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The energy bands and the nature of the conduction electrons have been studied for two intermetallic

compounds of dysprosium, i.e, DyZn and DyRh, following the self-consistent augmented-plane-wave (APW)
method. The convergence of energy was found to be rapid for DyZn because the shell of 3d ' electrons for Zn
lies below the conduction band. The Fermi energies (EF) have been calculated to be 0.421 and 0.477 Ry for

DyZn and DyRh, respectively. The densities and the numbers of conduction electrons inside and outside the
APW spheres in each of these compounds are calculated, and it is shown that the character of conduction
electrons inside the APW sphere of Dy is predominantly of d type. In order to see the accuracy of these

results, self-consistent calculations were done for DyZn for different choices of the exchange potentials, and

the calculated number of conduction electrons did not change significantly. The consequence of the

predominance of d electrons in the conduction band on the various physical parameters is discussed.

I. INTRODUCTION

Much attention has been focused recently on the
studies of intermetallic compounds of rare earths
having CsCl structure. ' The magnetic ordering
has been found to change from antiferromagnetic
to ferromagnetic as we go from compounds of rare
ea, rths with monovalent metals (Cu, Ag, Au) to di-
valent metals (Zr, Cd). Also, both DyZn and DyRh
are ferromagnets, but their ordering temperatures
are quite different, viz. , 139 and 4. 8 'K, respec-
tively. ~'3 DyZn has been found to have very large
magnetic anisotropy, and it undergoes cubic to
tetragonal crystallographic transition at the ferro-
magnetic-ordering temperature. Moreover, the
crystalline-electric-field parameters have been
estimated for a number of rare-earth zinc and
rhodium compounds by inelastic-neutron-scatter-
ing experiments. ' The free-electron model was
found to be inadequate to explain the experimental
results, and, consequently, the need to undertake
calculations of the electronic structure of these
compounds following a sophisticated method such
as augmented plane wave (APW) has recently been
pointed out. The results on energy bands on the
structurally isomorphous compounds YZn and YCu
have been reported earlier, 7 but there are two prin-
cipal uncertainties in these calculations. The
choice of the initial configuration for Y was rather
uncertain and the readjustment of charges between
the two APW spheres was not taken into account.
For removing these discrepancies it is necessary
to do self-consistent APW calculations, the need
for which has already been pointed out by Jan who
found the band results to be not in good agreement

with the Fermi surface given by de Haas-van Alphen
experiments. In this paper we report the results
of our calculations on the two compounds of Dy,
i.e. , DyZn and DyBh, done following the self-con-
sistent APW method. " A short account of this
work has been published elsewhere.

In order to explain the various physical observ-
ables in these compounds, the calculations of ener-
gy bands alone are not sufficient, and it is neces-
sary to evaluate the electronic functions in the
metallic state. These functions can then be used
to estimate the contributions of the conduction elec-
trons —direct and indirect —to all physical param-
eters. Similar calculations have recently been
done by Das and Ray" who estimated the direct con-
tribution of the conduction electrons to the crystal-
line-electric-field (CEF) pa, rameters and the charge
density at the nucleus for dysprosium metal. "
the accuracy of these results is rather uncertain
since no test was made to see the convergence of
the electronic densities with various cycles of itera-
tion and also for various choices of the exchange
potential. So we have followed here the self-con-
sistent APW method to calculate the energy bands
and the wave functions of the conduction electrons
for DyZn and DyBh and have tested the accuracy of
our results from the convergence of the results for
different choices of the parameter n in the Slater
exchange potential. " The convergence has been
found to be fairly rapid for DyZn. Only five itera-
tions were found to be sufficient, whereas for DyBh
we had to go to nine cycles. The numbers of each
type of conduction electrons s, p, d, f, etc. , inside
the APW spheres have been calculated, and these
numbers do not depend sensitively on the choice of
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The most significant result of these calculations
is the predominance of d electrons inside the APW
sphere of Dy, which must be related to the failure
of the simple Ruderman-Kittel-Kasuya- Yosida
(RKKY) model'6 and the large observed magnetic
anisotropy in DyZn. '

