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Measurements of the transient photocurrent I(t) in an increasing number of inorganic and organic amorphous

materials display anomalous transport properties, The long tail of I(t) indicates a dispersion of carrier transit

times. However, the shape invariance of I(t) to electric field and sample thickness (designated as universality

for the classes of materials here considered) is incompatible with traditional concepts of statistical spreading,

i.e., a Gaussian carrier packet. %e have developed a stochastic transport model for I(t) which describes the

dynamics of a carrier packet executing a time-dependent random walk in the presence of a field-dependent

spatial bias and an absorbing barrier at the sample surface. The time dependence of the random walk is

governed by hopping time distribution Q(t), A packet, generated with a f(t) characteristic of hopping in a
disordered system Ie.g., Q(t) —t '+ ~, 0 g a g 1], is shown to propagate with a number of anomalous non-

Gaussian properties. The calculated I(t) associated with this packet not only obeys the property of
universality but can account quantitatively for a large variety of experiments. The new method of data
analysis advanced by the theory allows one to directly extract the transit time even for a featureless current

trace. In particular, we shall analyze both an inorganic (a-As2Se3) and an organic {trinitrofluorenone-

polyvinylcarbazole) system, Our function Q(t) is related to a first-principles calculation. It is to be emphasized

that these Q(t)'s characterize a realization of a non-Markoffian transport process. Moreover, the theory shows

the limitations of the concept of a mobility in this dispersive type of transport.

I. INTRODUCTION

The development of modern photocopying ma-
chines has motivated experimental work on amor-
phous materials, some of which display anomalous
transport properties. In such a machine the sur-
face of a, film of amorphous material ie charged by
a corona and excited by a light pulse which creates
pairs of charge carriers as exhibited in Fig. l(a).
The electric field due to the deposited charge
transports one of the carrier components, say the
positive charge, away from the optically excited
surface, leaving the negative charge behind. A
powder of negatively charged particles (toner) is
then attached to the remaining positive spots (the
latent image) on the film. The toner is finally fixed
on a paper which passes over the charged surface.
It is natural that in the investigation of amorphous
materials used in such a technology, one should
have measured the mobility of the positive carrier
(holes) in films of the materials. From these mea-
surements, experimenters were surprised to find that
carrier mobilities in some of these amorphous ma-
terials depend on the thickness of the material in-
stead of being an intrinsic property of the material.
It is this observation, as well as others, which we
describe as "anomalous transport properties. "

Two of the materials used commercially are
As&ses, and an organic charge-transfer complex of
trinitrofluorenone and polyvinylcarbasole (TNF-
pvK).

Measurements of the transient current in insula-

tore, due to injected charge, have oftenbeenthe
only means to probe the transport properties of
these materials. Earlier investigations of sulfur~
and amorphous selenium (a-Se)~ have yielded de-
tailed information on the drift mobility of both elec-
trons and holes and on deep-trapping lifetimes.
Charge injection with strongly absorbed light has,
in addition, enabled one to separate the transport
of charge from the photogenerated supply efficien-
cy. 3 B,ecent drift-mobility observations in4 g-Si
have provided the only substa. ntial experimental ev-
idence for the often-discussed "mobility edge" in
amorphous semiconductors,

Let us now proceed to summarize the experimen-
tal background to our theory and the mmn ideas of
our theoretical model. This model will be analyzed
in detail in Secs. II and III.

A. Experiments

The basic measurement technique is illustrated
in Fig. 1(b). The sample is sandwiched between
two planar contacts, one or both of which are semi-
transparent. A short, strongly absorbed, light
flash causes a conduction current to flow in the
sample, which is held at a constant voltage V if the
circuit BC time is much less than the time scale of
the experiment. The measured current I(t), under
these conditions, is simply the space-averaged con-
duction current
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FIG. 1, (a) Initial steps in the xerographic copying
px'ocess: (1) A high x'esistivity photoconductor is
charged by a corotron. (2) A, n absorbed photon creates
an electron-hole pair. The electron neutralizes the pos-
itive ion on the surface while the hole moves through the
photoconductor to neutralize the countercharge on the
electrode. The remaining positive iona constitute the
latent image. (b} Schematic diagram for a transient
photoconductivity measurement. A light flash of dura-
tion much shorter than. the transit time t, is absorbed in
a depth much less than the sample thickness I . Carriers
of one sign move across the sample, inducing a time-
dependent current I(t) in the external circuit.

where L is the sample thickness. An idealized
f(t) following the light flash is shown in Fig. 2. It
depicts a sheet of charge moving with constant ve-
locity and departing from the sample at the transit
time t,. An unambiguous drift mobility p, can be
determined by the relation

p, =L /t, V .
Departures from the idealized current shape in

I"ig. 2 might be the result of several influences:
(a) RC response time, (b) loss of carriers due to
deep trapping, (c) variation in drift mobility as a
function of x due to sample inhomogeneity, (d) lo-
cal electric-field variation due to trapped space
charge, and (e) spreading of the sheet of charge to
a width comparable to L. (We shall restrict our-
selves to the "small-signal" case, i. e. , we will
not consider spreading due to the mutual Coulomb

repulsion of the trap-free-space-charge-limited
or "large signal" case. )

The first two of the above influences usually de-
termine the practical limitations of the transient
experiment. One must have

RC« t,« vg,

where 7& is the deep-trapping lifetime. The next
two influences can cause a variation in the current
level. The carriers can still move across the sam-
ple as a sheet of charge. However, the changes in
drift velocity as a function of x will cause a varia-
tion in the step height of the current in Fig, 2 but
not necessarily change the sharp drop at the tran-
sit time. Recently, Pai~ has used small incre-
mental steps in the current to map a profile of
charged impurities in u-Se.

The influences so far discussed are character-
ized by definite mechanisms. The last item, which
involves a discernible spreading of the sheet of
charge, is really a generic symytom of a number
of possible causes rather than any one specific de-
parture from the Meal behavior shown in Fig, 2.
The syreading can arise from statistical fluctua-
tions associated with a variety of processes, in-
cluding multiple trapping, hopping, or dispersion
due to material inhomogeneity (e. g. , granular ef-
fects, nonuniform thickness). This type of spread-
ing can result in a decreasing current level and a
considerable smearing of the "transit edge. "

In recent experiments on an increasingly wider
class of amorphous materials, As~Se&, "PVK, '
and TNF-PVK, "one typically obtains the current
trace shown in Fig. 3 instead of the current shape
shown in Fig, 2, which is realized in S and in a-Se
at room temperature. The exhibited trace is de-
rived from measurements" on As&Se3; however, ex-
cept for scaling factors, it is identical in appear-
ance to those obtained in PVK, ' TNF-PVK. ~ Ex-
amining the features of Fig. 3, we observe that the
current spike, immediately after the onset of the
short light pulse, is followed by a soft "plateau" in

FIG. 2. Idealized transient-current trace measured
with the technique shown in Fig. 1(b). The trace depicts
a sheet of charge moving with constant velocity until
it leaves the sampl. e at time t,.
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PlATEAU TAIL (I)/o = const

for t of the order of t„ i. e. , f=O(t, ).

B. Theory
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PIG. 3. Highly dispersive transient photocurrent
trace E(t) measured on As~Se3 by Scharfe.

the current level, then a "shoulder" or transition
region, and finally a ubiquitous long "tail." These
distortions of the idealized response, indicated in
Fig. 2, immediately suggest some statistical pro-
cess causing a spread in the transit times (or a
distribution in surface release times+) as dis-
cussed above. The tail represents the dribble of
the "slow" carriers. The shoulder region or on-
set of the tail has been chosen as the transit time, '

however, as will be shown, one often does not even
see a shoulder.

A very revealing treatment of the f(t) data ad-
vanced by Scharfe is shown by the plot in Fig. 4.
The current is normalized to f(t), and the time is
measured in relative units of t,. Scharfe has cho-
sen t, to be the time of the onset of the tail. The
Z(t) data, corresponding to a wide range of transit
time (obtained by changing E or P, is shown in
Fig. 4 to collapse into one curve in this type of
plot. We designate this feature as "universality. "'

This universality is the clue, as shown below, that
an unusual statistical process is taking place, a
process in which the ratio of the mean position
(I) of the propagating packet of carriers to the rms
spread 0 is independent of time, i. e. ,

The universality is most clearly exhibited on a
logI-logt plot. The nature of the carrier transport
is also easier to interpret on these plots. In Fig.
5, we have a plot of this kind for an inorganic film
and in Fig. 6, for an organic. A schematic form
of these current curves is displayed in Fig. 7.

These curves will be analyzed in the main body
of this paper through a hopping-time distribution
function P(t). In an amorphous material there is a
dispersion in the separation distances between
nearest-neighbor localized sites available for hop-
ping carriers and a dispersion in the potential bar-
riers between these sites. Both of these variables
strongly affect the hopping time, the ti.me between
a carrier arrival on successive sites. Hence, the
distribution of these hopping times, g(t), would
have a long tail. We will propose tails of the form

g(t)- const xf ""&, 0 & c. & I (5)

indicating an extremely large hopping-time disper-
sion. Classical Gaussian propagation as exhibited
in Fig, 8 is associated with an asymptotic expo-
nential tail with g(t)-8 "'. The tlt(t) in Eq. (5) will
be related to a first-principles calculation of the
distribution function in a disordered system in Sec.
III. The main point to emphasize here is the con-
trast between Eq, (5) and a g(f)- e "', which is
characteristic of a system with a single transition
rate X.

