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Tilted-field radio-frequency size effect in tungsten*
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The radio-frequency size effect (RFSE) has been studied in tungsten plates in a magnetic field inclined
at an angle to the sample surface using a transmission method. A parametrized model of the tungsten
Fermi surface and the geometric model of the RFSE have been combined to allow calculation of
expected signal positions. Most of the well-defined experimental signals are identifiable using the model
and there is general agreement between the experimental data and the calcualted signal locations. The
relation of the tilted-field RFSE signals to Gantmakher-Kaner oscillations is also discussed.

INTRODUCTION

The radio-frequency size effect (BFSE) has been
used extensively to measure Fermi-surface (FS)
dimensions and electron scattering rates in
metals. While the experimental RFSE signals
may seem very complicated, much of the spectro-
scopy can be accurately understood in terms of a
simple ballistic model of electron motion. "
Peercy et al.' have demonstrated this in detail
for potassium.

Although such a model is not necessary to under-
stand the signals observed when the magentic field
is oriented parallel to the sample plane, it does
give useful insight into those occurring when the
field is tilted out of that plane; thus it provides the
basis for studies of tilted-field RFSE phenomena
in metals with Fermi surfaces more complex than
that of potassium. Such signals have been observed
in a number of metals, but the complexity of their
Fermi surfaces has generally limited detailed
study to either small tilt angles or special sections
of the FS, and as a result, the ballistic model has
not been tested in this situation.

Two experimental RFSE techniques have been
used to study temperature-dependent scattering in
metals. ' The first measures the temperature de-
pendence of the parallel-field signal amplitude,
while the second measures the temperature de-
pendence of the amplitude of limiting-point signals
occurring when the magnetic field is tilted out of
the sample plane. Because limiting-point elec-
trons make only one pass through each skin depth
of the sample before striking its surface and are
confined to localized parts of the FS, the second
method appears to offer several advantages over
the parallel-field method. However, because
limiting-point signals are not observable in many
metals, and the other more easily observed tilted-
field signals offer the same advantages, a study
of this aspect of the RFSE promises to be valuable.

Although the FS of tungsten is well known'*' and

the parallel-field RFSE and its temperature de-
pendence have been studied extensively, ' ' there
are presently no reported observations of a limit-
ing-point signal in tungsten. In this paper it is
demonstrated that most of the complex tilted-field
RFSE signals observed in tungsten plates can be
understood by combining the parametrized model
of the tungsten FS and the ballistic model of the
RFSE using a computer. It is also shown that in
some situations RFSE signals are produced by the
same electrons as those involved in Qantmakher-
Kaner oscillations, and that tilted-field signals
other than limiting-point signals may be useful for
the study of electron scattering anisotropy in
tungsten.

RFSE BALLISTIC MODEL, TUNGSTEN FS, AND

COMPUTER CALCULATION

The RFSE is a well-known phenomenon' and the
procedure used in this paper to predict the location
of the signals is essentially the same as that dis-
cussed by Peercy et al. ' for potassium. The dis-
cussion below will briefly outline some aspects of
the ballistic model to establish the notation used
throughout the paper, then describe the tungsten
FS model and the method used to calculate the
RFSE signal locations.

Consider a thin metal plate of thickness D, whose
surface normal is in the 2 direction, placed in a
dc magnetic field H, with an rf electric field ori-
ented parallel to one surface. RFSE signals are
observed when a change inH produces a sharp
change in the number of electrons whose trajec-
tories have effective points (v, = 0) at both surfaces
of the sample. (Signals are also produced, when
H is parallel to the sample surface, by chains of
two or more trajectories which fit in the sample
and meet the requirements just described. ) The
quantity important for prediction of signal loca-
tions is the depth d, that an electron travels into
the sample as it moves between effective points on
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its k-space orbit. IlO

where

2 dk ((Vd= vdt=

0, and k, refer to effective points on the orbit, 8
is Planck's constant, a is the lattice constant, and
e is the electron charge; v is the electron velocity,
v~ is the component perpendicular to H, and dk~,

is an element of arc along the orbit; the wave
vector k is expressed in units of 2m/a.

