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The intermediate Jahn-Teller effect which was observed for the specific systems CaO:Ag'+, MgO:Ag'+,
CaO:Cu +, and CaF, :Eu'+ has been successfully described previously by means of a vibronic coupling model in

which the properties of the ground 'E vibronic state were modified by random-strain coupling to an excited
vibronic singlet level. The present work examines, in general, the question of how coupling via random strain
between a F. vibronic level and an excited A, or A2 vibronic singlet can result in the transition from the
dynamic Jahn-Teller effect to the intermediate effect and finally to the limiting case of the static Jahn-Teller
effect. The intermediate Jahn-Teller region is particularly important since it is possible in such cases to
determine the ratio of the random-strain splitting 8 to the "tunneling" splitting 31 by EPR techniques. A
similar determination using EPR cannot be made for systems characterized by either the limiting dynamic or
static Jahn-Teller effect. The intermediate Jahn-Teller effect results in significant modifications to the EPR
spectra which are characteristic of either the pure dynamic or pure static cases. These modifications include

(i) changes in the angular variation, (ii) selective broadening of certain portions of the spectrum, and (iii)
formation of complex line shapes for the orientation H )((111).A systematic calculation of the EPR line

shapes and angular dependences has been performed for a range of values of 8/3t' which spans the
intermediate Jahn-Teller region, and these features, which are tabulated graphically, illustrate the various

types of intermediate Jahn-Teller spectra that may be observed experimentally. Additionally, a number of
characteristic features of the isotropic spectrum resulting from thermal population of the first excited vibronic

singlet level have been determined for the first time, and these results affect the validity of some of the criteria
previously used to distinguish the possible origins of this spectrum.

I. INTRODUCTION

Ions with 'Z orbital ground states in cubic-sym-
metry hosts may exhibit any one of three types of
Jahn-Teller (JT) effects in their low-temperature
electron-paramagnetic-resonance (EPR) spectra.
These effects have been designated as the static,
dynamic, and intermediate JT effects. Of these
types of JT effects, the static h,nd dynamic effects
are now comparatively well known owing to the
relatively long period of'time since their discov-
ery and also to the relatively large number of sys-
tems whose low-temperature EPR spectra are
characteristic of either a static or dynamic JT ef-
fect. ' ' On the other hand, in the EPR spectra of
'E orbital ground states, the identification of JT
effects which are intermediate to the static and
dynamic effects has only recently been accom-
plished. ' In particular, these intermediate JT ef-
fects have been reported only for the EPR spectra
of Cu", Ag", Ni", and Ni" in MgO and for Cu"
and Ag" in CaO (Refs. 6 —11). An intermediate JT
effect has also been reported" in the optically de-
tected EPR spectrum of an excited state of Eu"
in CaF, .

The three types of JT effects exhibit the follow-
ing basic distinguishing features: A static effect
is characterized at low temperature by the pres-

ence of three magnetically inequivalent axially
symmetric sites having principal symmetry axes
along the cubic fourfold axes. The associated line
shapes have the usual Gaussian or Lorentzian
shapes frequently observed in electron-resonance
experiments. The axially symmetric spectra will
be motionally averaged as the temperature in-
creases, and a resultant isotropic spectrum will
be observed with g=-', (g~~+2gg) where g~~ and g,
are appropriate to the low-temperature axially
symmetric spectra. For the dynamic Jahn-Teller
effect (in the absence of any hyperfine interaction),
only one strain-broadened EPR line is present at
low temperature. If the applied magnetic field is
not parallel to one of the (111) axes, the greatest
intensity of this strain-broadened line occurs near
the two extremes rather than at the center, and
the line has a shape similar to that of an EPR
"powder" spectrum. " The values for the magne-
tic field positions of the extremes of this line dis-
play a cubic-symmetry variation which depends
on the orientation of the applied magnetic field
relative to the fourfold symmetry axes of the host
crystal. At the magnetic field orientations cor-
responding to H~~(100), the magnetic field ex-
tremes have their largest separation; at H~~(111),
this separation is essentially zero. The intensity
of this anisotropic spectrum decreases with in-
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creasing temperature until it is replaced by an
isotropic spectrum which occurs at the magnetic
field value coincident with that of the superimposed
anisotropic extremes with H~~(111). This isotropic
resonance line can result from the averaging of
part of the anisotropic line by rapid vibronic re-
laxation, by thermal population of the nearest ex-
cited vibronic singlet level, or by a combination
of these effects. Some of the results of the pre-
sent work provide new insight into the criteria
previously used to distinguish between the two
origins of the isotropic spectrum observed for
systems characterized by the dynamic Jahn-Teller
effect.

Intermediate JT effects manifest themselves by
one or more of the following features: (i) a selective
broadening and shifting of one extreme of an other-
wise "pure" dynamic EPR spectrum; (ii) a depar-
ture of the angular variation of the spectrum from
that associated with a pure dynamic or pure static
JT effect; and (iii) the presence of unusually com-
plex EPB line shapes for orientations correspond-
ing to H ~~ ( 11'1) .'

Ham' and Chase" have developed a vibronic
coupling model which describes the transition from
dynamic to static JT effects for 'E orbital states.
We have found this model to be extremely success-
ful in describing the details of the EPB spectra
observed for Ag" in CaOand MgO(Ref. 7) and for
Cu" in CaO(Ref. 6}; the model also appears to be
consistent with the MgO:Ni" and MgO:Nl" results
(Ref. 8).

The elements of this theory are as follows: In
the presence of vibronic coupling to a pair of
localized vibrational modes which transform as
the F. irreducible representation of 0„, the ground
state of the system composed of the ion and its
nearest neighbors is a vibronic 'F. state. The
first two excited states are A. , and A, vibronic
singlets whose order in energy will depend on the
signs of the relevant Hamiltonian parameters. The
energy separation of the ground state and the first
excited singlet is known as the "tunneling" split-
ting 31 and is inversely dependent on the vibronic
coupling strength. Purely dynamic Jahn-Teller
effects will be observed in the EPR spectra when

the tunneling splitting is large compared with the
strength of other perturbations (e.g. , random-
strain and the Zeeman interaction) which could
admix the 'E and A, (or A, ) levels. In general,
the random -strain interaction is expected to be
greater than the Zeeman interaction. As the
amount of admixture of either the A, or A, states
with the 'E state increases due to stronger vibronic
coupling or greater random strain, the observed
JT effects will become more characteristic of the
static effect. If the average random-strain split-

ting of the ground 'E vibronic state and the tun-
neling splitting are designated by 5 and 31, re-
spectively, then the ratio 5/31' will determine
whether dynamic, intermediate, or static JT ef-
fects are observed. Small values of 5/31" (6/31'
& 0.1) correspond to a dynamic JT effect, while
larger values (6/31'& 5) result in a static effect.
For values of 6/31' between these limits, inter-
mediate JT effects occur. The only EPR spectrum
associated with a 'E orbital state which is known
to exhibit intermediate JT effects and which has
not been completely described by this model is
that of Cu" in MgO (Ref. 6). In this system, how-
ever, there are strong indications that appreciable
random-strain coupling to both the A, and A, vib-
ronic singlets is present. In the event of random-
strain coupling to both vibronic singlets, a deter-
mination of the proper fit to an observed EPR
spectrum becomes more difficult, and, to date,
has not been attempted for the case of MgO:Cu".

The present work has a threefold purpose.
First, the general nature and characteristics of
the dynamic, intermediate, and static Jahn-Teller
effect for 'F. orbital states are examined in detail, '4

with particular emphasis being placed on the
important intermediate Jahn-Teller region. In
accomplishing this purpose, extensive calculations
of the major spectral features (i.e. , line shapes
and angular variations) have been performed for
a number of values of 5/3I' which were specifically
selected to illustrate the transition from the dy-
namic to the static JT effect. These results have
been summarized in a number of figures. Second,
the analytical techniques which are required in
order to make a determination of 6/31" from the
EPB results for a given specific system exhibiting
the intermediate JT effect are presented. Finally,
some characteristics associated with the isotropic
spectrum resulting from thermal population of the
first excited vibronic singlet are determined for
the first time, and this information is discussed
in terms of the various criteria which have been
used in assigning the origin of this spectrum.