When the inverse-power tail (5) exists, a consid-
erable fraction of the carriers remain at the point
of their formation for a long time. Those carriers
whose local environment at their initial point per-
mits their immediate motion (fast hops) will sooner
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FIG. 4. Superposition
of normalized current
traces, for a range of
transit time t„as a func-
tion of t/t, . The invari-
ance of the shape of I(t)
to t~ is designated as uni-
versality. E is the elec-
tric field and I is the
sample thickness.
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FIG. 5. A logI-logt plot
for a-As2Se3 for the range
af transit time listed in
the figure. The measure-
ments by Pfister also in-
clude a data set at high
pressure (2.75 kbar). The
solid line is the theoretical
curve.
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or later find themselves immobilized at some site
(long hops), thus reducing their contribution to the
current, until they escape. The propagating packet
associated with Eq, (5) has the form exhibited in
Fig. 9, While the peak of the Gaussian packet of
Fig. 8 and the mean carrier of the packet are lo-
cated at the same position and move with the same
velocity, the mean carrier of the packet of Fig. 9
propagates with a velocity which decreases with
time as it separates from the peak which remains
nearly fixed at the point of origin of the carriers,

The type of current trace expected for a moving
Gaussian packet is shown in Fig. 10. As the mean
moves with constant velocity, the current is con-
stant until the mean carrier encounters the absorb-
ing barrier at the sample surface, ' then, the cur-
rent level drops to zero. The rounding of the
"transit edge" reflects the spread in the transit
times of the carriers in the packet. As observed
in Fig. 8, for a Gaussian packet, the ratio v/(l) de-
creases with time (c/(l) - f '~2). Hence, in the plot
of f(t)/f(t, ) vs f/f, shown in Fig. 10, there will be a.

relative sharpening of the transit edge for the long-
er transit times as indicated by curve (1), while
the current trace for shorter f, [curve (2)] will
show more relative dispersion. Universality of the
current is incamPatible arith a PxoPagating Gaussian
packet! In Fig. 9, the packets spread in the same
manner as the moving mean; o/(l) is independent of
time, and the current traces associated with these
packets are universal.

In an infinite sample, the decrease in velocity of
the mean carrier in these packets (Fig. 9) implies
a continuous reduction of the current. It will be

I
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FIG. 6. A logl-logt plot for 1; 1 TNF-PVK measured
by Gill and taken from a paper by Seki. The slopes of
the dashed lines are -0.2, and —l. 8, respectively,

shown in Sec. II that the current variation derivable
from Eq. (5) is

E(t)- const &&t
"" .

This is the form plotted in Fig. l when f/f, is less
than 1.0. In a sample of finite thickness, an addi-
tional reduction of current results from the loss
of carriers into the absorbing barrier when a group
of the fastest carriers reaches the barrier. The
time t, is to be identified with this change in the
time dependence of f(f). For f» f, we will show

f(t)-

constant

""".
Note that a check of the model would be the obser-
vation that, in a plot of logI as a function of logt,
the sum of the slopes at times f/t , & 1 and at ti'mes

f/f, » 1 would be —[(1+c.)+ (1 —o)I = —2. The data
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FIG. 7. A logI-logt plot indicating the current I(t)
associated with a packet of carriers moving, in. an. elec-
tric field, with a hopping-time distribution function g(t)-( 1~, 0&0 &1, towards an absorbing barrier at the
sample surface.
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obtained for a number of As&Se, samples exhibited
in Fig. 5 indicate that 0. =0.45, while Fig, 6 shows
that for amorphous TNF-PVK, e= 0. 80.

Traditional transpox't theory, which is character-
1zed by the motion of Gaussian packets) ls general-
ly described through a Markoffian transport mas-
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FIG. 9. Propagator for a carrier packet 6(/ -Eo, t)
vs $/N for a range of time v~1 =(n~&/20) T& n=l-5,
and 7t defined in the text. The random walk is based on
$2(t) - ~ t" . The plot is scaled by the peak value of
G {E-Eo, t) at the earliest time. The spatial bias factor
q=0. 9.I I I I I I I I I

ter equation which might be written as

I I I I

Here I xepresents a cell number in a system which
is broken into equal-sized cells, and P(i, i) is the

I(t)
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FIG. 8. Propagator for a carrier packet G{E-Eo, t)
vs E/N for a. range of time t/t, = (2g -1)/10, g= 1, 2, 3, 4,
The "transit time" is defined by (t(t,))/N= 1. The
random walk is based on g(t)/A, =g"~~. The plot is scaled
by the peak value of Q (E -lo, t) at the earliest time. The
spatial blas factor g =0.9,

FIG. 10. Normalized current trace I(t)/I(t~) vs t/t
expected for a propagating Gaussian packet. Curve (l)
corresponds to the longer t, and curve (2) corresponds
to the shorter t~. This figure illustrates the incompati-
bility of a Gaussian with the universality of I(t).

ANOMAI OUS TRANSIT-TIME DISPERSION IN AMORPHOUS. . .
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probability that a cell l is occupied by a carrier at
time t. The first term on the right-hand side rep-
resents the flow rate into cell l from transitions
from l', while the second represents flow out of l
into l'; A. is a proportionality constant. The gen-
eral non-Gaussian, non-Markoffian transport pro-
cess which we proposed above can be described by
a generalized master equation with a relaxation
function (i) (t):

P(t' ——t) f (I, x)]dr. (9)

The relaxation function Q(t) and the hopping-dis-
tribution functions are related through their La-
place transforms (t)*(u) and (t)*(u) with

y*(u) = u(t *(u)/[I —
(t *(u)] . (10)

An exponential (t(t) = Xe "' yields P(t) = 2A5(t), so that
Eq. (9) reduces to Eq. (8) in that case.

It is now apparent that one must go beyond the
traditional transport concepts embodied in Eq. (8),
in order to generate propagating carrier packets
that can account for all the experimental evidence.

In Sec. II we will define the model, present the
mathematical problem generated by the application
of the model, and review the essential features of
the analytic solution of the problem. In Sec. III we
will exhibit the main theoretical results of our
model, discuss in some detail their conceptual im-
plications, and we will compare these results with
the available experimental data on a wide class of
amorphous insulators. The very satisfactory
agreement with theory (as already shown in Figs.
4-V) will be advanced as strong evidence that the
same phenomenon is indeed occurring in each of the
different materials. We will further indicate the
direction of future work on this unusual phenome-
non.

II. MODEL

An amorphous insulating material might be con-
sidered a network of localized sites for electrons
or holes. Electron or hole transport in such a ma-
terial could be characterized by a succession of
hops from one site to another. The distances be-
tween various neighboring sites have some varia-
tion about a mean value, and the effective intersite
transition rates, which sensitively depend on these
distances, will suffer a wide statistical dispersion.
This in turn yields a broad distribution of hopping
times.

In our model we postulate our material to be di-
vided into a regular lattice of equivalent cells, with

each cell containing many randomly distributed
localized sites available for hopping carriers.

Carrier transport is a succession of carrier

hops from one localized site to another and finally
from one cell to another. We define the hopping
time to be the time interval between the moment of
arrival of a carrier into one cell and the moment
of arrival into the next cell into which it lands.
The random distribution of sites and hence the dis-
order of an amorphous material is incorporated
into a hopping-time distribution function ())(t). Then
)t)(t) dt is the probability that after a carrier arrives
in a given cell, it will arrive in its next cell in the
time interval (t, t+dt). We identify the cells by di-
mensionless lattice vectors with components l» l~,
t„where l,. =1, 2, . . . , N, . The set {N,) defines the
size of the lattice in units of the individual cell di-
mensions. At first, when we consider our lattice
to be periodic, the numbers N» N~, and E3 will
represent the number of cells in various directions.

In the practical computation of $(t), as in Ref.
14, one could have a single site per cell. In that
case, P(t) is the distribution of intersite hopping
times, One can consider hopping on a lattice be-
cause the main effects of intersite spatial varia-
tions are to produce enormous variations in the
hopping times. These effects are incorporated into
a calculation of (t(t) for a random medium as dis-
cussed in Ref. 14 and in Sec. III.

Transient photoconductivity, according to this
general transport model, would be characterized
by a. group of carriers (Fig. 11) executing a three-
dimensional time-dependent random walk biased by
an electric field E. The directional bias will be
characterized by a dimensionless asymmetry fac-
tor g(E). A group of carriers is pictured in Fig.
11 to be initially near the (+) electrode of a planar
capacitor. They drift a distance L to the right
along the x axis toward the (-) electrode, where
they become absorbed.

The analytic description of an asymmetric non-
Markoffian continuous-time random walk in the
presence of planar absorbing barriers has been giv-
en by the authors (Ref. 15). We now review the
main features of this process.

The basic quantity of our theory is G(t, t), the
probability that a walker is found at l at time t if at
time t= 0 it wa. s at the origin. The function G(t, t)
completely specifies the propagation of the carrier
packet (in the absence of the absorbing boundary).
This quantity is related to two functions, (t)*(u) and
G(t, e), through the inverse-Laplace-transform
contour integral~~

&(), t) ~„.f (& /x)x"'(& =-("(x))G(), ("(x)) .