II. CALCULATIONS OF ENERGY BANDS AND
CHARACTERS OF CONDUCTION ELECTRONS

The central problem in any APW band calculation
is the construction of the muffin-tin potential. The
initial muffin-tin potential for our problem here has
been constructed from the atomic wave function of
Dy, Zn, and Rh as obtained from the Hartree-Fock-
Slater (HFS) solution. The choice of initial atomic
configuration for Dy is important. The ground
atomic configuration for Dy is (4f)~0(Gs)2, but in all
compounds of Dy —whether metal or insulator-there
are nine electrons inthe 4f shell. ' So we have done
our calculations with the (4f) (Gs)2(5d)' configura-
tion. Since the 4f electrons were found to lie en-
tirely within the APW sphere of Dy we treated these
as core electrons. But instead of treating the core
electrons as frozen we solved the Schrodinger equa-
tions corresponding to these electrons in the pres-
ence of the spherically symmetric part of the muf-
fin-tin potential by the HFS method. In this way
we introduce to some extent the effect of the crystal
potential on the core electrons. As has been dis-
cussed by Freeman, '7 considerable error might be
introduced if one tries to do band calculations for
the 4f electrons because of the large intra-atomic
Coulomb and exchange potential for 4f electrons
arising from their localized character. Also, the
radial functions for 4f electrons are practically
zero near the APW sphere, and consequently the
condition of matching of wave functions on the APW
sphere involved in the APW method would lead to
numerical inaccuracies in the band calculations for
4f electrons. The outer atomic configurations used
for Zn and Rh were (4s)2 and (4d)'(5s)', respective-
ly. The exchange potential was taken in the local-
ized form of Slater, i.e. , V,„=—3a[(3/n)p(r)]'~'
with different choices of n. As has been discussed
by Slater, " the value of a in the case of solids
should be in between 1 and —,'. Therefore we have
done our calculations for n = 1, 0.92, 0.83, and
0.75 for the case of DyZn and n =1 for DyRh. The
initial muffin-tin potential and the density p(r)
were constructed following the method discussed in
detail by Loucks. ' The APW function at any point
k inside the reduced Brillouin zone and correspond-
ing to an energy E is given by

C-„(E, r) =,g C-„(k„,E)e(k„,E, r)

where k„=k+K„, K„being any reciprocal-lattice
vector; C.„(k„,E) is the coefficient of mixing of the
nth APW function 4 in the total APW function 4;
and Ek(E) is the appropriate normalization vector.
The D;(k„,E)' s are the normalized mixing coef-
ficients. The individual APW function 4(k„, E, r)
is given by

e
~
k„, E, r

~

= 5, e'""'+ 5 Q e'"'"

@4'pi' '( " ' F~*(k )y'"(p)R (E p) (3)
lcm l & s

where E denotes the energy eigenvalue, r is the
coordinate with respect to the center of the coor-
dinate system, r, is that of the sth atom with re-
spect to the same center, and p=r —r,. The radius
of the sth APW sphere is given by o,. The 6, part
exists only outside the APW spheres, whereas the
52 part is nonvanishing inside the APW spheres.
R„(E,p) is the radial function which is given by the
solution of the Schrodinger equation for the sth
atom, i.e. ,

——
2
—p —+ 2 +V, (p) R„(E,p) =ER„(E,p),

1 d 2 d l(l+1)
p dp dp p

(3)
where V, (p) is the spherically symmetric part of the
muffin-tin potential inside the sth APW sphere. The
radii of the APW spheres were so adjusted until one
gets the largest amount of electrons inside the
spheres. Values of these radii and other structural
parameters are given in Table I. The potential
(Coulomb plus exchange) did not vary significantly
outside the APW spheres, indicating that the non-
muffin-tin part of the potential is not important in
the present calculations. The origin of the energy
bands was taken with respect to the average poten-
tial outside the APW spheres.

