PHYSICAL REVIEW B

VOLUME 12, NUMBER 10 15 NOVEMBER 1975

Enhanced stimulated Raman scattering and general three-boson parametric instabilities*

M. Sparks and J. H. Wilson
Xonics, Incorporated, Van Nuys, California 91406
(Received 16 September 1974)

A recent theory of stimulated Raman scattering explained a Stokes-intensity-enhanced gain that had been
observed but that was not predicted by earlier theories. It is shown that in the earlier golden-rule analyses
(perturbation-theory treatment of occupation numbers n) the enhancement was lost by neglecting the increase
of the vibrational amplitudes above their thermal-equilibrium values. Even though the probability of an
individual ion or molecule being excited is small, the occupation number of the phonon in the Raman process
is large. In the previous mode-amplitude analyses, the enhancement was lost in the method of linearizing the
nonlinear differential equations. By solving these same mode-amplitude equations for the n’s without using the
previous linearization scheme, the enhancement is obtained and the equivalence of the mode-amplitude and
golden-rule boson-occupation-number results is demonstrated explicitly. The analysis shows explicitly that the
loss of phase information in using the boson occupation numbers does not cause the loss of enhancement. The
results are applicable to other three-boson splitting processes that are important in ferromagnetism, phonon

interactions, plasma instabilities, and device physics.

I. INTRODUCTION

Stimulated Raman scattering was first observed!
and analyzed®? in 1962. It was recently realized*
that a parametric instability in the Raman Stokes
process causes a Stokes-intensity gain enhance-
ment that explains a number of observed anomalies
including a nearly discontinuous increase, or
“jump,” in the Stokes intensity Iy as a function of
the laser intensity I, in the absence of self-focusing
and feedback. The purpose of the present investi-
gation is to resolve the discrepancy between early
theories?3 that did not give the gain enhancement
and the later theory* that did. In addition to identi-
fying the assumptions in both types of the early the-
ories that led to the loss of enhancement, the equiva-
lence of the results of the occupation-number (n)
rate-equation analysis and the mode-amplitude (a
and a') analysis is demonstrated, and it is shown
that the loss of phase information in the occupation-
number analysis does not affect the enhancement
results. The results are of interest in the general
three-boson splitting problem, which arises in a
number of fields of physics, as discussed below.

The characteristic feature of a parametric in-
stability is that as the amplitude #, of some mode
0 increases, the amplitude n, of a mode % that is
coupled to O first increases slowly, then increases
rapidly to a great value as n, approaches a critical
value, For example, in the Raman process a laser
photon is annihilated, a Stokes photon is created,
and a fundamental (reststrahl) phonon is created.
As the laser-photon occupation number #; approach-
es a critical value ng, the occupation numbers »,
and ng of the fundamental-phonon and Stokes-photon
modes become very large. This increase in the
value of ng is the gain enhancement and jump al-
ready mentioned.
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Any three-boson splitting process is potentially
unstable parametrically. There are analogies be-
tween the instability in the Raman process and pre-
viously studied instabilities in ferromagnetic reso-
nance®" (premature saturation of the main reso-
nance, subsidiary absorption below the main reso-
nance, and parallel-pumping absorption), plasma
physics, ® and electronic devices. °

The physical interpretation of these instabilities
is rather simple. The balance of energy put into
the f phonons by the Raman process against that
removed from the f phonons by relaxation is a key
to the explanation. The power out by relaxation
(by interaction with impurities or other phonons,
for example) increases linearly with the number
of phonons n;, which is just the condition that a re-
laxation time exists. On the other hand, the power
into the f phonons increases nonlinearly with in-
creasing n, since the Raman process is a three-
boson process (which results in products of boson
occupation numbers in the expression for the pow-
er). Thus, at a critical value of the laser intensi-
ty, the amplitude n; becomes very large.