II. THEORY

A. General considerations

In the following discussion, frequent reference
will be made to Fig. I, which illustrates the roles
of the various interactions affecting 'E orbital
electronic states of ions in cubic-symmetry hosts.
As a frequently encountered example, let us con-
sider a 'D free-ion ground state representing, for
example, the electronic ground state of an ion
with a d' or d' configuration. In general, the
static crystal-field interaction (i.e., ignoring
vibrational effects) will produce the strongest
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FIG. 1. Schematic representation of the effects of
the cubic crystal field, vibronic coupling, strain
splitting, and Zeenvtn interaction on a 2D electronic
state. Effects of the vibronic coupling, strain-splitting,
and Zeeman interaction have been exaggerated relative
to the crystal-field splitting A for the purposes of illus-
tration. The ratio of the magnitude of the strain split-
ting 6 to the tunneling splitting 3I' determines whether
static, dynamic, or intermediate Jahn- Teller effects
will be observed. Allowed (AM& ——+1, AMI —-0) EPH
transitions are indicated by straight arrows at the
right-hand side of the figure. Curved arrows corre-
spond to vibronic relaxation effects which can produce
an isotropic spectrum by averaging a portion of the
strain-broadened resonance pattern (figure adapted
from Ref. 4).

perturbation of the free-ion ground state. For
cubic-symmetry crystal fields, the fivefold or-
bita1 degeneracy of the 'D state will be removed,
resulting in an orbital doublet and an orbital trip-
let designated respectively by 'E and 'T, (Mulliken
notation). For a d -configuration ion in eightfold
cubic coordination or a d' configuration in sixfold
cubic coordination, the 'E state is lower in ener-
gy. In cubic symmetry the spin-orbit coupling
does not split the 'E state, but this interaction
does produce small changes in the effective-
Hamiltonian parameters f~ the 'E state. Although
Fig. I relates to d'- or d'-configuration ions in
particular, the following discussion will be ap-
plicable in general to 'E orbital states in cubic
symmetry.

The next interaction to be considered is the
vibronic coupling between the 'E orbital state and
the lattice vibrational modes. The simplest ap-
proach to treating the vibronic coupling in this
case is to consider vibrational coupling of the E
orbital state to only two modes (i.e., Q~ and Q, )
which transform, respectively, as the 0 and e
components of the E irreducib1. e representation of
OI, . These may be consideredasthe appropriately
transforming normal modes of the cluster con-
sisting of the ion and its nearest neighbors or,
quoting Ham, "to represent in some average
sense the various lattice distortion coordinates

which belong to E and to which the Jahn-Teller
coupling is most effective. '"

The Hamiltonian representing the vibronic cou-
pling of the 'E orbital state (composed of %~ and
4, electronic basis states) with the Q~ and Q,
modes then has the following form'.

&, =(&.+(1/2u)[p&+P,'+ V'~'(Qe+Q', )1 )~
+V(Qe Me+Q, 'lL ) +BC (1)

where

X.= V,[(q,' q,')~, + 2q, q„~,]
+ V, Qe (Qe —3Q', )V'.

In the above equations E, is the electronic energy
of the 'E state in the absence of vibronic cou-
pling, p, and ~ are the reduced mass and the an-
gular frequency of the mode, respectively, and

Pe and P, are the nuclear momentum operators
conjugate to Qe and Q„respectively. The param-
eters V, V, and V, are, respectively, the linear
vibronic coupling, quadratic vibronic coupling,
and anharmonic lattice force constants, while V',

U~, and U, are the electronic orbital operators
having the form

0 0+i
0+1 ' ' +1 0

with respect to the 4 z and 4, electronic basis
states. The nonlinear coupling or "warping" terms
are designated by X

Solutions to Eq. (1) cannot be obtained analytical-
ly. However, as pointed out by Ham, the Hamil-
tonian maintains cubic symmetry under simulta-
neous transformations of the electronic and vibra-
tional operators, and the resulting vibronic states
must therefore transform as the same irreducible
representations of 0& as those of the electronic
states in the absence of coupling. ' It has been
shown" that for all values of V, the vibronic
ground state resulting from solutions to Eq. (1) is
a vibronic 'E level. In the absence of warping
terms, the first excited level is a doublet com-
posed of accidentally degenerate A. , and A. , sing-
lets. %'arping terms remove this degeneracy;
which singlet lies at lower energy depends upon
the signs and magnitudes of the parameters V, V, ,
and V, in Eqs. (1)and (2). The energy separationbe-
tween the ground 'E and the first excited singlet
is the tunneling splitting St', which depends in-
versely on the strength of the vibronic coupling.

Random strain with tetragona1. symmetry will
lift the twofold degeneracy of the 'E vibronic state,
and the large number of different strain-split le-
vels shown in Fig. 1 represents the effects of the
distribution of strain from site to site in the crys-
tal. The remaining Kramers degeneracy of each



4738 R. W. RE YNOLDS AND L. A. BOATNER 12

strain-split state is then removed by the Zeeman
interaction when an external magnetic field is
applied (as it is in the course of a conventional
magnetic-resonance experiment). Two of the al-
lowed (AM& = + 1) EPR transitions are indicated by
the straight arrows at the right-hand side of Fig. i.

The characteristics of the EPR spectrum result-
ing from the interactions discussed above are
strongly dependent on the relative magnitudes of
splittings due to tunneling, random-strain, and the
Zeeman interaction. If the tunneling splitting is
large compared with the random-strain and Zee.-
man splittings, then the low-temperature EPR
spectrum is determined only by the random-strain
and Zeeman splitting of the 'E vibronic state. How-
ever, if the vibronic coupling terms are large
enough that 3F is comparable in magnitude to the
random-strain and Zeeman interactions, the re-
suIting ground vibronic state contains an admixture
of the 'E state with either one or both vibronic
singlets, depending on the magnitude of the warping
terms. The EPR spectrum which corresponds to
this admixture of states will in general have great-
ly different properties from that corresponding to
a pure 'E vibronic state.

In the present work we will consider coupling to
only one of the two excited singlet levels in calcu-
lating the eigenvectors of the random-strain inter-
action within the three-state manifold. This sim-
plification is warranted since there is presently
only one reported case' in which there is evidence
for coupling to both excited singlets (i.e., the case
of Cu" in MgO).

Ham' has given a generalized matrix form for
those interactions which may perturb the manifold
containing the 'F, state and the next excited singlet
level. For A. , lower, this matrix has the following
form with respect to the basis states 4„,, C~ , and

Operators transforming as the A., irreducible re-
presentation of 0& have been omitted from these
matrices as we will not be concerned here with any
interactions transforming as A,

In the above matrices q and x are the reduction
factors of Ham which are defined by the relations

and
(6)

or

(6)

1
ee ——,(2e„-e,„-e,„),

e, =-', v 3 (e,„-e„,).
(10)

The reduction factors shown above express the
changes in the expectation value of the orbital op-
erators M~ and %l,, that result from the vibronic
coupling. For zero vibronic coupling q = 1, for
strong linear vibronic coupling q = -z =-'„and for
strong vibronic coupling with appreciable warping
(i.e. , so that the vibrational parts of the strong-
ST-coupled wave functions do not overlap), the
relation given by q = r/W2-= ', is v-alid. '

The operators G„G~, and G, are functions of
the relevant perturbations which transform, re-
spectively, as A. „E~, and E, . These operators
are independent of Qe and Q, . For random strain
the operators have the form

G =V,e~ and G, =V,e, ,

where V, is the strain coupling parameter and e
and e, are the components of the random strain
which transform, respectively, as the Ez and E,
components of E. In terms of the diagonal com-
ponents of the strain tensor, the ez and e, com-
ponents of the strain are defined as follows:

I'+ G, rGg gG,

~G,
I

G, +qG

xGg G, -qGg qG, (4)

For the Zeeman and hyperfine interactions, re-
spectively, the operators have the form

G, =gysH 0, Ge=-, g,gs(3II, S, -H 8),

G, = ~v 3 g2pe(II, S~ -II~S„)

3I'+ G,

4'gg .'y'G,
xG,

G, -qGg qG,

«e qG Gi +qGe

where 4~~ and 4«are the two components of the
2Z vibronic state which transform as the 8 and e
components of the E representation.

The corresponding matrix' for A., lower is

G, =A,I 8, Ge=2A, (3I,S, —1
(12)

G, = ,'v 3A, (I„S„-I„S„),—

where f and I are, respectively, the electronic
and nuclear-spin operators and p.~ is the Bohr
magneton.

Assuming that the cubic crystal-field interaction
is large with respect to the spin-orbit coupling,
first-order expressions for g„g„A„and A,
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may be obtained using crystal -field theory. These
expressions are given by the following equations:

g, = 2.0023 —4X/6,

g, = 4x/b —=g, —2.0023,

A, =(-2pp(, r , ')/f)(~ +4K/6),

(14)

(15)

(16)

B. Dynamic jahn-Teller effects

If 3I' is large compared with the random-strain
and Zeeman interactions, then the admixture of

A, =(-2p, sp. (r ')/I)( -'+34'/7b. ),

where &, X, p, , (r '), and a are, respectively,
the cubic crystal-field splitting &ODq, the spin-
orbit coupling parameter, the nuclear magnetic
dipole moment, the one-electron expectation value
of x ', and the Fermi contact parameter. The ef-
fects of covalency can result in modifications to
these equations, and, accordingly, their impli-
cations should be viewed with an appropriate de-
gree of caution.