For present purposes it is convenient to consider
the field-independent product of H and d, . In a
tilted magnetic field, Eq. (1) defines many values
of Hd, corresponding to successive revolutions
around the orbit; if the orbit is sufficiently com-
plex with several effective points, a multitude of
additional values is introduced. It is customary
to label FS orbits by their constant projection of
k along H, which is denoted k„. H d, can then be
considered a function of k~ and may be multivalued
for situations in which two or more orbits exist
with the same value of k~. According to the ballis-
tic model descri. bed in Ref. 2, RFSE signals are
produced by orbits with cutoff or extremal
[dgd, )/dk„= 0] values of Hd„or (Hd, ),„,

For Eq. (1) to be useful, the FS must be known.
The -tungsten FS, as shown in Fig. 1, consists of
an electron jack, a hole octahedron, and six hole
ellipsoids. A parameterized model of this FS, fit
to de Haas-van Alphen data and referred to as
GGP, was first presented by Girvan et al. ' and
has aided in understanding several types of phe-
nomena including the parallel-field RFSE, quantum
oscillations in the acoustic attenuation, " and,
with some small revision, Doppler-shifted cyclo-
tron resonance' and Sondheimer magnetomorphic
effects. "

We have programed the revised model (RGGP) on
a PDP 11/20 computer to calculate the electron
trajectories as a function of k~ using the following
method. " An initial k vector with a desired value
of k„ is chosen; it is generally not on the FS and
must be corrected to lie on it by incrementing
appropriately along the component of v in the plane
of the orbit. The correction is made using New-
ton's method, and a new k lying in the plane of the
orbit is computed by incrementing the old k by
4k, where bk is parallel to the Lorentz force on
the electron at k. The new k is again not on the
FS and is corrected as before. The process is
repeated until a complete k-space orbit is traced
out. Once the k-space orbit is known, the real-
space trajectory may be calculated by numerical
integration of Eq. (1).

= [OOI]
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FIG. 1. (a) Drawing of tungsten Fermi surface (after
Ref. 12). (b) Examples of orbits formed on tungsten
Fermi surface: 1, jack two-ball orbit; 2, different
jack two-ball orbit; 3, jack one-ball orbit; 4, jack three-
ball orbit; 5, jack isolated one-ball orbit; 6, octahedron
orbit.

It is advantageous to plot the projection of the
real-space trajectory onto a plane that includes
the surface normal (2). In this manner the effec-
tive points (v ~ 2 = 0) are easily identified and all
possible Hd, values can be read directly from the
plot. Figure 2 shows the projection of a sample
octahedron trajectory onto the yz plane, with the
effective points marked and one of the several
possible Hd, values indicated. The magnetic field
lies in the plane which includes the [110] surface
normal (2) and the [1IO] x direction and is tilted
by an angle P = 20' out of the plane of the surface.
It should be noted that for this particular trajec-
tory there are several pairs of effective points,
but that not every pair is viable in the sense that
the entire trajectory between effective points must
lie within the plate.

Figure 3 shows a plot of Hd, as a function of k„
for the octahedron, when the magnetic field is
directed as described above (g= 20 ) and for the
parallel-field case (P= 0 ). This graph, obtained
from many orbit projections, has several note-
worthy aspects. First, as already noted, orbits
with extremal or cutoff values of IJd, should pro-
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duce the RFSE signals. The extremal orbits are
said to be focused because a small change in kH

produces only a second-order change in Hd, .
Second, two curves for P= 20'are shown. The
lower curve is produced by orbits of less than
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FIG. 3. Hd» as a function of k'z for the octahedron
surface of tungsten at two tilt angles. kz is in units of
2r/a (=1.987 A ~) and Bd» is in units of h/ea (=130.8
6mm).

FIG. 2. Projection of a real-space trajectory of an
orbit from the tungsten octahedron with effective points
marked. kz= 0.22 and P= 20 from [110) toward [110j.
One of the several possible Hd» distances for this orbit
is marked.

one cyclotron period between effective points,
while the second curve gives Bd, values for effec-
tive points roughly 1—,

' cyclotron periods apart.
The two curves produce (Hd, ),„, at different k~
and the corresponding RFSE signals are therefore
produced by different groups of electrons. In
general, similar curves can be calculated for
orbits of roughly (2n+ 1)/2 cyclotron periods,
where n = 0, 1, 2, . . . , but the total path length that
the electron must travel in going from one surface
to the other may become too large to produce an
observable signal. (See Refs. 1 and 2 for details. )
Third, the g = 20' line splits around k„= 0.22 due
to the many effective points on the particular tra-
jectory shown in Fig. 2. However, the Hd, values
at this value of k„are not near (Hd, ),„,and the de-
tails are of little interest. Finally, the general
shape of theHd, curve for the octahedron is similar
to that for a sphere' in that both curves have ex-
tremal and cutoff values of Hd, .

Consideration of the electron-jack section of the
FS adds several complications both because k„
often does not define a unique orbit on the FS and
because of the large number of effective points
on some of the complex trajectories. Figure 4
shows a plot of Hd, for the jack portion of the FS
when the magnetic field is directed as for Figs. 2

and 3. The intricacy of the jack shape seems to
allow very few extremal values of Hd, .

