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Spin-wave analysis of specific heat and magnetization in Euo and Eus
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Recent neutron scattering measurements of the spin-wave spectrum have shown that the second-nearest-
neighbor exchange constant in EuO is ferromagnetic, in disagreement with previously published results from
both specific-heat and magnetization measurements. We undertook a thorough study of the bulk data on both
EuO and its isomorph EuS, including some previously unpublished specific-heat data, The new analysis
resolved the controversy regarding the specific heat, which is actually in good agreement with the neutron
scattering results. However, the NMR data are more sensitive to effects other than the exchange energy,
making this technique inferior to the two other techniques regarding determination of the exchange constants,
We obtained a set of "recommended" values for the nearest- and next-nearest-neighbor exchange constants in
EuO and EuS. For EuO they are J,/k = 0.606~0.008 and J,/k = 0.119~0.015; and for EuS they are
Jl/k = 0.228 ~0.004 and J2/k = —0.102~0.005.

I. INTRODUCTION

In the study of magnetism, the europium chal-
cogenides constitute an interesting group of ma-
terials. This is partly because they exhibit a
high degree of symmetry and isotropy as well as
short-range magnetic interaction, making them
simple model systems, and partly because the
only structural difference between them is the
size of the anion, which enables a study of the
radial dependence of the exchange forces. This
dependence is most obvious in the change from
ferromagnetic to antiferromagnetic order which
appears when going from the light anion in EuO
towards the heavy anion in EuTe. Kasuya' at-
tempted a theoretical analysis of the first- and
second-neighbor exchange mechanisms. His con-
jectures were based on experimental evidence
from measurements of transition temperatures,
specific heat, ' and magnetization. ' The postu-
lated exchange mechanisms generally describe the
observations quite satisfactorily except for the
second-neighbor exchange constant J, in EuO,
which Kasuya suggested should be positive (fer-
romagnetic), in contradiction to the published
analyses of the bulk measurements which de-
termined 4 to be negative (antiferromagnetic).
Recently, neutron scattering measurements of
spin-wave spectra in EuO and' EuS gave a more
direct determination of the two significant ex-
change constants in these materials. The new
observations did confirm the theoretical conjec-
ture of a positive J„but, of course, raised the
question of why the bulk measurements gave a
diff erent answer.

We renalyzed the specific-heat and magnetiza-
tion measurements and found that the bulk data
in EuO only determine the spin-wave stiffness
constant, i.e., the sum of the nearest-neighbor
(nn) and next-nearest-neighbor (nnn) exchange
constants. The new analysis shows that this quan-
tity is in agreement with the neutron scattering
result, thus resolving the controversy. Details
of our analysis applied to both EuO and EuS are
presented in Secs. II and V. Some of the data that
we analyzed on specific heat have not previously
been reported. Therefore, in Secs. III and IV,
we describe the experimental details and present
all the data for these measurements.

II. SPIN WAVES IN EUROPIUM CHALCOGENIDES

A. Exchange interaction

The europium chalcogenides crystallize with
the rock salt structure in which the magnetic ions
form fcc lattices. The spin 8 =-, of the Eu'+ ion
is due to the 4f electrons, whose wave functions
are strongly localized with no direct overlap be-
tween neighboring ions. According to Kasuya, '
the exchange between nn Eu'+ ions is due to an
indirect exchange via the normally unoccupied 5d
conduction bands. The next-nearest neighbor is
shielded by an anion, and the exchange coupling
between nnn Eu"ions is thought to involve several
mechanisms. One is a superexchange in which
the anion P electron is involved, and another is
the formation of Eu" -Eu' nnn pairs by transfer
of a 4f electron. We refer to the paper of Kasuya
fur a detailed discussion of these mechanisms
and of their dependence on the interionic distance,
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which dependence causes the interesting change
of magnetic behavior within the series of the
europium chalcogenides.

For the present we only need to note that the
Eu" ions in the spherically symmetric 'S7&, spin
states arranged in the lattices of high symmetry
give rise to an isotropic exchange interaction
with nn and nnn, which can be written in the
Heisenberg form

H,„,„=-Q J,S, S„„—Q J,S, S„,„, ,

where J, and J, are the two exchanges constants
and S„S„„,and S„„„arethe spins at the origin,
at nn and at nnn positions, respectively. With
this Hamiltonian the spin-wave energy takes a
simple form in the fcc lattice:

exch 1 2 1 q. nn
nn

—Z Q cos(q r„„„)). (2)

For small q, the exchange energy becomes iso-
tropic and characterized by a single parameter,
the stiffness constant D=4Sr'2„„(J,+ J;). Expansion
of Eq. (2) for small q yields E,„,2 = Dq'.

in this paper a gap of this magnitude is insignif-
icant, but the existence of the preferred spin di-
rection is of importance for the dipolar terms.

