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Crystal-field analysis for the susceptibility of lanthanide compounds of the form Cs2Na RC161
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We have used crystal-field theory to discuss susceptibility data for the compounds Cs2NaRC16 where R = Ce,
Nd, Tb, Dy, Ho, Tm, and Yb. These materials have an octahedral coordination for the lanthanide ion which
remains undistorted even at low temperatures. A combined analysis of all the susceptibility data provides the
crystal-field interaction parameters A4(r') = 254(r') K and A6(r') =4(r') K with (r') and (r')
in atomic units. The numerical values A4 and A, are independent of the lanthanide ion within experimental
error. Attempts to explain these results within a simple point-charge model were unsuccessful.

I. INTRODUCTION

In considering systems which may be useful
for simple studies of crystal-field effects, a num-
ber of criteria seem important: (i) the material
should be cubic so that the number of crystal-
field parameters is minimized; (ii) the material
should be magnetical. ly dilute so that the electronic
properties can be measured over a wide range of
temperatures without having the complication
of magnetic exchange interactions introduced;
(iii) in order to discuss the crystal-field para-
meters obtained from the simplest points of view,
it is desirable that the material be nonmetallic,
and as ionic as possible. These conditions have
been partially met in the past by a number of
materials which have octahedral coordination of
the metal ion with halide ions in the first-neighbor
shell. However, almost all such lanthanide com-
pounds distort at low temperatures, demanding
that numerous crystal-field parameters be de-
termined. At present, the only known exceptions
are for those compounds which have the "ideal
cryolite" structure. In this paper, we wish to
consider crystal-field interactions for one class
of these compounds having the general form
Cs,NaACl„where A is a trivalent lanthanide
ion. ' ' The crystal structure for these compounds
is shown in Fig. 1. The first-neighbor coordina-
tion for the lanthanide ion is an octahedron of
chlorine ions, the second-shel. l coordination is a
simple cube of Cs ions, the third-shell coordina-
tion is an octahedron of Na ions, etc. The h,'ions
appear again only in the fifth-neighbor shell. . Fur-
thermore, a number of measurements on some
of those compounds show that the cubic coordina-
tion remains even at low temperatures. ' '

Compounds of this kind would thus appear to be
very good model systems for the study of crystal. —

field interactions. Furthermore, since the com-
pounds can be made from all A ions spanning the

entire series, one is able to consider variations
of the crystal-field model across the series and
make comparison with theoretical predictions.
Magnetic susceptibility measurements have been
recently reported for the closely related materials
Rb,NaRF, ; however, in that case the emphasis
was placed on the very-low-temperature data and
on the low-lying crystal-field states only. ' Sus-
ceptibility data for the Cs,NaACl, cryolites have
been previously reported, and a preliminary an-
alysis of these data given. " Here we present
a more complete discussion of these data within
the framework of simple crystal-field theory. We
have analyzed the detailed temperature dependence
of the susceptibility for those compounds with
A = Ce, Nd, Tb, Dy, Ho, Tm, and Yb. Specific
results for each of these will be discussed, crys-
tal-field parameters derived for the entire series,
and comparison to elementary point-charge cal-
culations will. be made.

II. ANALYSIS AND RESULTS

The theoretical formalism required for the
analysis of the susceptibility data is well establish-

R +++

o CI
Oo Np

Cs+

FIG. 1. Crystal structure for the compounds
Cs2NaR Cls.
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ed and needs only a few summarizing statements,
largely for the purpose of establishing notation.
We use the description of Van Vleck" and con-
sider a angular momentum manifold J with a

gyromagnetic ratio of. g&. Owing to whatever inter-
actions may be present, this state is split into
a series of states ln) at energies B„, where
n=1 to 2 J+1. The susceptibility is then given by

&~g'eve Z. 11(nlJ. In) I' —2Z. 1(nl~. In') I'&&I(&. -&. )]e
~n

In this expression, the first term under the sum-
mation represents the direct contribution of the
level n to the susceptibility, while the second
term gives the "induced" or "Van Vleck" sus-
ceptibility which arises from admixtures of all
the levels n' into n when an external field is ap-
plied during the susceptibility measurement.