Previous analyses of stimulated Raman scattering
and other parametric processes used either the equa-
tions of motion of the boson occupation numbers ob-
tained from perturbation theory (the golden rule) or the
equations of motion of the mode amplitudes (crea-
tion and annihilation operators or Fourier compo-
nents and their complex conjugates of the electric
field, for examgple). In the case of stimulated
Raman scattering, the previous results from the
mode-amplitude analysis do not give the enhance-
ment obtained by the recent occupation-number
analysis.

In the present paper the relation between the two
approaches is demonstrated explicitly, and the
points in the previous analyses at which the enhance-
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ment was lost are identified, In the previous gold-
en-rule-type analyses, the enhancement was lost
by neglecting the deviation of the vibrational ampli-
tude from the thermal-equilibrium value. Even
though 7, becomes large, the probability of an in-
dividual ion or molecule being excited is small,
roughly speaking. Specifically, n;/N<1 is usually
satisfied, where N is the number of unit cells or
molecules. It was this fact that the individual ions
or molecules are not highly excited that led to the
assumption that the thermal-equilibrium values
were maintained in the previous analyses. There
are similar results for other three-boson process-
es. For example, in ferromagnetism, magnon
occupation numbers are large at the threshold,
while the probability of an individual electron spin

being in the reversed-spin state is small.

In the previous mode-amplitude analyses, the en-
hancement was lost in the method of linearizing and
decoupling the nonlinear differential equations for
the mode amplitudes a;, as, a;, and their complex
conjugates (or Hermitian conjugates in the quantum-
mechanical solution), It is shown specifically that
reducing the nonlinear equations to parametric lin-
ear equations (that is, linear equations with
time-dependent coefficients) by assuming that the
laser-field amplitude a; =b, e~#“L!, where b, is a
constant, results in the loss of the enhancement,
The same linearization scheme applied to well-
known magnon or phonon parametric instabilities
results in the loss of the steady-state solution,
even though damping is included and a steady-state
solution is expected on the basis of simple physical
arguments, By solving tke same mode-amplitude
equations for the n’s without using this lineariza-
tion scheme, the difficulties are removed and the
equivalence of the mode-amplitude and golden-rule
results is demonstrated explicitly for the stimu--
lated-Raman-scattering and magnon problems.

The central features of enhanced stimulated
Raman scattering are classical. In the classical
analyses, care has been exercised to keep the or-
der of the ¢ and a' correct so that the equations
can easily be converted to quantum equations in
Sec. IV. The present analysis is concerned only
with the steady-state solution.

In Sec. IV several points that are not apposite
to the central results, but are of general interest,
are discussed. These include a ferromagnetic
instability, purely quantum-mechanical effects,
resolution of a difficulty in the quantum treatment
when dissipation is included, and the problem of
phases mentioned above. Important results are
indicated by underscored equation numbers.

II. MODE-AMPLITUDE ANALYSIS OF ENHANCED
STIMULATED RAMAN SCATTERING

In this section the same mode-amplitude equations
for stimulated Raman scattering that were previ-
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ously solved by a common linearization approxima-
tion to obtain gain without enhancement are solved
without making this linearization approximation,
The present solution gives the gain enhancement and
agrees with the results of the golden-rule analysis,
as discussed in Sec. III.

The mode-amplitude equations have been obtained
classically from Maxwell’s equations with terms
added to account for the coupling of the electromag-
netic and elastic waves. %!t gpecifically, an
interaction Lagrangian was added to the sum of the
electromagnetic and elastic Lagrangians and the
field-amplitude equations were obtained from the
Lagrangian, The resulting second-order partial
differential equations were reduced by standard
methods to the following first-order partial dif-
ferential equations®®r!!;

da .