The dipolar terms in Egs. (4) and (5) are sums
over the spin sites within the magnetic domains.
For finite values of q, D ~(q) is essentially inde-
pendent of the domain shape, but this is not true
for D"(0), which appears in Eg. (4). The con-
vergence of this term is so slow that it depends
on the summation boundary. It is customary to
treat D"(0) as follows. The sum is divided into
two parts, one containing the sites within a sphere
of arbitrary radius, but confined within the do-
main, the other containing the sites outside the
sphere. The summation of the sphere can be per-
formed exactly, and for cubic crystals like EuO
and EuS the sum actually vanishes. The summa-
tion outside the sphere is first transformed into
a volume integral and further into two surface
integrals, one over the "inner" sphere surface
and the other over the "outer" domain surface.
The integral over the sphere is the well-known
"Lorentz factor" of ~m, and the integral over the
domain surface is the demagnetization factor -+.
For cubic crystals D"(0) thus has the form

B. Other contributions to spin-wave energy

For general q values, the spin-wave energies
are dominated by E,„,&, but at small g values the
dipolar contribution affects the spectrum sig-
nificantly. The combined exchange-dipolar spin-
wave energy was evaluated by Keffer, '

—(g2 ( + (2) 1/2

where

2, = gp, II,„,+ 8,„,„+N( gp, )2S [D"(0) + —'D*'(j)j,
(4)

D"(j)= —g '
(3 rI r f -2'; 5„)2';."exp(iQ rr ) ~ (5)

Here the z axis is along the preferred spin direc-
tion, and II,„f represents the external field.
Neither the exchange nor the dipolar forces has a
preferred spin direction, but there is a small
anisotropic crystalline field which stabilizes the
spins in the ground state along (111)directions. "
This in turn creates a small energy gap that was
evaluated' from the anisotropy constants to be
0.0035 meV in EuO and an order of magnitude
smaller in EuS. For the measurements discussed

In zero external field the energetically most favor-
able domain shape is a long thin needle, which
minimizes the external field energy. For an un-
magnetized sample the needles are packed anti-
symmetrically, so as to give vanishing total mag-
netization. We shall assume that our sample in
zero field exhibit this type of domain for which
$=0. In nonzero external fields the domain con-
figuration changes and S is nonvanishing. In this
case the external field and the demagnetization
field combine to an internal field

H jflf HCxf Ngg QSS Hc~f M2D

The demagnetization field will cancel the external
field up to a certain value of the external field,
and only then will the internal field become dif-
ferent from zero. In Fig. 4, we show evidence
of this behavior of the internal field.

The q-dependent terms D~~(g) can be summed
in a straightforward fashion for q close to the
zone boundary q „.For q & 0.1q,„, however,
the convergence is slow and it is necessary to
employ either the Ewald summation technique or
the Holstein-Primakoff (HP) approximation. 7'2
The Ewald technique improves the convergence
by transforming part of the sum into a sum over
the reciprocal lattice. W'e have used this technique
in the form described by Cohen and Keffer. " In
the HP approximation D'~(g) is expanded as
follows:
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Neglecting terms of order q' and higher, the spin-
wave energy takes the simple form

Kw, = (gp ii; +z„,,„,„)(i+ sin'9, )
4ggp. ~M

int + @exch

where 6, is the angle between q and the preferred
spin direction. In Table I, we have compared the
exact Ewald summation with the HP approximation
[Eq. (10)] for various points in the Brillouin zone.
The scale of q is such that the zone boundary in
the [100] direction corresponds to q„=0.5. It is
evident from Table I that the HP approximation
is extremely good over the entire Brillouin zone,
the deviation from the exact summation being al-
ways less than 0.5 /z. Equation (10) is therefore
used when calculating the Brillouin-zone sums
for the specific heat and magnetization, as dis-
cussed in Sec. IIC.

C. Magnetization and specific heat

At finite temperatures spin waves axe thermally
excited, whereby the magnetization is reduced
below saturation. The creation of one spin wave
causes a spin to flip by one unit. Thus the relative
magnetization is

Q (n, ),

where K is the number of spins and (n, ) is the
number of excited spin waves given by the Bose
distribution function [exp(Ke, /kT) —1] '. The
sum in Eq. (11) is taken over the N q values of
the Brillouin zone. The magnetic specific heat

per spin C„ is the temperature derivative of the
magnetic energy per spin, i.e.,

C„= —Q ((n, ) k(o, )
1

g( ')'exp( ') exp( ') —i

(12)

With the spin-wave energy given by Eq. (10) the
summations in Eqs. (11) and (12) can be performed
numerically on a computer. The computation
time is reduced by utilizing the symmetry within
the Brillouin zone. The exchange energy itself
is fully described in ~

—', of the zone (e.g., the
volume between the directions [100], [110], and
[111]). But for each q vector in this volume there
are four equally possibly and energetically non-
equivalent orientations of the easy spin direction,
namely, [111],[111],[1TI], and [111],each of
which generally give a different value of sin'6, in
Eq. (10). We have subdivided the volume of sum-
mation in cubical boxes, accounting for the reduc-
tion of volume (or weight) of boxes on edges and
surfaces. It was checked numerically that the
summation net (box size) was sufficiently small
so that the calculated quantities, i.e., the mag-
netization or the specific heat, were independent
of any further reduction of net size. With the q
scale specified in Table I a box side length of 0.02
was generally satisfactory.