In the case of interest here, the n levels are
determined solely by the crystal-field interaction.
The problem of rare-earth ions in cubic symmetry
has been extensively discussed by Lea, Leask, and
Wolf (LLW)." In cubic symmetry, two terms are
sufficient to specify the crystal-field potential.
The Hamiltonian for this case can be written

Xc„=B,(00+ 50', ) +B,(OO —210,'),

where the factors 0" are Stevens operators acting
on the J angular momentum states, and the two
quantities B are numerical factors which depend
on the electronic charge distribution in the crys-
tal being considered. These are frequently re-
lated to parameters A. by

B =A (r)P,
B~=A 6(r )y,

where ( r') and ( r') are radial averages over the
4f electrons of the ion in question, while P and y
are Stevens multiplicative factors. The radial
parameters (r") in turn are often related to cal-
culated free-ion Hartree-Fock values (r")„„
through a shielding constant o„such that (r")
=(1 —v„)(r")„„.In addition, LLW define para-
meters Wand x such that x varies from —1 to +1
as the ratio B~/B, covers all possible values. All
of these quantities are interrelated as follows:

Wx =B~E(4) =A~P (r~) E(4)

= &.P(l —o,) ( r4)» E(4),

W(1 —Ixl) =B,E(6) =A,y(r') F(6)
= A,,y(1 —o, ) ( r')„„E(6),

(4)

where again E(4) and F(6) are numerical factors.
For convenience we present in Table I all of these

TABLE I. Numerical constants useful for crystal-field calculations with rare-earth ions. Values are taken from
Ref. 11 except for the radial parameters (x )H„and (r ) „„which are from Ref. 13.

Ce3+

Dy 3+

.Ho3+
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2
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4
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2
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4
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6
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8
7

Ion and
configuration g z 10 4P

63.492
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—2.9111

25.012

1.2244

—0.5920

-0.3330

0.4440

1.6325

-17.316

60

60

60

60

60

60

60

60

60
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3.455

2.822

2.401

1.897

1.419

1.322

1.219

1.126

1.067

0.960

PF (4)(r4)„10 y F (6)

1.31619

-0.124 39 60.994 1260

2520

0.010 42

—0.004 70

-0.002 44

0.003 00

0.010 45

-0.099 74

-1.1212

1.0350

-1.2937

7560

13860

13860

2.0699 13860

-5.6061

148.00

7560

1260

-0.041 94 -37.988

0.284 69 0

21.226

15.726

12.396

8.775

5.688

5.102

4.502

3.978

3.647

3.104

y&(s)(r )„„

1.208 58

-1.186 67

-0.048 21

0.073 19

-0.080 72

0.114 12

-0.154 57

0.578 83

In units of ao where ao is the Bohr radius.
In units of ao.
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numerical constants for the rare-earth ions, ex-
cept for the shielding factors o„. No experimental
values for these quantities exist. However, theo-
retical calculations" give values of @4=0.1 and

a, =0.04 for trivalent ions in the lanthanide series.
In view of other uncertainties in the following
analysis, these rather smal. l corrections will not
be a major consideration. We will therefore pre-
sume in the following that (r") =-(r")„„for n = 4

and 6. For completeness, however, it should be
noted that this identification is not correct in
cases where second-order (n=2) terms are im-
portant, since the corresponding shielding factor
has a value o, =0.5."

Wave functions and energies for the crystal-
field levels of the rare-earth ions in cubic sym-
metry are given by LLW. From these one can
apply Eq. (1) and calculate the susceptibility di-
rectly. In a few cases, the state is split into only
two or three levels, and the wave functions in some
eases are independent of the specific values of
B4 or B,. It is then possible to obtain a convenient
closed-form expression for the susceptibility.
In most other cases, however, closed-form ex-
pressions become cumbersome and can be written
simply only for low-temperature limits. In many
cases, therefore, we have used a direct numerical.
calculation of the susceptibility. The Hamiltonian,
consisting of the crystal-field potential. plus the
electronic Zeeman interaction from the applied
field, was diagonalized to yield energy values and
wave functions. From these, the thermal average
of the magnetization (M, ) was determined and
the susceptibility obtained as (M, ) /H, where H
is the applied field. Since such a procedure treats
the Zeeman interaction and the crystal field on
an equal basis, the Van Vleck induced contribu-
tions to the susceptibility are automatically in-
cluded. The results obtained were checked for
a variety of values of II in order to be sure that
a proper low-fieM limit was obtained. In those
eases where closed-form expressions could be
easily obtained from Eq. (1), agreement with the
numerically determined susceptibility was ex-
cellent. This routine was then coupled to a l.east-
squares fitting program, and a search was made
to determine the best values of Wand x [see Eq.
(4)j for each compound. In the following, we pre-
sent results for several of the compounds, along
with a dis cuss ion of some aspects of the effects
of the cubic crystal fiel.d on the susceptibility in
general.