i = ~iwsas = Vaa's - iTa, (2.1
da . oa
a—ts=‘zwsas—vaz.a}“cs'5;$" (2.2)
oa . 9a
a—tL="1wLaL+V*afas‘CLa_xL , (2.3)

where the a’s are the Fourier components of the
fundamental phonon field f, the laser field L, and
the Stokes field S, the a'’s are the complex conju-
gates of the a’s, V is the coupling coefficient for
the coupling of the three fields, and V * is the com-
plex conjugate of V., Equations (2.1)-(2.3) and the
complete treatment of Secs, II and III are classi-
cal, If (2.1)-(2.3) are to be interpreted as quan-
tum-mechanical operator equations, a noise source
must be added to preserve the commutation rela-
tions since damping has been added in these equa-
tions, The quantum treatment will be considered
in Sec. IV,

The previous solutions were obtained by linear-
izing these equations by assuming that a; = a e #*t,
where a;, is a constant, as discussed in Sec. 1.
There are several possible ways of solving these
equations without using this linearization method,
as discussed in Sec. IV. The simplest method,
which also best illustrates the relation to the gold-
en-rule results, is to convert Egs. (2.1)-(2.3) to
rate equations for ny=ala,, n; =ala;, and ng=alas,
which will be solved for the steady-state solution,
This is easily accomplished by using

9 1
oy _apay o
ot dt

and similar equations for ng and »n;, which give

%=F—1"nf, (2.49)
at

Ms _n_ . Ong

5t ~FCs ax (2.5)
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ot F-c, rylll (2.6)
=2|V|¥[ng (ny + ns) —nsng] - 3TF , (2.7

FE—VaLa;a's+c.c. . (2.8)

Equation (2. 7) was obtained by substituting (2, 1)-
(2. 3) into

-8F __ 8a da} +8a's
=V—£& —£ ..
YH ot a,as+VaL oF a+Vagal 5t TG

The term
da aa’.
Ve, =L alal + Vesagal—= +c.c.
Ly 198 STLYf 9x

vanishes since a Stokes photon is created for every
laser photon annihilated and the propagation of the
two photons is the same for cg=cy.

Setting the time derivatives of n;, ns, and F equal
to zero, as discussed in Sec. IV, gives the steady-
state solution

an -
Cs;‘i 4|V >0 ny (g + ns) — ngny) (2.9)
and
ngtlng (np +ng) —ngng] —ne =0, (2.10)

where n; =I"2/4|V|%, Neglecting the saturation
term ngn, in (2. 10), which has been considered
elsewhere'? and not apposite to the argument, and
solving for n, gives

_(ng /ng)ns /ng)n
T1- nL/nR

The results (2. 11) and (2. 9) with ngn, neglected
give the enhanced stimulated-Raman-scattering re-
sult

) (2.11)

Penewt

ng=+ng(0) (2.12)

where

(T/cg)ng

B(now nR(l nz./"n)"1 .

The results (2. 9)—(2. 12) are identical to the re-
sults derived previously* using the golden rule.
In passing, notice that #; can be considered as a
constant in (2. 7).

III. LOSS ENHANCEMENT IN PREVIOUS ANALYSES

Previous treatments*® of stimulated Raman
scattering did not yield the enhancement obtained
in Sec. II. These analyses either specifically as-
sumed no increase in the vibrational energy above
the thermal-equilibrium value or solved Egs. (2.1) .
and (2. 2) or their equivalents by a method equiva-
lent to that described below. In the former case,
(2.11) [or (4.19) in Sec. IV] is replaced by
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n, = .ﬁf .
Substituting this expression into (2.9), neglecting
the saturation term ngn,, and solving for ng gives

ns=ﬁf(eaold" - 1)+ns(0)eB°ldx 9 (3. 1)

where B,,4= 41V %1, /Tcg=(T/cs)(n, /ng). This is
just the previous Raman gain factor with no en-
hancement.