The relative magnitudes of the tunneling, ran-
dom-strain, and Zeeman interactions which enter
into the matrices in Eqs. (4) and (5) will determine
whether dynamic, static, or intermediate JT ef-
fects are observed in the EPR spectra associated
with the eigenstates of these matrices. In the
Secs. II B-IID, the origins and characteristics of
the three types of JT effects will be described as
they result from the eigenstates of Eqs. (4) and (5).

4'+ = sin(g Q)4'ge + cos(g Q)4'gq,

= cos(—', P)e~e —sin( —', (f&)%'~, ,

(1V)

(18)

where tang = e, /ee gives the distribution of random
strain between the 8 and e components. The states
4, and 4 are separated in energy by a strain
splitting 6 which is given by the expression

5 = 2q~V, ~(e'+e')'~' (19)

In the presence of Zeeman and hyperfine inter-
actions which are small compared to the random-
strain splitting, the EPR spectrum is determined
by the expectation value of the operators in Eqs.
(9)-(12) within the 8+ and 4 eigenstates. If in
addition qg, /g„qA /IA„andA, /gy, sH are as-
sumed small, the frequencies of the allowed
(4M~ =a 1, AM& ——0) EPR transitions within each
of two Kramers doublets are given to second order
by the expression'

the first excited singlet into the ground state is
negligible. The EPR spectrum at low temperature
is then determined only by the properties of the
'E vibronic state and the strain interaction. This
condition is known as the dynamic limit, and the
EPR spectrum is said to exhibit a low-tempera-
ture dynamic JT effect. If the random-strain in-
teraction Eq. (9) is substituted into Eqs. (4) and

(5) and 3I' is assumed to be large compared to the
random strain, then the resulting eigenstates with-
in the 'E vibronic state are

gg atgg2 g+ 3 /AH+ Ag+ 2QA2 j+ ~+2 F2 g Mg
(qg. )' (qA, )' qg,

, I

(A, + ,'qA, f,)', (q-A, )' [,(„,),]
(qA, )'

g,y.a8 g,y, aFI g,P.a FI
(20)

where

f, = (3n' —1) cosy +&3(l' -m') sing,

f, = ~[2 —[(3n' —1) cosQ+43 (I' -m') sin&)' -[—(3n' —1) cos2$+&3(l' -m') sin2$]),

f~
= -', ]4+[(3n' —1) cosP+WS(l' -m') sing]'+4[ —(3n' —1) cos2$+ v 3 (I' -m') sin2$]).

In Eq. (20) above, M, represents the nuclear spin
projection quantum number. The (+) subscript
differentiates the solutions for the two Kramers
doublets%, . In these equations, l, m, andn are
the direction cosines of the applied magnetic field
relative to the cubic fourfold axes. The distrib-
ution in the components of internal strain from
site to site in the crystal is expected to be random
so that all values of Q in the region 0» / ~2' will
be equally likely. As a result, the EPR spectrum
from a macroscopic sample has the EPR transi-

tions distributed in a manner consistent with Eq.
(20), and the corresponding EPR spectrum is
found to have a shape similar to an EPR powder
spectrum.

In order to provide a proper background for
subsequent discussions, it is desirable to discuss
the nature of the peaks in EPR spectra when H is
oriented in a (110]plane. For either Kramers
doublet resulting from the strain splitting and for
H in a (110] plane, the two peaks of the strain-
broadened EPR line are associated with those sites
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having P =0 or P =w (i e. , . with those sites having

e, =0). Ions at sites with P =0 are described by
the wave functions 4, = 4«and 4 = 4~~, with 4 at
lower energy (assuming V, is positive). For ions
at sites with Q =w, the corresponding wave func-
tions are 4+=4~e and 0 = —%~„with 4 at lower
energy. If qg, is positive (e.g. , d'-configuration
ions), then [from Eq. (20)] for both Kramers
doublets %,z is associated with the high-field peak
of the strain-broadened line for magnetic field
orientations with 1~ n& I/ 3 and with the low-field
peak for I/v 3 &n ~ 0. fons described by %~, are
associated with the opposite peak of the spectrum
at each magnetic field orientation. If qg, is nega-
tive (e.g. , d'-configuration ions), the above as-
sociation of C,~ and 4'„with particular peaks of the
spectrum is reversed at any given magnetic field
orientation. The features described above com-
prise the "pure dynamic" case, which corresponds
to a 'E state in cubic symmetry with the A, and A2
vibronic singlets separated from this state by an
amount such that the EPR spectra do not exhibit
the effects of coupling between the doublet and sing-
let levels.

C. Intermediate Jahn-Teller effects

As the ratio 5/3I" is increased from its value ap-
propriate to the pure dynamic case, interesting
changes in the EPR spectrum are produced by the
effects of admixture of the first excited vibronic
singlet level with the ground 'E vibronic state. '
This admixture occurs through the combined ef-
fects of random-strain and Zeeman interactions.
As an example of these changes, let us assume the
following conditions: (i) The A, singlet is appre-
ciably lower in energy than the A, singlet; (ii) the
splitting (3I) between the A, and 'L states is com-
parable in magnitude to the random-strain splitting
of the F. state so that the A, and 'E have a small,
but appreciable, admixture due to the random strain„
(iii) the Zeeman interaction is much smaller than
the random-strain interaction so that the admixture
due to the magnetic field is negligible; and (iv) the
magnetic field is oriented in a (110]plane. If 3F
is still sufficiently large so that second-order per-
turbation theory can be employed for the random-
strain interaction, then from Eqs. (4), (5), (17),
and (18), the perturbed 'E wave functions 0' e and
C„are given by

4',~=4' 8
—(rU, ee/3F)C»,

(21)
g6 g6

for sites with /=0 or Q=z. For /=0 or P=w,
only the 4 8 state is perturbed by random-strain
coupling (to second order), and therefore only the
EPR peak associated with g, e for these sites will

be affected. The expectation values for the Zeeman
interaction H, within the upper and lower Kramers
doublets (4', and 4 ) resulting from the perturbed
2E are given by

&4,
I H, I

4.& = &@„I H, I
4'„&

= &O'„ IH, I
4'„& = G, + q G, , (22)

&4
I H, I

4 &
= &4,, IH, I 4,,&

=&+ elH le e&
—(2~V, ee/3r)&e elH, I@»&

=G, —(q+2HV, e~/3I')G~ (23)

for sites with P = 0, while for sites with P = m,

these relations are
&+', IH. I+'.&= &+,.IH. I+,.&- (2«"./3F)&+,.IH. I+ &

= G, —(q+2r V,e~/3I')Ge, (24)

&4 IH, I
4 &

= &O'„ IH, I 4„)= 6, + q G, . (25)

Here G, and G~ represent the Zeeman interaction
[Eq. (11)]. According to Eqs. (22)-(25), for each
Kramers doublet only one of the two peaks of the
spectrum is affected by random-strain coupling to
the excited singlet, and that peak is the one which
is associated with C,e. The effect of this coupling
is to change the coefficient of the anisotropic part
of the Zeeman interaction (Ge) for sites described
by C,, states. For the ground Kramers doublet,
the anisotropy of the 4,8 peak is increased for in-
creasing le~I/3I' since (in Eq. 23) q and 2HV, e~/3I'
are positive. For the excited doublet, this aniso-
tropy decreases for increasing leal/3I' since q
and 2y'V, ee/31 are of opposite sign in Eg. (25)
(i.e. , e~ is negative for P = v). For qg, positive
and H in a jll0] plane with 1 ~n & I/W3, it is the
high-field peak of both doublets that is associated
with 4,8. Therefore, for the above conditions on

qg, and e, it is the high-field peak of both doublets
that is broadened and shifted by random-strain
coupling, with the high-field peak of the lower
doublet shifted to higher field and the high-field
peak of the upper doublet shifted to lower field.

If the lower singlet is the A, level, then by the
same arguments as those leading to Eqs. (22)-(25)
it is the 4„peak that is affected by the random-
strain coupling. For A, lower, the shift in the
magnetic field position of the 4 ~ peak is in the di-
rection of increasing anisotropy for the ground
doublet and decreasing anisotropy for the excited
doublet (just as in the case for A, lower). The con-
clusions from the proceeding arguments are sum-
marized in Table I.