doublet (I', ) and an excited quartet (I',). The sus-
ceptibility for this case can be calculated exactly
to be

g ~p~Z(Z+ 1)
3kT

5 ~ 26e-'»"'+32(ur/~, „)(1—e-'»"')
21(1+2e '8& )

I I I l
I I I I

$+ /—

CQ
al g)
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I I I I I

IONy r

(b)

I I I

.02 .04 .06 .08 .IO .12

kT/678

where &„=E,—E, is the I', —I', separation. Here,
the first term in the bracket is the direct contri-
bution from I'„ the second term that from I „and
the third term is the induced contribution arising
from I', —I, mixing. In Fig. 2(a), the inverse
susceptibility given by this expression is plotted
as a function of kT/6» Also s.hown are the limit-
ing-Curie-law susceptibilities appropriate to the
isolated I'„ the isolated I „and the free ion.
Characteristically, one sees an increase in I/g
due to the crystal-field effects at low tempera--
tures, with the susceptibility returning to the free-

A. Cs2NaCeCl6

In the presence of an octahedral fiel.d, the 'I',
~,

state of Ce' is split into a low-lying Kramer's

FIG. 2. Crysta1. -field effects on the susceptibility of
Ceo+in octahedral symmetry. The energy difference
between the ground state j. 7 and the excited state I'8
is given by 678.
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ion value and slope at kT=L». Figure 2(b) shows
an expanded view of the low-temperature region.
As T-O, the susceptibility approaches the I',
value, as it must. However, the induced sus-
ceptibility between r, and r, is quite large, even
at rather low temperatures. As a result, the
observed susceptibility deviates from the I", limit
for kT =0.01478, even though the I', Boltzmann
factor is still negligible at this temperature.

The measured susceptibility for Cs,NaCeCl, is
shown in Fig. 3. For a4=-,' level one has &=+1,
which is to say that sixth-order terms in the crys-
tal-field potential play no role. As a result, the
data are described by a single crystal-field para-
meter. For W=334 K (corresponding to A»
= 2000 K), obtained by a least-squares fit of Eq.
(1) to the measured susceptibility, the solid line
is obtained. "

It should be noted that in this case the crystal-
field splitting is of comparable magnitude with
the spin-orbit splitting' between the 'E,y, and
'E,~, levels of the Ce" ion. Thus physical para-
meters should properly be calculated including
admixture of the 'E,@ state into the ground state.
We have not done so in detail for this case, but
some preliminary calculations indicate that in-
clusion of the spin-orbit energy changes the cal-
culated susceptibility by about 10%

B. Cs2NaNdC16

The cubic crystal field splits the 'I,~, state of
Nd' into a doublet (I', ) and two quartets (I','~ and
I','). In an octahedral environment, the grou'nd(2)

state is expected to be either I', or r,", depending
on the prevalent value of x. From the low-tem-
perature susceptibility data shown in Fig. 4, one
identifies I',' as the ground state. The solid line
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FIG. 4. Measured and calculated susceptibility for
Cs&NaNdC16.

is a fit to the data for the indicated parameters,
which give I', as the first excited state at 290 K
above the ground state, with I', ' ' lying at 930 K.
This is not in good agreement with values esti-
mated from optical measurements"; however,
in this case the susceptibility probably provides a
more reliable measure of the crystal field.

C. Cs2NaTbC16

In a cubic fieM, the 'E, state of Tb" is split
into two singlets (I', and I', ), one nonmagnetic
doublet (I,) and three triplets I I ~, I'~5'~, and I'~5"].
For octahedral coordination, the ground state
should be either r, or I', . A nonmagnetic ground
state is clearly seen by the leveling of 1/g vs T
at low temperatures, shown in the data of Fig. 5.
For the likely case x ~ —0.5, the ground state
will be I „with the higher-state ordering beingr„r,", r„r,', and I', . Inspection of the wave
functions shows that an induced susceptibility at
very low temperatures will occur by interaction
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FIG. 3. Measured and calculated susceptibility for
Cs2NaCe Cl&.