Using values of 1 up to 10, the energy eigenval-
ues and the corresponding coefficients Ck(k„, E)
were determinated by solving the determinant of
the total Hamiltonian between the APW functions
+(k„,E, r) Abasi. s set of 33 reciprocal-lattice
vectors or more, depending on the k point in the
reduced Brillouin zone, was used in order to insure
a convergence in eigenvalues of about 0.002 Ry.
Owing to the high symmetry 0„', no general point
was included, and it was on the other hand neces-
sary to use a symmetrized version of the APW
formalism, as developed by F. Perrot. The con-
vergence in the self-consistent procedure has been
tested through the variation in orbital d-character
density of the conduction band in the final iteration,
which is 0.003 a. u. . The normalization factors
E"„(E)were then determined from the relation

= Q Dk(k„, E)4(k„,E, r), Ef, (E) =QCf, (k„, E)Cf(k, E)6 (k, E),
n, m

(4)
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where the overlap factor & „(k, E) is given by

(E) =(@(k„,E, r)l+(k„, E, r))

1 ~ ~,.(k k ).p Ji(lkm —k„ I gs)

OO

~ |'Z' E
+ Z (2f+1)&)(lk.

I

..ui(lk.
I
"u')(~- I.),~ l „L=O

" OE ~tt„E, ,
where Qo is the volume of the unit cell; 8,', is the derivative of the radial function B„. At first we used 56
nonequivalent k points in the reduced zone, which correspond to 1000 points in the full Brillouin zone. Sub-
sequently for carrying out self-consistent calculations we changed this number to 64 points. From the val-
ues of C„-(k„,E) and Ek(E) the normalized mixing coefficients Dt(k„, E) were determined. These coefficients
were then used to get the spherically symmetric part of the electronic densities inside and outside the APW
spheres, expressions for which are given by

pE (r) (inside) = 2 g; g e" m "E"sDg(k mE)Dk(k„, E)
ttlt tt

OO

It, Ex g (2l+1)z, (lu„l o,)Z, (la. l
o,)~,($„u„)

i=o
99 s ( m s ) m 99 E2

p' (r) (outside) =2+ g D"„(k„,E)D„(k„,E)ZO(lK„—K„l r), (t
m, n

where the summation over k and E include all occupied states. Prom Eq. (t), the charge density outside
the spheres is not constant but varies with distance z when more than one reciprocal vector k„ is used.
The number of conduction electrons inside and outside the APW spheres is obtained by integrating the re-
spective densities, and these are given by

N, (inside APW sphere) = —8))o',g p (2l + 1)p e'"m &)"sDk(k „,E)
k, E tt ~ ttt

x D-„(k„,E)z, (lk„l a,)z, (lk„l v,)t, (i„~i„)
S) 9 S

N (0|ksttte) =ktt~ Q + 99„"(k„,E)99„(k„,E) (k9, k, ) —P 'e'" """" ' " " '
) .

g mttl
(9)

The self-consistent APW calculations were then
carried out following the procedure given by Mat-
theiss et al. Using the core functions and the elec-
tronic density calculated by the APW method, the
new charge density inside and outside the APW
spheres were calculated. These new charge den-
sities were then used to evaluate the new muffin-
tin potential. The exchange part of the potential is
directly given from the expression for the Slater
potential constructed from the new charge density.
The Coulomb potential inside the APW spheres was
obtained in the usual way by integrating Poisson's
equation. The total charge in the crystal can now
be conceived to be consisting of effective charges
Q„, located at the various atomic sites and a uni-
form background of negative charge density extend-
ing throughout the crystal. For calculating the con-
stant part of the Coulomb potential due to these ef-
fective charges inside the APW spheres and also
the average potential outside the APW spheres we
have solved the Madelung problem following the
procedure given by Slater and De Cicco for the fcc

TABLE I. Values of different parameters involved in
the APW calculations for DyZn and DyRh.

Structure-type
space group

Cs Cl (B&)

Compound

DyBh

CsCl (a, )
Oa

Lattice parameter
(a)

Dysprosium APW
sphere radius

Zinc and rhodium
APW sphere radius

Average potential
outside
APW spheres

6. 736 a. u.

3.151 a. u.

2. 6825 a. u,

- 0. 140 Hy

6.438 a. u.

3.1035 a. u.

2 ~ 73 a, u,

—0. 119 By

I

lattice. In this way the new muffin-tin potential
V"'"(r) is constructed.

For doing the successive iteration procedure we
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FIG. 1. Self-consistent

bands for DyZn after fifth
iteration with o =1.
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took the muffin-tin potential using the following

prescription:

(lO)

The convergence of energy with successive itera-
tions depends on the value of P used. For DyZn
we found that P =O. 70 for all successive iterations
gave quick convergence of energy. But for DyBh
we had to use different values of P in different itera-
tions to get reasonable convergence of energy.