The ellipsoid parts of the FS have not yet been
included in these calculations because the most
easily observed RFSE signals can readily be ex-
plained without them.

The computer calculations have been checked
for systematic errors in two ways. To test the
accuracy of programing the GGP and RGGP FS
models, the areas of several orbits were calcu.-
lated and the extremal values of the areas were
compared with published results. Because of the
allowed step size and the required convergence to
the FS, the calculations were expected to be ac-
curate to about 1%%uo, and in fact agree with the pub-
lished values to better than 2%, which is satisfac-
tory for our purposes. As a second check on the
method of calculation, a spherical FS was pro-
gramed in the same manner as that used for the
RQQP model and the resulting values of Hd, were
compared to the analytic expression derived in
Ref. 2. There was no observable difference be-
tween the results of the two methods of calculation.

In order to explore the effects of slight changes
in the FS model on the computer calculations,
some calculations have been performed using both
the GGP and RQQP models. The changes in the
model cause some changes in the jack calculations,
but the trends are essentially the same. Some
parts of the electron trajectories depend upon the
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general shape of the FS while other parts may de-
pend upon the detailed FS shape near a corner or
turning point; therefore some disagreement be-
tween the calculations and the experimental re-
sults may be expected even if the over-all agree-
ment is quite good.

EXPERIMENTAL DETAILS

The experiments were performed in a supercon-
ducting omnidirectional magnet system" using a
transmission method that has been discussed else-
where. " Spiral generator and receiver coils,
which allow transmission and detection of all po-
larizations of the rf field, were used at rf frequen-
cies of 1.25 and 10.0 MHz. The static magnetic
field was modulated at 4 Hz.

The single-crystal tungsten plates, which are
roughly 1 cm in diameter and about 0.4 mm thick,
were cut from a zone-refined rod and then electro-
polished. The sample thickness, as measured by
a micrometer, is consistent with the observation
of the known parallel-field RFSE signals. The
alignment of the sample in the magnetic field was
judged to be within 2' of the stated values and this
degree of error has been observed not to be criti-
cal for most orientations.

COMPARISON OF EXPERIMENTAL RESULTS AND

CALCULATIONS

When 8 is directed in a plane parallel to the
sample surface, the RFSE signals correspond to
extremal caliper dimensions of the FS. The top
curve in Fig. 5 shows the field derivative of the
rf transmission through the sample as a function
of magnetic field, for a tungsten plate whose sur-
face normal is in the [110]direction, with H

oriented along the [1TOJ direction in the sample
plane. The signal at roughly 270 G originates
from the hole octahedron, while the 85- and 400-G
signals originate from one- and two-ball jack
orbits, respectively. When the magnetic field is
tilted out of the plane of the surface, the location
of a signal depends upon the details of the three-
dimensional electron trajectories. The additional
curves in Fig. 5 show the signal observed for
different tilt angles g as the magnetic field is
rotated from the [1IO] direction toward the [110]
sample normal. The evolution of the signals as
the field is tilted can be followed by careful ex-
amination of Fig. 5. The low-field ja.ck signal is
observable over a range of field angles with very
little change, and even appears at large tilt angles
in a washed-out manner. The hole octahedron
signal moves to higher fields as the field is tilted
and reaches a maximum amplitude at approximate-
ly P= 50'. This maximum may be explained in
two ways. First, relative to the group of elec-
trons producing the g= 0 signal, the focused
electrons at g = 50 travel parallel to the surface
of the metal for a longer time, thereby acquiring
larger amounts of energy from the rf field.
Second, because there are several neighboring
effective points on the g = 50' focused orbits, there
are several slightly different groups of electrons
that happen to be focused at nearly the same value
of rid„allowing a large number of electrons to
participate in the signal. The 400-G jack signal,
on the other hand, disappears quickly at small tilt
angles. It almost seems that the jack signal re-
appears at higher tilt angles, but these higher-
field signals actually arise from the octahedron
and correspond to approximately ~ turns of the
tr ajectory.
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In order to compare the experimental data and
the ballistic RFSE model, an attempt was made to
calculate all of the RFSE signals predicted for the
model jack and octahedron sections of the tungsten
FS for the field directions described above. The
nature of the octahedron surface allows focused
orbits producing large signals to exist; however,
the jack surface produces mostly cutoff values of
Hd, involving very few electrons. Because obser-
vation of signals from these cutoff points is un-
likely, attention has been devoted primarily to
calculating the location of focused orbits.