(11)
The function (t)*(u) is the Laplace transform of the
hopping-time distribution P(t),

(12)



ANOMALOUS TRANSIT - TIME DISPERSION IN AMORPHOUS. . . 2461

the disorder is included in the fact that the functions
are distributions, and these distributions are de-
termined from an ensemble of random systems (cf.
Sec. III).

The carrier current I(t) in the x direction (l~) in
an assembly of hopping charges is proportional to
the time rate of change of the mean of the carrier
packet

f(f) d (I,)/df,
where

(18)

/i LW

V, /

Ni N2 3

(I,)= P g~ I, G(f, f). (17)
l i=i 12=1 13=1

The field is in the x direction; hence (l) = (I&).
We shall now compute Eqs. (11) and (18) for a set

of prototype forms of ())(t), illustrating the dramatic
change in the carrier-packet propagation with char-
acteristically different g(t). Throughout our dis-
cussion we assume that carrier displacements are
between nearest -neighbor cells with probabilities
(with q &-,')

BIASED OR ASYMMETRIC RANDOM WALK

2p(I-g) ~ — 2pg

p(0, + 1, 0) = p(0, 0, + 1)= q,
p(1, 0, 0) = 2)Ip, p(- 1, 0, 0) = 2(1 —)(I)p

(18)

(»)

FIG. 1&. Schematic diagram for the random-walk
model of transient photoconductivity. The diagram is
a composite in time. The carriers (~ ) are injected as
a narrow distribution at t = 0 in the localized sites (0).
The packet spreads and propagates to the right, t &0,
with a spatial bias q, towards an absorbing barrier.

~(a) = g p(f) e"' . (14)

Here p(l) is the probability of a hop from a given
cell to one displaced by a vector 5 from it, with

and G(l, z) is a random-walk generating function,
which for periodic boundary conditions has the form

N2 N3

with k&= 2vs;/N&. The structure function X(k) is the
Fourier representation of the transition probability
of hops from cell to cell:

[all other p(I~, lz, ls) vanishing]. These transition
probabilities correspond to nearest-neighbor hop-
ping on a simple cubic lattice with a bias for hops
in the + x direction over that in the —x direction,
due to the electric field, i. e. , q = q(E). The adop-
tion of Eqs. (18) and (19) is consistent with the as-
sertion that the spatial fluctuations are trivial com-
pared to the hopping-time fluctuations. ' The
asymmetry which is introduced by E in the basic
hopping-transition probabilities of the system is
reflected in the phenomenological function rI(E).
Discussion and generalization of this approach is
included at the end of the next section.

The two types of g(t) we shall consider are

g, (f)= we ' (20)

tfrg(t)=4' 8'i erfc (T~~ ),
where W and TV„are rate constants, 7 is a dimen-
sionless time (Wt or W~t), and i erfcz is the sec-
ond repeated integral of the complementary error
function, the nth repeated integral being

pp(I) =1. i'e!'Lz= (2/w! n!)f (!—i) e' d! . "(22)

Our hopping process is then characterized by the
two functions g(t) and p(l), )))(t) being the hopping-
time distribution at any cell and p(l) being the tran-
sition probability of a hop by a vector distance l.
All cells are defined to be equivalent, so that () (t)
and P(l) are universal functions for all cells. All

The distribution ())&(t) is a rapidly decaying function
of w. It generates a random walk with only one in-
tersite-hopping transition rate, 8'. It decays rap-
idly because in such a process the probability of
hopping is in sharp contrast for the two time re-
gimes, f & W ~ or f & W ~. The choice $~(t) implies
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(l&= l7,

l = 2p(2q —I),
I being the mean displacement for a single hop and
computed with the model characterized by Eqs. (18)
and (19); hence,

d(l&/dt= IW . (23c)

The dispersion is

All moments of the exponential distribution P~(t)
exist.

When g(t) has a long tail [e.g. , P(t)- t ~, P = 3,
as t-~], the above results are no longer applica-
ble. The function $2(t), defined by Eq. (21), is of
this type with the a,gyruptotic tail,

(28)

In Fig. 8 we have plotted G(l, t) for this case. As
can be judged from the figure, the curves become
Gaussian after a 5-function pulse initially near the
origin has propagated a small fraction of ¹ Note
that in Eq. (23c) the propagation rate is constant at
all time. Also note that for a Gaussian, o/(l) de-
creases with increasing v. The results summa-
rized above are valid not only for an exponential
P(t), but remain appropriate for g(t) generally when
at least the first two moments of P(t) exist, and
t&t, defined by

(29)

Hence

o/(1 &
—(-' v -1)"' (30)

a constant independent of t. This is to be com-
pared with the cia.ssical Gaussian result Eq. (25).
Equation (30) is the basis for our understanding of
the universality of f(t) provided in Eq. (4). It is
now clear that a distribution of the type P, (t) can
generate carrier packets displaying the appropriate
qualitative transport behavior.

An immediate mathematical generalization of
t/)p(t) ls the class of hopping-time distribution func-
tions with long tails which decay asymptotically as
f -~ in the following manner;

be the basis of our discussion of anomalously prop-
agating packets. The behavior of Eq. (28a) is a
consequence of the long tail of Pz(t) as exhibited in
Eq. (27). The slowly varying time dependence of

$z(t) corresponds to a large dispersion in hopping
times, One can physically understand the decaying
current in Eq, (28b) on this basis. At, early times
in the transport process, most carriers are moving
with the relatively more probable short hopping
times. However, with increasing t all carriers
eventually encounter at least one long hopping time.
Since long hopping times are analogous to a deep
trap, the carrier is immobilized temporarily.
Hence, as t-~, most carriers become so immo-
bilized that the current becomes very small.

Figure 9 shows that the peak in the packet re-
mains near its starting position while the mean ad-
vances according to Eq. (28a), Thus, the disper-
sion grows in the same manner as the mean car-
rier displacement, (l}, so that

cr'- l' ~(-,' v —I)/w .

(2V) p(t)-[At"'I'(1 —o!)] ~, 0&n&1. (31)

The peak in the distribution, however, remains
near the initial position. Hence the current f(t},
which is px'QpGIt3. 9nRl to

d(l)/dt —,
' t(vrP~', - (28b)

d+creRses with igcr8asing tiIQe until it finally VRIl-

ishes, even iD the absence of an absorbing bound-
ary!

This observation that the mean position of a car-
rier in the packet is a fractional power of time will

and has been, investigated in considerable detail by
the authors. " We will show later that experimental
results always correspond to v» l. The fact that
ttta(t) has no finite positive integral moments, not
even the first, leads to the unusual character of the
propagated pulse exhibited in Fig. 9. The mean
position of the preyagatblg packet is, if q-»1,

(l&- t(~/v)"'. (28a)

(I&-tat /I (++I) (32)

(l&
—- ([21'(I+ a)/I" (1 + 2n)] —I}'t',

with l t0. A P(t) of the form (31) thus yields a
fractional-power time dependence of (l& and a
ratio of dispersion to mean independent of time
(33).

(33)

A detailed physical justification for the application
of members of this class to our anomalous trans-
port phenomenon is given in the beginning of the
next section. Now we might ask if results such as
Eqs. (28) and (30) are a consequence of the general
behavior of Eq. (31). Shlesinger' has shown by
applying certain Taubenan theorem. s in a manner
presented in Appendix A of this paper, that Eq.
(31) implies that



ANOMALOUS TRANSIT-TIME DISPERSION IN AMORPHOUS. . . 2463

We now complete the mathematical development
of our model by calculating the important influence
of the absorbing plane at /, =N= 0-(N being the
number of cells in the x direction). When (/) -N,
one switches from the small-slope portion of I(t)
(Fig. /) to the large-slope portion, since carriers
disappear in large numbers into the boundary
after that time. We have shown" that for an in-
jected carrier initially at the plane ly =lo that the
free-space propagator G(/ —/p f) is to be replaced
by

P(/, f) = G(/ —/0, t) — G(/, f —x)F(N —/0, x) dx,
0

(34)
where P(/, f) is the first passage-time distribu-
tion function for the transition /, -N (N-=0). The
probability P(/, f) for a carrier, starting at /0 at
t = 0, to be found at l at time t, is equal to the un-
perturbed propagator for the transition /, - l
minus the contribution of all paths that have
crossed the boundary at N. These are represented
by the integral in Eq. (34). All the paths that cross
the boundary can be specified by first grouping
them into a probability per unit time of a carrier
reaching N from /0 for the first time, I'(N —/0, x),

I.O

0.8

I

Q2-

0

Q

,J,
0 .IO .20

~ I/2
I/2

I J / 1

&V2

.50,60
I L I . ,I

.50 40 .70 .80 .SO I.O

I.O- FIG. 13, Same as l ig. 12 with g = 0.6.

0

~ Q2-

tl

0.2- ~ I/2
~l/2

at some earlier time x, and then returning to l in
the remaining time (f —x) without concern for
whether or not it had again encountered thebound-
ary. Note that G[ —(N —/), f —xj-=G(/, f -x). The
integration in Eg. (34) represents a sum over all
times x&t when the first crossing might have been
made.

