity
effect has assumed weak coupling in both metals,
despite the fact that many experiments have been
done using strong-coupling superconductors such
as lead, tin, and indium. Only one theory, that
of Moormann, takes into account the different
phonon cutoff frequencies of the two metals. '
However, since Moormann's theory is developed
in the context of weak coupling, it has not been
clear that the combined spectra of disparate met-
als such as lead and copper are correctly aver-
aged by his procedure. ' In other theories it is
assumed that the cutoffs are the same in both
metals and that only the strength of the coupling
&V varies. '4

The Moormann theory is based on the de Gennes
sum rules' and can be written in the form"'
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Similar reasoning can be applied to the averaging
of the coulomb term g*, but since p,

* does not
vary greatly from one metal to another we have
used a constant value of p, *=0.13. Using a slight-
ly simplified form of Eq. (3b) to calculate the
renormalized interaction we obtain

plitude. The average self energy, therefore, in-
volves fa'Zy dr, which gives rise to the type of
average seen in Eq. (2). In strong-coupling theory
the bare interaction is given by
A. =—21 o'Ed~/~ (Ref. 7), so the correct general-
ization to nonhomogeneous systems is to define
A, * in terms of

InTc =(NVln8)/(NV)-I/(NV)+ln0. 85,
Z+= ((~) -q+)/(1+(~)). (4b)

where 0 is the Debye temperature and NV is the
BCS coupling'; the weighted averages denoted by
(~ ~.) are defined by

(A) -=A(~)Q(~) dr y(~) dr, (2)

Tc = (e/1 45)s-'~'*

where

A. * = (X-g*-0.62k.g*)/1.04(1 +A. );

(3a)

(3b)

A. is the bare interaction and p.* is the coulomb
pseudopotential. ' This can be done by observing
that the condensation energy of Cooper pairs
arises from virtual phonon exchange, so that the
basic self-energy term is a'Ep, where o is the
electron-phonon coupling constant, E is the pho-
non propagator, and g is the pair correlation am-

where P(x) =((P&(r)g~ (x))) is the position-depen-
dent Cooper pair correlation amplitude. For a
bulk superconductor, Eq. (1) reduces to the BCS
expression for the transition temperature
T~ =0.850e ' ~.' In the strong-coupling case we
seek to develop an analog to Eq. (1) which reduces
for a bulk superconductor to the McMillan formula,

In the McMillan theory the parameter 0 is pro-
portional to the mean phonon frequency & defined
by 4u —= 2 J n'E dv. Several recent authors have
refined the theory and found that co is better de-
fined by X Inn —= 2 f n'F In&a d~/&u (Refs. 8 and S).
With this modification we obtain a generalized
expression for the transition temperature,

lnTc = (X InO)/(A. .)—1/A. *—ln1.45,

with X* defined by Eq. (4b) and the averages de-
fined by Eq. (2). For a bulk superconductor this
reduces to a slightly simplified form of the gener-
alized McMillan equation, ' while in the BCS
(p,

*= 0) weak-coupling limit A.*-(A) and we re-
cover the Moormann result given in Eq. (1).

Equations (2), (4b), and (5) specify Tc in terms
of the correlation amplitude p(x), but a general
calculation of p(r) requires solution of the posi-
tion-dependent Eliashberg equations. " The easi-
est case to study is the thin-film limit, where
both films are thinner than the coherence length,
and consequently P(x)/N(x), which'de Gennes has
shown to be continuous, ' can be considered con-
stant throughout the system. " In this limit the
required averages take the simplified form
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&~) = (~s&sds+ }"N»d»)/sds+&~d»)

=ps} s+p»~» (6a)

TABLE I. Comparison of experimental and theoretical
values of Tc .

and
O 0

Dpb 4) Din 6) Ps r""p' (.K)' g(heor (oK)b
C

&A. ln8) =Ps'. sln8s+P»k»ln8„,

where

p = N~d—s/(Voids +A»d») =1—p».

(eb) 0
100
200
300
400

280
280
280
280
280

0.00
0.30
0.46
0.56
0.63

4.1
5.2
5.8
6.1
6.3

4.1
5.1
5.7
6.0
6.2

The dependence of T~ on P~ is shown in Fig. 1 for
two typical systems, Pb-Sn and Pb-Cu. As can
be seen, the dependence is close to linear for all
but the lowest values of T~.