Although we are dealing with a continuous range
of effects as the ratio 5/3I' varies in the interme-
diate JT region, we have found it. very useful to in-
troduce two new general (and slightly overlapping)
classifications in describing the observed EPR
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spectra. These classifications are, first, "quasi-
dynamic, "which describes those EPR spectra
whose angular variations are a modified form of
the variation described by Eq. (20) with one side
or the other broadened and shifted in the manner
discussed previously. Accordingly, the three dis-
tinct tetragonal spectra cha.racteristic of the static
Jahn- Teller effect are not observed. The quasidy-
namic classification is appropriate to the general
region of 6/31' values given by 0.1 & 6/3I' &0.8.
The second classification, termed "quasistatic, "
applies to those systems where three tetragonal-
symmetry EPR spectra are observed, but where
distortions in the EPR line shapes are present.
The quasistatic classification applies to the general
region of 6/3I' values given by 0.3&6/31" &5.0.

TABLE I. Effect of random-strain coupling to an ex-
cited vibronic singlet on the EPH spectrum of a 2E state;
for H in a {110)plane with 1 —n &1/WB. Relations are
reversed for 1/v 3 && —0.

Sign of qg2

Coupled
singlet

Shifted peak
Position Direction

Ground Kramers doublet

A)
A)
A(
A)

high field
low field
low field
high field

to high field
to low field
to low field
to high field

First excited Kramers doublet

A(
A2

A(
A2

high field
low field
low field
high field

to low field
to high field
to high field
to low field

D. Static Jahn-Teller effects

The final case to be considered results when the
random-strain splitting is much la,rger than the
tunneling splitting. This condition is known as the
static limit, and the EPR spectrum is said to ex-
hibit a "pure static" JT effect if three distinct te-
tragonal symmetry spectra are observed and if
5/3I' is sufficiently large to permit the observation
of symmetric EPR line shapes (typically 6/3 I') 5.0).
In the static limit, the interactions which affect
the 'E and A, (A, ) manifold can be more clearly
expressed relative to a new set of vibronic basis
states. These states, 0» 4» and 43/ are defined
by the expressions

4~ = (I/v 3)(C, + @,+ @,),
@,,=(1/v 6)(24', —0', —0',), @„=(1/v2)(+, —4,)

(26)
for A, lower, or by the expressions

0'~ = (1/v 3 )(4', + 4, + @,), 4',,= (1/v 2 )(0, —0,),
(27)

4„=(1/v 6 )(24, —4', —4, )

for A, lower.
Relative to the C„4„and 4, basis, the general-

ized matrix elements in Eqs. (4) and (5) have the
form given by the following relations:

K„=I'+G, + —', (q —v 2r)Ge,

K„=I'+ G, v —,
'

(q —v 2 i )(- G, + W3G, ),
K„=1 +G, + —,'(q —v 2~)(- Gg —v 3G,),

(28)

K„=K„=I'+ -', ~2(v 2q+r)(GO+ KG,),
K» =K„=r ~,' ~2(~2q+~)(G, ~3G,),
K„=K„=I'~ —.

' W(W2q+~)G„

where K,, =(4,. ~K~4,.), withi, j =1,2, 3. The upper
signs are required for A, lower and the lower signs
for A, lower.

For strong vibronic coupling and large warping
effects, it can be shown that each of the 4„C„
and 0, states corresponds to a vibronic state whose
vibrational part represents a distortion along one
of the cubic fourfold axes. Under these conditions,
the relation r = —v 2q can be shown to be valid, so
that the diagonal matrix elements in Eq. (28) be-
come

K„=l'+G, +2qG, K„=r+G, +q(-G +v3G,),
(29)

K„=I'+ G, v q(- Gg —W3G,),
and all off-diagonal elements are equal to I". In
general, one can assume that the random-strain
and tunneling interactions are much larger than the
Zeeman and hyperfine interactions. If this condi-
tion holds, then in order to calculate the EPR
spectrum for the 'E -A manifold, it is first neces-
sary to diagonalize the matrix associated with
Eqs. (29) for various values of the random strain.
After the eigenstates of Eqs. (29) are determined,
it is sufficient to compute the expectation values of
the Zeeman and hyperfine interactions within these
eigenstates by first-order perturbation theory. (It
should be noted that for EPR experiments per-
formed at high frequencies the Zeeman interaction
may have to be inciuded in the initial diagonaliza. -
tion. A procedure of this type can, however, per-
mit the independent determination of 5 and 3I'.
See Refs. 6 and 10.)

If Eq. (9) is substituted into Eq. (29), the resulting
matrix of random strain and tunneling has the form
given by
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1 + icos//2q
I' + 6(cosg —v 3 sing)/2q

I' s il(sos 4 s &3 sis P)/2S )
(3o)

where 5=2q
l V, l(e28+e', )' ' is the strain splitting

appropriate to the isolated 'E state,

e, =(a sing)/2q
l
V2

l

ee = (5 co sf)/2q l V, l, (31)

and where P determines the distribution of strain
between 8 and E components. Again, the upper and
lower signs correspond, respectively, to either the
A„or A, singlet lower in energy. If 5»3X', then
the eigenvectors of Eq. (30) are 4'„4'„and 0,.
The expectation value of the Zeeman and hyperfine
interactions within each of these Kramers doublets
is given by the equations

+A„S,I,+A,(S„I„+SI ),

+A „S„I„+A,(S,I,+ S,I,),
Z» = F +g„PsII S, +g ~ P, ~(II„S„+II S )

+A S iii+iiAii~(S I + S I )

(32)

E. Calculations of EPR spectra in intermediate and limiting cases

For values of 5/3t' which are intermediate to the
static or dynamic limits, it is most convenient to
diagonalize Eq. (30) in order to determine the
eigenvectors. Once the eigenvectors

where S —
&~ 8ii 8, +2qg„g~-g, +qg„A~~ -A, +2q'

and A, =A, +qA, . Again, the upper (lower) sign
corresponds to the A, (A, ) state being lowest, . (It
should be noted that the same A„A, notation is
conventionally used to label both the vibronic ex-
cited states and the hyperfine pa.rameters. ) It is
obvious that Eqs. (32) contain the spin-Hamilton-
ian relations for axially symmetric sites having
unique principal axes along the z, x, and y axes,
respectively. Thus in the limit g»3I', the static
JT effect described by Eqs. (32) is observed. Also,
when 5»3I', each of the three ii, (i=1,2, 3) be-
comes the ground state as P is varied between the
limits 0& Q &2z. Since within a given crystal all
values of Q in the range 0 & 8 &2m are expected to
be present, only the ground Kramers doublet need
be populated in order to observe the EPR spectrum
due to each of the three axial sites described by
Eqs. (32).

4,. = Q C„.4',.

are determined, the expectation values of the Zee-
man and hyperfine interactions (4, lK, lC,) are
easily calculated, since (4'& lK, l4', ) is diagonal
when x = —v 2q. In the present investigation, this
general procedure was used to calculate the EPR
spectra associated with ions described by varying
magnitudes of 5/3I'. The details of this procedure
are described below.

The primary emphasis in this work is placed on
the changes in EPR line shapes as a function of
varying 6/31' ratios; in particular, it was judged
most important to illustrate the liny shape changes
as 5/31 is varied in the range 0.1 ~ 5/3I'~ 5.0,
where the transition from dynamic to static JT ef-
fects is observed. In order to reduce the variable
parameters in this calculation to a manageable
number, it was necessary to fix the values of ~
and q. The assumption of fixed values for ~ and q
is to some degree an approximation since x, q, and
3I' are all dependent on the strength and type of
JT interaction (i.e., the ratio of linear coupling to
warping terms and the ratio of E» = V'/2 p, uP to
h&u). For strong JT coupling (EzT »A&o), the rela-
tions

and

q = 2[1+(K&u/4E»)' j

~=- q(1 —3c)W

(33)

(34)

have been shown" to be valid, where E is a param-
eter which depends on the ratio of warping to linear
JT coupling terms. For small warping, &=0.1, so
that z=-q. As the warping increases relative to
the linear JT coupling, & decreases rapidly so that
r = —vYq for large warping and strong JT cou-
pling. " Unless otherwise stated, the values q = —,

and r = —vYq were used in the calculations pre-
sented here. These values should be fairly accu-
rate throughout the transition region from static
to dynamic JT effects.

