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Critical-point energies, broadening parameters, line-shape asymmetries, interband reduced masses, and

polarization anisotropies are measured for the E„EO+60, E„El+El Eo Eo +60 Eo +60 +50 E2,

E, ', E, +5, and E,'+6, '+h, " transitions in Ge using the Schottky-barrier electroreflectance (ER)
method. The Keldysh-Konstantinov-Perel (KKP) approximation for orbitally degenerate critical points is

adapted to heavy holes and to Franz-Keldysh oscillations. Stark-shift effects are shown to be important only

for energies within 4(hA) /Eg of Eg, negligible in this experiment. The KKP prediction that orbitally

degenerate ER line shapes are represented as a linear superposition of nondegenerate line shapes is verified by

separating explicitly the light-hole and heavy-hole contributions to the Eo structure at intermediate fields. The
polarization anisotropies are in qualitative agreement with KKP predictions, but the light-hole spectrum is

much too large. Therefore, either the KKP matrix-element magnitudes or the calculated densities of states do
not represent correctly the experimental conditions. Low-field line-shape asymmetries for Eo and Eo+60 are in

excellent agreement with two-dimensional model density-of-states calculations. We observe a cusp less than 2
meV wide at threshold on spectra for which the intrinsic energy scale A 40 meV, verifying remarkably well

the prediction of a functional singularity at threshold in ER theory. The El and E]+El line shapes show

polarization anisotropies of 1.32+0.02 and 1.20+0.02 at 300 and 10 K, respectively, for I110] fields,

compared to a theoretical value of 4/3. Significant field-dependent polarization anisotropies are observed for
the E, triplet, in qualitative agreement with the KKP approximation and in contrast to the predictions of
nondegenerate theory. Heavy-electron-hole transitions appear to dominate the center structure of the Eo'

triplet. The polarization anisotropy of 1.85 observed for the E2 transition shows that the critical point
responsible is a saddle point. The E&' structures are resolved into three components. The larger energy
separation, 266+10 meV, for the two lower components of points responsible is not the same as that for the

E, transitions, which have a spin-orbit splitting of 184+2 meV.

I. INTRODUCTION AND CONCLUSIONS

The Schottky-barrier electroreflectance tech-
nique" is well suited to the spectroscopy of semi-
conductors. At low fields, the third-derivative
nature of low-field electroreflectance (ER) spec-
tra permits critical-point structures closely spaced
in energy to be resolved. I ow-field EH spectra
that are determined entirely by the intrinsic prop-
erties of the material are easy to obtain in the
Schottky-barrier configuration, because these spec-
tra simply scale linearly in the modulating poten-
tial. ' At intermediate fields, Franz-KeMysh os-
ci.llations ' appear which may be analyzed ' ac-
curately' to give the interband reduced masses at
the critical point. The polarization dependence of
these spectra gives in principle the symmetry of
the critical point for nondegenerate bands, ' ' and
the relative contributions of the sub-bands if orbital
degeneracies are involved. ' ' '

Ge is a classic "textbook" semiconducting mate-
rial, being cubic, having inversion symmetry, and
having mell-separated critical-paint transitions. In
this paper, we summarize and extend our previous
Schottky-barrier measurements on Ge ' ' ' ' with
the objective of obtaining accurate values of criti-
cal-point energies, broadening parameters, and in-
terband reduced masses. We investigate polariza-

tion dependences, with particular emphasis on or-
bital degeneracies. We also investigate line-shape
asymmetries to obtain information about the elec-
tron-hole interaction in the contact-exciton approxi-
mation.

Our major conclusions, presented roughly in the
order that they are discussed in the following sec-
tions, are as follows.

A. Theory

(i) The Stark shift for orbitally degenerate bands,
such as the light-hole-heavy-hole degeneracy at
k = 0, is signif icant only for energies

lE,„(k)—E,j & 4(nfl)'/E', ,

where Ig is the characteristic Franz-Keldysh ener-
gy Isee Eg. (6)] and E is the critical-point energy
This quantity is of the order of fractions of an meV
for Ge, so the Stark shift is completely negligible
for most purposes.

(ii) The Keldysh-Konstantinov-Perel' (KKP) ap-
proximation, ' derived initially for light-hole (lh)
electroabsorption, applies within the same as-
sumptions to heavy-hole (hh) spectra and to Franz-
Keldysh oscillations in ER. The KKP approxima-
tion is potentially a great simplification because it
enables one to calculate ER spectra of orbitally de-
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generate critical points by (a) evaluating indepen-
dently the, e. g. , light- and heavy-hole contribu-
tions by nondegenerate theory; (b) calculating the
matrix elements from k. p theory with k II 8 and
h —0; and (c) adding the results. Expressions for
calculating the light- and heavy-hole matrix ele-
ments are obtained [Egs. (16)]. The KKP approxi-
mation probably will not apply to low-field spectra.
See also conclusions (iv)-(vi) below.

B. Experiment

(iii) The line-shape asymmetry of the low-field
Zp and Ep + +p structures is accurately described
using a two-dimensional model density of states to
represent the unperturbed dielectric function, and
using the generalized Seraphin coefficients to cal-
culate &8/R The .amplitudes observed for inter-
mediate-field spectra are in good agreement with
calculated values. These results, together with
the + 10/o absolute-amplitude agreement previously
obtained in a. simpler (electrolyte ER) configura-
tion, demonstrate that the convolution-integral
or third-derivative approach is valid to describe
continuum states even when relatively strong Cou-
lomb effects may be present.

(iv) The KKP prediction of a linear superposition
of nondegenerate spectra for orbitally degenerate
critical points is verified for the Fp transition. We
extract explicitly the light- and heavy-hole ER
spectra from the polarization data, and find a mass
ratio 1.84 in acceptable agreement with theory
(1. 74). A mass ratio of 1.73 was obtained by
Handler et al. by analyzing room-temperature
ER spectra.

(v) The amplitude of the light-hole spectrum is
observed to be 1.24 times larger (KKP prediction:
1.50) for [001] polarization relative to [110]polar-
ization. The amplitude of the heavy-hole spectrum
is observed to be 1.44 times larger (KKP predic-
tion: 1.14) for [110]polarization relative to [001]
polarization. Thus the KKP approximation predicts
polarization anisotropies in ER in qualitative agree-
ment with these experiments.

(vi) If the matrix-element magnitudes predicted
by the KKP approximation are quantitatively cor-
rect, then the density-of-states prefactor is ob-
served to be three times larger for light holes than
heavy holes. This is clearly wrong. But we find
that the total amplitude observed is i.n excellent
agreement with theory. Lt follows that substantial
matrix-elements mixing must occur in the exact
solution which is not described in the KKP approxi-
mation, or else the light- and heavy-hole densities
of states do not sca.le with mass as expected at or-
bitally degenerate critical points.