We found it informative to determine which
portions of the Brillouin zone actually contribute
to the magnetic specific heat and to the reduced
magnetization. Therefore, in Fig. 1,

s(c„/a) e(am/M)
BQ' Bg

TABLE I. EuO: Effect of the dipolar contribution to the spin-wave energy calculated by the
Ewald summation technique and by the HP approximation.

Wave vector Spin-wave energy (meV)
Pure exchange Zwald summation HP approximation

0.01
0.05
0.10
0.50
0.01
0.05
0.10
0.375
0.01
0.05
0.10
0.25

0
0
0
0
0.01
0.05
0.10
0.375
0.01
0.05
0.10
0.25

0
0
0
0
0
0
0
0
0.01
0.05
0.10
0.25

0.0069
0.1706
0.6580
5.8510
0.0138
0.3377
1.2626
6.0128
0.0207
0.5013
1.8138
5.2500

0.0365
0.2469
0.7454
5.9436
0.0384
0.3817
1.3099
6.0939
0.0207
0.5026
1.8182
5 ~ 2627

0.0364
0.2463
0.7448
5.9428
0.0383
0.3812
1.3080
6.0589
0.0207
0.5013
1.8138
';).2500
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are plotted for EuO at 2 and 4 K. It is immediately
seen that the significant contribution to the spec-
ific heat in this temperature range, which is typ-
ical of our measurements, comes from the region
in the Brillovin zone where the exchange energy
is characterized solely by the stiffness constant
D. Therefore, these measurements cannot be
expected to determine Jj o'pld J2 but only Jy+
We note, however, that there is a considerable
shift of

s(C„/z)
Bq

towards larger q values in going from 2 to 4 K.
Had the measurements been extended up to about
0.25T, (i.e., about 17 K), the specific heat would
sense the whole of the Brillouin zone. Hence in
EuS, where the measurements were again taken
below 4.3 K, the analysis of the specific heat
should yield both J, and J, because T, is only 16.6
K in this material.

Now considering the reduced magnetization, the
situation is even worse. At both 2 and 4 K the
region of the Brillouin zone that contributes to
the sum in Eq. (11)is confined around the origin
and there is only a minor change from 2 to 4 K.
We conclude therefore that the NMR data below
4 K in EuO are sensitive only to the spin-wave
energy at very-small q values, where the dipolar
energy and the energy gap play an important role.

The considerations relating to Fig. 1 about the
limitations of the information in the bulk mea-
surements were not realized in the previously
published analyses of these data, '4 in which both

J, and J, were stated with high accuracy. The mis-
interpretation would have become evident through
a proper treatment of the correlated uncertainties
of J, and J, .

At temperatures where AM/M differs signif-
icantly from zero it is necessary to account for
the renormalization of the spin wave energies.
For temperatures not too close to the critical
temperature T„and for large spins, the renormal-
ization is dominated by the dynamical spin-wave
interaction. In calculating the relative renormal-
ization we have followed the treatment given by
Marshall and Lovesey" for a purely exchange-
coupled magnet. Thus the dipolar energy is ne-
glected in this calculation, but we have reasons
to believe that this causes only a minor error
because the same calculation agrees with the spin-
wave renormalization measured by the neutron
scattering" for temperatures up to 0.8 T, in EuO.
The renormalization of the exchange energy can
be expressed in terms of separate renormaliza-
tions of the individual exchange constants. Hence
E(l. (2) remains valid at all temperatures; only

6-
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FIG. 1. Sensitivity of specific-heat and NMR measure-
ments to J& and J2. The dashed-dotted line represents
spin-wave dispersion in the t110) direction for EuO using
the values determined by neutron scattering for J& and
J2. The dotted curve has the same stiffness constant
D ~ (J&+ J2), but J2 =0. It is evident that the individual
values of J& and J2 are important only within the second
half of the Brillouin zone (BZ). Solid curves represent
the calculated contribution from different q shells in the
BZ to the reduced magnetization at 2 and 4 K as mea-
sured by NMR. Likewise, dashed curves are the dif-
ferential contribution to the specific heat. Both techni-
ques applied below 4 K only sample the inner half of the
BZ, and therefore they only determine J&+ J2. In addi-
tion, the NMR measurements are particularly dependent
on the dipolar energy dominating at the lowest q values.

the values of J, and J, vary with temperature. The
relative changes of J, and J, are given by

=1 — Q 1 —sQ cos(q r„„))(s,),
1 nn

~(T)p(rp)1por+1rgcos(qr„„))(s, )
nnn

Since on the right-hand side (n, ) is the Bose func-
tion for the renormalized energies, the computa-
tion must be carried out self-consistently.
Typically, at low temperatures the relative re-
normalization is about one-half of the relative
change in the magnetization. In EuO, where T,
= 69.2 K, the renormalization is insignificant for
temperatures below 4.2 K. In EuS, with T,
= 16.6 K, the relative renormalization amounts
to about 2% at 4.2 K.