Although the magnitude of the random strain
present within a crystal is expected to have a spa-
tial distribution, little is known about the details
of this distribution. Accordingly, some assump-
tions must be made in order to calculate the EPR
spectrum for the ensemble of sites. A Gaussian
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distribution about a mean strain splitting 5 was
used in the present calculations, with the proba-
bility of any site having a random-strain splitting 5

given by P(5) where

P(5) ~ exp[- (6 —5)'/2a'] . (35)

A distribution about a nonzero mean splitting was
assumed in order to achieve consistency with the
previous assumption that the Zeeman interaction
is small relative to the random-strain splitting.

In order to calculate a particular EPR spectrum,
values of g„qg„5 (standard deviation of the
strain splitting), 3F, kT, I, m, and n were chosen.
(Values for the hyperfine parameters and the other
effective-Hamiltonian parameters determined by
fitting the angular variation were used in calcu-
lating line shapes for comparison with experimen-
tal data. ) A set of 5/SI' values was then chosen
with these values uniformly distributed about 5/SI'.
For each 5/SI' value, a fixed number (=200) of @
values uniformly distributed over a range 0 ~

Q
~ 2w

was chosen, and the matrix in Eq. (30) was numer-
ically diagonalized for each value of Q and 5/3I'.
For each diagonalization, the Zeeman (and hyper-
fine) splitting of each Kramers doublet was calcu-
lated, and the corresponding resonance magnetic
field values were computed, assuming the usual
allowed (bM, =+1, bMI=O) EPR transitions. A
Gaussian line shape with arbitrary width was as-
sociated with each EPR transition to account for
dipolar line broadening. The EPR spectrum for
the ensemble of sites was then determined by
weighting the EPR intensity at each resonance mag-
netic field value by both the Boltzmann factor ap-
propriate to the assumed temperature and by the
probability distribution for 5 which is given in Eq.
(35). The intensity was then summed over all 5
and Q values. For a given value of 5/SI', the EPR
line shape could be varied by changing either the
width of the component EPR lines or the width of
P(5). In the work presented here, v was set equal
to 5 and the width of the component EPR lines was
adjusted to give a reasonably smooth EPR line
shape for the composite crystal.

The maximum computed EPR absorption intensi-
ty over the range of resonance magnetic values
depends strongly on the assumed 5/SI' value. In
particular, as 5/3I' is increased in going toward
the static limit, the EPR spectrum varies from a
relatively wide absorption band to three individual
sharp EPR lines. Consequently, normalization of
the integrated EPR intensity for systems with dif-
ferent 5/3I" values would obscure the line-shape
changes that occur in systems with lower maximum
EPR absorption intensity. For this reason, such
a normalization was not performed for the com-
puted EPR spectra presented here. Accordingly,

it should be noted that the experimentally observed
changes in maximum EPR intensity with varying
5/3I' can be much greater than those illustrated
in the figures discussed in Sec. III.

III. RESULTS

A. General characteristics of anisotropic spectra

Using the techniques described above, a number
of calculations have been made which illustrate the
characteristics and spectral features (i.e., angular
variations, line shapes, etc. ) that have been found
to be of the greatest utility in identifying and clas-
sifying intermediate Jahn- Teller effects in EPR
spectra. In particular, the line shapes for eight
values of 5/SF were calculated for applied mag-
netic field orientations corresponding to H~)[100]
and H~[[111]. Additionally, the angular variations
in the (100] and (110]planes have been calculated
for values of 5/3F identical to those used in the
line-shape calculations. Figure 2 shows the cal-
culated line shapes corresponding to the applied
magnetic field orientation HER[[100] with 5/SI'=0. 01,
0.1, 0.2, 0.3, 0.4, 0.5, 1.0, and 5.0. The A21evel has
been assumed to be the lower singlet, and a tem-
perature was assumed such that AT «3I'. The cal-
culation was carried out for 6, microwave frequency
of 9.0 GHz, and the effective-Hamiltonian parame-
ters g, =2.0 and qg, =0.05 were used. The relations
given by r= —yYq and q = —,

' were employed in ac-
cordance with the previously discussed assump-
tions. As shown in Fig. 2, a value of 5/SI"=0.01
results in a computed line shape which is quite
close to that expected for the dynamic Jahn- Teller
effect. A slight broadening of the low-field ex-
treme located at H, =hv/(g, +qg, ) p, s is already in
evidence, however. As 5/SI' increases, this
broadening also increases rapidly and is accom-
panied by a shift of the peak to lower field. The
broadening of the low-field peak apparently reaches
a maximum between 6/SF =0.3 and 5/SI'=0. 5.
Then as the low-field peak sharpens with increasing
5/3I' beyond 5/SI' = 0.5, the rate of shift of the
peak slows, and the peak reaches a, minimum mag-
netic field position at H, = A.v/(g, + 2qg, ) p,~. The
transition ha, s now been made to an almost com-
pletely static Jahn- Teller effect with H, corre-
sponding to what would ordinarily be called the

g ~

position for the spectrum, which now has tetra-
gonal symmetry. The position of the high-field
peak at H, =hv/(g, —qg, ) p, s would also now corre-
spond to the g, position, and the intensity should
be twice that of the peak located at the g„position
as is shown in the figure. It should be noted that
in this case, (i.e., with coupling to an A, level and

qg, positive) the high-field peak at the magnetic
field position H, is not shifted as 5/31' is varied.
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In general, the side of the spectrum that is shifted
and broadened depends on the sign of qg, and on
which singlet (i.e., A, or A, ) lies lower (see Sec.
II C). Once the sign of qg, is determined, the low-
er-lying singlet can be identified using the infor-
mation summarized in Table I.

In performing EPR experiments on cubic crys-
tals, a technique that is frequently employed is to
orient the sample in a manner that permits an ef-
fective rotation of the applied magnetic field in a
1110}plane. With this type of orientation it is pos-
sible to observe the spectral characteristics with
the applied field parallel to the cubic principal
axes (001), (111), and (110). Accordingly, the de-
pendence on 5/3I' of the position of the peaks in this
plane is of interest. Additionally, in analyzing the
EPR spectra for intermediate JT cases of the typebe-
ing treated here, the value of 5/3I'which describes a
particular system can be determined by fitting the
angular variation of the "shifted side" of the EPR

spectrum in a (110}plane. [The effective-Hamil-
tonian parameters g„q&2 Ay and qA, can first
be determined by fitting the unaffected side of the
EPR spectrum to Eq.(20).] Figure 3 shows the
computed angular variation in the (110)plane (again
excluding any hyperfine structure) for the same
5/3I' values as those employed in calculating the
line shapes shown in Fig. 2. For 5/3I'=0. 01, the
angular variation is seen to be symmetric (to first
order) about a constant magnetic i'ield value corre-
sponding to the superimposition of peaks at the
orientation H(([111j, and the angular variation at
values of 5/3I" & 0.01 shouldbe accurately described
by Eq. (20). As 5/3F increases in the intermediate
region, the angular variation changes in a manner
which increases the anisotropy of. the "coupled"
side of the spectrum until a variation characteris-
tic of three (100) axially symmetric spectra is ob-
tained for 5/3I'& 5.0.

The angular variation of the EPR spectrum as

~l 20
qg2= 0.05

I

"e —9 0 GHz

H II [00lj

r= —
V2 c

q = 0.5

5.0
0.3

1.0
0.2

H—

0.5

FIG. 2. Dependence of EPR l.ine shapes in the intermediate JT region on the ratio 6/3Z for the magnetic field orien-
tation H~) [001]. The appropriate value of 6/SI' is placed above the corresponding EPH spectrum. Spectra are calcul-
ated assuming that only the lowest strain-split Kramers doublet is populated. Lowest vibronic singlet was assumed to
be the A2 level. Magnetic field values H&, H2, and H3 are given by Hf, = »/(g& +2qg2) p~, H2 ——hv/(g& + qg2) p~, and H3
= hv/(g& —qg2) p~. Intensities of the various spectra have not been normalized relative to each other (after Ref. 6).
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the applied magnetic field is rotated in a (100)
plane is also of interest. (As a practical consider-
ation, however, the variation in this plane is not
as convenient as the (110jplane angular variation
for actually determining the values of the effec-
tive- Hamiltonian parameters g„qg„A„and
qA„and the value of 5/31'. ) Figure 4 shows the
angular variations computed as previously de-
scribed for the same 5/3I' values used in Figs.
2 and 3. In Fig. 4, the angles 0 and 90' corre-
spond to the H~~[100] and H~~[010] orientations, re-
spectively, and the angle 45' corresponds to the
H~~[110] orientation. For the value of 5/3I'=0. 01,
the calculated angular variation is characteristic of
the dynamic Jahn-Teller effect, and the extremes
vary as a function of the magnetic field orientation as
predictedby Eq. (20). Atavalueof 5/3I'=0. 2, thean-
gular variation in this plane no longer consists of just
two components; aweak additional structure (indi-
catedby the dashed line in Fig. 4) appears. As 5/3I'
increases beyond the value of 0.2, this structure in-
creases in intensity until at 5/3F &5.0 it has be-

(a) 3.30-' ' ' ' ' ' ' ' ' '- 3.30-

3125 3.25-

3.20-
315-

a 310
3.05 '

—'=0.3
3I

20 40 60 80

3.20-

3.15-
310- & 013l"

0 20 40 60 80

come part of the angular variation characteristic
of three (100) axially symmetric sites .