(vii) The width of the nega. tive cusp in the Zo
spectrum is less than 2 meV at the highest fields
attainable (115 kVcm '), for which hQ~ 40 meV.

Thus the prediction of the simple theory of a func-
tional singularity at threshoM is verified remark-
ably well.

(viii) The low-field polarization anisotropies of
the F& and E&+~& critical-point spectra are 1.32
+ 0. 02 at 300 K and 1.20+ 0. 02 at 10 K, in excellent
agreement with the values previously obtained' for
GaAs. The theoretical value is 3 =1.333. . . . The
Coulomb interaction may cause this by reducing the
anisotropy of the interband reduced mass. But the
lower anisotropy could also result if the low-mass
component is anomalously large, as suggested by
the light- and heavy-hole interference in the Franz-
Keldysh oscillations at intermediate fields.

(ix) The asymmetries of the Z, and Z, +&, line
shapes are approxima, tely those of two-dimensional
and three-dimensional M~ simple parabolic densi-
ties of states, respectively. Alternatively, the 8,
line shape could be interpreted as a three-dimen-
sional Mp threshold with a substantial Coulomb in-
teraction. Hut the line shapes basically are too
complicated to be given by simple parabolic-model
densities of states, suggesting more elaborate
models ar e r equir ed.

(x) The Zo triplet shows significant (and field-
dependent) polarization anisotropies. At 115
kV cm, the values of the anisotropies from peak-
to-peak measurements for the For &p+&p, and

Ep + +p + +p structures are 0. 87, 1. 39, and 0. 82,
respectively, for polarization e tl [110]vs e ll [001].
Anisotropy is expected within the KKP approxima-
tion, ' but not within the simple theory. These re-
sults differ from previous (less-sensitive) trans-
verse EB spectra obtained for these transitions,
where no critical-point anisotropy was observed.
These results clearly indicate that symmetry analy-
sis based on ER-spectra-polarization dependences
alone should be treated with caution unless a criti-
cal point is known to be simple. (This does not im-

ply that all spectral features whose polarization de-
pendences are not simple arise from orbitally de-
generate critical points. )

(xi) Matrix elements appear to be larger for
light-hole transitions for Ep and Ep++p++p and for
heavy-electron-hale transitions for Ep+&p. This
follows from the Franz-Keldysh oscillations ob-
served for these transitions. The heavy-electron-
heavy-hole critical point is either of the M& type or
has a relatively large electron-hole interaction.

(xii) Superposition of light/heavy electron/hole
line shapes prevents interband reduced masses to
be determined for Ep ~ I:p+ &p ~ and Ep+ &p+ &p

transitions for [110], [001], and [110]polarizations,
respectively. Masses determined for the other po-
larizations probably are light, heavy, and light re-
duced masses, respectively.

(xiii) The [001] spectra, are 1. 85 times larger
than the [1IO] spectra for the Z2 transitions for low
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TABLE I. Critical-point parameters for Ge, determined from Schottky-barrier
ER measurements. The phase-angle errors be were determined from two-idimen-
sional Mo model lineshapes and the Seraphin coefficients of the vacuum-Ni-Ge system
given in Fig. l.

Transition

Eo O.h)

E,o h)

Eo+&o

Ei+~i
El
Eo +&o
Eo'+~o'+~o

E~ (meV)

887. 2 +1
(889.2)b

1184+ 2

2250+2
2434+ 2

3006+ 5
3206 +5
3502 +5

I" (meV)

& 1.8
(& 0 5)c

&24

27
44

33
33
43

AP

(deg)

—10
+50

75
55
90

(m )

expt

0. 018 + 0. 002
O. 0336 +0. 013
O. 0269"

(p,) o. o45+o. oo4
(P ) 0. 042 + 0. 005

[001] 0. 034+0. 005
f1101 0. 048 + 0. 009
foolj 0;-062 +0. 006

p„, (m, )
th

0, 0200
0. 0346
O. O269'

O. O49'

o. o5o'

E
I
i

Ei' +6i'
EI yet +piti

4501 +10

5576 +15
5842 + 15
6070 +20

94
110
7o(?)

220

. 240
240
240(?)

0.139+ 0, 015 0. 12~

~From Eq. (16d), using the Luttinger parameters and conduction-band mass given
by Lawaetz (Ref. 27).

"Probable best value, from 20-K absorption measurements by Macfarlane et al.
(Ref. 43).

'From low-field data on relatively pure Qz-7&&10 3 cm 3) sample by Bordure
et al. (Ref. 54).

Value fixed to give agreement to theoretical value. This fixes ND and scales all
values in this column.

'From Lawaetz (Ref. 27).
From Dresselhaus and Dresselhaus (Ref. 62).

~Calculated from two-band model; see text.

fields. The large anisotropy, greater than ~,
proves that the critical point(s) responsible must
have interband reduced masses of both signs. But
the observation of Franz-Keldysh oscillations ex-
tending to higher energies' proves that the positive
interband reduced-mass component(s) must be
smaller than the negative interband reduced-mass
component(s).

(xiv) The 8& structures can be resolved into a
triplet. The energy separation of the lower two
structures is 266+10 meV, considerably more than
the spin-orbit splitting && =184+2 meV of the va-
lence bands giving rise to the Zi structure. This
indicates that the critical points responsible are
not the same for the two sets of structure. This
conclusion has been supported by thermoreflec-
tance measurements on other semiconductors, and
by synchrotron-radiation ER measurements also on
Ge, + and on GaAs.

(xv) Energies, broadening parameters, and line-
shape asymmetries have been determined for all
critical points observed to 6. 2 eV. These quanti-
ties are given in Table I, together with interband
reduced-mass values obtained from Franz-Keldysh
oscillations. Spin-orbit and related splittings are
given in Table II.

II. EXPERIMENT

TABLE II. Spin-orbit or other splittings determined
from Schottky-barrier ER data given in Table I.