A number of comparisons with experimental
data have been made. The use of the Cooper limit
approach restricts consideration to very thin films
of at most a few 100 A in thickness. A general
empirical test for the Cooper limit is that T~ de-
pends only on ds/d», and where sufficient data
were available this criterion was used, rather
than the requirement d«g which requires that the
mean free path be known. This is illustrated by
the data of Bergmann, who evaporated varying
thicknesses of Pb onto In substrates. " The values
of T~ obtained for d,„440 A were appreciably
higher than those obtained with d, = 280 A when
the ratios of d, /d, „were the same. Since the
value of g,„isapproximately 300 A, we would expect
the 280-A layers to lie near the upper limit of
validity for the Cooper theory. The theoretical

Drn 4) DT) 8) Ps ~(:Xpt ~oK)(
C

Zr thcOI
C

350
539
342
619

736
804
380
445

0.38
0.47
0.54
0.65

3.4
3.5
3.6,

3.7

3.3
3 4
3.5
3.6

Di„(k} DTi (A} ps
expt
C t theoI b

C

175
160
160
175
160
175
160
175

290
210
200
210
160
155
120
110

0.44
0.50
0.51
0.52
0.57
0.60
0.64
0.68

0.37
0.46
0.48
0.42
0.57
0.48
0.52
0.57

0.40
0.46
0.47
0.48
0.53
0.56
0.60
0.68

' See Hef. 12.
&~„adjusted to give Tc =4.1 'K for a pure In film.
See Ref. 13 (a).
See Ref. 13 |b). The parameter tc is defined

by tc =— (&c &c»»}/(&c—s —&c» }.

0
O

0

FIG. 1. Dependence of T, on Pz for the systems
Pb-Sn and Pb-Cu.

l.0

values obtained for T, ran about 0.1 K less than
the experimental values, which we consider excel-
lent agreement. Similar results were obtained
with the In-Tl data of Migliori and Ginsberg and
of Jacobs and Ginsberg, with the theoretical values
again running about 0.1 K below the experimental
figures. " These results are shown in Table I.

It would be desirable to apply the theory to sys-
tems consisting of a weak-coupling superconductor
in contact with a strong-coupling superconductor,
in order to test the logarithmic averaging of the
frequencies. Some data are available on Pb-Al
systems, but the films used were too thick for
analysis by the Cooper argument. '4 However, as
will be discussed below, results from supercon-
ducting normal pairs such as Pb-Cu give useful
information even though we know considerably less
about the electron-phonon interaction in normal
metals than we do' in superconductors. Because of
this, and because it is always interesting to use
the proximity effect to study normal metals, we
have also looked at some of the data on systems
containing the group-IB metals Cu, Ag, and Au.
To obtain information on the pairing interaction in
these metals it is important to try to avoid having
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TABLE II. Comparison of experiment and theoretical values of T~ with different values of
& and density assumed.

Dpb (A) Dc„(A) ytheor (&K)a
C T expt (OK)b T theo I'

(oK )
Q

C

280
334
272
243
229
329

264
177
131
39
33
41

3.8
4 9

6.1
6.0
6.4

3.36
4.62
4.80
6.30
6.39
6.50

3.32 + 0.06
4.67+ 0.05
4.86+ 0.05
6.35+ 0.03
6.44 + 0.02
6.55+ 0.02

See Ref. 5.
Bulk density assumed for copper, c„=343 K, XC„=0.25.
Density for copper is 3 of bulk value, c„= (250+50) 'K, &c„=0.15.

P~A.„much smaller than Psh, since otherwise we
end up with (X) = pzA, (A. In8) = pzA. s In8s, and ln8
=(Xln8)/(A) = In8s. If a strong-coupling supercon-
ductor is used, it is necessary to have ds«d~
(while still requiring that d„s $„). Unfortunately,
this fairly stringent requirement is not met in the
experiments we have reviewed. We shall discuss
some experiments for which pg~/ps'. s is small,
but which still provide information on A.„, and
then we shall mention a possible extension to the
theory.