Although the angular variations shown in Figs.
3 and 4 represent the dependence of the major
sharp resonance peaks on the applied magnetic
field orientation, the complete line shape in the
intermediate JT region exhibits additional struc-
ture whose intensity varies depending on the value
of 5/3I'. For a given general orientation of the
applied magnetic field, both the intensities and the
magnetic field positions of this structure are ob-
served to change as a function of 5/3I', and the
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FIG. 3. Angular variation of the peaks of the strain-
broadened EPR spectra for applied magnetic field direc-
tions in the (110) plane. Appropriate values of 5/3I'
are given for each trace. Position of the high-field
peak at Hll(1001 is independent of 6/3I'since qg& is
positive and the coupling via strain has been assumed
to be only to the A.2 excited vibronic singlet. The cor-
responding argular variation for qg2 positive with the

A~ singlet lying lower can be obtained approximately by
reQecting the curves through the line of constant mag-
netic field which passes through the superimposition
at H II [111](after Ref. 6).
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FIG. 4. Angular variation in the (001) plane of the
peaks in the EPR spectra for the intermediate JT
region. As in Fig. 2 and 3, the following values were
used: &=9 GHz, gg =2.0, qg2=+0.05. 0', 45', and
90' orientations correspond. , respectively, to H II t100],
8 II [110], and H II[010].
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components which are weak and broad near one
limiting case (i.e., near either the static or dy-
namic case) will sharpen, increase in intensity,
and become the strong components near the oppo-
site limiting case. This effect is best illustrated
by a calculation of the variation of the complete
spectrum as a function of 5/3I' for an arbitrary
general orientation of the applied field (i.e. , an
orientation that does not correspond to the magne-
tic field parallel to one of the (001), (111), or (110)
axes). Such a calculation is shown in Fig. 5, where
the variations of the positions, widths, and inten-
sities of the absorption peaks can clearly be fol»r

lowed in going from one limiting case to the other.
The particular magnetic field orientation assumed
in Fig. 5 is parallel to a line 30' from the [100]
direction and lying in the (001) plane. (It should
be noted that for 5/3I" = 0.0033 and 0.003, the ab-

sorption peak located at the center of the line shape
is due to thermal population of the A, singlet level.
Additionally, the values of 5/3I" employed in these
calculated spectra are not identical to those used
in the previous figures. ) In Fig. 5, the line shape
ca.lculated for 5/3I' = 0.33 is particularly complex.
In an actual resonance experiment, the broad com-
ponents of the line may not be observed, particu-
larly when synchronous detection techniques are
employed and the experimental conditions are op-
timized to observe the "narrow" absorption peaks.

In addition to the changes observed in the EPR
angular variation and general line shape due to
changes in 5/3I', a pronounced dependence on
5/3I' is observed for the line shapes observed
with H))(111). In both the dynamic and static lim-
its, the EPR spectrum with H~~(111) of the 'E-A,
(or A, ) manifold generally consists (in the absence
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z = [el+-'(ea. )'1'", (36)

while for the static JT effect the line occurs at the
larger g value given by the expression

z = lal+ 2(m.)'1'" . (37)

This difference in g value is usually small since
g, &&qg, . The narrow width of the spectrum ob-

of hyperfine structure) of a single symmetric EPR
line with a Gaussian or Lorentzian shape. For the
dynamic JT effect, the line observed for the orien-
tation H(~(111) occurs at a magnetic field corre-
sponding to the g value given by the expression

served for H(((111) for the dynamic JT systems re-
sults from the fact that with this magnetic field
orientation the Zeeman splitting at a particular
site is independent of the distribution of random
strain between the 8 and & compoenents. If appre-
ciable admixture between the 'E and an excited
A, or A, singlet is present, however, small off-di-
agonal terms from the anisotropic Zeeman inter-
action produce a slight dependence of the Zeeman
splitting on the value of Q. The effect on the EPR
spectrum for the ensemble of sites with H~~(111) is
to distribute the line shape between the magnetic
field limits given by Eqs. (36) and (37). Figures
6 and 7 illustrate the effect of the varying ratio of
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5/3I' on the line shapes obtained with H(((111). In
Fig. 7, the computed EPR absorption line shapes
with H(((111) are displayed for the same 5/31" val-
ues as those used in Figs. 2-4. In Fig. 7, the
first derivatives of the absorption spectra shown
in Fig. 6 are presented. As 5/31' is decreased
(i.e., with an increasingly dynamic JT effect), the
resonance peak at low field decreases in intensity,
and the intensity of the high-field peak increases.

Approximate equality of the static component of the
line shape (at low field) with the dynamic compon-
ent (high field) occurs at a value of 5/3I' slightly
greater than 0.5. The first derivative presentation
shown in Fig. 7 is apparently a somewhat more
sensitive method of detecting the changes in the
line shape due to varying 5/31' ratios than the ab-
sorption spectra shown in Fig. 6. The experimen-
tal observation of these asymmetric line shapes
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with H(((111) requires relatively narrow line
widths. Such line shapes have been observed, "
however, for CaO:Ag ' and CaO:Cu".

In Fig. 8, the experimentally observed CaO: Cu"
spectrum obtained at the orientation H(~(111) is
shown at the top of the figure. The corresponding
spectrum computed using the techniques described
yreviously is shown for comparison at the bottom
of the figure. ' A hyperfine splitting appropriate to
=3I= & is observed for this system, and the individual

line shapes are highly asymmetric. In generating
the computed spectrum, the same values of py,
qg„A„qA„and 5/St' were used that correctly
predicted the angular variation of the CaO: Cu"
EPR spectrum observed as H was rotated in the
(110) plane. The presence of two Cu isotopes hav-
ing slightly different nuclear magnetic moments
was ignored in the computation. The agreement
between the observed and computed EPR spectra
is seen to be excellent, with the exception of two
small lines (denoted by asterisks in the figure).
These lines may be attributed to "forbidden" hy-
perfine transitions induced by a nuclear quadru-
pole interaction. " This interaction was not in-
cluded in the generation of the computed spectrum.

As previously noted, random-strain admixture

produces a shift in the magnetic field position of
the "coupled" side of an essentially dynamic JT
spectrum, producing a quasidynamic JT effect.
This shift in magnetic field position, however, dif-
fers in direction depending upon which of the two
Kramers doublets is considered. For H in a (110]
plane, the shift is in such a direction as to in-
crease the anisotropy associated with the lower
Kramers doublet resulting from the strain splitting
and to decrease the anisotropy of the spectrum as-
sociated with the upper strain-split Kramers doub-
let (see Sec. IIC). This effect is illustrated in
Fig. 9. The right- and left-hand columns in Fig. 9
correspond respectively to computed EPR spectra
for a quasidynamic system in which the magnitude
of the random strain was and was not distributed
in accordance with Eq. (35). In the undistributed
case, as shown on the left-hand side of the figure,
5 was set equal to 5 throughout the calculation and

Q was distributed in the range 0 ~ p ~ 2s. For
both computations, 5/SI' was set equal to 0.13 and
H was oriented in the [100] direction. The spectra
at the top of each column of Fig. 9 are due only to
the upper strain-split Kramex s doublet resulting
from the 'E level, while the spectra in the center
of each column result only from the lower strain-

10G

H II [111]

IF

t
I
I
I

~ ~

i !
i !
i ~

qt

H

FIG. 8. (To ) E( p) xperimentaiiy determined first-derivative EPR spectrum for Cu~+ in CaO observed with II))[ill). Ex-
tremities of the largest hyperfine "line" are clipped due to the high amplifier gain used in order to illustrate the broad-
er, ess intense structure. (Bottom) EPR spectrum calculated for CaO:Cu2+ using the effective-Hamiltonian parameters
and the 6/3I' value which were determined from the angular variation observed in the (110) plane. Two features indi-
cate y asterisks in the upper trace are believed to be "forbidden" transitions induced by the nuclear quadrupole in-
teraction. Effects of the nuclear quadrupole interaction were not included in the calculation (after Ref. 6).
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split Kramers doublet. The spectra shown at the
bottom of each column represent the result of
summing the spectra due to both Kramers doublets.
Since A, was assumed to be the lower singlet and

qg, is positive, the low-field side of the spectrum
is "coupled" by the random strain. The lower-ener

ergy Kramers doublet has its low-field peak
shifted to lower field, while the corresponding peak
of the upper Kramers doublet is shifted to higher
field. The actual experimental observation of two
such peaks on one side of the spectrum for a
quasidynamic JT system would depend on the
thermal population of the upper state. In the case
where the strain is distributed in magnitude, the
low-field peak of the upper Kramers doublet is
shifted back on itself in a manner which distorts
the shape of the peak. Due to the distribution of
strain magnitude, it would probably be difficult to
distinguish the contribution of the upper Kramers
doublet in a quasidynamic case even at elevated
temperatures.