A. Results for DyZn

The results of energy bands for DyZn obtained
after the fifth iteration using n =1 are given in Fig.

1. The convergence of energy for successive itera-
tions is given in Table II for some k values and
representations. It is evident from these results
that after second iteration (i.e. , after band func-
tions are used to generate the potential) the energy
does not vary significantly. Also, it is to be noted
that the d bands of Zn lie below the conduction bands
and consequently are not shown in the Fig. 1. Us-
ing Egs. (8) and (9) we have estimated the number
of each type of conduction electrons inside the two
APW spheres for each iteration, and these are
given in Table III. The actual and effective charges
inside the APW spheres as well as the Fermi ener-
gy E„are indicated in the same table. The con-

TABLE II. Values of energies in Ry corresponding to some k points and representa-
tions for successive iterations in DyZn.

k values
in 2m/a

units Representations

Energies in Ry for successive iterations

(0, 0, 0) 1"
g

i2

—0. 026 —0. 031 —0. 033
0. 384 0. 394 0. 397

—0. 034 —0, 035
0. 398 0. 398

(0, 25, 0, 0)

(0.5, 0, 0)

(0.5, 0. 5, 0)

(0. 5, 0. 5, 0. 5)

X(
X4'

X2
X5

1VI(

M3
M~

0. 036
0.375
0.401

0.228
0. 175
0.419
0. 500

0.428
0.147
0, 467

0, 281
0.445

0. 031
0.379
0.413

0.230
0, 167
0.432
0. 510

0.438
0. 143
0.464

0.285
0.430

0. 029
0. 380
0, 415

0.230
0. 163
0.435
0. 511

0.440
0, 141
0.463

0.285
0. 425

0, 028
0. 380
0.416

0.230
0. 162
0.436
0. 512

0.441
0.140
0.462

0.285
0.422

0, 027
0. 380
0.417

0. 230
0.161
0.436
0. 512

0.442
0.139
0.462

0. 285
0.421
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TABLE ppp. Results showing the characters of electrons inside the APW spheres of DyZn for successive iterations.
The values of real charge, effective charge, and Fermi energy are also given. All the results are for 0. =1.

Results
on

First iteration

Dy Dy Zn

Second iteration

Dy Zn

Third iteration

Dy Zn

Fourth iteration

Dy Zn

Fifth iteration

Number s
of p
electrons
of type f

0.282
0, 226
l. 575
0, 022

0. 870
0. 570
0. 063
0, 005

0.280
0.227
l. 488
0, 025

0. 922
0. 596
0. 060
0, 004

0. 279
0. 226
l. 472
0. 025

0.930
0. 604
0, 059
0, 004

0, 279
0.226
l. 465
0. 026

0. 934
0. 608
0. 059
0. 004

0.278
0.226
l. 462
0, 026

0, 936
0. 609
0, 059
0. 004

Real
charge

0. 890e 0.487e 0. 974e 0.413e 0. 991e 0. 398e 0. 999e 0, 391e l. 00e 0.387e

Effective
charge

2. 816e 1, 675e 2. 915e l. 610e 2. 934e 1.597e 2. 943e 1.590e 2.947e 1.587e

Average
potential
outside
APW
spheres

—0.143 Ry

0. 419 Ry

—0.141 Ry

0, 430 Ry

—0. 140 Ry —0. 140 Ry —0. 140 Ry

0.421 Ry

vergence of the number of electrons inside the APW
spheres is evidently very good. The most impor-
tant point to be noted out of these results is that d
electrons constitute about 72% of the electrons in-
side the Dy APW spheres. Also, the electrons are
fairly well localized inside the APW spheres, only
28% lying outside.