Splitting

Ao (Eo)

o(Eo )
QI

Q II

S(me V)

287+1
184+2
296+3
200+3
266 +10
228 +20

All data reported here were taken on an g-type
Ge crystal with XD =6.4&10 cm . This impurity
concentration is very near the optimum value
where field-inhomogeneity effects are minimized,
yet reasonable electric fields are obtained. The
Illo] surface orientation used for these measure-
ments provides the maximum possible data avail-
able in a surfa. ce-barrier geometry. a After Syton
polishing, semitransparent Ni films were evapo-
rated on these surfaces to form Schottky barriers
for modulation purposes. Full details of the sam-
ple-fabrication process and the experimental ap-
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paratus have been given elsewhere. ' Data were
obtained in both low- and intermediate-field
limits.

m. THEORY

A. ER at orbitally degenerate critical points

8$ = p'/2m + V(x) + (s. o. ), (1)

where V(x) is the crystal potential and (s. o. ) is the
spin-orbit splitting. If we choose as a basis the
states transforming as x, y, and 2, then the I2, m/)
states at energy E = 0 (the top of the valence band)

that diagonalize Ho are given by

I

—', ——,'& = (I xt &
—i

I yt &+212~&)/~~

I-: ——.'&=(I.»- Iy»)/~2,

(2a)

(2b)

(2c)

(2d)

where the arrows represent the spin state. The
lowest conduction band at k=O is represented by
the symmetric states lst& and I sk&.

The orbital degeneracy is lifted by the k p per-
turbation for Q=)k)40, and by the field perturba-
tion eS x for 8 = IS t40. The total perturbation is

8'=(n/m)R p+eS x.

Of the ll structures investigated here, four (E$,
I / I

Ep E$ + +2 and E$ + +2 + i2'2) are zone- center criti-
cal points involving bands with orbital degeneracy.
Orbital degeneracies can cause large polarization
anisotropies' (in the one-electron approximation)
because the linear combinations of the degenerate
wave functions that diagonalize the Hamiltonian are
modifi. ed by the applied field. ' ' Since the si.m-
ple theory ' ' deals only with nondegenerate wave
functions, no such mechanism is included, and the
simple theory predicts that zone-center critical
points should show g0 polarization effects. This is
not in agreement with previous measurements, '

nor with our present data.
An approximate theory that describes the effects

of orbital degeneracy on electroabsorption of light
holes by field effects on the linear combinations
has been given by KKP, ' and numerical results
have been given by Enderlein. Here, we show

that the KKP assumptions, made initially for light-
hole exponential- edge electroabsorption, are19

equa, lly valid (or invalid) with respect to Franz-
Keldysh oscillations seen in ER. We make the nec-
essary (essentially trivial) extensions that enable
us to interpret our ER data for both light and heavy
poles within the KKP approximations.

The unperturbed Hamiltonian at k=O is

where SQ is the characteristic Franz-Keldysh en-

ergy defined by

(k0)' = e'8'/f'/8/1 „ (8)

and p ii is the interband reduced mass in the field
direction. For the highest fields attained here
(8 = 115 kU/cm), 8'0 = 40 meV for light holes [p,
~0.020m, (Ref. 2'7)]. Since E, =889.2 meV, 2 the
right-hand side of Eq. (5) is 0. 2 meU. Thus the
Stark shift is important only within 0. 3 meV of the
critical-point energy. But this is totally negligible
on our energy scale, and we conclude that Stark
shift effects can be neglected.

%e next investigate the KKP assumptions with

respect to heavy holes, and also to Franz-Keldysh
oscillations in ER. The KKP approximation would

enable one to calculate ER spectra at orbitally de-
generate critical points quite simply by (a) ca.lculat-
ing independently the light- and heavy-hole contri-
butions by the nondegenerate theory, where (b) the
matrix elements are those calculated from k p
theory with k II S and 8-0, and (c) adding the re-
sults.

The general k ~ p Hamiltonian for the states
I jm, & for j = 2 is a 4&&4 matrix. If a„/ are the co-
efficients of the states 12, m/& in a linear combina-
tion, then with intraband acceleration included the

a,. satisfy the Hamiltonian equations

0 = (H11+ 2eS V + V)n$/2 + 812nl/2 + 812+-1/2

812+2/2+ (822+ $e~ ' V2+ ~)n1/2 +812+-2/2 i (fb)

0=81$a$/2+(H22+2eS ~ V$+ W)a1/2 —812a.$/2, (Vc)

81$n1/2 812'-1/2+ (811+zeh &2+ iV)a 2/2, (7d)

where

lows that only the intraband contribution of eS ~ x,
the acceleration, is significant, and that ER can be
described using the standard k p band structure
calculated for orbitally degenerate critical points.

To prove this, we note that H enters second-
order degenerate perturbation theory according
to the square of matrix elements of the form

xt &
= (tf/2m)kp, „+e8x,„,

where p,„=(st I p„Ixt &, x,„=(sf Ix I xt), and for sim-
plicity we take k, S (I x. Clearly, the Stark shift
will be negligible if eSx,„&kkp, „/2m. Now x,„
= kp, „/mE, where E is the fundamental di.rect
gap, which follows by taking the matrix element of
the commutator [x, 82] =ihp.

Putting the inequality in familiar terms we find
that the Stark shift is negligible if

k-'k'/2/ = E,„(R)—E, 4(an)2/E2

We show first that the interband contribution of
e8 ~ x, the Stark shift, is negligible compared to
the k ~ p interaction for our measurements. It fol-

811 = (k'/2m) [k'(r1 + r2) —8k,'r2],

H„= (&'/2m) f- 2~3k, (k„—ik, )r,],
(8a)

(8b)
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H„=(k'/2m)[~3(- k„+k,)r2+i2~3k„k, rg], (Sc)

H» = (8'/2m)[k'(r, —r, )+3k,r~], (Sd)

(Se)

and where the Luttinger parameters are definedb"
2 l(xi@„lv)l + 2I(xlp, Iv)l

~1 Sm ~
1

1 ~ l(xlp„lv)l' —l(xi(), Iv)l'

1 ~ (x I p„ I v)(v I p, I y)+ (y I g„ I v)(v I &, Ix)

If 8 =0, then the energies of the light- and heavy-
hole sub-bands are

E„(k)=- W

= —(N /2m)(k'y, + 2lk @2+3(y'3 —y2)

&(k k +k k +k k)]' (10)

where the upper and lower signs refer to light and

heavy holes, respectively.
If orbital degeneracy were not present, the off-

diagonal terms in Eqs. (7) would vanish and the set
would reduce to four independent first-order equa-
tions, which can be solved to obtain the field-de-
pendent dielectric function in convolution form

pend only on the dA ectiog of k and not on its mag-
nitude, decoupling occurs if in effect I-,'eSs l»lkl in

Eq. (lib) for the region of contribution to the inte-
gral. This was proven to be the case for light-hole
electroabsorpti. on, by making tacitly the additional
assumption that the initial values of the coefficients
g, , determined by taking k tl S, would not change
by evolution as described by Eqs. (7). If this is
the case, then Eqs. (7) decouple since 8 V„a,.(k„)
=0, where k, =k]] S. This important simplification
enables one to calculate field effects as a linear
superposition of solutions of the form of Eq. (lia),
with each hole accelerating according to its mass
calculated from Eq. (10) with k=k~, . The only sig-
nificant change relative to the nondegenerate case
is that the matrix element in Eq. (11a) must be cal-
culated from the appropriate linear combination
obtained from Eqs. (7), (S), and (10) for k=k„, and

that this matrix element depends upon the direction
of 8.

