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We have measured the frequency dependence of the individual photoelastic coefficients of silicon using a
simplified acousto-optic technique. We define the photoelastic tensor g by Ae€; = gy e, where e is the particle
displacement gradient tensor and Ae is the strain-induced change in the optical dielectric tensor. We find
¢111(3.39 pm) = +13.0£ 0.6, g,;;,(1.15 pm) = +15.7 £ 1.1, g;5; (3.39 pm) = —2.41 £0.1, and q;),,(1.15 pm)
= —1.45 = 0.1. The extrapolated long-wavelength limit of the average photoelastic coefficient agrees well with
our previous estimate for the frequency-independent Phillips—~Van Vechten model. However, within a proper
frequency-dependent Penn model we have shown that the “oscillator strength” does not vary as r~°. Further
we have demonstrated that the dispersion energy E,; in the Wemple-DiDomenico model is proportional to

—19+08

r and not volume independent as would be expected from the model. It is concluded that whereas a
simple single-gap model works well to describe the low-frequency dispersion in the dielectric constant of
silicon, it is incapable of describing the dispersion in the photoelastic tensor.

I. INTRODUCTION

There are numerous microsopic or phenomeno-
logical models describing physical many-body sys-
tems. The interaction of electromagnetic radiation
with the system is described by the model dielec-
tric response function e(;, t) or its Fourier trans-
form €(q, w). The average (¢~ 0) dielectric tensor
€(w) is frequently compared with experiments to
check or determine model parameters. When a
long-wavelength particle displacement gradient
exists in the system, € changes to €(0, w)+A€(0, w).
The photoelastic tensor g(w) relates strain-induced
changes in € to the nonsymmetrized particle dis-
placement gradients, e;

Aiu(w)=qmz(w) €py. (1)

In many recent dielectric models, semiempirical
assumptions are made relating various model pa-
rameters to interatomic spacing. Measurements
of the strain-induced changes in € can be used to
test the validity of these assumptions, Measure-
ments of the frequency dependence of ¢ allows one
to separate out the strain dependence of individual
model parameters, as well as to check the disper-
sion predicted by explicitly frequency-dependent
models. We will restrict ourselves here to only a
few of the models for fourfold coordinated covalent
semiconductors. In the Phillips—Van Vechten
(PVV) model, ! a universal power-law relation is
assumed between the average homopolar gap and the
interatomic spacing (or volume). It is implicit
that the relation is valid both for intra- as well as
intermaterial variation, Similarly, in the Har-
rison bond-orbital model, ? a simple power law is
assumed for the 7 dependence of V,. In the Wem-
ple-DiDomenico (WD) model, * a two-parameter
one-oscillator model is used. It is found empirical-
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ly that the ratio of the oscillator strength to oscil-
lator resonant frequency is very nearly constant for
covalent systems when scaled for such configura-
tional characteristics as formal ionic valency and
nearest-neighbor coordination. In particular, this
“dispersion energy” should be independent of vol-
ume. Finally, we present our determination of the
volume dependence of the parameters in the Chadi-
White (CW) model, ¢ a two-parameter tight-binding
model.

We have measured the photoelastic coefficients
of silicon, a prototype covalent solid, at 3.391 and
1.152 pm (just below the indirect edge). In Sec.
II, we will discuss the experimental methods; in
Sec. III, we will discuss the results and compare
our results with other related measurements; in
Sec. IV, we will discuss various models and con-
sider the implications.

II. EXPERIMENTAL METHOD

Figure 1 shows a simplified block diagram of the
apparatus used to measure the room-temperature
frequency dependence of the individual photoelastic
coefficients relative to the known values® at 3. 391
pm, The apparatus is similar to that described
previously in Ref. 5; only the important changes
will be presented here.