The method we use to compute P(/, f) is the same
as the one used to construct the graphs of G(/, /)
shown in Figs. 8 and 9. The first step is to con-
struct the spatial Fourier transform (FT) of
P(/, f),

0.2- g//2 Ipy I/2

0.2 "

0 0.10

i/2, 1.8 Tq'

I I I I I i I I

Q20 Q50 OAO Q50 Q60 0.70 0.80 0.90 1.00
gin

FIG. 12. Propagator for a carrier packet P(l, t) in
the presence of absorbing barriers at l/N=-0, 1, for a
range of time 7' =0.2{2n-l)7g /~&~, n=l, 5. The

2/2

transit time ~~ is defined in. the text. The random walk
is based on g2(g) -7/' v 3 . The spatial bias factor g
=0.9.

analytically from a chosen p(f). Then this FT is
inverted numerically. This procedure is applied
in Appendix B for the interesting function P, (t) to
obtain the formula (B19). In Figs. 12-14 we plot
the time series of P(/, f) for various values of the
asymmetry factor g. Note that the shape of the
propagating packet differs from the free-carrier
form (in Fig. 9) of G(/, f) only in the truncation
region in which the packet overlaps the absorbing
boundaries at the ends of the sample, We are
primarily interested in the effect of the boundary
on (/) and, thus, on f(t). For g, (t) we can com-
pute (/) analytically from
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I.O—

0.8—

0.6—

OA

and summing, , one has

(&(v)) -=Q IP(l, t) =la+(l(v)),

d&'E N-/p, 7'
0

(40a)

O.P.

&&
8-Sa I ~ '(v vi)l /8 (40b)

The integral in Eq. (40b) can be transformed to

= (pf/~' ')& '[p 'v'~'- &' '8 'erfc(p/7' ')]

(41)
where ee have used Formula 2. 1.2 of Ref. 1V.
One noW has

,20,50 .@0 .50
g/'x

I ey I/2

I I I I

.60 .70 .80 .90 I.O

(I) = I, + I (v/a')' '(1 —e ' ') + Pl eri'c(P/v' '), (42)

which at early and late times has the asymptotic
exp ressl ons

FJQ. 14. Same as Fig. 12 with g = O. 63

(38)

using Eq. (B19) of Appendix B. An alternative
calculation of (I) can also be made directly from
Eq. (34) by inserting the asymptotic value of the
mean computed with G(I, t) in Eq. (28a) and the
asymptotic value of E(N —I„ t), both valid for
7» 1, into that formula. When 7» 1, the hopping-
time distribution g, (t) is known [Eqs. {B5)-{B9),
cf. also Ref. 15J to yield the asymptotic formula

F(Z-&, v)/W, -(P/~"'v"')e-"", v»1, (37)

[(X— )I/' IJ/-v1

or, from Eq. (28a)

(38)

where P—= (X —lo)/t. The expression (3V) is vanish-
ingly small until

In the early-time regime, (I) = (I(v)) o, while as
v-~, (I)-N, the thickness of the sample. Itis
more revealing to examine the current

f(t) ~ --'-'- = -'I (rv) ' '(1 —e ' ').d&l& - . 3
(44)

At early times, when p/v''~'»1, the current is
just the unperturbed value (28b) of an infinite
medium. For p/v''~3«1, the expansion of the ex-
ponential yields

f(t) ~ (I P'/2~"')v "' (45)

Thus the dominant influence of the absorbing
boundary on the current is to decrease its mag-
nitude sharply after some characteristic time.
The general behavior of the current is most clearly
evident in a logI-log7' plot of the expression in
Eq. (44) shown in Fig. 15. A chara. cteristic time
t, can easily be obtained from the change in slope
in Fig. 15, with

(t(v)), ~ &v"'-X- I, , (39) v, =[(~-t,)/I]' (48)

i.e. , until the mean distance of travel is of the
order of the distance from the source of carrier
to the distant boundary of the sample. Hence, the
integra, l in Eq. (34) makes little contribution un-
til 7- p3.
After inserting Eq. {37) into (34), multiplying by l

(v, -=W~t, ). The change of slope is also shown in
Fig. 7, and it is to be emphasized that the t,
defined in this manner is not the same as the
one associated with the plateau, discussed in
Sec. I. The fraction of carriers which nave
survived until time v, S(v), can be determined
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However, its asymptotic behavior can be derived
from that of the first passage-time distribution
function I(N- lo, ~). We have studied this function
through its Laplace transform in Appendix C and
found, for 0&a &1,

exp j- [(1-n)/n](nb/v )'i" 'Jh(~)
0 ~ II ~ [2v(I n)(~1/~)1/ (I-+ &]1/8

(50)

(51)

i.lo
IOG

I'IG. 15. Pjot of Kq. (44) for tbe current I(v) derived
from Bn analytic solution to the random walk governed by

42(t) in the presence of an absorbing boundary. The
1ovper curve is the fraction of surviving carriers S(7) as
a fuoction of time in units of t'he transit time P
=—(Ã-/0) ji,

by summing {24) from 1 to N. If one uses the
identity

The calculation for (I(I')) based on Eqs. (40a), {32),
{50), and an interpolation formula for h(r), will be
carried out elsewhere. However, in the long-time
limit P/~ « I, Shlesinger'~ has carried out the
computation with the use of Tauberian theorems;
a review of his stork is included in Appendix A.
%8 shall illustrate the content of these theoreras
by considering R contour-integx'al expression of
I(t). The procedure is as follows: one represents
d[Z IP(I, t)]/dra in terms of the Laplace transform of
Eq. (34) fcf. Eqa. (152-162) of Ref. 15],

6 l-lo, g =1

=1-4' ~'
't dry'~'e ~ ~"-erf(P/7'~')

~0

(46)
This expression couM also have been obtained from
Eq. (35) by setting )t = 0. The explicit form for
this appears in Eq. (814), with the term propor-
tional to x '0 omitted, At the transit time 7„ the
fraction of survivors i8

$(r, ) = erf (1)=0. 64.

The time v„at which the fraction ha, s declined to
0. 5 is 7„/I, =4, 3. We exhibit a log-log plot of
S(v) in Fig. 15.

With the choice II,(f), we have demonstrated the
basic behQvior of a packet of carriers drifting
to%'ardS RQ Rbsorl3'ing boundary undex' the influence
of a field. Now pl(t) is a representative of the
class (31) that can be expected to prevail for the
time regime 7-w, of the duration of transport ex-
periments of disordered material (cf. Sec„3).

In the general case (31), a simple closed-form
expression for (l) does not seem to exist, except

G(N- lo, gl') g&(0,0')

where 8 is the dimen@onless Laplace-transform
variable, a=-u/W„. The ratio of the two 6 func-
tions in Eq„(52b) is just the laplace transform of
P(N- l„r). For r» I, one must consider the s
« I limit of l(a) in Eq. (52b). Using Eqs. {86),
(87), and

a = [I-0'(a)]/I .—«i cs"/ I

[from Eq. (155) of. Ref. 15]„one can obtain

g(&) (1 e-IE Io)s)/a

where we have retained the leading Singular terms
of Eq. (52b). Inserting Eq. (54) into (52a), we
proceed in the same manner as we did in Appendix
C for the asymptotic development of J'(N-I0, r)
fol' p/'r && 1. The contour of Eq. (52a) ia dis-
placed, as in Fig, 16, to C, encircling the branch
point of 1(s). Corresponding to the two time re-
gimes discussed above, one has



${t)~
E 1 N-/, ' „,—X-l, ' e

ds e -- =-- ——— — es'+ ~ ~ ~ = —' t --= — —— — (X-t )e «l
7 [- r(- u)~'"J (55b)

where only terms containing branch points contrib-
ute to the integral evaluated on C. Thus, from a
mathematical point of view, the effect of the ab-
sorbing boundary is to cause a "time-dependent"
transition in the branch poin't (8 8 ) ln the Lap-
lace tra. nsform of I(t). Equations (55a) and (55b)
were first obtained by Shlesinger using Tauberian
theorems (cf. Appendix A). The time dependence
of f(t) for a P{t)c"-t "' ' is shown schematically in
Fig. 7. One observes that it is a generalizatio~ of
the behavior shown in Fig. 15 for the special case
n = ~. It is schematic in the sense that one does
not have a closed expression like Eq, {44)but knows
that f(t) undergoes a transition, as indicated in

(55a)»d(»b), fro m ~ ""-v""',as P/~
goes througfl unity with 1ncreRslng 7', Qne notes
that the slopes of the logI-log7' plot sum to —2.
This can be considered R crucial test of our model
when experimental data are being analyzed. '8 Fur-
thermore, the fact that the transit time v, varies
as p'~ will be shown to have considerable signifi-
cRnce.

III. DISCUSSION OF RESULTS AND CONCLUSIONS

The traditionaL macroscopic description of car-
1"16r trRnspol"t 18 RssoclRted with the centi al-llmlt
theorem of probability. The total displacement of
R cRrr1er 1n a b1381ng f16M 18 considered to be R

succession of independent. displacements such that
the time intervals between the initiation of succes-
sive displacements wh1ch we cRll hopping times
have a narrow distribution function, as do the
lengths of the individual displacements. The small
dispersions in these two distributions imply that an
initially narrow carrier packet remains narrow as
it traver868 the 8Rmple. The 8patial distribu-
tion of the packet becomes Gaussian with increas-
1Ilg tiIHG, wll116 spreRdlng becomes neg]igible com-
pared with the distance traversed; the velocity
of propagation of the packet becomes constant.
Thus, a clearly defined transit time proportional
to the thickness of the sample appears naturaHy
in. this traditional description. As noted earlier,
however, observations on charge-carrier mobility
in some insulators. seem to violate this descrip-
tion.