We adapt the KKP approximation to ER by noting
that I —,'ebs I»IkI for heavy holes as well as light
holes, and for Franz-Keldysh oscillations as well
as exponential-absorption edges, for zone-center
orbitally degenerate critical points. We have
shown that ER spectra can be separated into two
principal components: a low-field contribution
originating near s = 0 and an oscillatory (or expo-
nential-edge) contribution originating near

~(Z, 1, 8) =1+g [e,„(Z, I', 8)+ e,"„(-Z, r, 8)],
cpv

(iia)
s =so ——[&—E,„(k)]/(AQ)~ . (13)

e,„(E,1, 8) = Iie'0'/w'm'(&+ iV)']
t+ OQ

x d k l ds e p„, k- -,'e s e p,„k+ 'ebs

~s/2

x exp i ds [8+ii"—Z,„(k—ebs )] (11b)

(12)

Since the H;. are dependent on k, the g,. are de-
pendent on k, and Eq. (12) does not hold for a gen-
eral linear combination P

& a, I j, m,.). Then the
coupling terms cannot vanish, and a numerical so-
lution is required.

But KKP have pointed out that since the a,. de-

where

Z,.(k) = Z, (k) —Z„(k) .
It would appear that Eqs. (7) can be decoupled by

a transformation matrix to remove the off-diagonal
components of the Hamiltonian matrix. This is
generally not possible, because the form of the in-
traband operator ie V, in Eqs. (7) is obtained by
assuming that the periodic parts of the Bloch func-
tions Ij, m~) are only weakly dependent on k. In
this case

Now the inequality I —,'e8soI» IkI clearly does not

apply to the low-field contribution originating near
s =0. It may or may not apply to the oscillatory
contribution depending upon the range of Ik I impor-
tant to Eq. (lib). But we have also shown that the
dominant contribution to the Brillouin-zone integral
over k extends from k=0 to about

k'.„=(2l /a')(Z —E,)"'/(nn)'~' .

Transforming Eqs. (13) and (14) to familiar terms,
we find that the condition I —,'eSsoI» fkI is satisfied
1f

Z- Z, &ISQI .

This is a less-stringent condition than that required
by the asymptotic expansion itself. Thus we con-
clude that the KKP approximation is as applicable
to Franz-Keldysh oscillations as it is to exponen-
tial absorption edges.

By using Eqs. (7), (8), and (10) in the limit that
8-0 and k Ii Z, one can evaluate the sums over ini-
tial light- or heavy-hole valence states and the
conduction-band final states in the KKP approxima-
tion. We find that
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E„(k)=- (AV/2m)[y, +2g(e)],

m, /m( „=—y, —2g(e) .

(16c)

(16d)

The light-hole expressions are identical to those
previously obtained by KKP. ' The only difference
is that g(e) is negative instead of positive for heavy
holes. In the KKP approximation, Eqs. (16) are to
be used in evaluating Eqs. (11).

B. Energy gaps, broadening parameters, and
line-shape asymmetries

ER line shapes are given by'

+ ', , ' (e„e,S„S,+e,e,S,S,+e,e„S,S„),g(e)
(16a)

where p, „ is defined following Eq. (4), yz and ys
are the Luttinger parameters, e is the polarization
vector, SII S and S„+S,+8~ =1, and

&(&) =~[y +8(y —y )(S~S +S S +S'S )]'/ (16b

where the positive sign refers to light holes and the
negative sign to heavy holes. The energies E„(k)
and the effective masses in the field direction are
given by

8;e,«" (A&)3~ e p, „~' exp[i-,'m(2-D)]

x (E —E + iP)" (4-D/2& (19)

where a =1, 2, 3 is the critical-point dimension and
l=0, 1, 2, 3 is the criti. cal-point type. At inter-
mediate fields the closed-form solutions' are needed
for the complete description but the oscillatory
part is given approximately by'

e,.e,.n &"~ E '(E —E,)
' exp[- (E- E,)' 'I'/(An)' ']

discrepancies between theory (the rest of the
bracketed quantity) and experiment. C, is the com-
plex Seraphin coefficient, whose value we have cal-
culated as a function of F. for our system. We
shall only use the phase, which is given in Fig. 1.
C,„ is the contact exciton parameter

C,„=[1+g(e —1)]', (18)

where the strength parameter g & 0. C„ is the
field-inhomogeneity factor which is small for de-
pletion regions ' and will be neglected. The con-
stants A and 8 compensate for possible slowly
varying backgrounds, and &e(E, I', S) is the field-
dependent part of Eq. (lla).

At low fields in the parabolic-band approxima-
tion, 4

=Re[(Ce' ')C,C,„C„e;e,&e"(E, r, S.)]
x cos(8+ -', [(E—E,)/An]' '], (20)

500-

200-

IOO-
UJ
UJ
0
C9
4J
C)

/
/

I
I
I

/

I

I

/
/

/
//

I I

\

1

I

I

I

-200—

ENERGY (eV)

FIG. 1. Phase of the complex Seraphin. coefficients
for the Ge-Ni system (after Ref. 23).

+A+8(E —E,) .
In Eq. (17), we have included Ce' ' to measure any

where 8 is an adjustable parameter.
Energy gaps, broadening parameters, and asym-

metries are obtained from low-field spectra by fit-
ting Eq. (1V) to the datausing ,Eq. (19) to represent

This is an extension of the three-point meth-
od which gives more equal weighting to the indi-
vidual points. Interband reduces masses are ob-
tained from the energies E„of successive tangent
points between Eq. (20) and its envelope by the
slope analysis described previously.

The electron-hole interaction is included only
qualitatively in Eq. (18). Calculations of field ef-
fects including the Coulomb interaction are pres-
ently available only in numerical form, ' so a
detailed comparison in not practical. But we have
shown that the convolution- integral approach
(which is equivalent to taking the third derivative
of the measured dielectric function) gives quantita. —

tive agreement to within 10% for the Eo edge at
300 K, and that the direct third-derivative ap-
proach gives agreement to within 40% for E, and

E&+&, transitions. Therefore, we shall include
the Coulomb i.nteraction approximately by using
two-dimensional model densities of states instead
of three-dimensional, in agreement with line-shape
calculations of the Coulomb continuum threshold.
While not exact, we shall show that this approach
yields line-shape asymmetries in good agreement
with experiment for low-energy critical points.
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FIG. 2. Representative Schottky-barrier ER spectra
of the Eo and So+~0 critical points of Ge at 10 K. The
field 8 II [110]. Spectra for &II [001] I,

') and ell [1TO]
(- ———-) are given for two intermediate values of 8.
Critical-point energies are indicated by arrows in the
upper curves.