We next studied how these results depend on the
choice of the parameter a in the exchange potential.
Since the Slater exchange potential incorporates the
exchange and to some extent the correlation inter-
action as well, the value of a in the case of solids
is not definite but it should lie between 1 and —, (the

Kohn-Sham value). " We have, therefore, done
calculations for & = 1.0, 0.92, 0.83, and 0.75. Be-
low the value of 0.75 for +, the 4 band of zinc ap-
pears inside the conduction band, and there is no
experimental evidence for this in the case of DyZn.
We have studied the energy bands and the numbers
of electrons inside the APW spheres for different
values of a. The converged energy values at some
points in the reduced zone and for some values of
& are given in Table IV. The results indicate that
except for I", (for which the energy decreases)
there is a small increase in energy with decrease
in the value of &. The numbers of electrons inside

TABLE IV. Values of energies corresponding to some k points and
representations for three values of o in DyZn,

k-values in
units of

2n-/a Representations 1.0 0, 92 0, 75

Energies in Ry for 0

(0, 0, 0)

(0.25, 0, 0)

(0. 5, 0, 0)

(0. 5, 0. 5, 0)

(0. 5, 0.5, 0. 5)

(0.25, 0, 25, 0. 25)

X4'

x,
X2

1Vl3

M5

—0.035
0. 398

0. 027
0. 380

0.161
0, 230
0, 436

0. 140
0.462

0.286
0. 421

0.115
0.415

—0. 026
0.416

0. 037
0. 394

0. 174
0, 239
0. 453

0.153
0. 472

0. 297
0.435

0, 126
0. 429

—0. 002
0.458

0. 064
0.430

0.212
0.260
0.491

0. 191
0.497

0. 322
0.476

0. 154
0.463
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Number of
electrons

of type Dy

0 =0, 92

Dy Zn

G =0.75

Dy Zll

TABLE V. Characters of electrons inside the APW
spheres for different choices of o.'.

TABLE UI. Ualuesof energiesinRyinDyahfor some
representations corresponding to the last four itera-
tions (sixth-ninth) .
Representations

0, 279
0.227
1.462
0. 025

0.936
0.610
0. 059
0.0048

0.279
0.231
1,425
0. 027

0, 931
0.620
0, 069
0. 0050

0.278
0.240
1,343
0. 031

0, 899
0.634
0.136
0.005

the APW spheres do not sensitively depend on o.,
as will be evident from Table V.

0. 143
0.148
0.166
0. 154
0.318
0.217
0. 359
0.485

0. 148
0. 187
0. 209
0. 185
0. 389
0. 267
0. 356
0.468

0. 147
0. 180
0. 201
0, 179
0. 375
0. 257
0, 356
0.471

0. 147
0. 183
0, 205
0. 182
0. 382
0. 262
0, 355
0. 468

B. Results for DyRh

Since the shell (4d) of Rh is incomplete and since
the atomic 4d function extends beyond the radius of
the APW sphere of RH, it is necessary to consider
the 4d electrons of Rh within the band calculations.
This introduces relatively more uncertainty in the
calculated results because of the large intra-atomic
correlation for the 4d electrons. Also, since the
4d shell is incomplete there is considerable mixing
of these electrons with other electrons, and con-
sequently the dispersion for these bands is large
and the convergence of energy is slow. In order
to achieve quicker convergence we varied the value
of P in successive iterations. We had to go to ninth
iteration to get fairly good convergence of energy.
The energy bands after the ninth iteration are given
ln Flg. 2

In Table VI the convergence of energy is given
for the last four iterations at some points in the re-
duced zone. The number of electrons of each char-
acter inside the APW spheres is presented in Table
VII for the last three iterations. The values of the
effective charges Q, «and the Fermi energy E~ are
also indicated in this table. The number of d elec-
trons inside the Dy APW sphere is 66% of the total

number of electrons inside, which is a little less
than in the case of DyZn. This is presumably
owing to the fact that the d bands below the Fermi
energy are principally due to the electrons of Rh.
There is, on the other hand, much more localiza-
tion of electrons inside the APW spheres in this
case, only about 9% lying outside the APW spheres
compared with the value of 28% for the case of Dyzn.

III. DISCUSSION

In the band results presented in the Sec. II no
account has been taken of the spin-dependent ex-
change, ' which one should consider in the mag-
netically ordered phase. So our band results are
in principle valid for the high-temperature para-
magnetic phases of these compounds. For a better
description of the higher bands in the ferromag-
netic phase it will be worthwhile to consider the
exchange to be spin dependent. Also, it will be
interesting to include the effect of the spin-orbit
interaction on the bands near the Fermi surface,
since the relativistic effects are important for the
rare earths. '7

The most important result that one obtained from

0.6

OA

0.2
FIG. 2. Self-consis-

tent bands for DyRh after
ninth iteration with g. =1.