Because dispersion measurements need not be
absolute, no reference material was used. An
ultrasonic pulse (280 MHz) launched by a 25-MHz
fundamental, 3-mm square, 35° rotated Y-cut
LiNbO; transducer propagates forth and back in the
sample and diffracts the light beam during each
pass. The diffracted intensity is a function of ¢
=aq?P/N3epv®, where a depends on the aspect ratio
of the transducer, A, is the vacuum wavelength, P
is the acoustic power density, p and v are, respec-
tively, the density and acoustic mode velocity of
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the sample. The two laser beams are transmitted
through approximately the same region of the sam-
ple. However, to eliminate any effects of acoustic
attenuation arising from slight misalignment, we
measure the signal from the transmitted and re-
flected pulses to obtain an expression which is in-
dependent of the position of the light in the sample. ¢
The first-order signals are normalized by dividing
the intensity of the light transmitted when the sound
pulse is absent. A part of the chopped incident
beam is sampled by a PbSe photoconductor and
lock-in amplified. The low-frequency output is
sent to the B channel of a divider and normalizes
the output of the boxcar integrator to account for
source fluctuations., Using this technique, the
worst case signals having a signal-to-noise ratio
of approximately two and peak-to-peak source fluc-
tuations of 10% were improved to better than 50
and 1%, respectively. The InAs photodiode was
calibrated at the two laser wavelengths by compari-
son with a thermopile (in the linear response region
of the thermopile). The calibration was reproduc-
ible to only ~ 3% (rms) and represents the largest
source of error in the experiment,

In the Bragg diffraction regime, 7 ¢ is simply re-
lated to the normalized intensity 7 by

d=sinT,

(2)

As the light wavelength decreases relative to the
acoustic wavelength, one can no longer use Eq. (2)
to determine ¢. We have solved the difference-
differential equations for the acousto-optic interac-
tion using a Hamming integration routine and found
that the largest correction occurs for the trans-
mitted 280-MHz pulse with the 1, 15-um laser po-
larized to measure ¢y;,,. We find a worst-case
correction to ¢ less than 2%. The exact integration
values have been used in all cases instead of (2).
The geometric mean ¢ of the values of ¢ obtained
from the transmitted and reflected pulses is inde-

pendent of position along the length of the sample,
(We have used a transducer having square cross
section so that the aspect ratio of the acoustic beam
does not change as the pulse propagates.) Finally,
then, from the ratio $(1.152)/3(3.391), we ascer-
tain the relative dispersion £=¢(1.152)/¢(3. 391).

III. EXPERIMENTAL RESULTS

In Table I, we have listed the measured values
of §1;;, and &,55,. The error indicated is derived
from the approximate rms deviation in the distribu-
tion of experimental values and the distribution in
diode calibration measurements. We have also
given the measured values® of q,,,, and q,;5, at
3,391 um and the derived values at 1,152 pm [i.e.,
q(1.15)=¢(3.39)x £]. We have used the extrapo-
lated-refractive-index data of Salzberg and Villa®
throughout.

To our knowledge, these are the first measure-
ments of the frequency dependence of the individual
photoelastic tensor components of silicon. By
taking linear combinations of the individual coef-
ficients, comparisons can be made to reported
values of hydrostatically induced changes in the re-
fractive index, as well as uniaxial piezobirefrin-
gence; q=(qyyyy+2qy522) and Aq = (G445 — Gy420), Te-
spectively.

To interpolate between our measurements, we
utilize the fact that due to time-reversal invariance
of the Hamiltonian, the photoelastic dispersion can
be expressed as an expansion in (E/E,)?, where E is
7w and E; is an average gap slightly greater than

TABLE I. Experimental results.

1111 112 q1111(3.391) 4444 (1.152)
+1,21+0,06 +0,60+0,03 +13,0+0,6 +15,7+1,1
G195 (3. 391) q1495(1.152) €(3,.391) €(1,152)
—-2,41+0,1 —-1,45+0,1 11,758 12,468
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the lowest direct gap. In transmission experiments
in silicon, the largest E is limited by the indirect
absorption edge at 1.1 eV; therefore, (E,./E,)?
£0.08. The photoelastic dispersion thus reduces
to

Q(E)=ao+a1(E/Eo)z- (3)

From our measurements, we find o, ,y,=12.6
+0. 6, a:,un/E%“ 2.63+0.3, ag,y43p=—-2.54%0.1,
and ay,15/E5=0.94+0.09.

From the most recent and accurate hydrostatic
measurements of dInn/dV, Vetter® estimates that
g increases by 32% from 2.5 to 1.1 um. From our
results, the interpolation indicates that ¢ increases
by 55% in the same range.