The graph in Fig. 6 includes the onset fields of
the Fig. 5 signals, and the calculated focused-orbit
signal positions corresponding to fields satisfying
HD = (Hd, )„„Almost all.of the well defined signals
can be identified using the ballistic RFSE model
and the RQQP FS model calculations. At zero tilt
angle there is complete agreement between theory
and experiment.

As the field is tilted, two curves evolve from the
octahedron. As has already been noted, the upper
octahedron signals in Fig. 6 come from orbits of
roughly 2 cyclotron period while the lower signals
are from orbits of about, '- period. The calculation
indicates the I apid change in the position of the
signal as a function of tilt angle, showing excellent
agreement with experimental results for angles
up to about 80'. The rapid disappearance of the
jack two-ball orbit signal at /=10' is due to the
fact that at 10' none of the two-ball orbits are
focused. The calculations indicate that the one-
ball jack signal should exist for all tilt angles;
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FIG. 6. Summary of observed onset fields and calcula-
tions for field directions between [1101 (g= 0) and [110]
(g= 90'). The isolated solid points represent calculated
signals which exist only for very small ranges of tilt
angle, and therefore do not evolve in any continuous
manner as the tilt angle is changed.
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although the data do not show a clear signal for
all angles, the discernible signals agree with the
calculations. Both GGP and RGGP models predict
some jack signals between the jack one-ball orbit
and the lower octahedron signals, though at slight-
ly different values for the two models. While
some signals are observed in this region, they
appear to be of the periodic Gantmakher-Kaner
type" rather than primary RFSE signals as calcu-
lated, and may arise from an ellipsoid or a jack
ball. The calculated signals may not be observable
for two reasons. First, in both the GGP and RGGP
models the several (Hd, ),„, which would produce
signals occur near a cutoff of Hd„and might not
be present using a more accurate FS model.
Second, the calculated signals have a very long
path length" which severely limits the possibility
of observing them.

Figure 7 shows some of the curves of Fig. 5
extended to higher magnetic fields where large
signals of differing character are observed. The

g = 50' curve has sharp peaks which decrease in
amplitude with increasing field, a characteristic
of RFSE signals, while the oscillations in the

g = 90' curve are presumably Gantmakher-Kaner
(GK) signals which grow with increasing magnetic
field. " The P = 80' curve is a mixture of both

types of signals, and can cause some confusion
in the interpretation of RFSE results. " These
higher-field signals are observed at most tilt
angles greater than 40 and their periods agree
well with Sondheimer-magnetomorphic-effect
data. "'" Although it is not the intention of this
paper to deal with GK signals in detail, some
relations between RFSE and GK effects will be
discussed in the following section.

Figure 8 shows the experimental results and
related computer calculations for a tungsten sample
with the magnetic field initially oriented along the
[1T1) direction in the sample plane. The calcula-
tions were made only to identify the observed
signals, not to predict all possible signals. The
parallel-field signal (g = 0) and Hd, = 0.53 originates
from the octahedron, while the 0.25 and 0.46 are
from a one-ball orbit and an octahedron-body or-
bit on the jack. A potential three-ball jack orbit
signal is not clearly visible, possibly because the
two-orbit chain signal from the octahedron (at
1.06) is rather large. The position of the octahe-
dron signals as a function of tilt angle is very
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FIG. 7. Field derivative of transmission coefficient

observed as a function of field, at fields extending be-
yond where the first-order RFSE signals occur.

FIG. 8. Summary of experimental data and calculations
for field directions between [111] (g= 0) and [1101 (g = 90 ).
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similar to the data given earlier, although the
second-order signal (corresponding to —' of a
cyclotron period) separates from the first-order
signal at a smaller tilt angle. The signals from
the jack-body orbit exist to a moderate tilt angle,
unlike the previous jack signals, and the jack one-
ball orbit signal behaves as before. As in the
previous data, the largest signals arise from the
octahedron. The experimental agreement with
the calculations is again quite good and allow iden-
tification of virtually all the observed signals;
the greatest discrepancy between observed and
calculated signal position is a.bout 7/o.

The calculations can also be used to identify the
band of electrons producing the BFSE signals.
While the parallel-field signal in the octahedron
arises from "belly" orbits with k~ = 0, the focused
orbits at large tilt angles have k„up to 0.6 of the
maximum kH value for the octahedron. The elec-
trons producing these tilted-field signals are
thus from more localized sections of the FS than
those producing the parallel-field signal and
should therefore be useful for the measurement
of electron scattering rates.