Q.G-
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TABLE VII. Results showing the characters of elec-
trons, the effective charges, and Fermi energy for the
last three iterations in DyBh.

Results
Seventh iteration Eighth iteration Ninth iteration

Number s
of p
electrons d'

of type f

Dy

0, 313
0. 284
1.38
0. 088

0, 517
0. 166
8. 07
0, 95

0.308 0. 515
0.275 0.162
1, 32 8. 17
0, 085 0, 014

Dy Rh

0. 311 0. 513
0.278 0. 164
1, 35 8. 12
0. 086 0, 015

jeff 3.36 1.90

0.480

3.38 1.77

0, 474

3.36 1 ~ 84

0.477

the values presented in Sec. II is the structure of
the d band and the predominance of the d electrons
inside the rare-earth APW sphere. First, there
is a fairly large splitting of the d band, which is
evident from the fact that only 1'» lies below the
Fermi energy for DyZn, I'2, lying about 0.3 Ry
above it. There will then be fairly a large con-
tribution to the CEF parameters from the aspheri-
cal d electrons lying inside the Dy APW sphere. In
the case of DyRh, on the other hand, the d bands
are primarily from d electrons lying inside the Rh
APW sphere and consequently the d-electronic con-
tribution from the Dy APW sphere is expected to be
less than in the case of DyZn.

The presence of a large amount of d electrons in
the rare-earth APW sphere would modify consider-
ably the applicability of the usual model developed
on the basis of plane waves for conduction electrons
to describe the exchange interaction in the rare
earths. The predominance of the 4 electrons par-
ticularly near the Fermi surface would cause the
following effects:

(i) Both the isotropic and the anisotropic parts of
the exchange would be mainly determined by the d
electrons. The experimental values of exchange
parameters for DyZn and DyRh are not yet avail-
able. Hay ' has recently calculated the exchange
integrals between the 4f and conduction electrons
using APW functions and obtained value of the
isotropic part of the exchange fairly close to that
given by Buschow et al. 24 for GdZn. The negative
contribution from the conduction electrons to the
quadrupole coupling as obtained by Belakhovsky
and Pierre ' from Mossbauer experiments on DyZn
also indicate the predominance of d electrons in the
conduction band.

(ii) The hyperfine fields on the rare-earth and

non-rare-earth sites in GdZn have been measured
by Oppelt et al. 28 Subtracting the core polarization
terms from the experimental values of the hyper-
fine fields, one gets~7 the ratio of the hyperfine
fields at Qd and Zn sites to 1:2. Sakurai27 has
recently calculated these fields on the basis of the
usual RKKY model, which uses plane waves for the
conduction electrons, and obtained a ratio of 30:1
at the two sites, thus indicating that the nature of
conduction electrons is very different from the
plane waves near the nuclear sites. It should be
noted in this connection that the spin polarization
of the conduction electrons has recently been mea-
sured by neutron experiments for Gd metal, and
these results are quite different from what one ex-
pects from the simple RKKY model. "

(iii) The anisotropic part of the exchange is ex-
pected to be large if the d electrons predominate
as is evident from the calculations of Ray. ' For
DyZn the magnetic anisotropy has already been
found to be large indicating the importance of an-
isotropic exchange. In fact, the general problem
of the anisotropy of exchange in rare-earth metals
and intermetallic compounds is now of great in-
terest. ' The spin-wave spectra of Dy metal have
indicated the importance of the anisotropic exchange
in removing degeneracies. Lindgard et al. ' have
studied earlier the effect of the anisotropic exchange
on the magnon dispersion for terbium. But these
results and conclusions can only be meaningful if
one takes into account the realistic conduction elec-
tronic functions and nonspherical Fermi surface.

(iv) In addition to the linear exchange, the d elec-
trons in the conduction band would cause an ap-
preciable biquadratic exchange as well. ' Such bi-
quadratic exchange might be responsible for the ob-
served crystallographic transition from cubic to
tetragonal structures for DyZn. Similar structural
transition has been observed earlier on the inter-
metallic compound DySb, ""and Levy proposed
that biquadratic exchange which is responsible for
the phase transition might be partly due to the con-
duction electrons.
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