Using the elastic constant measurements of
McSkimin and Andreatch, ° we have calculated Agq
from the measurements of Nikitenko and Marty-
nenko!! and of Higginbotham, Cardona, and Pol-
lak. ? Nikitenko et al, found a decvease of 10%
from 1.4 to 1.1 um, In the more recent measure-
ments of Higginbotham ef al,, as well as the present
measurements, there is an incvease of 6% in the
same range and a 10% increase from 2,02 to 1.1
um, We therefore believe that our data for the
frequency dependence of the photoelastic coeffi-
cients agree well with the most accurate related
data.

IV. THEORETICAL IMPLICATIONS

The photoelastic coefficients are a measure of
the strain dependence of €, In principle they can
therefore be used to check or determine the strain
dependence of parameters in models for which €
can be calculated, We will relate our measure-
ments to several currently popular simple models
of covalent systems. In particular, we will con-
sider here the PVV model, ! the Harrison bond-or-
bital model, % a frequency-dependent extension of the
Penn model, =% the WD model, ® and the CW mod-
el.* Only the latter three models listed have an
explicit frequency dependence.

To treat the former theories, we must use the
value of g extrapolated to E=0; i.e., ¢(0)=a,. In
a previous paper, ° we made the assumption that the
zero-frequency limit of the average photoelastic
coefficient p =~ g/€® of silicon can be well approxi-
mated by the value measured at 3.39 um (0, 366
eV). That the residual dispersion is small is rea-
sonable because 0. 366 eV is an order of magnitude
smaller than the lowest direct gap. One purpose
of the work reported here was to determine (0) to
validate our assumption.

In the Penn-PVV model,

€(0) - 1=(E%/E%) (1 - A + 54%), (4)

where Ep is the plasma energy of the valence elec-
trons, A=Ey/4E; and E are the calculated Fermi
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energies of the free-electron gas, and
7(0)=[e(0) - 1](25 - 3), (5)

where s=-dInE,/d1lnv. Our experimental value of
g(0)="7.6 +0. 4 implies that s=1,86+0.02, which
is, in fact, in close agreement with our earlier
estimate.

In a similar manner, within the Harrison bond-
orbital model,

7(0)=[€(0) =1 {[dIn(?/V,)/d In¥] - 1}, (8)

where V, is the “covalent energy, ” and y is a bond-
dipolar scaling parameter. The measured value of
7(0) implies that d In(y?/V,)/dIny=1,71+0,03, If
Harrison’s assumption that dInV,/dIn7 = — 2is cor-
rect, then the measurements imply a very small
logarithmic derivative of v (i.e., v is nearly inde-
pendent of nearest-neighbor separation).

In fact, we can be more explicit in treating the
Penn-PVV model. Martin!* and Breckenridge,

Shaw, and Sher, ¥ using the proper momentum-de-
pendent matrix elements, have derived an expres-

sion within the Penn model for the frequency de-

pendence of € in the limit ¢—~ 0. For E/E;<1, we
find (to order A?)
2 B2

€(E)— ==
3 Ej

<(2) +a-taan(2) - ]-
()

[The factor of %, which is not present in the Penn-
PVYV dielectric function, does not change the loga-
rithmic derivative of (¢ — 1) and therefore does not
affect the derivation ofd lnEO/d In7 from photoelastic
measurements; nor does it significantly alter the
PVYV result for the infer-material variation of E,
with 7, | Equation (7), a one-parameter model,
can be compared with a polynomial fit to the refrac-
tive-index data of Ref. 8. A fit to the experimental
data gives €(E) — 1= )+ B(E/Ey) + B(E/E,)*, with
B,=10.67, B,/E4=0.628, and B,/E4=0.051. The
extended Penn model gives E;=3.99 eV and &,
=10. 867 (by fit), B,/E%=0.545, and B,/Ei=0.034.
The low-frequency dispersion predicted by the mod-
el is thus substantially smaller than the data.

The hydrostatic photoelastic coefficient ¢ in the
extended Penn model is given by

[(1 S A IAZ) L E(1 -3 4 1A2)

6<E)=§§§ [(1-4)+ (1= 2a)02]F"

+[2-2)+(4-30)2%]s - (24 +3A02) },

(8)
where F' =dInE%/d1nv, and ?=% E*/E%, If we let
EZ% be an empirical parameter in the model and
determine the » dependence of Ef, from fitting the
frequency dependence of g, we find F' =-6.9+0.9
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instead of - 3, and s=3,7+0.7 instead of 1. 86,