A fair amount of work has been done on the Pb-
Cu system, which is metallurgically nice because
of the low mutual solubilities, and interesting to
us because Cu has the highest Debye temperature
of the IB metals. Von Minnigerode has obtained
data that satisfy the thin-film requirements of the
Cooper theory, but his lead films are thicker than
the copper layers so that p„/ps s 1.' Since lead is
a strong-coupling superconductor, the ratio
p„A.„/pzA. z is small, s 0.1, and the first term in
Eq. (5) reduces to In+„. A fairly good fit to the
data is obtained if. we use A „=0.25, corresponding
to (NV) =0.09 and to a transition temperature for

Cu
bulk copper of several millidegrees. This is con-
sistent with other estimates of the strength of the
interaction in copper. " A lower value for Ac„
leads to theoretical transition temperatures that
are too low. These films were deposited at rela-
tively high temperatures (200 'K) so the structure
of the films is believed close to that of bulk met-
al. At present it is customary to rely on low-
temperature deposition in the preparation of thin-
film systems to avoid diffusion and other inter-
facial problems. Such films often have structures
quite different from that of the bulk material, and
copper in particular goes down in a low-density
porous form. " To see how significant a factor
this could be, we repeated the analysis using a
density of states appropriate to this reduced den-
sity. The result was a reduction of Ac„to 0.15, or
(NV) =0.02 (the results are insensitive to possi-

TABLE III. Comparison of experimental and theoret-
ical values for depression of T, in. Al by Ag precipitate.

at. % Ag ~T expt (,K)a ~Tiheor

0.0
4.15
5.02
6.7

10.1

1.00
0.98
0.97
0.96
0 ~ 94

0.00
0.15
0.17
0.20
0.24

0.00
0.12
0.14
0.19
0.29

See Ref. 17.

ble changes in 8b„). The calculations are shown
in Table II. This illustrates how important it is
to allow for the structure of thin films in the in-
terpretation of proximity effect data.

A different type of experiment with a weak-coup-
ling superconductor is the work of Blanc, Ndmoz,
and Solecki on Al-Ag eutectic alloys. " Their
results are shown in Table III. We obtain theoret-
ical agreement with their data for A.„„=0.15,
corresponding to (NV)„=0.02, but since p„s 0.05,
the theoretical values of T~ are quite insensitive
to A.„. They report a value of A,„,= 0.25 using the
unrenormalized form of the Cooper theory, which

should be corrected to A.„,=0.2 when phonon correc-
tions to the normal density of states are taken
into account [corresponding to (NV)„=0.05]. This

Ag
is fully consistent with our analysis, as are the
thermal conductivity data of Deutscher et al ."

As mentioned previously, a better test of the
theory would be to look at systems for which
d~ «d„s g„. A possible alternative might be to
consider the case of a thin superconducting film
on a thick normal substrate. If the penetration of
pairs into the normal film can be considered rel-
atively constant, then the value of pz used previ-
ously can be replaced by p~ =N~d~/(Nsdz +N„d„),
where d„ is an effective penetration depth of the
same order of magnitude as („. For such a
theory there would be two basic parameters to be
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determined, X» and d»/$». This would require
quite extensive data, and one would be dealing
with very low transition temperatures, since p»
would be small. It should be mentioned that recent
variational calculations have shown that the varia-
tion of the order parameter in the superconducting
film is greater than that predicted by diffusion
theory'4 (i.e., it changes over distances small
compared with the Ginzburg-Landau coherence
length), so that the restriction that d» be small
may be quite stringent. '

For the data that have been analyzed so far, the
agreement between theory and experiment has
been remarkably good. For some of the data that
may be approaching the upper thicknesses for
which the Cooper theory applies (d- $) the theo-
retical values run about 0.1 K less than the ex-
perimental transition temperatures. This is well
within the expected accuracy of the results, since
thickness measurements on these very thin films
are difficult, the bulk values of A. are not known

exactly, and we have used a simplified form of the
strong-coupling theory in which the Debye temper-
ature, rather than a correctly averaged frequency,
is used to characterize the cutoff. It should be

noted that in the weak-coupling theory it has been
rigorously proved that the Cooper theory always
provides a lower bound to the correct transition
temperature. '" The variational method of Silvert
and Cooper' has recently been extended to strong-
coupling superconductivity by Allen and haynes,

'
and we feel that the generalized Cooper theory
presented here also provides firm lower bounds
to the transition temperature, even for thicker
films.

A final comment should be made about the loga-
rithmic frequency averaging advocated in recent
work on strong-coupling superconductors used in
this paper. "' We have repeated some of our cal-
culations using the first and second moments of
the frequency distribution and find that the in-
crease in the average value of 0 when a strong-
coupling superconductor is in contact with a nor-
mal metal having a high value of 8 (such as Pb-
Cu) is so marked that as p» increases the transi-
tion temperature actually rises before eventually
falling to zero. This effect has not been experi-
mentally observed and provides evidence that
logarithmic averaging is indeed an improvement
on the McMillan theory.
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