FIG. 5. Measured and calculated susceptibility for
Cs2Na Tb C16.
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between the ground state I', and the two levels
I', and I', . Evaluating Eq. (1) for this case at
T =0 gives

7 28
X(0) =+Og Jl B 2~ +

13 14

where 4„=E,-E, is the I', —I', splitting, and

4,4=E, -E, is the 1,—I 4 splitting. From the
LLW diagrams we may estimate ~»-10&,4. If
we therefore consider the first contribution to
be small, and take g~ =-,', Eq. (6) becomes

X(0) = 189/8&„emu/mole

(6)

with &« in degrees K.
For Cs,NaTbCl„ the value X(0) =0.50 emu/mole

gives &,4=47 K. The solid line in the figure is a
computer fit yielding the values of Wand x indi-
cated. The over-all crystal-field splitting is
found to be &$3 414 K.

D. Cs, NaDyC1,

The cubic crystal field splits the 'H»~, state
of Dy" into two Kramer's doublets (I', and I', )
and three quartets (I',"l, I',"', and I',"). In octa-
hedral coordination with —1.0- x —0.45, one
anticipates a I", ground state with the higher states
following the ordering r,"', r„r,"', and I',".
For Dy cases, the over-all crystal-field splitting
is rather small, and very low temperatures are
necessary to verify the ground state directly from
the susceptibility measurements. However, the
detailed least-squares fit to the Cs,NaDyC1, data
(Fig. 6) is in agreement with this ordering. For
the parameters given in the figure, one obtains
a I',"—I', separation of 34 K and an over-all split-
ting (1 ~B' l —1,) of 350 K.

E. Cs, NaHOC1,

F. Cs2NaTmC16

The 'H, level of Tm" is split by the cubic crys-
tal field in a manner identical to that of Tb",
which also has 4 = 6. Again, one anticipates a I',
ground state with I'4 being the first excited state
and I', the highest level. From Eq. (6) one obtains
a zero-field susceptibility due to interaction be-
tween I", and I'„

X(0) = ~B4 &„emu/mole, (8)

where we have used g& =~6, and where &,4 is in
units of degrees K. From the data of Cs,NaTmCl,
(see Fig. 8), we obtain X(0) =0.2 emu/mole, which
gives 4« = 71 K. The complete temperature de-
pendence gives the Wand x values indicated in
the figure, from which one obtains an overall
crystal. -field splitting I', —I', of 638 K.

G. Cs&NaYbC16

The 'E,~, state of Yb" is split by the cubic fiel.d
potential into two doublets (I, and I,) and one

In a cubic fiel.d, the 'I, state of Ho' splits into
one singlet (I', ), two nonmagnetic doublets [F3l"
and 1'I lJ, and four triplets [FI' I' ' 1 ' and
I'5'"]. The ground state for octahedral coordina-
tion should be either I', or I',". However, the
LLW diagram is complicated, with a great deal
of level crossing occurring, which make simple
predictions difficult. The complete analysis of
the Cs,NaHoCl, data (see Fig. t) gives a I'3" '

ground state. For the parameters shown, the level
ordering is I',", I",", I'„I'4", I','', I',", and I',"
with the splitting I'4" —I',' being only 11 K and
the over-all splitting I', ' —I'," being 577 K.

00 IO 20 30 40 50 60 70 80 90
TEMPERATURE (K)

r
0 r I I I I I I I

0 lO 20 30 40 50 60 70 80
TEMPERATURE (K}

FIG. 6. Measured and calculated susceptibility for
Cs2NaoyC16.