In the latter of these two previous type of analyses,
the nonlinear Egs. (2.1) and (2.2), which were
treated as classical equations, were linearized and

decoupled from (2. 3) by assuming that
ay, =bye-tvrt (3.2)

where b, is independent of time., Then substituting
a;=b;e=#rt and a%;=b% e#*st into (2. 1) and the Her-
mitian conjugate of (3. 2) gives

b,

5 t =Vb b% - 1T, , (3.32)
\
-%E V*b},b,-—csib (3. 3b)

(for the case of resonance, thatis, wy =wgs+w;. Set-
ting the time derivatives equal to zero and elimi-
nating b, from the two equations gives

cs228=2|V b /T

which has the solution
bs(x)=bs(0)e? , (3.4)

where B=2|V|%1,/csT", which shows no gain en-
hancement. A nonzero steady-state solution (3. 4)
was obtained in this previous analysis because the
pump b, acts as a source. This is particularly
clear in the analogous problems of a parametrically
pumped pendulum or moving-plate capacitor, where

- the energy is supplied by the mechanism that

changes the length of the pendulum or moves the
capacitor plates.

In order to further show how the assumption (3. 2)
causes the loss of enhancement, (3, 3) with b, inde-
pendent of time will be solved by another method,
in direct analogy with the solution of Sec. II where
the time dependence of b; was retained. By the
same method used in Sec. II, (3.3a) and (3. 3b) give

at =F-Tn,, (3.9)
amg m
e =F-cs3f, (3.6)

2{— = 2[V|2nL(n,+ns) -iTF - (cstLb,%s- +c.c.) .

3.7

By neglecting the time dependence of b;, the non-
linear term — 2|V |%zmg in (2.7) is lost and the last
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term in (3.7), which did not appear in (2.7), is
gained., The former makes the solution incorrect
in the saturation region and the latter eliminates
the enhancement. Neglecting the time dependence
of by, is equivalent to neglecting the last two terms
in (2. 3) for da,/dt. By so neglecting the last term
¢ 9a;/3x in (2. 3), the cancellation of the similar
term cg9ags/9x from (2.2) does not occur in the
equation for 8F/at; thus, the last term in (3.7) is
present. Neglecting the other term V*asa¢ in (2. 3)
corresponds directly to the absence of the term

2|V |%ngn, in (3.7). This discussion indicates that
the physical significance of the linearization by us-
ing (3.2) is that the effect of increases in the ampli-
tudes a; and ag on the amplitude @, is neglected and
the spatial rate of change of a; is neglected while

a comparable term of ag is retained.

Stated differently, it is tempting to neglect the
time derivative of b, when b, is large so that the
fractional change in b, is small, However, db,/dt
must be retained since it is of comparable magni-
tude to other terms such as db g/d¢ that are re-
tained. It makes no difference that the fraction
change in b is large while that in b, is small.

Finally, the loss of enhancement in (3. 5)-(3.7)
can be seen by setting the time derivatives equal
to zero, dng/dx=Bng, and 8b¢/dx=1Bbg in (3.5)—
(3.7 and eliminating F. This gives

2|V |2y (ny+ns) - (T +csB)csBnrs =0,

csBns=Tn; .
Eliminating »n, gives

2|V |2, (csB+T) ~L(csB+T)csB=0 .
Dividing by ics(cs8 +T') gives

B =Boxd54|V|2/"Sr ’
in agreement with (3. 4).

IV. FERROMAGNETIC INSTABILITIES, QUANTUM-
MECHANICAL EFFECTS, AND PHASES

The considerations of this section are not essen-
tial to the explanation of differences in the three
types of treatment of enhanced Raman scattering,
but are of general interest. First consider the
parametric instability in the simplest three-boson
process, illustrated in Fig. 1, where one boson,

0, is annihilated and two bosons having equal fre-
quencies and damping are created. The propaga-
tion of all three bosons is negligible. As specific
examples, in the case of ferromagnetic subsidiary-
resonance absorptmn 5~ boson 0 is a uniform pre-
cession (wave vector k= 0) magnon, and in parallel
pumping, boson 0 is a photon in the microwave
cavity. In both cases, the > output bosons are mag-
nons having wave vectors k and - k. Propagation
effects are negligible since the magnons cannot
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FIG, 1. Three-boson splitting process that exhibits
a parametric instability.

propagate out of the sample and the sample is small
with respect to the electromagnetic wavelength.