%'6 have introduced in Sec, II R new stochastic
model in which we relaxed the hypothesis of a
small dispersion in the hopping-time distribution
function g(t), A small dispersion in hopping times
would 1mply thRt the durRt1on of the experiment t~

a/&f) = const. (56)

The current f{t) associated with such a moving
packet exhibits the time dependence of Fig. 7, with

f(t) &f (59)

%6 now discuss experiments reported in Refs. 8, 9,
and ll, on the basis of Eqs. (57)-(59), and present
a justification of the employment of Eq. (M).

s-PLANE

PIG. 16, Integration contours in the complex 8-plane
used for the computation of the current I(t) (cf. text).

is large compared to a characteristic time for an
individual hop, e.g. , the mean hopping time t, For
R cRrr16r hopping Rcross Rn amorphous 1nsulRtlng
film, this does not seem to be the case. The in-
troduction of a long tail in g(t) such that

g(t)-constxt ""', t=o{t,)
with 0 & n &1, yields an anomalous non-Gaussian
transport which, as has been seen, has properties
consistent with experimental measurements on two
diverse systems, As~86„" and TNF-PVK. " If
g{t) satisfies Eq. (56) for all t, &t & ~ (where t, is
some arbitrarily chosen time), then t = ~. How-

ever, as emphasized in Eq. (N), the algebraic tail
of g(t) is operative for the restricted time range
of the experiment. 6 shall discuss this point
moxe completely, below. By using the distribution
Eq. (56) to calculate the packet propagator P{f,t),
we have shown that the mean position of a carrier
in the packet is given at time t by

(5V)

and that the ratio of the dispersion of the packet to
its mean position is independent of the time,
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cv is a function of g, W~, and t, . However, in con-
trast to Eq. (56), P„(t) has a finite first moment,

T=(7rq ' )' 2 exp( —'q ' ') (62)

If one used g„(t) in the computation of P(f, f), then
the carrier packet should appxoxzmate a Gaussian
shape i~ the xa~ge v, » ~. This fact emphasizes
our point that the unusual results [Eqs. (57)-(59)]
derived from the stochastic (hopping) process are
not so much due to a difference in genre, as they
are to a crucial interaction between the conditions
of the exPeriment determi4sng r, (i. e. , E, L) and

the parameters of the system determining F (i. e. ,
ND, R4).

To stress that the non-Gaussian results are not
due merely to a sampling of a small number of
events (a few hops per transit), one must have v,

The (median) time r, &z is defined to be the
time (after arrival) at which the probability of a
carrier remaining on the site of arrival is equal to

One summarizes the above discussion with the
constraint

T()~&&7(& 7. (63)

r, (, -- exp(3 ln2/q)"',

and one has, for a value q= 10 ',

7 =1.42&& 10"

3x10

a difference between these characteristic times of
almost five orders of magnitude f

As discussed in Sec. I the surprising element
in the results of the transient photocurrent mea-
surement [Fig. 1(b)] in an increasing number of
amorphous insulators is not the long tail (Fig. 3),
which indicates some sort of dispersion in transit
times, but the universality in the shape of I(t) over
a wide range of f, (Fig. 4). This universal current
trace I(i)/I(t, ) vs t/t„was first quantitatively dem-
onstrated by Scharfe' in his measurements on a-
As~Se3. Another remarkable aspect of this dis-
persed transport, analyzed by Scharfe, can be seen
in a log-log plot of t„~ vs E/L. All the inverse
transit times for a considerable range of both field
and sample thickness lie on one straight line, with
a slope =2, i. e. , r, ~(E/L) . By relating I, to
the effective drift mobility in the conventional way,
with the use of Eq. (2), one would obtain

p

ccrc/L

(66)

A field-dependent p, has become a familiar object
in the phenomenology of insulating materials, but
a carrier drift mobility that depends upon sample
thickness is most unusual.

The actual choice of t, has depended on discerning

-—0. 92(N —/0)/& = 0. 92L/f p, (67)

where p is the average intersite separation. The
theoretical curve for cv = 0. 45 is but slightly mod-
ified, so we take

~', 4'=0. 95L/f p. (68)

There are As2Se3 samples that exhibit another
value of n, and pfister encountered materials prob-
lems connectedwiththinsamples (I. &30 p. m); these

some plateau in the trace of I(&)—a residue of the
idealized current shape shown in Fig. 2. However,
quite a number of current traces on As~Se, and

some polymeric films display a completely feature-
less time decay. Moreover, the presence or ab-
sence of a small plateau is often a function of the
immediate sample history, e. g. , the number and

frequency of incident light flashes and the degree
of dark resting of the sample. A more revealing
analysis of these featureless traces is obtained'
with a log-log plot I(t)/I(t, ) vs i/I, on As2Se, made

by Pfister in connection with his study of the pres-
sure dependence of &, (Fig. 5). The data (including
one set at high pressure) exhibit a universality in
the current shape over three-orders-of-magnitude
range in t, . The data clearly show two slopes,
each persisting for over an order of magnitude in
t. The time dependence of I(t) corresponds to'" with a transition to t 'O'. This behavior is in
complete comformity with the theoretical results
[Eq. (57) and Fig. 7] for n=0. 45. The solid line
in Fig. 5 is derived from the analytic result for n
= 2 (Fig. 15, slightly "tilted" to accomodate the
small change in n, computed in Sec. II and Appen-
dix B). For general o. , one can determine the two
slopes [cf. Eq. (57)] and estimate from Eq. (C12) the
time dependence of the transition region. However,
in the case of Q. = —,', one can derive an analytic expres-
sion Eq. (44) for I(t) covering the entire range of t.

The solid line is in excellent agreement with the
experimental data. As detailed in Sec. II, the
change in slope for the log-log plot of I(t) corre-
sponds to the carriers encountering the oppositely
charged electrode (the absorbing barrier). The
transit time is associated with this change, i.e. ,
the step change in the quantity —d[l In(t)]/ (dl tn).

In Fig. 18 we show traces of both a continuous
recording of an electronically produced logI-logt
and a photograph of the linear I(t) vs I displayed
on a cathode-ray tube. The time designated as t,
is marked with an arrow on both traces. The tran-
sit time is defined by the logI-logt plot. The cor-
responding time on the I(t) plot is an undistinguished
point on a completely featureless curve. A con-
venient choice for. t, is the time defined by the in-
tersection of the extrapolated lines of constant
slope (dashed lines in Fig. 18). For n = ~, this
point is
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FEQ. 18. Trace of an electronically produced log I—
log t plot for As28e3 measured by Pfister. The dashed
lines have slopes of -0.55 and -1.45, respectively.
The intersection of the lines is denoted as t,. The same
t, is indicated on. the trace of the oscillogram of I vs.
t in the inset.

will be discussed in another work.
The dependence on the electric field E is con-

tained in f, which is equal to 2p[2II(E) —lj. The
parameter q is a measure of the:spatial asymmetry
introduced by E in the transition rates between
the sites. Moreover, fI(E) can be a general (non-
linear) function of E. The exact form of II for any
specific system must be determined by a first-
principles calculation of the transition rates, which
in turn depends on a knowledge of the effect of an
electric field on the site wave functions and site
energy levels or intersite barrier.

One can make a prediction of the sample thick-
ness dependence of v, independently of 7I(E),

&I I/a/(f p)tia

sumption that the mean position (f) of the carriers
changes linearly in time. Expression (5V) for (f)
requires a mme-dePe~dent mobility to interpret
the transit-time measurements in the usual way
with Eq. (2). Therefore, the insistence on the use
of a mobility p, to describe the packet motion im-
plies that p. depends on any parameters, such as
L and E, that change the time scale of the measure-
ment.

Let us consider the nature of the field depen-
dence. First, we must estimate ri(E). Since we
have little information of the nature of the localized
states in As2Se3, we shall make the simplest as-
sumptions possible. By postulating a field-inde-
pendent mobility, we write

2II(E) —1 ~ E

the asymmetry being linear in E. Inserting Eq.
(Vl) into (69), one has

7 cc(f,/@)~ 2

In Fig. 20 we show a log-log plot of t, ' vs E/I .
The range of transit time covers four orders of
magnitude and is a composite of varying both L
and E. The slope of the solid line is equal to 2. 2,
in agreement with Eq. (V2). Thus the apparent

I I I I I III

E = I05 V/crn

where c is a numerical constant of order unity. In
the case of AsaSe„ from Eq. (68), one has 1/n
= 2. 2, c = 0. 89, and

c{ J 2t2

CP

E
IO—

+ SLOPE = 2.2

Hence, for fixed Z, a current trace of the form in
Figs. 5 and 18, must correspond to the L depen-
dence in Eq. (VO). In Fig. 19 we exhibit a log-log
plot of ~, vs L for a range of L varying from 31 to
100 p,m. The values of the transit time have all
been determined by the intersection of the lines
with slopes —0. 55 and —1.45 and at a field of 105
V/cm. The slope of the solid line through the data
points is equal to 2. 2, in excellent agreement with
Eq. (VO). Thus, the anomaly of a thickness-depen-
dent mobility, as discussed in Eq. (66), is re-
solved. The apparent L dependence of p, is related
to the propagation characteristics of the carrier
packet.