Figure 10 illustrates the effect on the EPR line

shape when the tunneling splitting 3I' is varied
while ~/SI'is held constant. In Fig. 10, 5/3I',
g„and qg, have the same values as those shown
in Fig. 9. The magnetic field orientation corre-
sponds to H~~[100], and I' is varied from 0.1 to
5.0 cm-'. The effect of this variation in F is to
change the relative population of the three Kramers
doublets. For T'= 5.0 cm-', the EPR spectrum
consists mairily of the contribution due to the
ground Kramers doublet and is almost identical in
shape to the spectrum shown at the right center of
Fig. 9. As I' is decreased to 2.0 cm-', the rela-
tively large contribution from the first excited
Kramers doublet is observed in the appearance of
the sharp peak which is about 100 Q higher in field
than that of the low-field peak (see Fig. 10). Addi-
tional decreases in F produce appreciable popula-
tion of the second excited Kramers doublet and re-
sult in the appearance of a peak near the center of
the spectrum. In the spectra shown in Fig. 10, the
admixture of the 'E level into the A, level produces
an appreciable broadening of the peak associated

NO STRAIN DIST.
4I

~ III
qg~ = 0.1 ) ~ II

I 4 li!Iac=9.0 GHz ! ~ i
I eo ~ »'

OOO ~ OO»
4 ~ Oe»ee» » OOOO»4 Oo»O~ ~ ~ ~ ~ ~ ~ '~

~ e»OO»eeeeeeee»OOOO»OOOO»»»Or r & r re»sr&»&r

STRAIN DIST.

H fl IjII !i
0 ~ Ijl I

~ ~ I
e ~ III I ~ OO

I I C
5 4» 4»44» »e»OOG » Oe»o 4 OOO o»e

I
~OOOOOOO»OOOO»»OOOO»»»» r&r rer&r&r&r&rer&rer&rer&r&»&»ere»&r&rer&r&r're»are»sr&»sr

HII[100j

T=1.5K II
jl 4
II !I
jl !I

Ij! -I
jl -I
il OI
j~ ~ I

j I I I
I ~»4 i

~4
I Oe eo»4

~ ~ ~ ~oeoo
I ~eo ~ ~ ~ ~ ~ ~ ~ ~ eeoc

~ ~ oe eoe eee 44 ~ ~ ~
I I

~Oe e»»»OOO» ~ '»»ere»sr. »re»ere» r rr& r» r r r r r re»i

~44 4
» 4~ 4 ooe

~ 4~eooo eeoc»4 4
~oooeeeeoooooooe Oooo»»»