The process also represents phonon processes*?
and other boson processes.

It will be demonstrated that the equations of mo-
tion of the mode amplitudes can be solved to give
the golden-rule results directly., The same mode-
amplitude equations will be solved by an approxi-
mate method of converting nonlinear differential
equations into linear differential equations with
time-dependent coefficients, or so called para-
metric equations. This approximate method,
which is the same method used in the early treat-
ments of the stimulated Raman scattering, gives
incorrect results in the present magnon problem
as it did in the stimulated-Raman-scattering prob-
lem,

The equatlons of motion of the Fourier compo-
nents, a’s of the £=0 and the +k and - k modes,
denoted 0, +, and —, and the complex conjugates
ared’

da,
dt

2 4y = Ba()ar =Ya, , (4' 1)

dal
E-—zwa —B*aa —Va ,
day
dt

(4.2)

= —iwey+ B*a,a_, (4.3)
where B is the coupling constant. This set of Eqgs.
(4.1)-(4. 3) and the Hermitian-conjugate equations
is a set of six nonlinear classical differential equa-
tions for the six variable a; and @}, withi=0,+, -,

A previous classical method of solution was to
linearize the equations by formally assuming that
ay=boe~#*% and a}=blei“ot, where b, and b}, are con-
stants, as in Sec. II. Then (4. 1) and (4. 2) are a
set of two parametric differential equations for a,
and a'. Substituting these expresszons for a, and
a}) along with a,=b,e~* and a' =5'e#“-t into (4.2) and
(4. 3) and taking the derivatives gives

db,
dt

* = Bbd! -0, , (4.4)



12 ENHANCED STIMULATED RAMAN SCATTERING...

a!

7 = B*plp, —yb! .

(4.5)

The time-dependent coefficients were eliminated
by assuming that the resonance condition wg=w,+w._
is satisfied. Since these two equations are linear
with constant coefficients, their solution is simple.
Taking the derivative of (4. 4), using (4.5) to
eliminate b_, and substituting the trial solution b,
=b,e™ into the resulting equation gives

a,= e-iw.te-rt(bi*)elabolt +b:-)e-|950“) . (4.6)
There is no nonzero steady-state solution except in
the singular case of | Bby| =y. The common expres-
sion “parametric instability” arises from the fact
that a, becomes infinite as { - « when the amplitude
|bgl of the zero mode is sufficiently great, that is,
when

|5o[?>7%/|B[? . (4.7)

The classical effect of neglecting the time de-
pendence of b, is somewhat less dramatic in the
present case of the magnon instability than in the
Raman scattering case since the correct steady-
state solution for small values of b, is a,=0 even
when the time dependence of b, is retained. In the
case of large values of b,, the difference between
the zero steady-state solution obtained for the case
of b, independent of time and the nonzero steady-
state solutions (4. 13) and (4. 14) for the case of
time dependence included is of course more signifi-
cant, In passing it is mentioned that in parametric
equations the terms such as Bbgh! and its complex
conjugate in (4. 4) and (4.5) are source terms,
which give rise to the energy flow from the k=0 to
the +k modes, Thus, the steady-state solution is
not b,=b_=0, in general,

To resolve the difficulty of no classical steady-
state solution, a method of solution other than the
parametric linearization used above is needed,

One approach would be to linearize (4. 1) simply

by considering aoa'_‘_ as a single variable, Since

aqa’ is coupled to a, according to (4.1), the standard
procedure is to consider the equation of motion for
aoat. If this equation contains only a, and aoaI (and
no product aﬂoa:), then the two linear differential
equations could be easily solved. Unfortunately

the equations do not uncouple at this step. Further-
more, taking the derivatives of the additional vari-
ables that appear in the aoat equation couples in
still more variables, and the chain of equations be-
comes large, Nevertheless, this method, along
with several other powerful and elegant methods,
afford useful tools for attacking the problem. As
already noted in Sec. II, a simpler method is to
start with the operator ala,=#%,, rather than a,.