2848 DIETRICH, HENDERSON, AND ME YER 12

III. EXPERIMENTAL

A. Cryostat

The cryostat used in the experiments was that
described previously, '~ and therefore no detailed
description will be given here. The available
temperature region was between 0.35 and 4.3 K.
The sample was fastened by threads to a support,
a small amount of vacuum grease being used to
improve the thermal contact. This support could
be brought into contact with the refrigerant bath
by means of a mechanical heat switch. Any hor-
izontal displacements were prevented by fasten-
ings along the side of the cryostat. Two carbon
thermometers, attached to the sample support,
were used to monitor the temperature and were
calibrated against the vapor pressure of 'He and
He and as a function of the applied field.

B. Samples

The samples were all prepared by Reed at
Lincoln Laboratories. A summary of the samples
used in the experiments is seen in Table II.

Euo. The EuO material was prepared from a
melt of Eu,O, and Eu metal, as described by
Shapira and Heed. " The two crystals listed were
grown in different batches. In another crystal
grown by the same techniques, the maj or im-
purities found by mass-spectrometric analysis
were (in ppm atomic percent) C: 90; Ca: 60;
Yb: 40, and ¹ 13. EuO is chemically active and
forms a film of oxyhydroxide and trihydroxide on
its surface when exposed to moist air." Hence
precautions were taken to keep the samples packed
in dessicant until they were sealed in the cryo-
stat. The good consistency between the calori-
metric results of both samples 1 and 2 suggests
that there was little if any deterioration between
the time of preparation and the experiment.

Sample 2 was suspended in the cryostat so that
the applied magnetic field was parallel to the ap-
proximately flat surface of the slab, thus giving
a minimum demagnetization factor. The irregular
shape of the crystal, however, prevented an ac-
curate calculation of the demagnetization field,
which was determined empirically from the ex-
periment (see the end of Sec. IV).

To study possible surface effects in the specific
heat due to magnetic surface modes, "another
sample was prepared by grinding crystalline chips
to a fine powder in an argon atmosphere. The
powder was then mixed with a clear epoxy to pre-
vent a chemical reaction. In spite of the pre-
cautions taken, there must have been some con-
tamination as evidenced by a large peak in the
specific heat at 2.1 K. Hence, further studies
on this sample were discontinued.

EuS. The first calorimetric attempt was made
with a sample consisting of two single crystals.
However, these experiments had to be abandoned
because of very-large thermal relaxation times
encountered during the measurements: After a
heating pulse it took the sample more than 10 min
to reach an equilibrium temperature near 3 K,
this time increasing considerably as the temper-
ature was decreased. A powdered sample with an
average individual particle size smaller than
38', and cast into Vizard bioplastic was prepared.
Presumably because EuS has a higher chemical
stability than EuO, this sample showed no specific
heat anomaly and its thermal relaxation times
remained less than a few minutes over the whole
range of temperatures.

C. Errors

A reasonable estimate of all sources of error
indicates that there is an absolute uncertainty of
about + 2~/0. The major sources of systematic

TABLE II. Summary of sample details. The quantityP (T) is the ratio of the addenda heat
capacity to that of the sample, and is expressed as a fraction at T(E).

Sample Composition Shape P (1) p (4)

EuO single crystal.

EuO single crystal

EuS

Flat cylinder
diameter 0.51 cm
height 1.13 cm

Slab of 0.3 mm
thickness and

1.5 cm
diameter

Powder cast
in epoxy

4.19

3.15

1.27

0.14

0.18

0.01

0.17

0.22

0.08
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error in the specific heats in the experiments
arise (i) from the slope S of the thermometer
calibration curve, estimated to be about 5S/S
= 1%, and (ii) from the heat capacity of the ad-
denda, namely, sample support, grease, &ample
plastic casing, threads, etc., measured in a
separate experiment to about 2% accuracy. For
all the samples this additional heat capacity was
at most 30% of that of the sample.

As mentioned in a previous publication, ' the
present calorimeter and the experimental tech-
niques were tested by measuring the specific heat
of high-purity copper. The agreement between
these measurements and the most reliable ones
made on" Cu (a difference of about 1.5% and less
than 0.5% at 1 K and above 3 K, respectively)
should be considered good enough for the purposes
of the present research.