e
boo»»»Oooo»OI

II
II
II
II

II I
~ I

~ I
I
I

I

Ag LOWER

q = 0.5
~~~ =0.13

1 =1.0cm 1

jl
II

r=-/P q
II
jljl

» I
II elI

II 4 IIII el IIII »
~ III I I

II j \
I
III I 4

~4 II I ~ »
I I ~4

~Oe I
I I ~ OO ~ oe
I ~ I ~ O»44 ~ ~ » ~ ~ 4 ~ I,4 4 ooe ooo ~

~ P 4
I ~ 444 I
t

IO»OOOO»»OOOOOOOC&»sr ere»sr »&»sr »&»&»ere\erererererererererererererere»ere»

g
II
II
II
II
II
IIIIII4

I
4 I
II I

4' j I
I ~e !

~4 I4oeo
~oe4 I

4»e eee ~ OOOO I
~4 OO e oe Oooo 4»ee

,4
~4 ~ 4 ~

I

~

OOOO»OOOO»Os»sr&»ere»�

&re»&re»ere»ere»ere»&re»&r'»&r»er»&r'&»rer&»'r'»ere»r&r

FIG. 9. Left-hand side: EPB spectra corresponding to the first excited (top) and ground (center) Kramers doublet
which result from a E vibronic ground state with weak random-strain coupling to aA2 1.evel. Magnitude of the ran-
dom-strain splitting was assumed constant from site to site in the crystal. Top and center spectra are summed in the
bottom trace. Bight-hand side: EPB spectra corresponding to those at the left-hand side of the figure are shown, but
now the random-strain magnitude has been distributed from one site in the crystal to another in accordance with Eq. (85).



DYNAMIC, INTERMEDIA TE, AND STATIC JAHN - T EL I„ER.. . 4751

H II [001]

—'= 0.1331"

qg2 0.1

v, =9 GHz
II

II-
T=1.3 K

I-
I
I

gl 20 ~.

I I
~ I

A2 LOWER
00 I

~0000 ~0 I
000000 F00 I~000000 F000

00000000000 00 ~~0

I =50cm 1 I

~000000000000eesaoaoaseoaeaearaeaoaearaeaoaeasaseeaoaraeesaeae

jl
j I
j I
I

50G
j I

I
~ I
I I
I I

i ) ~ I
I I

~ I
0 I ~ I

~0 ~0
~ ~ ~0 0000 ~0

~0 0000000 0000 000 I
~000 00 ~0 00

~ 00
I

1 =0.5 cm-1 I
I

~00000000000 oaea cease asesaoaoasasaoaoasesasaoae

H

q =0.5

-I
-!iI-
II
I I

I
I!i
II !

I I
i !
I I

I~ I

!j0
,0 ~ ~ I

~000'
~0 I

~0000 000 I~000
aO ~ F0000

~000000000000000I ~0 00

1- = 20 cm-1

Il
f '0

0
~0

~00
0 ~ 0

~ 00

II
I \

I
I
~ l

0 00 0
,0

~0

~0
F00000 00

0 =0.l cm 1

I j
I j
I j
I j
I j
I j
I I
I j
I j
~ I

I
I

~ I
I 'I
0 j

I
I
I

I
I

~0000000000Aseaeaseeaoaoasesaeaeaeesaoaearaoesasaoasesaoarase ~00000000000lseaoase aoasesa a a e asa aol

FIG. 10. Dependence on the value of I" for the EPR Line shape resulting from weak random-strain coupLing of the 2E,

and A2 states. Value of 6/3I' is fixed at 0.13 for each trace. Relative contributions of the excited Kramers doublets to
the absorption intensity increase as ~ decreases in value.

with the A, state. It should be noted also that the
variation demonstrated in Fig. 10 is equivalent to
a variation in kT.

B. Origin of isotropic EPR spectrum for 2E vibronic states in

dynamic and intermediate JT regions

are symmetrically distributed (in first order)
about a central magnetic field value which corre-
sponds to the position of the resonance line at the
orientation H(~(111). As pointed out by Ham, "
phonons can produce transitions of the type indi-

For those systems in which the JT effect can be
classified as either pure dynamic or quasidynamic
according to the definitions discussed previously,
the observed low-temperature EPR spectra have
consisted of both isotropic and anisotropic compon-
ents. The isotropic component of the spectra cor-
responding to this region of 1)/3F values can result
from averaging by relaxation of varying portions
of the strain-broadened anisotropic spectrum,
from thermal population of the first excited vibron-
ic singlet, or from a combination of these effects.
The assignment of the origin of these isotropic
spectra has received a considerable amount of at-
tention in previous work on systems in the pure
dynamic and quasidynamic regions. Several cri-
teria have been proposed for the purpose of dis-
tinguishing between the two possibilities. The re-
sults of our present calculations of line shapes re-
veal some interesting features which strongly af-
fect the validity of some of the previously proposed
criteria for distinguishing the origin of the iso-
tropic spectra.

As noted earlier, for the pure dynamic JT effect
the observed resonance line shape as shown in
Fig. 11 (top) is an envelope of transitions which

RELAXATION EFFECTS

Q =Q)+IqQ2I ) Q=Q)-IqQ2I f)

MAGNETIC FIELD ~
FIG. 11. Effect on a "purely dynamic" EPR spectrum

of vibronic relaxation between strain-split levels. Rapid.
vibronic relaxation can produce an essentially isotropic
peak at the central field position. Portion of the strain-
broadened line which satisfies the condition for averag-
ing by relaxation will vary with the orientation of the
applied magnetic field (after Ref. 2).
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cated by the curved arrows shown in Fig. 1 to
motionally average a portion of the anisotropic
spectrum. This averaging by relaxation results
in an isotropic spectrum at the approximate center
of the strain-broadened line, as illustrated in Fig.
11 (bottom). In previous investigations of the dy-
namic JT effect in which the origin of the observed
isotropic spectrum was ascribed to such averaging
by relaxation, some of the criteria which formed
the basis for this assignment were as follows: For
La" in Srcl, and a number of other systems
characteristic of the dynamic Jahn-Teller effect,
changes were observed in the apparent intensity
and the linewidth of the isotropic spectrum as a
function of the orientation of the applied magnetic
field. "' (Here the term "apparent intensity" re-
fers to the peak-to-peak amplitude of the first de-
rivative of absorption. ) The observed isotropic
spectrum increased in apparent intensity and nar-
rowed as the applied field approached the orienta-
tion H(((111), and this behavior was said to exclude
the possibility that the origin of the isotropic
spectrum was due to population of the first excited
vibronic singlet. The argument which formed the
basis for this criterion was based on the idea that
the portion of the strain-broadened line which sat-
isfied the condition for averaging by relaxation
would increase as the applied magnetic field ap-
proached the orientation H ~~(111) (i.e. , the number
of transitions within —,'bv of the center of the en-
velope of transitions would increase as H neared
the (111)orientation so that more transitions would
satisfy the condition for averaging by relaxation
given by the expression T '&&2mAv, where 7 ' is
the relaxation rate). '

In order to determine the corresponding charac-
teristics of the isotropic spectrum when it is due
solely to thermal population of the first excited
vibronic singlet, a calculation of the complete
(i.e. , anisotropic and isotropic) spectrum for a
quasidynamic case was performed. The results of
this calculation are illustrated in Fig. 12. A value
of 5/31'=0. 033 was chosen in carrying out this
calculation because it was estimated that this is
approximately the largest value that 0/3I' could
assume without producing perceptible changes in
the angular variation characteristic of the dynamic
JT effect. (This estimate was based on known line-
widths for such systems and on our experience re-
lating to the experimental accuracy obtainable in
the measurement of line positions. ) The isotropic
line located at the center of the computed spectra
shown in Fig. 12 clearly narrows and increases in
intensity as the applied magnetic field approaches
the [111]direction which, in this case, corresponds
to the angle 8=55'. This behavior is identical to
that expected for isotropic lines which are pro-
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FIG. 12. Angular variation in the (110) plane of the
EPR line shape with 5/31 =0.033. Angle 0=0 corre-
sponds to H Il [001]. Line width and intensity variation
of the center peak is due solely to population of the ex-
cited vibronic singlet. The structure consisting of the
two peaks which are visible at the high-field extreme
o the line shape for 0=0 and 6)=20' (and which are
slightly resolved for 0=90') arises as a result of ther-
mal population of both Erasers doublets. Effect is dis-
cussed in detail in Sec. II C of the text and is illustrated
in Fig. 9.

duced by averaging by relaxation. Accordingly,
the observation of such behavior does not, in it-
self, serve to distinguish between the possible ori-
gins of the isotropic spectrum. Figure 13 illu-
strates the results of a calculation which is some-
what similar to that shown in Fig. 12, except that
the values q = —x=0.5 have been used instead of
the values q =0.5 and! =- &2q. The relation q =- r
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=0.5 is appropriate to strong JT coupling with weak
warping terms. Similar but less severe narrow-
ing and intensity changes in the isotropic spectrum
are present under these conditions, and effects
more like those shown in Fig. 12 are obtained only
by using increased values for 5/3I'.

An additional criterion previously used to distin-
guish between the possible origins of the isotropic
spectrum was based on the observation of in-
creased intensity of the isotropic lines as a func-
tion of sample treatment, which corresponded to
increasing the strain present in the sample. ' Ham
has previously shown' that the relaxation rate for
the direct process increases quadratically with in-
creasing 5, and therefore an increase in the inten-
sity of the isotropic spectrum with increasing
strain is predicted.

The effects of increasing strain on the isotropic
spectrum due only to population of the excited vi-
bronic singlet are illustrated in Fig. 14. The com-
plete anisotropic and isotropic spectrum has been
calculated for four different values of 5/3I', with
3I' held constant at 3.0 cm '. With increasing
5/3I', which in this case corresponds to increasing
5, the isotropic line is observed to broaden and
decrease in intensity; this behavior is opposite to
that expected for a system in which the isotropic
spectrum arises as a result of averaging. This
result, however, should be viewed with caution;
it does not necessarily establish the criterion of
increasing strain versus increasing intensity as a

means of identifying the process of averaging by
relaxation. The reason for this uncertainty lies in
the fact that while it is quite easy in a calculation
of the type performed here to hold 3I' constant, in
an actual system, changes which are sufficiently
severe to affect the gross properties of the host
crystal will undoubtedly change the value of 3I".
What the nature of such changes would be, or if
they might serve to counteract the effects shown
in Fig. 14 and due to increases in 5, has not been
determined at this time. In this regard, it should
be noted that for Rh" in MgO (which appears to be
a Iluasistatic JT system) Suss et al." reported that
reduction in a hydrogen atmosphere produced a
decrease in the intensity of the isotropic lines.
This type of behavior is, of course, exactly oppo-
site to that observed by Herrington, Estle, and
Boatner' for La" in SrCl, . The dependence of the
characteristics of the isotropic spectrum on sam-
ple preparation currently represents an open area
of inquiry.

An additional investigation that would be of inter-
est in terms of the present topic is the calculation
of possible anisotropy in the positions of the "iso-
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I'IG. 13. Angular variation similar to that given in
Fig. 12, but for g=-t'=0. 5. Helation between q and r
is appropriate to strong JT coupling with weak warping
terms. Variation in the line shape of the center peak
is much less than that shown in Fig. 12.

FIG. 14. Dependence on 5/3I" of the line width of the
isotropic peak. Given 8/31' values are all appropriate
to a relatively dynamic JT effect.
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tropic" lines for systems which exhibit fairly large
hyperfine splittings. Coupling via strain and the
Zeeman interaction between the ground 'E level
and the vibronic singlet level should result in an
anisotropy in the spectrum due to population of the
vibronic singlet; it would be useful to determine
if the anisotropy was similar to that reported pre-
viously for systems characteristic of the pure dy-
namic case.' In the absence of an experiment em-
ploying uniaxial stress, perhaps one of the strong-
est tests of the origin of the isotropic spectrum
would result simply from an observation of the
absence of any effects on the anisotropic spectrum
which are characteristic of the quasidynamic JT
effect. If such effects are not observed, the singlet
is probably sufficiently removed in energy from
the ground state to preclude significant population
of this state at liquid-helium temperatures.

IV. SUMMARY

In the present work, the EPR line shapes and
angular variations associated with random-strain-
coupled 'E and A, ( or A, ) vibronic states have
been calculated for varying ratios of random-strain
splitting to tunneling splitting (5/31"). In particu-
lar, for 5/31' values in the region of intermediate
JT effects, the EPR line shapes and angular varia-
tions have been calculated for magnetic field orien-
tations in the (100) and (110)planes. Intermediate
JT effects in the EPR line shapes for H~~[111] have
also been calculated in detail. The evolution of the

spectral features resulting from these calculations
has been discussed as the value of 5/31' is varied
between the dynamic and static limits. The spec-
tral features which are characteristic of interme-
diate JT effects have been described and compared
with corresponding features associated with the
static and dynamic JT effects and with previously
reported EPR spectra.

Additionally, for systems exhibiting a quasidy-
namic JT effect, the EPR spectra have been ex-
amined for each of the three Kramers doublets re-
sulting from the slightly admixed 'E and A, (or A, )
manifold. The dependence on 5/3I' and magnetic
field orientation has been calculated in particular
detail for the relatively isotropic EPR spectrum
resulting from the most energetic Kramers doublet
(having predominately A, or A, character). The
calculated linewidth variation of this spectrum
tends to invalidate a previously used criterion for
distinguishing the origin of the isotropic EPR line
observed for dynamic JT systems. The implica-
tions of these calculations have also been discussed
as they relate to another test for the assignment of
the isotropic EPR spectrum observed for the dy-
namic JT effect.
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