Just as in Sec. II, it is found that

4497
dn, -
dt =F+_r(n4-_n+) ] (4- 8)
an, . _ -
7 =F,-T(n_+n) , (4.9)
dng _ _
el F,, (4. 10)
e - 2|B|2lnn,+n) -nn ] -TF,, (41D

where F,= - Bayalal + c.c. and I'=2y, the factor of
2 arising as usual from the fact that a~e-"* implies
that |a|%2~¢e™®, The terms I'n, and I'n_ were added
formally to make #, and n_ relax to their thermal-
equilibrium values 7, and %Z.. As in the previous
cases, the treatment is classical, If the usual
commutation relations for the a' and a are used
formally, then n,+#%_ in (4.11) is replaced by #,
+#n_+ 1. The considerations of the commutation re-
lations and of adding damping, noise sources, and
thermal-equilibrium values that are addressed be-
low for the case of Raman scattering are not con-
sidered here since this would carry us too far
afield.

There are several physical situations for which
the solutions to (4.8)—(4.11) are of interest., The:
first is that to which the golden rule is commonly
applied. That is, at time {=0 the system is in the
state in which »; is very large and all other modes
are in thermal equilibrium, roughly speaking., The
perturbation - i%ZBagalal + c.c. is then applied for a
time short with respect to the time for », to change
substantially, but sufficiently long for energy con-
servation to be well satisfied. The case in which
7y is maintained at a constant value by the micro-
wave field in the cavity also is of interest. In both of
these cases, n,is constant, or approximately con-
stant. However, dny/dt in (4.10) is not zero because
(4.10) is only the contribution to the rate of change
of ny from the coupling to the +%2 modes. Stated
differently, 7iwgdny/dt from (4. 10_). gives the power
from the zero mode to the pair £k, which is not
zero in the steady state. The contribution to dny/dt
from the coupling of the zero mode to the micro-
wave field could be added, by replacing (4. 10) with
dngy/dt = constng - F,, for example, but this would
carry us too far from the issue at hand. In pass-
ing notice the physical significance of F, as the en-
ergy flow from the zero mode to the pair +k, in
units of quanta per second,

The steady-state solution to (4.8) and (4.9) is
obtained by setting dF,/dt=0 (i.e., constant energy
flow) and dn,/dt = 0 and solving for », and n_. This
gives

n_=n,=2|B1202(2ngn, - n?) , (4.12)

which are the standard results obtained from the
golden rule, For ny<n,—€, where € is very small,
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"the solution to (4. 12) is

T r2

n =n,= T=ng/n, * "= LB (4.13)
where n_=7,, for ny>n,+€ the solution is
n. =n,=2(m,-n,) , (4.14)

and for ny=n,, the solution is n_=n, = (2nqn,)/ 2.
These results are obtained simply from the golden

rule as follows: The standard expression (2r/%2)

x |{f13¢14) 126(w) for the transition rate between

states |i) and [f) gives

dn,
dt

- 28 (Jse2 - Jsc|Bp() - Dln, =) ,

where I.'}C]ﬁ is the matrix element for increasing 7,
by 1, 1312 is that for decreasing #, by 1, p(w) is
the density of states, and the relaxation term
I'(n,-n,) is added formally. For a single transi-
tion on resonance (wq=w,+w_.) the appropriate value
of p(w) is™®* p(w)=1/rT. Using the usual expres-
sions for the matrix elements of the a’s and a'’s
gives

‘;’t‘* =2|B|*0(n, + V)(n_ + 1)ny

-ng_(ng+1)]-T(n, -n,). (4. 15)
Since the bracket factors in (4. 15) and (4. 11) (with
the replacement n,+%_-#,+n_+ 1) are equal, the
steady-state solution to (4. 15) is given by (4. 13)
and (4. 14) as already mentioned. Notice that when
the factor of 1 is added to (4. 11), z, in (4. 13) is
replaced by 7, +1y/2n,.