The conventional relation Eq. (2) is based on the as-

L (p,m)

IIIl
IOO

FIG. 19. Log-log plot of the transit time t, vs I . The
solid line of slope 2.2 is the theoretical curve,
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dent aspects of the transport, the initial time de-
pendence of 1(t) [1(t)~ t '~ '] and the dependence of
r, on L and E, as in Eq. (69). The determination
in Eq. (74) of a reasonable set of physical param-
eters in AsaSe„based on g„(t) as the physical
justification for the use of a P(t) ~ t ""', adds to
the hopping model of the transport. The parame-
ters specified in Eq. (74) imply that the lower bound

for the average number of hops required to trans-
verse the 91-pm sample is I-/p= 8&&10'. This
large number hardly corresponds to a case of
"small statistics. "

There are systems, TNF-PVK mixtures, in
which one has independent knowledge of a hopping
transport and of some of the pertinent parameters
such as ND and a~. We shall now analyze the mea-
surements of Gill" on those systems.

By varying the relative composition of the TNF
monomer in the polymer PVK, Gill was able to
demonstrate that the electron mobility p, , has an
exponential dependence on the average separation
of the TNF molecules,

PIG. 20. Log-log plot of the inverse transit time
t, vs E/L. The solid line of slope 2. 2 is the theoreti-
cal curve. where

RT N r exp(- RT„r/Ro), (75)

Ao ——0. 9 A. (76)

field dependence of the mobility appears on the
same basis as the thickness dependence, the field
being another parameter that changes the time
scale of the experiment. It will be shown below
that field-dependent mobilities in other systems
cannot be explained entirely on this basis.

To determine the various physical parameters
in As~Se3 we proceed in a self-consistent manner.
With the lowest field that Pfister used in his mea-
surements, we set

2q(E) —15 0. 1.
To obtain ~, we choose a value of p in Eq. (68) and

determine if the magnitude of v, is then consistent
with this p via the constraint imposed by the rela-
tion in Eq. (61) [q -=-8 (aa/p)']. I,et No = 1.5x 10'7

cm ', corresponding to p=1. 17&&10 6 cm, and,
with Eq. (6S), we have r, = 5. 7&& 10" (L = 91 p, m).
Inserting this value for r in Eq. (61), we deter-
mine &=1,8&10 for n =0.45. Therefore, for this
low field (t, = 6. 6 sec), we have the following (self-
consistent) parameters for As, Se,:

N~=1. 5&10"cm ', a~=19.7 A, W~&5&&10"sec '.
(74)

The values of ND and aa in Eq. (74) are very rea-
sonable. They are close to the values N, =10"
cm ', and 2 a~=10 A, determined for a-Ge."

Qne can view the present theory as a one-param-
eter model. We choose the value of Q. to fit the
tail of I(t). This choice then predicts two indePen

~ g1.2l5
t ('77)

which is a nearly linear dependence on thickness,
in agreement with reported results. "

In contrast to As~Se3, one can calculate
rl(= 4vNoR'„), a prio—ri, for TNF-PVK, One obtains

g = 10 for the 1:1molar ratio with N~ = NT»
= 10 ' cm 3 and B„~0. 9 A, where NT» is the con-
centration of complexed TNF. ' Using this value

Gill also found a similar dependence of the hole
mobility on the separation of the uncomplexed
vinylcarbazole units. Relation (75) is good evidence
for a hopping mechanism. Moreover, by varying
the composition, Gill established the TNF mono-
mer as the hopping site for electrons. By equat-
ing R„and Rp one now has knowledge of two im
portant parameters No and R, (=——,'aa). In Fig. 6
we reproduce a log-log plot of Gill's data for I(t),
for 1:1molar ratio of TNF-PVK, as presented in
a recent paper by Seki. ' Qne notes again the uni-
versal shape of 1(t). The transit-time range in

Fig. 6, however, extends over only one order of
magnitude. The sum of the slopes of the solid
lines through data points in Fig. 6, —0. 2 and —1.8,
again equal to —2. 0, in excellent agreement with
the theoretical prediction (59) for n = 0.8. For
this higher value of n, one observes a more rapid
transition between the asymptotic slope lines (as
compared to Fig. 5 for n=0. 45), in agreement
with the time dependence in (C12). Now, n =0.8

corresponds to
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of p in Eq. (61) and n =0. 8, one determines that
the range of 7 for the transit time is

1:1TNF-PVK, 7, ~ 5x10 . (78)

W„=2. 5 x 109 sec-'. (80)

The smaller value of W~ for TNF-PVK in Eq. (80)
compared to W„ for As2Se, in Eqs. (74) is consis-
tent with the larger activation energy for TNF,

(81)b,~„p—- 0.65 eV, a„„a, =0. 5 eV.s2 83

In contrast to As~Se„ the effective mobility in
TNF-PVK appears to be field-dependent. Gill has
used a field dependence of the form

p = p, , exp[- (h —PE'~')/a T,«]. (82)

The strongest evidence for Eq. (82) is contained in
Fig. 7 of Hef. 11, a plot of the activation energy
of p, , E, vs E' . We stress this point because Eq.
(82) in general would indicate a very rapid field
dependence for p(E). However, over the available
limited mobility range shown in Fig. 4 of Ref. 11,
the field dependence of p, (E) is quite mild and could
be fit with an algebraic dependence p(E) 0- E".
We are riot seriously suggesting that this is the
case. However, we wish to emphasize that, al-
though the form of p, (E) in Eq. (82) does imply a
very rapid field dependence for p. , this has not
been experimentally established, whereby p,

changes by orders of magnitude over some field
range. Nonetheless, with a. =0. 8, one would pre-
dict an effective p. ~ E ' if one assumed no in-
trinsic p, (E) (i.e. , the asymmetry linear in E as
for As, Se,). This is clearly not the case and one
needs, af f east, 2g(E) —1 ~ E'8 over the experi-
mental range of E.

The magnitude of 7, in Eq. (78) will now be shown
to be consistent with that obtained with the use of
Eq. (69). For I.=5 p, m and p=6. 2 A (correspond-
ing to lVr„r =10") one has

104 lo85

2i)(E) —1

With a nominal value of 2y)(E) —1 = 0. 1 in Eq.
(79), one obtains 7, = 5xl0, in good agreement
with the value in Eq. (78)

To rephrase the above numerical argument, we
have for TNF-PVK only one unknown physical pa-
rameter of the hopping model, namely, W„,
(=-Woe ~" ), the prefactor of the intersite transi-
tion rate. Inserting the experimental values for
ND and R„, one must satisfy two independent con-
straints, Eqs. (61) and (69), for the value of W~.
We have obtained a value for W~ that does satisfy
both! The transit time measured by Gill for L= 5

p, m and E= 5x10' V/cm [2y)(E) —1=0.1 used above
is assumed to correspond to this field value] is t,
= 2. 0 msec. Hence for v, = 4 x10, one has

To consider the field dependence from a more
fundamental approach, one would have to calculate
the effect of the field on the transition rates [W(r)]
and then incorporate these effects into a calculation
of g(s, t), ' ' the probability rate of hopping a
distance s in a time t. We reserve this approach
for another investigation. A few remarks may,
however, be in order. There is some difficulty in
understanding the magnitude of the activation en-
ergies in (81) purely on the basis of the idea that
4 represents the width of the energy dispersion of
the localized levels ' (the disorder energy). One
can conjecture that 6 consists of two parts, a
self-trapping or small-polaron part A~ and the
disorder-energy part ~~. In single-crystal sulfur, '
there is transport evidence that the electron prop-
agates as a small polaron, but the A~ is indepen-
dent of electrical field. Thus, a reasonable hy-
pothesis, which will be explored in future work, is
that the E dependence is entirely in ~.

In summary, the stochastic transport model has
enabled us to understand the nature of the transient
photoconductivity in at least two different amor-
phous systems, one inorganic (As2Se, ) and the other
organic (TNF-PVK).

First, one has been able to understand a cur-
rent-trace shape as shown in Fig. 18. There is
no "flat part, " characteristic of the idealized cur-
rent response shown in Fig. 2, to specify a transit
time. I(t) traces, such as obtained in Fig. 18,
were formerly "unanalyzable. " By transposing
such an I(t) to a log-log plot, the transit time is
indicated by the region where —d[lnI(f)]/d(ln f) ex-
periences a step change. Furthermore, with the
log-log display of the current, in both AsaSe, and
TNF-PVK, the theory has accounted for the over-
all general shape and, in fact, for the detailed time
dependence with the appropriate choice of one pa-
rameter a. Whatever the choice of n (0& a&1),
the theory predicts that the slopes of the lines, on
the log-log plot, should sum to —2. 0. There is
excellent agreement with this firm prediction in
Figs. 5, 6, and 18, for both As2Se3 and TNF-PVK.
Thus, with a value of n chosen to fit the tail of
I(t), there is an independent prediction of the ini-
tial time decay. Moreover, this choice of n must
further correlate the shape of I(t) with the thickness
dependence of the transit time. For As, Se, with
a=0.45, 7, ~L ', and TNF-PVK with @ =0.8,
w, ~L' ', a nearly linear dependence, Both of
these correlations have been established experi-
mentally. In the case of AsaSe3, with an assump-
tion of no intrinsic field-dependent mobility, the
nonlinear E dependence of j-, has been under-
stood on the same basis as the L dependence. In
the TNF-PVK system, there is now evidence for
an intrinsic field dependence of the effective elec-
tron (hole) mobility, and the origin of this behavior
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will be pursued in a further study.
On a more microscopic level, a set of param-

eters N~, R„, and W„has been self-consistently
determined for As~Se„ in conformity with the val-
ue of u, using g„(t) as the physical justification
for using a g(t) ~ t "'"'. Knowing ND and R, for
TNF-PVK, one obtained a value of 8'„ that satis-
fied two independent constraints (61) and (69) for
e =0.8. In addition, the increase of n in 1:1
TNF-PVK relative to AszSe, (i.e. , less dispersive
transport) can be ascribed to the increase of N+~
between the two systems.