FIG. 7. Measured and calculated susceptibility for
Cs 2NaHo C le.
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quartet (I',). For octahedral symmetry with
x~ —0.6, one expects the I', state to be lowest
with I', next and I', highest. For the J =~2 case,
the wave functions are independent of x; so a
closed-form expression for p may be conveniently
obtained. From Eq. (1) and the LLW wave func-

tions, this is found to be
gable

( + ) fpe)X

where

(9)

f(T)=( 88+260e "1 +162e Q e + (e e —e *"e")432kT
~68- ~6V

+ (1 —e ~&()~'
) 378(1+2e «' +e 6T' )

560kT

68
(10)

Here &68 =E, —&, is the energy difference between
the I', and I', levels, and &67 =E, —E, is that be-
tween I', and I', . The first three terms in f(T)
are the direct contributions from I'6, I"„and I"„
respectively. The fourth term is due to I'7 I'8

mixing and the fifth due to I', —I', mixing. No

mixing occurs between I', and I', . In Fig. 9 we
show the low-temperature-l. imiting form, where

g is plotted as a function of kT/e « for tempera-
tures such that &67» kT. The appropriate Curie-
law susceptibilities for the free ion and for the
isolated 1", level are also shown. Here one sees
again the strong role played by the induced sus-
ceptibil. ity. Deviations occur from the I', val. ues
for temperatures as low as kT =0.03&68. At these
temperatures, the I', level is not substantially
populated, but the Van Vleck term arising from
mixing between I', and I', is quite substantial.
This was also noted proviously for the compound

Rb~NaYbF6. '
The measured susceptibility for Cs,NaYbCl,

is shown in Fig. 10. For the values of Wand x
indicated, the ground state is I'„with I', at 390 K
and I', at 830 K."

l0-
Cs&No

W=-2

III. DISCUSSION
I

In Table II we summarize the crystal-field para-
meters obtained from the analysis of the suscep-
tibility data for these compounds. In Fig. 11, the
quantities Wx and W(1 —

~
&( ) are plotted against

PE(4)(r ) and yF(6)(r'), respectively, [see Eq.
(4)J. The solid line is drawn on the assumption
thatA4 and A, are constants throughout the series.
One sees that this simple assumption is rather
well satisfied for both parameters, the only ex-
ceptions being with the Wx values for the Dy and
Tb compounds. Whether these differences are
significant cannot be decided at present. A least-
squares fit of a straight line to the data gives

I I I I I I I I
I

I

0.2

+
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CV

~~ 0
C4

O

O. I

6-
E

X = N

.0 )0
l I I I

20 50 40 50
TEMPERATURE (K)

t

60 70
0.02 0.04 0.06 0.08 O.IO

68

FIG. 8. Measured and calculated susceptibility for
Cs 2Na TmCl6.

FIG. 9. Low-temperature susceptibility for Yb3+ in
octahedral symmetry. The energy difference between
the ground state I'

t; and the first excited state I'8 is 468.
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A4=254ao K, A., =4ao K,

where ao is the Bohr radius. Note that with (r')
and (r') in atomic units as in Table I, the quan-
tities B, and B, [see Eq. (3)j are obtained directly
from this in units of degrees K.

The result of an essentially constant A. 4 and A,
has been previous ly used as a first-order approxi-
mation in extrapolating or interpolating crystal-
field data for rare-earth compounds; however,
no reliable test of the assumption has been pre-
viously available. Data are available from optical
spectroscopy for a number of lanthanides present
as impurities in I aCl, and for several. of the
lanthanide ethylsulfates. " In those cases the evi-
dence seems to favor constant values of the B„
(rather than A„) across the series. However, there
is a great deal of scatter in the data and a clear
conclusion does not seem possible. The clearest
pr evious cas e concerns optical work on the
LaC13 ' 6H,O compounds. Harrop" has discussed
a large amount of such data and has shown that an
assumption of constants„can be used very ef-
fectively there. Nonetheless all the previous work
is complicated by the fact that the symmetry is
at best hexagonal, and in the RCl, '6H, O case only
a two fold symmetry axis exists. Thus the cubic
symmetry in the present case, with the commen-
surate simplification of the crystal-field Ham-
iltonian, provides a situation considerably easier
to treat than has been previously available.