IV. RESULTS AND DISCUSSION

A, Eo Eo + 60 transitions

1. Critical-point energy, broadening parameter,
and line-shape asymmetry

Spectra for the Eo and Eo+&o transitions at two

intermediate field values are shown in Fig. 2,
Structure due to field ionization of the n = 1 exciton
line can be seen clearly near the negative extremum
of the principal structure of the Fo transition in the
upper curve. It ha, s the expected line shape of the
negative of the dispersion curve, but in general the
shape is not invariant due to interference with the
reflected intensity from the optical discontinuity
formed at the back of the Schottky barrier. For
example, the line shape of the n=1 line in Ge is in-
verted on the equivalent spectrum shown in Fig. 1
of Ref. 13, which was obtained at a slightly lower
value of the modulating field. The inversion effect
has previously been studied in other materials. '

As in GaAs, we have been unable to reach low

enough fields with ND-10 6 cm to obtain true low-
field ER spectra for either the Fo or Fo+~o transi-
tion a.t low temperature. But the energy gap and
broadening parameter for Fo can be obtained from
the n =1 exciton structure. Using a Lorentzian-
model line shape [8=6 in Eq. (19)], we find F.,„
=885. 8+0. 5 meV and 1"=1.8+0.3 meV. %'e obtain
the critical-point energy in Table I by adding the

average of the binding energies of the light- and

heavy-hole excitons. The exciton energy is some-
what lower than that obtained by Nishino et gl. in

electroabsorption measurements at very low fields
(889.0 meV at 24 K at 600 V cm ')" and that ob-
tained by Macfarlane et al. in absorption mea-
surements (889. 2 meV at 20 K). But in ER mea-
surements using a Sno~-Ge heterojunction config-
uration, Nishino and Hamakawa' found a substan-
tially lower value for the critical-point energy
(879 meV at 24 K at 9 kV cm '). ' A somewhat low-

er value was also found by Bordure et al. , with
a Cu28 heterojunction to a relatively pure (No a 7
@10'3 cm ') Ge crystal. Applying the three-point
method to their data, we find the exciton peak at
887 + 0. 5 meV with a broadening parameter of about

0.5 meV. This leads to critical-point energy of
about 888. 5 meV. The slightly lower value that we

obtain is consistent with results obtained for QaAs,
where the exciton energy is observed to shift to low-
er energies with increasing impurity concentra-
tion. 55

The exciton structure could not be resolved for
the Eo+4o transition. But the critical-point energy
can be obtained by applying the three-point method
to both Eo and Zo+ 4o structures, taking the differ-
ence between the calculated critical point energies
to obtain the spin-orbit splitting, then adding the
spin-orbit splitting to the critical-point energy de-
termined from the exciton structure of Eo. We find

&o =1192.V-895. 6 meV =297.1~1 meV,

yielding the value given in Table I. It was not pos-
sible to obtain a broadening parameter since low-
field spectra could not be obtained for this transi-
tion. The minimum value observed, based on a
two-dimensional (2D) model, was 24 meV. The
spin-orbit splitting obtained-here agrees well with
the value 295 + 3 meV obtained by Fischer'6 in tra, ns-
verse ER measurements on y-ray compensated Ge
at 85 K.

The asymmetry of the line shape determines the
phase of the coefficient product in brackets in Eq.
(17). Using the value of arg(C, ) = —17 from Fig. 1,
taking C,„=C,„=1, and assuming a 20 Mo model
critical-point representative of the Coulomb con-
tinuum, ' we find by the three-point method for the
lowest-field spectrum that we could measure, with
the exciton contribution removed, that 8 = —2'.
Thus the 2D Mo line shape completely accounts for
the observed asymmetry. Since we have already
demonstrated amplitude agreement in a physically
simpler system, 4 the asymmetry result adds fur-
ther evidence of the validity of the convolution"'
or third-derivative'6 approach for band-to-band
transitions even in the presence of relatively strong
electron-hole-interaction effects. The same ex-
cellent agreement is obtained for the So+Do edge,
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2, Polarization effects, arnpliludes, and selection rules

The KKP approximation predicts that the orbital-
ly degenerate E, ER line shapes in Fig. 2 are linea~
combinations of nondegenerate light- and heavy-hole
line shapes' w1th different welghtlng factors for
e II [001j and e II [110j. This is also indicated by the

11 ~interference pattern previously analyzed, wh1ch
is also seen in the oscjLLLations of Pig. 2.

Vfe obtained a, striking verification of this pre-
diction by finding linea, r combinations of the 46-
kVcm '

Eo spectra of Fj,g. 2 that separate explicitly
1nto light- and heavy-hole contributions, as shown
in Fig. 3. (a) and (b) are copies of the 46-kV cm '

spectra in Fig. 2. (c) and (d) were calculated by
the Linear combinations

FIG. 3. Separation of 46-kV cm Eo spectra for (a)
8 lI I.0011; and (b) ell I110] into (c) light-hole and (d) heavy-
hole components. The equations used to form the linear
combinations are shown. The abscissa scale is relative.
The light-hot. e spectrum has been scaled to have the same
peak-to-peak amplitude as the heavy-hole spectrum, as
if each were given by the same electro~optic (t") function.

where the three-phase correction of —l7' entirely
accounts for the observed line-shape asymmetry.

At high fields, the line sha,pes evolve into those
expected from numerical calculations, ' and are
similar in appearance to the 6 function of the one-
electron approximation, It is remarkable that the
negative cusp is less than 2 meV wide on a, struc-
ture where the intrinsic energy scale kQ is 40
meV. This is a dramatic confirmation of the pre-
diction of the si.mple theory of a, functionaL singu-
larity at threshold.

The energies of the negative extrema of the high-
field E and E +4 structures are 883 and 1181
meV, respectively. If these are interpreted as the
critical point energies, then they represent down-
shifts of 5 meV and 3 meV compared to the low-
field values. This effect may be due to local heat-
ing from power (of the order of 10 mW) dissipated
in the sample under high-field conditions. No rem-
nant of the ~z =1 exciton line appears in these spec-
tra, .

(21a)

(21b)

o
4 6 8 )0 12 )4

INCREMENTAL NUMBER p

PIG. 4. Determination of interband reduced-mass ratio
from the separated spectra of I'ig. 3. The square of the
ratio of the slopes given is 1.84, the theoretical value
(see text) is 1.73.