Even though only the steady-state case is con-
sidered here, it should be mentioned that the tran-
sient solutions of (4.15) and of (4.8)—(4.10) are dif-
ferent in general. The simplest case of n_ neg-
ligible, »,(0) = const, and 7= const can be solved
trivially to illustrate this point.

In the quantum-mechanical treatment it is well
known®® ) 1314 that formally adding the term
—3Ta; to Eq. (2. 1) for da,/dt is inconsistent with
the commutation relation [a;,a}]=1. The difficulties
with the commutation relations and with relaxation
to zero have been the subjects of numerous previous
investigations, 5*%1%!* In the magnon problem, re-
laxation to thermal equilibrium has been treated
classically by formally adding a noise source.’
Both the commutation-relation problem and that of
relaxing to zero can be treated by enlarging the sys-
tem to include the modes that are responsible for
the damping, that is, by including a damping reser-
voir explicitly, ®1%1* gince noise'problems are
not addressed in the present study, it is not sur-
prising that the phenomenological damping used
above can be justified within the usual enlarged-
system approach as follows.
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The simplest damping mechanism is that of two-
boson damping induced by a localized imperfection
such as a void or impurity ion. (For nonlocalized
imperfections, wave vector is conserved and the
sum on j below is reduced to a single term."”) Even
though this damping mechanism is not often the ac-
tual dominant mechanism, we follow the standard
practice of using it in order to illustrate how in-
cluding the damping reservoir resolves the com-
mutator difficulty and gives relaxation to thermal
equilibrium. The reservoir is taken as a set of
bosons, say phonons to be concrete, with creation
and annihilation operators a} and a;. Then the
Hamiltonian for the interaction with the reservoir
is

:}Ci= Zﬁﬂ,afa;"f‘H. C. ,
$

where H, c. denotes Hermitian conjugate. The
Heisenberg equation of motion of a;, with this in-
teraction included, is (2.1) with - $T'a; replaced by

Ga,f;—_—i;ﬂla! .

By writing the Heisenberg equations of motion of

a, and a! as integral equations which are substituted
into G, taking the Laplace transform of G, using
the approximation

[s = i(ws = )T 278 (wy = wy) +0 (s = w )™

(since the pole of interest is near s =0 in the per-
turbation-theory limit'®) with ® denoting the prin-
cipal part and s the transform variable, and in-
verting the transform gives

G;fE‘i;nlaig_%raf"‘Gaf ) (4. 16)

where
Gaf == ; Q,al(o)e-iwjt

is the noise source and

T=271). 192,126 (w; — wy)
H

is the golden-rule result for the relaxation fre-
quency. The real parts of the frequency shifts
arising from ® are ignored for simplicity.

The equations of motion for the »’s and F can be
obtained directly from the Heisenberg equations
or from the equations for the a’s, with —4Ta, re-
placed by the right-hand side of (4. 16). In either
case, using

(G,,f(t)) = <— ZQ,a,(O)a}(t)e"“’l’ +H. c.> =T7, ,
7

9(c)

which is not difficult to derive, gives

Lt - F = Dty - 7o) +£0,0) , (4.17)

dt
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where

and similar equations for ng, n;, and F, Taking
the averages over the reservoir (the phonon-bath
mode) of all terms in (4.22) and using (g,,f) =(Gpp
- (G, =0 gives

é%‘tfl =(F) = T'({ns) -7¢) (4. 18)
and similar equations for (ng), (n;), and (F).