IV. CALORIMETRY RESULTS FOR EUO AND EUS

Several hundred points were obtained altogether
for the specific heat of the two EuO samples 1 and
2 at zero magnetic field, "for sample 2 at 12.9
kOe, and for the EuS-powder sample at zero mag-
netic field. This amount of data is too voluminous
to be presented here, and instead we have tabu-
lated smoothed results at suitable temperature
intervals. In general, the scattering of the data
around the smoothed values is of the order of
a 1% in zero field, and a few percent in the ap-
plied field in the lowest temperature region. The
smoothed results are listed in Table III, whereas
all experimental points for EuO and EuS are
shown in Figs. 2 and 3, respectively. There is
good consistency between both EuO samples, and
agreement between the present data and those of
Passenheim, McCollum, and Callaway. '

One expects three additive contributions to the
specific heat of EuO and EuS, namely,

C =C~+ Cg + C~, (i4)

C~/R =1.1x10 'T' (i5)

This contribution is only a small f raction of C/R
in EuO, and is still smaller in EuS.

where C&, C~, and C„refer, respectively, to the
magnetic excitations, the lattice vibrations, and
the hyperfine splitting of the "'Eu and "Eu nuclei.
The respective proportions of these isotopes are
47.860/0 and 52.14%, their nuclear magnetic mo-
ments are 3.4p. ~ and 1.5p, ~, and their nuclear
spin is 2."

The lattice contribution CI for both EuS and EuO
has been assumed to follow a Debye T' law with
eD=350 K determined from ultrasonic measure-
ments in EuO. " We obtain

TABLE III. Smoothed specific heats of EuO and EuS
expressed as (C/R) x10 .

No, 1

EuO single crystals
H=0 H = 12.9 kOe

No. 2 No. 2

EuS
powder
H=0

0.40
0.45
0.50
0.55
0.60
0.70
0.80
0.90
1.0
1.1
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.2
3.4
3.6
3.8
4.0
4.2
4 4

2.65
2.35
2.14
1.99
1.91
1.86
1.93
2.07
2.31
2.59
2.91
3.65
4.48
5.45
6.50
7.58
8.80

10.15
11.6
13.2
14.8
16.6
18.4
20.2
22.0
23.9
25.7

1.89
1.83
1.89
2.07
2.30
2.56
2.89
3.62
4.43
5.32
6.28
7.38
8.58
9.90

11.3
12.9
14.5
16.2
18.0
19.9
21.8
23.7
25.6

1.27
1.18
1.24
1.40
1.60
1.87
2.15
2.75
3.48
4.23
5.10
6.05
7.04
8.20
9.45

10.9
12.4
14.0
15.7
17.5
19.5
21.3

15.3
18.7
22.8
27.0
31.9
37 ~ 2
42.7

56 ~ 6
71.7
88.3

107.5
129.6
154.6
180.6
209.3
238.1
268.8
299.5
328.3
355.2
380.2
404.2

The nuclear contribution is calculated from

= g n, —', [J,(l, + 1)](~) (i6)

where n„ I&, and && are the fraction, the spin,
and the nuclear splitting of the isotope i. From
NMR data ' in '"Eu, and the ratio of the nuclear
magnetic moments, we calculate

C„T'/R =3.85x10 ~ for EuO,

C„T'/R =4.61x10 for EuS.

(1Va)

(iVb)

In EuO, the nuclear contribution dominates at
temperatures below about 0.7 K, as can be seen
in Fig. 2. Assuming that C& will be approximately
proportional to T' ', which is the dependence of a
simple ferromagnet at sufficiently low temper-
atures, a data plot of CT'/R vs T'~' will be ex-
pected to give a nearly straight line. The inter-
cept at T = 0, namely, C„T'/R, .should be con-
sistent with the value in Eq. (17a), which is shown
to be correct in the insert of Fig. 2. For EuS, the
nuclear contribution is just a small correction
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FIG. 2. Total specific
heat vs temperature for
two EuO samples at zero
field and for one of the
samples at an external
field of 12.9 kOe. The in-
sert shows the low-tempera-
ture zero-field data multi-
plied by T~ and plotted vs
T . The intercept at
T =0 determines the nu-
clear specific heat, as
explained in text.

of C accounting for only 8% at 0.6 K.
Two additional series of calorimetric data for

EuO, sample 2, were obtained near 0.70 and
3.45 K, respectively, for various external fields
between 5.1 and 12.5 kOe. The data for the iso-
therms at these temperatures are presented in

H int Hext 4.8 kOe for H,„, .8 kOe,

H,„,= 0 for H,„,& 4.8 kOe .

These results are discussed in Sec. V.

(aa)

reduced form in Fig. 4. It can be seen that for
H„, =4.8 kOe, the data extrapolate to the value at
zero field. Hence we take 4.8 kOe to be the max-
imum demagnetization field and write

0.4—

vl O3
UJ

CL
O
U

~ 0.2—
C3

~09-
II

X

0.8

0.1 0.7—

EuO

2 3
TEMPERATURE ( K)

FIG. 3. Total specific heat of EuS vs temperature.
The figure shows the good agreement between our data,
represented by open circles, and the data of Passen-
heim, McCollum, and Callaway (Ref. 3), represented
by the solid curve.