As shown in the calculations of Fig. 3, the octa-
hedron section of the FS would seem to offer op-
portunities for observation of a cutoff or limiting-
point signal; in other words, the slope of the
curve at the cutoff of effective orbits is small
enough to suggest that a sufficient number of elec-
trons may be involved. We have not, however,
observed such a signal even with the use of angle-
modulation techniques which have enhanced these
signals in potassium. '

DISCUSSION

This study has shown that despite the moderate
complexity of the tungsten FS, the parameterized
FS model can be used in combination with the bal-
listic RFSE model to explain the BFSE in a tilted
magnetic field. As previously noted, only the jack
and octahedron sections of the FS have been con-
sidered although several signals from the jack are
present, much of the observed data can be under-
stood using only the octahedron surface. The abil-
ity of the calculations to explain the experimental
data shows again the usefulness of the parametrized
FS model; although it gives only an approximation
of the true tungsten FS shape, the model has en-
abled several types of electron transport phenom-
ena to be successfully interpreted. ' ' ' No ef-
fort has been made in this study to check system-
atically the details of the models for errors or to
find possible corrections; for example, the posi-
tions of various parts of the BFSE lines have not
been observed as a function of rf frequency in

order to locate exactly the onset of the signal.
While there are small disagreements between the
calculations and the observed data, the over-all
agreement is considered very satisfactory.

The cutoff of effective orbits has not resulted in
observable signals for either the jack or octahe-
dron surfaces. This is not unreasonable given the
small number of electrons involved, and the fact
that the finite skin depth present in the experiments
results in a less abrupt cutoff than that assumed
by Peercy et al.' In addition, as shown in Ref. 1,
a region of focused orbits usually exists near the
cutoff value of Hd, for a spherical FS; therefore,
many of the signals observed in potassium which
have been attributed to the cutoff of the effective
orbits actually involve orbits which are focused.
Although the calculated Hd, curve for the tungsten
octahedron is similar to that of potassium, in
tungsten there are no focused orbits near the cut-
off point and no signal is observed. Signals ap-
pearing near the cutoff point at small tilt angles
are often called limiting-point signals, and the
results for tungsten suggest that the observation
of limiting-point signals may be restricted to
metals with rather special FS characteristics.

Many experimenters have observed periodic
signals in the surface impedance beyond the main
RFSE resonance. At small tilt angles these sig-
nals seem clearly related to the RFSE, while at
larger tilt angles they are similar to QK oscilla-
tions. The data presented in this payer suggest
that it is not always possible to distinguish be-
tween the two effects.

GK signals are normally quasisinusoidal oscil-
lations generated by electrons traveling on orbits
which have extremal values of orbit pitch but no
effective points. Although these signals were
originally discussed for a magnetic field normal
to a sample plate (P = 90')," it is clear that they
will also exist at other tilt angles. As already
noted, the RFSE can produce narrow signals that
appear periodic in field, due to electrons traveling
in orbits of roughly (2n+ 1)/2 cyclotron periods.
In some situations, orbits which produce RFSE
signals also meet the GK extremal pitch condition
as shown below.

For most orbits d, can be written as"
d", = do+ nu(k„) sing,

where d", is the depth an electron penetrates into
the metal as it moves between two effective points
roughly (2n+ 1)/2 cyclotron periods apart, d,' is
the corresponding distance when n = 0, and u(k„)
is the orbit pitch. For small values of n, the ex-
tremal value of do determines the orbit (ks value)
with extremal d", . However, when nu sing» d', , the
extremal value of d", occurs for the orbit which



12 TILTED-FIELD RADIO-FREQUENCY SIZE EFFECT IN TUNGSTEN

has an extremal value of pitch. Thus, signals can
be produced by orbits which satisfy both the RFSE
conditions and the GK extremal-pitch condition.
In some situations, as. for a spherical FS, the
extremal-pitch orbit has no effective points and
can only be involved with GK oscillations. However,
the calculations for-the tungsten octahedron show
that it is common for the orbit producing the d,'
extremal value to have a trajectory whose pitch
is also extremal. Therefore, the period of these
RFSE signals is essentially the sa.me as the GK
signal period.

CONCLUSION AND SUMMARY

We have shown that most of the tilted-field RFSE
structure in tungsten is understandable in terms
of the ballistic model of the RFSE combined with

the parametrized tungsten FS model. The orbits
that produce the tilted-field RISE signals are not
belly orbits (k„=' 0), as is common in the parallel-
field case, but are orbits which are more localized

on the FS. These orbits are highly suited to the
study of electron lifetimes on these FS sections.
It has also been pointed out that under certain
circumstances the period between the higher-
order RFSE signals is the same as that of QK
os cillations.
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