(~ft/l~), „= 5. 56(~It/Z)„, —3.89(~ft/~), -„ ,

(~ft/ft)„„ = S.00(~It/ft);„ - 4.00(~ft/ft)„, .
The relative va, lues for each combination were cho-
sen to give the best "separation" defined as giving
the apparently smoothest decay envelope. The mag-
nitudes fox' the heavy-hole coefficients wel 6 choseQ
simply to give unity net weight (a difference of
1.00). The magnitudes of the light-hole coeffi-
cients were chosen to give a, peak-to-peak spectral
amplitude equal to that for the hea, vy-hole spec-
trum. The assumption here, of course, j.s that the
same Eire-sjzape mechanism is responsible for
both. The uncertainty in each coefficient is about
5%.

To verify that these spectra indeed represented
the light- and heavy-hole contributions, we plotted
the tangent energies E, as (E„—E,)'~~ vs v as shown
in Fig. 4, to obtain the slopes of the resulting
straight lines. The square of the slope ratio, by
&gs. (6) and (20), gives an interband reduced-mass
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ratio of the critical point as 1„84. Using the
known values m*, =0.038m, , y, =13.35, yp =4.25,
and y, = 5.69, we calculate from Eg. (16d) that for
8 li [110j, Ig(e)(=5. 37, and, finally, m*„, = —0.042m„
m„„=-—0.382', . Therefore, p. , ((

= 0. 0200m, and

p, „„=0.0346m, .s~ The mass ratio obtained from the-
ory is 1.73. Our experiment3l ratio of 1.84 is in.

acceptable agreement.
Equations (21) enable matrix-element ratios and

density-of-states prefactors to be determined for
the Eo transition. We suppose that the same line-
shape mechanism gives rise to both light- and

heavy-hole spectra. Then we can write

(«/R), „=D,„e . p,„~',„GDZ -Z,)/en, „j, (22a)

(«/R)hh = Dhh
l
8 p- l

hhGDE —&g)/ &'lhhj

where G(x) is a universal electro-optic function,
probably of a three-dimensional (3D) type (inter-
mediate-field data). From Egs. (16) and the La-
waetz values of y, , y~, and y3, we find

(«/R)hPg = 0. 201D)hP „G(h

p.
'/' if the three-dimensional model applies. " Thus

one in fact expects the off, osite behavior to that
which is observed.

To see whether the total oscillator strength agrees
with theory, even if the partial contributions are
not in the correct proportion„we calculate the total
amplitudes and compare to the results shown in

Fig. 2. For a 3D Mo threshold

(26)

where G, Bnd E, are the three-dimensional electro-
optic functions. Now for the 115-kVcm ' spectrum,
we ale well above the llmlt A Q =—10K for which
broadening effects must be considered in the Bmpli-
tude of E, and C, . Therefore, 6, („=—0.54. Since
for our configuration the generalized Seraphin co-
efficient amplitude at 0.90 eV is 0.0204, ' the peak-
to-peak amplitude of «/R for either light- or
heavy-hole transitions can be written from Eci. (26)
and the above as

+o 466DhhPc. Ghh ~
(23a)

Dlh/Dhh 2. 9 a 20% (26)

This is surprising, since in the intermediate-field
limit the prefactor mass dependence should be pro-
portional to p.

2 if Coulomb effects dorninete or to

(«/R)ilh =0.134D,„P,„G,„+0.632D„„P,„G„„. (23b)

From experiment [Eqs. (21)],

(«/R)„, =0.41(«/R), „+0.32(«/R)„„(24a)
(«/R)glo: 0 33(«/R)~h+ 0 46(«/R)hh, (24b)

Examination of Eqs. (23) and (24) shows that, with

regard to polarization dependence, the KKP 3p-
proximation is qualitatively correct since it pre-
dicts an increased heavy-hole contribution for [110j
polarization. But the heavy-hole increase, pre-
dicted to be a factor of 1.14, is somewhat larger,
1.44. Also, the light-hole increase for [00lj po-
larization, predicted to be 1.50, is smaller, 1.24.
The discrepancy "'s outside experimental error. It
may be due to our determining the height ratios
near I". =E, , where the KKp approximation is
probably not too accurate. The ratios of light- to
heavy-hole contributions for a single polarization
are 1.28 and 0. 72 for [00lj and I110j, respectively.
This is in good agreement with the previous results
of Handler et al. ,

"who obtained 1.16 and 0.71, re-
spectively, in fitting the interference of room-tem-
perature electrolyte ER data.

If we assume that the KKP prediction is quantita-
tively correct, we can estimate the relative values
of the light- and heavy-hole density of states pre-
factors from Egs. (23) and (24). Averaging the re-
sults for the two polarizations gives

l6 p I Qg~

where 8, = 13.6 eV, a~ = 0. 529 A, and

p,„~ = P„,/WS = 0 37/a, .
in the isotropic approximation. The numerical val-
ue for P,„was obtained by fitting the amplitude of
the two-dimensional Coulomb continuum. to the ob-
served" absorption coefficient n =-3500 cm ' just
above threshold. The prefactor 16 contains a fac-
tor of 2 for spin degeneracy. Using the above val-
ues, the field S =115 kVcm ', and the masses g»
=0.018m, and p, hh =0.0336m, (see Sec. 1VA3), we
calculate from Eq. (27) that

«/R I „=(1.0+ 2. 2) x10-' = S.2 x10-', (28)

where the first and second values represent the
light- and heavy-hole contributions, respectively,
assuming equal matrix elements. Using the aver-
age weighting given by the KKP approximation, we
find

«/R
~

„=(0. 6+ 3.3) x10-' = S. 8 x 10 ' .
By Fig. 2, the experimental value of «/R („aver-
aged over both polarizations is 3.Vx10 '. Thus we
see that the observed total amplitude is in excellent
agreement with theory, but that the individual con-
tributions are substantially different. It appears
that the matrix-element magnitudes predicted by
the KKP. approximation are not correct, or else
the density-of-states prefactors for these critical
points are not simply proportional to the individual
masses.
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It 1s straightfo~ard to repeat the above calcula-
tion for a. taro-dimensional Coulomb continuum,
which has a,n amplitude

34ve I & ~ p~„ I p
(G

.F )maE~ Rom~

PcQ 8 g +

obta. ined by applying the convolution integral~' to
the density of states of the Coulomb continuum.
Using the previous values Rnd Ga j~, —= 0.88, we
calculate, using equal matrix elements, that

(31)

This is comparable to, but less than, the value ob-
tained from the three-dimensional expression. It
is clear that the rise in &2 that occurs as the energy
increases wouM result in a larger estimate for the

two-dimensional case. Thus either three-dimen-
sional paxabolie or two-dimensional Coulomb-con-
tinuum models should give good results in the inter-
mediate-field llm~t as far as amplitudes are con-
cerned.