G6
2 4 6 8 10 12

EXTERNAL MAGNETIC FIELD H,„, (kOe)

FIG. 4. Isotherms in EuO at 0.705 and 3.45 K. Points
represent our measurements of the relative decrease
of the total specific heat with increasing field. No
change of specific heat is observed until the field ex-
ceeds 4.8 kOe. Therefore, we have taken this value to
be the demagnetization field. Solid curves are the cal-
culated isotherms.
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V. RESULTS x10 '
Eu0

Section II described the calculation of the spin-
wave energy @~„ the magnetic specific heat C„,
and the reduced magnetization ~M/M. We shall
now discuss the analysis of the measured tem-
perature variations of C„and bM/M.

2.5 =--

2.0—

C„/P =g T3"+ BZ'"+ ~ ~ ~ (18)

Equation (18) is plotted as a dashed line in Fig. 5.
The difference between this line and the solid
curve marked B„,=0 illustrates the importance
of the dipolar effect. At 0.6 K, the inclusion of
the dipolar energy almost halves the magnitude
of the specific heat with respect to that of the
purely exchange-coupled magnet.

Viewed in this perspective, we find the over-all
agreement between the calculated and the measured
specific heat good, noticing that the calculation
contains only one adjustable parameter. However,
below 1.5 K, a systematic deviation develops
which we cannot account for. We tend to discard
the possibility of an incorrect estimation of the
addenda in the heat-capacity measurements or of
a systematic error in the temperature scale,
because other compounds measured in the same
cryostat gave results in agreement with published
values. There is a possibility of impurities in the
samples, caused from surface contamination,

A. Specific heat

Having subtracted the nuclear and lattice con-
tributions from the measured total specific heat,
the resulting magnetic specific heat was least-
squares fitted to Eq. (12), using the exchange
constants as free variables. That is, at each tem-
perature the specific heat was calculated for a
certain set of exchange constants (J„J,), and then

J, and J, were varied so as to give a minimum of
the summed squared deviations.

As already anticipated in connection with Fig. 1,
the fitting procedure fails to determine two unique
exchange constants in the case of EuO, evidently
because the measurements do not sample the
entire Brillouin zone. We have therefore instead
fitted the EuO data with a single parameter,
namely, J, + J„which is proportional to the stiff-
ness constant governing the low-q behavior of the
spin-wave energy. The best fit is shown as the
curve marked H,„,=0 in Fig. 5. To better display
the discrepancies between calculated and measured
specific heats, which would not be easily seen in
a linear scale, C„/BT'" is plotted versus T. For
a purely exchange-coupled ferromagnet, this
quantity would show a linear variation with T, be-
cause for small T, C„/R expands as"

].5-

I
lL

~ 10-
O

0.5-
EXCHANGE ONLY

and lastly there is still the possibility that theory
does not account entirely for the bulk properties
of our samples below about 1 K, although admit-
tedly there is an excellent agreement with the
data for EuS by Passenheim e~ al. over the whole
temperature range, as we shall discuss later.
Since the discrepancy we are referring to is rel-
atively small, and of little influence for the de-
termination of J, + J„we have not given it further
attention. The best value of the sum of the two
exchange constants is

(J,'+ J,)/k=0. 714+0.007 K.
The uncertainty is the statistical uncertainty from
the fitting procedure and does not include possible
systematic errors, for which we have no good
estimates. The quoted value compares favorably
with that determined by neutron scattering, ' which
yielded J,/k =0.606+ 0.008 K and J,/k =0.119
+ 0.015 K. Adding J; and J, and taking account of
the correlation between the uncertainties, we find

(J, + J,)/k=0. 725+ 0.006 K. (20)

For the best value of Jy+ J, we have calculated

I I

2 3
TEMPERATURE (K)

FIG. 5. Magnetic specific heat divided by T3 vs
temperature in EuO. In this type of plot the specific
heat of a purely exchange-coupled ferromagnet will vary
linearly, as indicated by the dashed line. The reduction
of C&/RT below this line is a result of the dipolar
effect on the spin-wave energy. Solid curve marked
H

g
——0 is the best fit to the zero-field data for (J~+ J~)/k

=0.714. The lower curve is calculated with this value
of J& + J& and an external field of 12.9 kOe.
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J,/k =0.228+ 0.003 K,

J,/k = —0.102+ 0.005 K .
(21)

These numbers deviate somewhat from those
quoted by Passenheim et a/. , which were 0.20
and -0.06, respectively. Part of the difference
can be explained by our correction for other
specific-heat contributions and the inclusion of
spin-wave renormalization. Passenheim et al.
measured the specific heat also for internal fields
of 5.82 and 10.8 kOe. Our calculations agree with
these data with an accuracy better than 5%.
We have not shown these results.