We may attempt to interpret the A4 and A., values
obtained above on the basis of a simple point-
charge model, since the crystal structure is well
known and the ionic charges are easily assigned.
In such a calculation, the principal uncertainty is
the position d of the Cl ion relative to the cen-

tralee"

ion (see Fig. 1). Careful x-ray studies'
have shown that for Cs,NairF„ this distance is
d =0.26a, where a is the lattice constant. In order
to make an estimate of the crystal fields, we wil. l
take d =0.25a, i.e. , we take the Cl ion to be situ-

30
E

—g~ 20

IO

00 lO 20 30 40 50 60 70
TEMPERATURE (K)

FIG. 10. Measured and calculated susceptibility for
Cs&Na YbC16.

ated halfway between the R" and Na' ions. Con-
sidering only first-neighbor Cl contributions to
the crystal fields acting on R', one obtains within
the point-charge model

A, =0.4375e'/d' and A, =0.04688e'/d'. (12)

The lattice constant depends on the particular
rare earth considered, varying from d =2.6675
A = 5.0425 0 f R =Yb to d = 2.7364 A = 5.17 2'7

o
for R = Ce, where ao is the Bohr radius. The re-
sults obtained from Eq. (12) are shown by the
dashed lines in Fig. 11. The calculation allows
a variation of approximately 10% in A. , and 20/0
inA6 in going from Ce to Yb. As one sees from
Fig. 11, this is within experimental error. How-

ever, the absolute value of A4 is small by a fac-
tor of approximately 5 and A, by a factor of 20.
A similar discrepancy was previously noted for
the Rb,NaRF, compounds as well. ' Inclusion of
more distant neighbors will increase the calcu-
lated values somewhat. Carrying the point-charge
calcu lation to fifth neighbors, one obtains A4
= 0.5359e'/d' (an incr eas e of 22%) and A,
=0.050 28e'/d' (an increase of 7%). Inclusion of

TABLE II. Crystal-field parameters for the compounds Cs&NaRC16. The quantity W is in
units of degree K.

Ce

Nd

Dy

Ho

Tm

7
2

9
2

$5
2

7
2

334+ 50

-19+7

1.80+ 0.15

0.92+ 0.07

-1.12+ 0.25

—2.50+ 0.25

20+ 10

1.0
0.76+ 0.03

—0.8+ 0.1

-0.63+ 0.15

0.72 + 0.03

-0.90+ 0.15

-0.85+ 0.15

Wx

334+50

-14.5+4.5

1.53 + 0.05

-0.58+ 0.10

—0.8+ 0.2

2.3+ 0.2

25+ 10

wii-l~l)

-4.5+ 2.0

-0.3+ 0.2

0.34+ 0.15

-0.32+ 0.03

-0.5+ 0.5

Ground state

r,
r(2)

8

r,
r(2 )
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(a)
I I I I 11 II I I I I I I I

I

t00.0-

t0.0-

further neighbors will give a much smaller change.
Use of relativistically calculated values" for
(v') and (r') will increase the calculated para-
meters by roughly 25% for A4 and 50% for A, .
Combining these estimates together one obtains
A4=75ao K and A, =0.3a, ' K. Comparison with

Eq. (11) shows that the point-charge calculation
still provides values which are small compared
to experiment, even for such a well-defined and
presumably ionic system. Inclusion of covalency
effects and accounting for the spatial extent of the
electrons will both increase the calculated values.
For this reason also it is difficult to extrapolate
these results via the point-charge model even to
an isomorphic series of compounds. For example,
previous measurements have been reported for
Rb,NaYbF, ." In that case, the crystal. -field inter-
actions are larger than for Cs,NaYbCl, . From
the known lattice parameters, Eq. (12) would sug-
gest that the splitting between the ground (7,)
state and the first excited (1,) state for Rb,NaYbF,
should be about 2.6 times that for Cs,NaYbCl, .
Experimentally, the ratio of splittings is observed
to be 1.7, again in poor agreement with the point-
charge model.

IV. CONCLUSIONS

'
0.00I 0.0t O. l

(PF(&)&r4&(

I I I I~i I I

I.O

We have interpreted the susceptibility data for
a large number of cubic rare-earth compounds
in terms of simple crystal-fiel. d arguments. Good
agreement with the data is found in all cases. The
crystal-fieM parameters A. 4 and A, are found to
be approximately independent of the rare-earth
ion. By way of summary, we present in Fig. 12
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crystal-field energies for several rare-earth ions
using the experimentalA4 and A., values given
by Eq. (11). Attempts to expIatn the observed
crystal-field parameters on the basis of a point-
charge model are completely unsuccessful.
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