3. II'lief &Olid l edQced Ngcsses

These were determined for the Eo» and Eo»
transitions as discussed previously' by means of
the slope analysis based on Eq. (20). We deter-
mined the mass scale by fixing the proportionality
constant to make the Eo+4o mass agree with the

known value, 0.092m, .~7 The values obtained,

p» „=(0.0336 + 0.013)~, and p ~„=(0. 018 +0.002)~„
are in good agreement with the values p,»„=0.0346m,
and p»„-0.0200m, obtained from Eq. (16d) and the

conduction-band mass of m*, =0.038m, given by

I awaetz. 37 The results are given in Table I.
B. F, El + 61 tf3ASlfloflS

Spectra for the E~ and E~+~~ transitions for one

low- and one 1nterIQedlRte-f16M VRlue are shown 1Q

Fig. 5. The spectra for e ~~ [110]have been scaled

by factors of 1.20 and 1.18 for the low- and inter-
mediate-field spectra, , respectively, to show more
clearly the basic line-shape similarities.

Since these structures originate with critical
points of [111]symmetry, 6' a [110]field splits the

eightfold degeneracy of the equivalent points of the

star of k, into two fourfold-degenerate sets making

angles of 90' and 35.3' with the applied field. The

nearly parallel bands along~'63 [111]yield I p, ~I
» p, ~, where p, ~ and p, are the interband reduced
masses pa.rallel and perpendicular to the symmetry
axis, respectively. Evaluating the matrix elements
gives relative weights of 8 snd 8 for [001] polariza-
tion, and 12 and 4 for [110]polarization, for the

(nearly) longitudinal and the transverse sets, re-
spectively.

E, = 25 kv cm
(——SHOWN X1.2O)

Ge- 1OK
E.i TRANSIT lONS—e iI [OO1]
---e lI [11O]
F )I [11O]

2.0

6 = 115kV Crn

(—-SHOWN X1.18)
I I I

2.4 2.6
hm (eV)

FIG. 5. Representative Schottky-barrier EB, spectra
of the E& and E&+4~ critical points of Ge at 10 K. The
field h Il [110]. Spectra for e([[001] ( ) and el( [1TO]

(- - —-) are given for a low and an intermediate value of
the fieM. Critical-point energies are indicated by arrows
in the upper curves.

The qualitative effect of degeneracy removal and

matrix-element effects appears in the Franz-
Keldysh oseillations above the main E~ and main

E,+~, structures. The oscillation period is short-
er for e ~~ [110], expected because the set with
larger p. „(and smaller 5 tl) is favored by a 3: 1 ma-
trix-element ratio. For e ~~ [001] the matrix ele-
ment ratio is 2: 2. The period appears to increase
because of the heavier relative weight given to the
transverse set. %6 have not attempted a separa-
tion of these data as with the Eo results to obtain
relative weightings, although there appears to be
no fundamental reason why this could not be done
with more complete data. The present data sug-
gest —as wi. th the Lo-edge results —that the light-
QlRss cGIQpoDeDt IQRy be RIloIQR1ously lRrge.

In the simple theory with the low-field density-
of-states prefactors in a 3:1 ratio [see Eg. (19)],
the polarization Rnisotropy of the low-field spectrR
should be (8+3&& 8)j(12+3&4)=1.333 ([001] larger).
This is in qualitative agx'cement with Fig. 5, but we

observe the anisotropy to be l.20+0. 02. %6 per-
formed room-temperature Rnisotropy measure-
IQ6Dts Rnd found the rooIQ-temperature RDisotx'opy

to be 1.32 + 0. 02, in excellent agreement with the
theoretical value. These results are in excellent
agreement with our previous results on GaAS, and

show another effect becomes important as the
bl GRdeIliIlg deer eRses.
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The (isotropic) Coulomb intera. ction may be re-
sponsible for decreasing the mass anisotropy at
low temperature. But if the low-mass component
is found to be anomalously large, the effect is eas-
ily understandable by matrix elements alone. If
the low/high mass scaling is 2 instead of 3, the
anisotropy becomes less: (8+2&&8)/(12+2&4)
=1.20. If the two sets have the same amplitude
the anisotropy disappears. Further measurements
are needed to resolve this problem. Any explana-
tion must also include the anomalously small an-
isotropy observed by Sari in magnetoreflectance
measurements.

The critical-point energies, broadening param-
eters, and asymmetri. es determined from a two-
dimensional low-field model and the Seraphin co-
efficients in Fig. 1 are shown in Table I. The spin-
orbit splitting, && =184+2 meV, determined from
these values is less than the value, 198 meV, pre-
dicted by the "two-thirds" rule from the value of

The broadening of the E&+&& transition is ap-
parently much larger than that of F, But it is
clear that the line shapes are qualitatively differ-
ent, and neither is sufficiently simple to suggest
that they can be represented by a single parabolic
critical point. This indi. cates that the detailed de-
pendence of the interband energy on momentum
along the symmetry axis must be included in any
line-shape calculation for these transitions. '

Despite the line-shape differences, the general-
ized Seraphin coefficient and two-dimensional Mo
model density of states account well for the asym-
metry of the F& transition. By contrast, the E&+&&
transition has the asymmetry of a three-dimension-
al M& model density of states if Coulomb effects are
ignored, or shows substantial Coulomb effects if a
two-dimensional Mo model is assumed. It is not
clear why Coulomb effects should be more impor-
tant for the higher-energy transition, where the
broadening is larger.

Effective masses of the E& and E&+~, transitions
were obtained from the [110]spectra as described
earlier. Here, the light-mass component pT pre-
dominates. The results are shown in Table I and
agree reasonably well with the calculated values of
Dresselhaus and Dresselhaus.

C. Eo transitions

All Zo transitions start and/or end on orbitally
degenerate bands. A polarization dependence
should be expected according to the KKP approxi-
mation. This is observed, as seen in Fig. 6. The
two representative sets of intermediate-fi. eld
spectra show much greater detail than previous
Eo ER results' ' '6 for Ge. These data also pro-
vide the first evidence of polarization anisotropy
in ER at Eo transitions in Ge. Previous low-tem-
perature surface-barrier ER data were taken on

2—
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E, = 46kv cm

Ge - 10K
E o TRANS IT IONS—e II [001]
--- e II [110]
f II [»oj

I

/
g

g - 11gkvcm-~
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3.4 36
h~ (ev)
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FIG. 6. Representative Schottky-barrier EH spectra
of the Eo triplet of Ge at 10 K. The field b II [110].
Spectra for two intermediate values of the field are shown
for polarizations e II [001} ( ) and & II [110] (- ——-).
Critical-point energies are indicated by arrows in the
upper curves.