A purely exchange-coupled ferromagnet with the
exchange constants of Eq. (21) would exhibit a
specific heat as indicated by the dashed line in
Fig. 6. It is seen that the dipolar effect is less
important in EuS than it is in EuO (compare Fig.
5).

The data from the present experiment deviate
only a few percent from the data of Passenheirn
«al. , except below 1.1 K, where an excess
specific heat develops in our experiment. W'e do

the magnetic specific heat in an external field of
12.9 kOe, using a demagnetization field of 4.8
kOe to find the internal field, Eq. (8a). The re-
sult is shown as the lower curve in Fig. 5. The
agreement with the measurements is extremely
good above 2 K considering that the calculation
contains no adjustable parameters in this case.
But here again we sample additional specific heat
below 2 K.

The isotherms at 0.705 and 3.45 K were also
calculated as shown in Fig. 4. The agreement
with the measured isotherms is good except for
a few points at 0.705 K, which could be experi-
mental error Thu.s in spite of the 13 dis-
crepancy between the calculated and the measured
specific heat at 0.705 K and zero field, it appears
that the relative change with field is correctly
accounted for in our calculations.

The results of the analysis of the magnetic
specific heat in EuS are shown in Fig. 6, where
we have plotted C„/RT'~' vs T (notice the sup-
pressed zero on the ordinate scale). The points
are smoothed experimental data both from this
experiment and from the experiment by Passen-
heim, McCollum, and Callaway, ' corrected by us
for the nuclear and lattice contributions. The full
curve is the best fit to the filled circles (Passen-
heim et al. ), and the agreement is excellent over
the whole temperature range. In the insert in
Fig. 6 is shown the covariance ellipse for the fit
parameters, giving the correlated uncertainties
for the exchange constants J, and J, . The resulting
values of Ji and J~ are

x10 '
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FIG. 6. Magnetic specific heat divided by T vs
temperature in EuS. The dashed curve represents the
behavior of a purely exchange-coupled ferromagnet. It
is seen that the dipolar effect, which causes a reduction
of C~/RT from the dashed curve, is relatively smaller
in EuS than in EuO (compare with Fig. 5 and note the
suppressed zero in the present figure). The solid curve
is the best fit to the data of Passenheim, McCollum,
and Callaway (Ref. 3). The insert shows the covariance
ellipses for J& and 4& as determined from our specific-
heat data (above 1 K), from the specific heat measured
by Passenheim et al. and from the neutron scattering
measurements (Ref. 6). The results of the three mea-
surements are in reasonable agreement.

not know the origin of this additional contribution.
A least-squares fit to our data above 1.1 K gave
the following exchange constants:

J,/k = 0.226 + 0.004 K,
(22)

J,/k= —0.097+ 0.006 K.
From the exchange constants quoted above and

those determined by the neutron scattering tech-
nique' (J,/k = 0.236 + 0.009 and J,/k = —0.118
a 0.011) a set of weighted averages of J, and J,
were evaluated for both EuO and EuS. These are
listed as recommended values in Table IV.

Teaney and Moruzzi" measured the specific
heats above 20 K in EuO and above 10 K in EuS,
their main aim being to determine the critical
behavior of the specific heat. There is no tem-
perature overlap with the measurements dealt
with in this paper, but we found it interesting to
compare their results with an extrapolated cal-
culation of the spin-wave specific heat. As al-
ready mentioned, the calculation of the spin-wave
renormalization, which is included in our compu-
tation of the specific heat, agrees with direct
spin-wave measurements in EuQ up to 0.8 T, ."
It is therefore reasonable to assume that the spin-
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TABLE IV. Recommended values for exchange con-
stants.

2.0

Jg/k (K) J,p (K)

Eu0
EuS

0.606+ 0.008
0.228+ 0.004

0.119+0.015
-0.102+ 0,005

wave specific heat can be reliably calculated in
the same temperature range. We have shown such
calculations in Fig. 7, plotted versus the reduced
temperature T/T, . Note that this type of curve
is almost identical for the two materials, al-
though the higher isotropy of the spin-wave energy
in EuO causes this material to saturate before
EuS, where there is a large spread of spin-wave
energies in various directions. ' When the spin-
wave specific heat is expressed in units of 8,
which is the case in Fig. 7, the saturation value
is unity. The dashed-dotted curve in Fig. 7 rep-
resents an average of the total magnetic specific
heats for EuO and EuS above T/T, =0.3, as mea-
sured by Teaney and Moruzzi. At T/T, = 0.3 the
total magnetic specific heat joins smoothly to the
spin-wave specific heat. We infer that the add-
itional magnetic specific heat above T/T, =0.3
is connected with the longitudinal spin fluctuations
that diverge at T, .