The next step is to calculate the basic transition
rates in the two materials and account for the mag-
nitudes of the parameter 8'„.

On a conceptual level, the theory establishes the
reason for the universality of I(t) and has shown
the limitations of the notion of a mobility in this
dispersive type of transport. If one insists on the
conventional relation (2) to define an effective p,
then, besides the possibility of an apparent field
dependence, one would have to rationalize a thick-
ness dependence of p. ! Unless the mean (I) «t, the
idea of a p, depending solely on the properties of
the material breaks down. For example, if one
has (t}~ t', 0 & n & 1, one could write

(l}= (vo/t' ') t, (8S)

We wish to thank both M. E. Scharfe and G.
Pfister for enlightening discussions about the ex-
periments on As28es and the use of unpublished
data. We are also indebted to M. Shlesinger for
informative discussions on asymptotic properties
of random walks and to L. C. Hebel, E. M. Con-
well, G. Pfister, R. Zallen, and J. Mort for a
critical reading of the manuscript.

APPENDIX A: ASYMPTOTIC DEVELOPMENT OF THE
MEAN AND DISPERSION WITH TAUBERIAN

THEOREMS

While the asymptotic formulas (29)-(82) were ob-
tained for the specific model characterized by Eqs.
(19) and (28), they can immediately be generalized,
as recently shown by Shlesinger, through the ap-
plication of certain Tauberian theorems. It is con-

and the effective p. would be time dependent. Thus,
for this type of transport, the present theory re-
lates the transit time to intrinsic-rate processes
in the material, but the simple notion of a mobil-
ity, field dependent or otherwise, is very limited.

Dispersive transit-time experiments in disor-
dered solids are perhaps only one of a number of

physical phenomena in which this very different
kind of statistical process, i, e. , one that does not
obey the central limit theorem, plays a central
role,

ACKNOWLEDGMENTS

venient to characterize the random walk of interest
by two functions, the Laplace transform, g*(u), of
the waiting-time distribution function (12), and the
Fourier component of the probability G(t, t),

y(k, t) =QG(l, t)e '"'

Then

y(k, t) =& '([I —0*( )]& [1-y(k)4*( )]3 ')

Also,

(li(t)) =—Z lg P(l, t) = l
BA.

(A2)

where

= l Z '(y*(u)/u[1 —g*(u)]],

f=gtp(f) . (A4)

Simi J,a,rly,

(As)

When the first two integral moments t and (t ),„
a,re finite, with

P*(u)-1 —u "/A . (A10)

An asymptotic expression for (l(t)} is obtained
from Eels. (AS), (A8), and (A10), by applying the
following Tauberian theorem of Hardy and Little-
wood, and Ka.ramata:

If f(u)- Au ' as u- 0 with k & 0,
then g(t)»At" i/I'(k) as t

when 2 [@(t)]=f(u), A being a constant.

Shlesinger has also used the generalization of this
theorem in which A, is a slowly varying function of u,

When Eq. (AB} is applicable, we have, from
Eqs. (AS), (A8), and (A11), if we set

f(u) -=(~(u)/u [1 —(*(u)]- (tu') ', (A12)

$*(u)=1 —tu+-,'u (t ),„+ (e "' —1+tu —,'t~u ) g(—t)dt,

(AV}

The integral contribution can be shown to be o(u2).
Hence

P*(u)-I tu+-,'u (t ),„-. (A8)

Qn the other hand, if t is infinite and, as t

y(t)- [At" I'(I-o)]' for 0&a«I, (A9)

Feller~3 has shown that
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g(t) = «(t)&//- tlt, (A13)

which is the classical random-walk result, (l(t))- (//t)t.
When Eq. (A9) and (Alo) are applicable, the

Tauberian theorem implies that

f(u)-A/u '1

and

(/(t))-/At /I (n+ I) .

(A14)

(A15)

r(k, t) = y(k, t) e '"'o — dx y(k, t —x) F(N —lo, x),

With an absorbing boundary let us consider the
Fourier component of P(l, t), 1'(k, t), which is re-
lated to P(l, t) in the same manner that y(k, l) is re-
lated to G(l, t) as given by Eq. (AI). Then

= e(N —/o)[I --,'C(N —/, —I)]+eN[I --,'&(N- I)]

x[2'/(I —r/)] 'o(I+-,'a/o)+O(a')

(A26)

where c„c2,. . . are numbers which depend on

N, /0, g, and p. We also have

y*(u)/u[I —q*(u)]- u ' 'A, [1+u'(A', -A, )/A, A,

(A27)+O(u' )j .
The product of Eqs. (A26) and (A27), whose La-
place inverse is required in (A25), is

right of the 2 ' operator in Eq. (A25). From Eq.
(A18) and (A20), we find that as u- 0,

I -G(N —/o, g(u))/G(0, g(u))- I —n&
'o- (I —n& )no o

(A16)
u cd&(1 —u'B/c, A&+ ~ ~ ~ ) (A28)

where it is known that

F(N —l, r) =Z ' G(N —/, P(s))/G(0, t/I(s)) . (A17)

with

B——[(Al —A2)C1+ C2A1Ao]/A2 ~ (A29)

G(N —lo, z) n, 'o —(n, /no) n, ' +(I —nf)no o

G(o, z) I —(n, /n, )

o+(I —n~)no o, (A18)

where I F21 & 1 & I n, l and

n, = I —~, n, = [r//(I -7/)](I+ n, ),
the parameter g being related to the bias in the
walk as defined by Eq (28b).. Also,

(A19)

~(z) = (I - e)/2p(2q —I)

+(I -e)'[2p(2q —I)' n]/4p-'(2q - I)'+O(1 -e)' .

Let us again consider the case

P~(u)- I -u'/A&+u '/Az —~ ~ ~,
for which Eq. (A15) was derived. Then

(A20)

(A21)

n, - (u'/A, —u"/A + ~ ~ ~ )/2p(2r/ —I), (A22)

,n[r/( /I-r/-)] [I+u /pA, (2q - I)+" j (A23)

The Laplace transform of I"(k, t) is, applying the
convolution theorem,

Z[ r(k, t)] = Z [y(k, t)][e "'o

—G(N — /y( )u) /(GOq(u))].

Since (l) =tlim, .o(er/Sk), we find

(/) =/, +/Z '(q*(u)/u[I —g*(u)]J

x(1 —[G(N - /„q(u))/G(0, j(u))]f .

(A24)

(A25)

The Tauberian theorems discussed above can be
used to find the long-time behavior of (l) from the
asymptotic properties as g- 0 of the function to the

It was shown in Eqs. (158), (138a), and (138b) of Ref.
15 that

Hence, upon application of the Tauberian theorem
(All) we find, as t-~,

(/) -
/o + / A~c~ —lB/t I"(n + I) + ~ ~ ~, (A3o)

'«)-B//t" r( ).dt
The significance of results (A15) and (A31) are
thoroughly discussed in the text.

(A31)

APPENDIX B: CHARACTERISTIC FUNCTION I'(k, t) FOR
$2(t) WITH ABSORBING BOUNDARY

The solution for an absorbing-plane boundary for
the asymmetric continuous-time random walk
(CTRW) is described in the text [Eq. (34)j. The
final form for the propagation is

P(/, r) =G(/-/„~)— dr G(l, r —7')

xF(N —
/o~ ~ )/Wu I (BI)

where 7 =- S~t. The characteristic functions are
def ln ed a8

r(k, ~)= g ''eP(/, ~),
l -"1

y(k, ~) = g e '"'G(/, ~),

(B2)

where k=-2sr/N, r= integer. We substitute the ex-
pression for P(l, v) in Eq, (BI) into Eq. (B2), and
obtain for the characteristic function

r(k, 7)=y(k, 7) e 'o — dr'y(k, 7 —w')
0

xF(N —/o, r')/W„.

For the region of 7. of interest in the present paper
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6 +&
Q1 8 ~ QS Ke (87)

e =- [1 j,(s)-j/T= 2s"'/l . (88)

Inserting Eqs. (87) and (88) into Eq. (86), we ob-
tain the inverse Laplace transform (using formula
3. 2, 14 of Ref. 17)

F(N —l, 7)/w = [(N —/ )e '" 'o' / ' '+K 'ol e 'o/' '
—v 'o(N+lo)e ' "o' ' ']//v w (89)

The first passage-time distribution F(N —/„~) con-
sists of a sum of terms of the form P~

The characteristic function for G(l, w) computed
with g2(/) has been given previously, "

y(k, v)=-,' X ' (k)g(+)c, e"ierfc(~' c,),
(810)
(811}c,-=I+ ~"' (k),

X(k)=1 —2p+2pge ' +2p(I -q)e' . (812)

Thus, inserting Eqs. (810}and (89) into Eq. (84),
one must calculate integrals of the form

-8 /7'

(813)
in order to determine I'(k, ~). We introduce a new

integration variable /= (~/v') —I and change Eq.
(813) to

p
"8 /7' gg

-(8~/ t) t

(7/T)" (f + 1)'

xe ' ""'"'erfc(c7'" [t/(f+ I)]"'j . (814)

The integral in Eq, (814) now has the form of a

Laplace transform. We take advantage of this by

inserting into Eq. (814) the series expression

(-~)"
e erfcz= (815)

and use formula 2. 9 of Ref. 1'?