$111) surfaces, for which a polarization dependence
is not expected. Previous transverse ER data
either did not show an anisotropy or else were not
taken with sufficient sensitivity to resolve it.

The KKP approximation' developed in Sec. III
for the Fo transition will not apply directly since
the conduction-band basis here must be represented
by states transforming as xy, yz, and zx, to be
consistent with the representatives s and x, y, z
used for the lower levels. Since the KKP approxi-
mation gave only fair agreement for the Fo edge,
we have not evaluated the matrix elements for
these transitions. But we note that the observation
of anisotropies is consistent with the Keldysh ap-
proximation and not with the simple theory.

The anisotropies are not simple, but are field
dependent, as seen from Fig. 6. The peak-to-peak
amplitudes at 115 kV cm ' are in proportion as
0. 87, 1.39, and 0. 82 for the ~o~ &o+&o~ and
Zo+ n 0+ &o transitions, for [110]-vs-[001]polariza, —

tion. The asymmetry of the line shapes also
changes, as is seen most clearly with the Ep++p
structure. This structure actually can be decom-
posed theoretically into four components since it
alone of the triplet begins and ends at orbitally de-
generate critical points. The four components in-
volve all combinations among the light- and heavy-
hole valence band, and the light- and heavy-elec-
tron conduction band. It is reasonable to suppose



2308 D. E. ASP NES 12

that the heavy-hole-heavy-electron transition may
show a, stronger electron-hole interaction (- p,

~

in
the two-dimensional Coulomb-continuum threshold)
or may even have local M& symmetry. According
to this interpretation, the heavy components show
larger matrix elements for 8 II I110] by Fig. 6. The
shorter period of the Franz-Keldysh oscillations
for e tl [110] also shows the heavy components are
favored for this polarization.

Effective masses have been determined from the
Franz-Keldysh oscillations as reported previously
and are given in Table I. Interference of light- and
heavy-band spectra prevent us from obtaining mass
values for eel [110], [001], or [110]for E„EO+Ao,
or Eo+ +o+ +p transitions, respectively. The inter-
ference gives further evidence of the importance of
matrix-element effects for these transitions.

Critical-point energies and broadening parame-
ters obtained from low-field spectra are given in
Table I. The energies are somewhat different
from those we obtained earlier, but we believe
that the current results are more reliable. The
broadening parameters are small, consistent with
the I"-symmetry results that we observed in GaAs.

The line-shape asymmetries of the F'o triplet are
substantially diff erent from their expected values.
Table I shows these are of the order of 75'. This
appears to be a characteristic of these transitions:
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FIG. 8. Representative Schottky barrier ER spectra
of the E&' transition group in Ge at 10 K. Nominally un-
polarized light was used to obtain. these low-field spectra.
Critical point energies are indicated by arrows.

previous depletion-barrier ER measurements in
both electrolyte and Schottky-barrier configura-
tions show the same basic line shapes. The dis-
crepancy could be explained by invoking a M& model
line shape, but this seems to be unrealistic for
these transitions. A more likely explanation is
that the Coulomb interaction is strong.
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FIG. 7. Representative Schottky barrier ER spectra
of the E2 transition in Ge at 10 K. The field 8 II [110].
The upper and lower pairs are low-field and intermediate-
field spectra, respectively. The critical-point energy is
indicated by an arrow in the upper curves.

O. E2 transition

The E~ transition, generally thought to originate
from a wide region of the Brillouin zone, was shown

to exhibit Franz-Keldysh oscillations. ' Subse-
quently, its location was identified by band-struc-
ture calculations to be near the (—,', —,', —,') points in

the Brillouin zone. Representative spectra are
shown in Fig. 7. A substantial polarization an-
isotropy is present, of the order of 1.85 for the
low-field results. If 8 II I110], the maximum an-
isotropy that can be obtained with only positive
masses is —', (for 100 critical points). The appear-
ance of such a large anisotropy is therefore proof
that at least one negative mass must be involved in

the transition. But at least one mass must be posi-
tive since the Franz-Keldysh oscillations extend to
the high-energy side of the critical-point threshold.

We find further support for a saddle-point inter-
pretation in the line-shape a.symmetry. Using Fig.
1 and the usua. l two-dimensional Mo model, we cal-
culate a phase deficit &8 = 220'. All but 40' could
be removed by a,ssuming an M2 character, but in

view of the phase deficits observed for the Ep tran-
sitions one cannot conclude uniquely that the criti-
cal point is Mz rather than M, . By comparison of
the ER spectra with ellipsometric data, the F~
structure is seen to occur about half wa.y down the
high-energy si.de of the Z~ peak in ez. The appear-
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ance of a critical-point structure in a spectral re-
gion where E2 is falling with increasing energy is
further evidence for a saddle-point character.

The effective mass of the critical point of the F~
structure has been calculated from the period of
the Franz-Keldysh oscillations. The value of the
mass is in good agreement with a k ~ p two-band-
model calculation

m, / p ' = 4P /mE, = (0. 120) ',
where Z~ =4. 50 eV and P =2m/go, and ao= 10.69las
is the lattice constant of Ge. Although the model
calculation is greatly oversimplified the agreement
is satisfactory.

E. E1 transitions

The unpolarized-light spectrum for the E, tran-
sition set in Ge is shown in Fig. 8. These struc-
tures are expected to occur at or near [111]sym-
metry regions in the Brillouin zone.

The critical-point energies and broadening pa-
rameters of the three spectral features in the F&

complex are given in Table I. The amplitude of the
third spectral feature at 6070 meV is very small
because of the scattered light in our optical system
at these energies. Since these data were taken, we
have reconfirmed the existence of this feature by
synchrotron radiation measurements.

The separation energy between the lower two
critical-point energies is 266+ 10 meV, substan-
tially less than the spin-orbit splitting, && =184+ 2

meV, seen for the F.& and F;+&& structures.
Therefore, the transitions giving rise to these
structures cannot involve critical points at the
same location in the Bri.llouin zone. Guizzetti
et gl. have also observed this discrepancy in
thermoreflectance on a number of semiconductors.
A similar discrepancy has been seen in synchrotron
radiation ER measurements on GaAs.

The phase deficits for these structures are given
in Table I, based on Fig. 1 and the two-dimensional
Mo model. The values are very large, of the same
order as the F~ transition. This suggests that the
critical points responsible are possibly also of a
saddle-point nature.
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