B. Magnetization

The reduced magnetization was measured in EuO

by Boyd' and in EuS by Boyd and Charap' using
the NMR technique. Their data, reduced by T' ',
are plotted versus T in Fig. 8. This type of plot
is convenient because the reduced magnetization
for a purely exchange-coupled ferromagnet ex-
pands for small T similarly to the specific heat,
Eq. (18), so that the small-T behavior of AM/MT'"
becomes linear with T. These linear dependencies
were calculated for the recommended values of
the exchange constants from Table IV, and are
shown as dotted lines in Fig. 8. In relation to Fig.
j. we said that the magnetization below 4 K was
less sensitive to the exchange than was the spec-
ific heat, and this is clearly displayed by the dif-
ference between the dotted lines and the measure-
ments in Fig. 8. The effects of the dipolar energy
are obviously not perturbations but changes by
factors. Inclusion of the dipolar contribution in the
spin-wave energy yielded the dashed curves in the
figures. The agreement with the measurements
is poor, except near 4 K in EuS. To match the
observed magnetizations the spin-wave energies
must be larger than those calculated from Eg. (10)
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with H;„,=0. An. internal field of 2.4 kOe, which
essentially increases the spin-wave energy at all
wavevectors by about 0.028 meV (=0.32 K), brings
the EuO calculation into perfect agreement with
the measurements. However, a field of this size
is an order of magnitude larger than the calcu-
lated anisotropy field in EuO, ' and it cannot be
reconciled with the specific-heat analysis.

The situation is somewhat different in EuS,
because here the inclusion of an internal field
(0.7 kOe in the figure) gives a temperature depen-
dence different from that observed in the NMR
experiment. To fit the observations it would be
formally necessary to include a wave-vector-de-
pendent spin-wave energy gap of about 0.01 meV
at q = 0 and with decreasing magnitude for increas-
ing q. This is pure conj ecture, of course, and we
are inclined to conclude that the NMR measure-
ments are too sensitive to effects other than the
exchange energy, and that they are inferior to
both specific heat and neutron scattering in re-
spect of determination of exchange constants in
EuO and EuS.

VI. CONCLUSION

Motivated by the inconsistency between the re-
cent neutron scattering results and the specific-
heat and magnetization results on the exchange

I l

0.1 0.2 03 0.4 0.5 0.6 0.7 G8 09 1.0
REDUCED TEMPERATURE (T/T, )

FIG. 7. Magnetic specific heats vs reduced tempera-
ture for both EuO and EuS. "Extrapolated" calculations
of the spin-wave specific heat join smoothly to the total
magnetic specific heat measured above T/T, =0.3 by
Teaney and Moruzzi (Ref. 22). Excess specific heat
above the calculated spin-wave specific heat is assigned
to the longitudinal spin fluctuations.
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FIG. 8. Reduced magnet-
ization divided by T3~2 vs
temperature in EuO and
EuS. Points are the data
of Boyd (Ref. 4) and of Boyd
and Charap (Ref. 5). Dotted
lines represent the behavior
of a purely exchange-cou-
pled ferromagnet. It is
evident that the reduced
magnetization is strongly
influenced by contributions
to the spin-wave energy
other than the exchange.
Dashed curves are calcu-
lated using the recom-
mended values of J& and

J2 from Table IV, including
the dipolar energy. Addi-
tional internal fields are
necessary to match the ob-
served magnetizations.

constants J, and J,
'

in EuO, we reanalyzed the
specific-heat and NMR data on EuO, and also in-
cluded a reanalysis of the same type of data on
EUS. It seems to us that the previous analyses
had not realized the sensitivity of the bulk data to
the interrelation between the two exchange con-
stants. Thus the specific heat below 4.2 K in
EuO cannot, as quoted in the previous analysis,
determine J, and J, individually but only the sum

4, + J, . Our reanalysis based on all available
specific-heat data on EuO, some of them pre-
viously unpublished, gave a value of 4 + J, that
is in good agreement with the neutron scattering
result. From the specific-heat data we cannot
check the correctness of a positive J, in EuO,
as obtained by neutron scattering, but we have
eliminated the controversial disagreement between
the two techniques.

The reason that the specific heat in EuO can
only determine J, + J is that the measurements
were not carried to sufficiently high temperatures
for spin waves to be populated over the entire
Brillouin zone. The situation is different in EuS,
although also in this case the specific heat was
measured only below 4.2 K. Because of the much
lower T, in EuS, these measurements sample

the entire Brillouin zone and actually give the
best determination of 4, and J, in EuS (the neutron
scattering technique was hampered by the large
anisotropy of the spin-wave energies in EuS, be-
cause the large neutron absorption of Eu made it
necessary to use a powdered sample).

We attempted an analysis of the NMR data for
the reduced magnetization, but in the tempera-
ture range of the measurements (below 4.2 K)
we found that the data are more sensitive to other
contributions, chiefly the dipolar energy, than
they are to the exchange energy. In spite of what
we believe is a thorough analysis of the dipolar
effects, we cannot fully account for the behavior
of the NMR data without introducing additional
anisotropy fields. With respect to the main aim
of this paper, which was to determine the ex-
change constants, we excluded the NMR data as
being inferior to the results of the two other
techniques.
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