(v» 1), we can determine F(N —/o, 7) from the as-
ymptotic behavior of its Laplace transform

F(N —/o, 7) 1

m c

G(N —lo, P*(s)) "-~o (1 ") (86)
G(o, 0'( ))

where relative contributions of order (o.,/c. o)
in Eq. (86}have been neglected [cf. Eq. (A18)].
4c —= g/(I —r/)]. The complete expression for o.

& z is
defined in Eqs. (130) and (128), of Ref. 15 (with z
= P*(s)]. For v» 1 we only need the form of c., o

for small s,

n=0

where i"erfc is the ~th repeated integral of the er-
ror function. We now insert the integral represen-
tation of e l"erfcz into Eq. (817) and sum the ser-
ies:

s) -so-oso/~'/o
1/P dS ~

0 n=o

wg2/ 7e
1/2

0
ds exp[- s' —2(pr '/'+ c~'/')s]

= e ' /'exp[(pv'"+c~"')']

xerfc(P~ "'+c~"')=- f(P, c; ~) . (818)

Thus the final expression for the characteristic
function is

I'(k, 7.) = y(k, 7-) e "o"——' X '/' (k)Q (+)c

(819)

This expression is used in the numerical inversion
of Eq. (82) to obtain the P(/, ~) shown in Figs. 12-
14.

APPENDIX C: GENERAL ASYMPTOTIC EVALUATION OF

THE FIRST PASSAGE-TIME DISTRIBUTION F(N-los)

As shown by Eqs. (34) and (37), and discussed
in Appendix B, the solution for the propagator in
the presence of absorbing boundaries involves the
evaluation of the first passage-time distribution
F(N —/o, v). In the region of interest, ~» 1, F(N
—/o, v) can be determined from the small-s behav-
ior of its Laplace transform. Following Eqs. (85-
87), one needs to consider integrals of the form

C+] oo

f(~)= . dse" e ~
2ri .-;-

corresponding to

1 —q(s)~ s

(cl)

(c2)

The function f(v) is essentially a Levy distribu-
tion. The final expression for F(N —/o, w) con-
tains a sum of terms, each proportional to Eq.
(Cl) for various values of the constant b. By a
simple change in the integration variable, one can
group the parameters of the integral in Eq. (Cl) to
obtain

where D„ is the parabolic cylinder function. We ob-
tain for Eq. (814)

e o /'g (-2cw' )"eo 'i"erfc (p/7 ), (817)

-Pt I "1
- /oZ (&)p-1/o e 0/ ~ [(2&p)j/ ]t+a '"'

(816)

c+]~
~f(v}= . dz exp[a —(///v')z "] .

27Tg c~f
(c3)
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We can now evaluate the integral in Eq. (C3) in two
time regimes; (a) b/v'«I, and (b) b/r'»1. The
constant b is typically a large number (-N/t ), so
both regimes correspond to v»1 [therefore justify-
ing the use of Eq, (Cl)]. The transition regime
b/r'& 1 corresponds to the transit time. In regime
(a) one can develop an asymptotic series for wf(7)
'oy expanding exp(- bz '/t ') and integrating term by
term,

~1 Q' 1~f(~)=~ —, ——, . Czz' e'.
)p l I 7 2@i c

(c4)

1"(z)I'(1 —z) = w cscvz,

one can rewrite Eq. (C5) as

1 —b ' . I'(fn+ 1)
7f(r) = —— sinxla

7T 1 =0 7 I' /+I

(c5)

(cv)

Using the well-known asymptotic properties of the
gamma function, one can see that the function de-
fined by the sum in Eq. (C7) is an entire function
for 0 & a & 1. For some values of n, where 1 (tc.
+1) is a factor of I'(1+1), one can analytically sum
the series:

1 -A)4.o'= z i &f(&)=
2 uz p/z e (ca)

sin(v/3)7.f(7.) = xK, /, (x),

The contour C in Eq. (C4) is shown in Fig. 16.
The original contour in Eq, (C3) is displaced, to
the left in the z plane, to one consisting of a broken
circle around the branch point at the origin and line
segments parallel to the imaginary axis (dotted
line). The latter part of contour makes an exponen-
tially small contribution and thus, the countour can
be further changed to C. The integral in Eq. (C4)
is simply the Hankel representation of the inverse
I' function, thus

(- b/7™)'
1'(l+ 1)I'(- fo.') ' (c5)

Now, I/I'(-lu)=0 for la=0, 1, 2, 3, . . . . For such
values of ln, there is no branch point, and hence
the integral evaluated on C vanishes. The above
derivation of Eq. (C5) is essentially a proof of the
Tauberian theorem.

Now, using the familiar reflection formula for
the y function

(ab/& 0')1/(1-0'/ (C11)

Expanding the exponent in (C3) about zo one finds
that the path of steepest descent through zp is par-
allel to the imaginary axis. Hence, '

exp(- [(1 —n)/n](c. b/v. )
/'~ '] b

[2v(1 /x)(y/~b)1/(1-&]1/z t a.

(c12)
We can now compare the general asymptotic form
to the analytic results in Eqs. (C8) and (C9). For
/x =-,' the expression in Eq. (C12) is exact, and is
equal to Eq. (CB). For c/ =-,', we must first obtain
the asymptotic limit of Eq, (C9). For x

xIf, /, (x)- (vx/2)'/' e "

yf(7) (3/4v) /~ (b/37~/~)3/4 exp[ 2(b/37~/3)~/z]

(C13)
The expression agrees exactly with the one in Eq.
(C12) for o. =-', . Hence, we have been able to es-
tablish a representation of the function 7f(7) in both
time regimes of pertinence to our transport study.

The function in Eq. (Cl) is, as mentioned above,
the Levy distribution, and therefore of interest in
other areas of stochastic processes. The repre-
sentation of f(7) we have established will be further
developed in another paper.

APPENDIX D: CALCULATION OF Q(t)

We outline the main steps in the computation of
P(t); the details can be found in Ref, 14. We con-
sider an arbitrary site as the origin in a random
medium and define Q(t) to be equal to the probabili-
ty that a carrier remains on the site for a time in-
terval t after arrival. This probability can de-
crease in time via all the parallel decay cha~nels
for it to transfer to surrounding sites:

1 n 2 n, 1 n(n —1)2234034928
n(s-n). ,), &(~)'"

(clo)
In regime (b) one can evaluate the integral in Eq.

(C3) with the saddle-point method. 6 One seeks the
stationary points of z —(b/~ )z, i. e. ,

X 2 f/3 (C9) = -q+W(r/),
where X„(x) is the modified Bessel function of or-
der v, More generally, for any rational value of
n, v f(r) can be represented as a finite sum of gen-
eralized hypergeometric functions, F„(a„.. . , a;,
cl, . . . , cA,

' x), e. g. ,

where W(r) is the transition rate to a site located
at r. One now solves (Dl) for the fixed (random)
configuration (r/]. , computes the configuration av-
erage,
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In Eq. (D2), p(r)d x is the probability a site is
located in a volume d ~ centered about r. An ex-
cellent approximation to the integrand in Eq. (D2)
in the limit of large v (cf. Appendix A of Ref. 14)
is a unit step function,

I, W(r)t & I
1 —exp[- W(r)tj=

0, W(r)t&1.
(D4)

e(t)-=(()(t)) =(exp —t+H'(r, ) )
= exp — d xp r 1 —exp —W r t

{D2)
and determines g(t) with the relation

( )
de(t)$t =-

$(t) —d4' q{ln&)
«+(q/3) & lnt)»

kf

which is the result we quoted for (C)„(t) in Eq. (60).
The long tail in )t)(t) is related to the absence of a
truncation of the transition rate spectrum, i.e. , at
an arbitrary t one can "find, " with a finite proba-
bility, a W(r), such that W(r)t=1. The "smooth-
ness" of the tail is related to the random assump-
tion (D6), If instead of Eq. (D5) one used

W(r) = W~ exp[- (x!Rn) 1 i (D11)

(D9)

We now absorb the constant e' into the definition of
W„and, inserting Eqs. (D'7) and (D9) into (DS), one
has

Due to the general exponential dependence of W(r)
on r, the transition from I to 0 in Eq. {D4) is very
rapid as a function of r. With

with y —1, then

),=R„(in ~)'t" (D12)

W(r)= W e "~" {D6)

P(r) =X, ,

and the use of Eq. (D4), one obtains

(D6)

(DV)

where

W(r, )t=- ~e "'~ ~ = e '= 1,
or

(Ds)

the assumption of a totally random distribution
4'(t) = exp[- (q/3) (ln ~)'i" ] . (D13)

Hence for y &1, the time dependence of P(t) would
be slower than Eq. (D10) for a given value of q.
The motexapid th'e dependence of W(r) on r, the
stoaer the time decay of $(t)r If one can change
W(r) significantly by a small variation in x, then
for any arbitrary t one can locate a nearest-neigh-
bor site separation that satisfies W(~)t= 1. There
is direct experimental verification of these con-
cepts in the study of radiative recombination in
sexniconductors.
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