The second explicit frequency-dependent model
considered here is the empirical dielectric func-
tion of WD. They find that a single two-parameter
Sellmeier oscillator

€(E)-1=F/E} - E? (9)

fits the dielectric dispersion of most materials for
which the dispersion is known. For silicon, we
find F=178.8 eV? and E,=4.09 eV. Fitting with a
polynomial fourth order in (E/E,), we obtain £,
=10.6%, B,/E%=0.634, and B,/E§=0.043 in much
better agreement with the data than is the Penn
model, The photoelastic coefficients derived from
the WD model are

_( F \ [dWF _/ Ej \dnE
a(E)= (Eg-E2> [dlnx (@) dlnxo]’ (10)

where dlnx is either d1n7 in the hydrostatic case
or ey, in the uniaxial case. For this model, we
find again that if the oscillator strength is propor-
tional to %, then s=1,86, If, however, we let

the variation of the oscillator strength be a free pa-
rameter (in keeping with the model), we find s
=2.6+0,5 and F'=—4,5+0.6. Moreover, WD have
demonstrated that E,= F/E, is constant within clas-
ses of materials having the same nearest-neighbor
cation coordination number, anion valency, and ef-
fective number of valence electrons per anion, We
would therefore expect E, to be independent of vol-
ume because scaling does not change the configura-
tional class of the material. However, we find
here that E; is not independent of 7, In fact, we
find E av "1+9:0:8,

The CW model? is a tight-binding two-band model
for covalent semiconductors, which is solved in
terms of a Bethe lattice. For E < E, the Bethe
lattice sums include only nearest contributions and
should approximate well the real lattice sums. The
CW model gives for E< E,

€(E)-1=3(E2/E){[a_+2(a% - 12V3)/2]1

+[a, +2(a2 = 12V V2] (11)

where E, is the energy gap, A,=E +E and V, is
equal to the difference in the valence and conduction
band widths. The model is a two-parameter model
which satisfies the oscillator sum rule, For this
model, the low-frequency dielectric dispersion g,
=10.67, B;/E3=0.615, and B,/E¢=0.063, is in quite
good agreement with the experimental data. From
a comparison of dIn[€(E) - 1]/dIn7 in the model
with the measured values of ¢, we find s=1, 70
+0,13 and d1nV,/dIn¥=0.14 +0.6. These results
imply that within the model, the volume dependence
of the direct gap is similar to that of the average
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gap in the PVV model and that V, is almost indepen-
dent of volume,

In the case of silicon, the photoelastic dispersion
in the region accessible using the present technique
is not very large compared with the experimental
uncertainty. This arises from the fact that in sili-
con, the lowest-absorption edge lies far below the
average gap E,. Using either frequency-dependent
model discussed above, we can determine the per-
centage variability in the derived quantities dlns
and dInF’ or dInV, arising from possible errors
in the absolute measurements of ¢ at 3,391 um and
the relative dispersion measurements at the two
optical wavelengths. Taking the variability in pa-
rameter X as

2
|dinx| = [(—d—hfql(-—-—‘;%)) [d1nq(3. 39) B

+ (%)2 (d ln:‘E){\ v . (12)

we find with |d1lng| and |d1n&| =0, 05 at both wave-
lengths, that for the extended Penn model and the
WD model |dIns|~0.18, and |dInF’| ~0,13. For
the CW model, |dIns|~0,08, and |dInV,|~4.0,
Unfortunately, the uncertainty in the determination
of the parameters is large. Nevertheless, in
neither the extended Penn model nor the WD model
is an inverse volume dependence found for the oscil-
lator strength within the experimental error.

V. CONCLUSION

We have presented here the results of our mea-
surements of the dispersion in the photoelastic ten-
sor of silicon. We have determined the valence de-
pendence of model parameters in the Harrison
bond-orbital model and the CW model. We find that
the extrapolated low-frequency limit of the average
photoelastic coefficient agrees well with our pre-
vious estimate for the frequency-independent PVV
model, On the other hand, we have determined an
expression for the average photoelastic coefficient
in a frequency-dependent Penn model and shown
that the “oscillator strength” does not vary as » 3,
Finally, we have shown that, at least in silicon,
the WD dispersion energy is not independent of in-
teratomic spacing, as would be expected from the
model, It is concluded that for the single-gap mod-
els discussed, the intramaterial volume depen-
dence differs from the explicit intermaterial
scaling.
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