Thus, (2.4)-(2.7) with the 7, term added as above
are valid when the operators n,, etc., are inter-
preted as averages over the reservoir. Recall that
ny is the thermal-equilibrium value ofn,, thatis, the
average over the complete ensemble, while (n,.) is the
average over the reservoir only (phonons in ther-
mal equilibrium). Notice that in the absence of the
source, {(a,) relaxes to zero while (a}af) relaxes to
the thermal-equilibrium value 7%,.

The following physical description of the damp-
ing and noise term is useful in visualizing these ef-
fects even though the explanation is oversimplified.
The energy flow from the f phonons to the phonons
in the bath is not a smooth function of time, For
example, if the energy transfer is visualized as the
interchange of quanta of energy between the f
phonons and the bath, then in the time inter-
val 0 to t,, there may be 10 net quanta of ener-
gy entering the bath, In the interval ¢, to 2¢, there
‘may be 8, in the interval 2¢, to 3¢, there may be 12,
‘and so forth, The average value of, say, 10 quanta
per time £, corresponds to I', and the fluctuations
of, say, 2 quanta per time #; correspond to the
noise term that averages to zero, There are also
fluctuations in the energy flow F from the laser
photons L to the Stokes photons S and phonons f
since F depends on the fluctuating amplitude of the
f modes.

This visualization explains why it is not rigor-
ously correct to set the various time derivatives
equal to zero in the “steady state.” That is, the
fluctuations are still present when average values
have reached constant values, Since the interest
here is in the average values rather than the fluc-
tuations, the time derivatives canbe setequal to zero,
or, mathematically, the reservoir averages can
be used in order to eliminate the fluctuation terms.,

Consider the purely quantum-mechanical effects
in the Raman scattering problem. When the mode
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amplitudes in (2. 1)—(2. 3) are operators with the
usual commutation relation [a;,al]=1, the factors
ne+ng in (2.7), (2.9), and (2. 10) are replaced by
ng+ng+1. Replacing I'n; by I'(n, —7,) formally in
the relaxation terms in (2. 4) and (2. 10) gives a
relaxation of n; to its thermal-equilibrium value
ﬁ,. The complete expression I'(n; — 7%;) is of course
obtained in standard quantum-mechanical calcula-
tions of relaxation.®” With these two additions,
(2.11) and (2. 12) become

"= Mg+ (ny/ng) (ns+ 1) , (4.19)

1- nL/nR
ng=(7s+1)(ePenew® — 1) 1 ng(0)emevx | (4, 20)

Thus, comparison of (4, 20) with (2. 12) shows that
the quantum-mechanical effect is that the zero-
point oscillation is amplified (e®enew* - 1 term),
and the effect of including 7; is that the term
ng(ePenew — 1) accounts for “amplification of the
thermal-equilibrium value of #n;. ”

Finally, consider the physical explanation of the
result that the loss of phase information in using
the golden rule does not affect the final result in
view of the fact that the phases are important in
some sense, Specifically, a parametric process
which increases the amplitude of a given phase will
decrease the amplitude of 2 mode that is 7 rad out
of phase with the increasing mode. The reason
that the loss of phase information in using occupa-
tion numbers is not important in the final result
is that the modes in the original thermal distribu-
tion that have the correct phase are the ones that
are amplified. A similar situation exists in the
simple case of a classical harmonic oscillator
responding to an applied harmonic force, The phase
of the oscillator is important since it determines
whether energy is extracted from or delivered to
the driving force, This does not imply that energy-~
conservation arguments, which suffer from an anal-
ogous loss of phase information, are not valid.

It should be mentioned that wave-vector and fre-
quency phase matching are included in the occupa-
tion-number approach. Wave-vector phase match-
ing arises from Kronecker §’s in sums over wave
vectors, and frequency phase matching arises from
the energy-conserving § function. The present
calculation settles the question of the importance
of phases in obtaining the enhancement by showing
explicitly that the phases are unimportant in the
result.
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