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Spontaneous magnetization in the dipolar Ising ferromagnet LiTbF,
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The spontaneous magnetization p, in Bohr magnetons below Tc = 2.874 K in LiTbF4 has been
measured by magnetic Bragg scattering of neutrons. The data were normalized by comparing the
magnetic Bragg scattering to the nuclear Bragg scattering at T & Tc. The nuclear structure factors as
well as the extinction corrections were determined at 295 and 100 K by a conventional neutron
structure analysis from 304 and 196 nonsymmetry-related Bragg reflections, respectively. In the critical
region 0.001 & 1 —T/T«0. 034, the data obeyed the power law p, = (19 ~ 2)(1 —T/T~) ."'
The saturation moment is 8.9p,~.

I. INTRODUCTION

The most striking and fascinating aspect of criti-
cal phenomena is their universality. It appears
that it is only the dimensionality (d) of the space
in which the order parameter becomes more and
more correlated as the critical temperature is
approached and the number (n) of the order-pa-
rameter components that determine the critical
behavior of any system. The strength and the
range of interaction between the constituents is
irrelevant for the critical behavior as long as it
is finite. The reason is that the spatial correla-
tion of the fluctuations will always exceed the in-
teraction range by any prescribed value if the
temperature is sufficiently close to T~ and details
about the interaction range can then no longer be
of importance in determining the critical behavior.
Kadanoff showed that this picture immediately
leads to relations between critical exponents, ' the
so-called scaling laws. With Wilson's work on
critical phenomena' the Kadanoff picture is worked
out in an ingenious way to a quantitative theory,
the renormalization-group theory. Wilson found
that mean-field or Landau critical behavior oc-
curred for all four-dimensional systems with
'short-range interactions. In the theory the di-
mensionality d can formally be treated as a con-
tinuous variable, and Wilson and Fisher' found
corrections to the mean-field critical exponents
by expanding in e =4 —d. The renormalization-
group theory is then the first theory explaining
the universality of critical phenomena, and it is

possible in this theory to estimate the deviation
of critical exponents from mean-field values al-
though the precision is not as high as that obtain-
able from series expansion of, say, the suscepti-
bility in terms of 1/T for sPecific simple models.

Most interestingly, Larkin and Khmel'nitskii4
found some years ago that apart from logarithmic
corrections Landau critical behavior should occur
in the Sd, Ising (n = 1)dipolar-coupled ferromagnet.
The same result was recently rederived by
Aharony and Fisher' using the Wilson renormal-
ization-group technique. Around the same time
it was discovered that LiTbF4 very likely is an
accurate realization in nature of that model sys-
tem." In the preceding paper' it was shown that
subsequent high-precision experimental data are
consistent with the statement that LiTbF4 is a
dipolar-coupled Ising ferromagnet, and the small
exchange interactions were determined. In this
paper we describe measurements of the spontan-
eous magnetization as determined by magnetic
Bragg scattering of neutrons.

II. EXPERIMENTAL

A. Neutron-diffraction structure analysis: Extinction correction

The magnetic Bragg scattering is proportional
to the squared spontaneous magnetization, and
the scale factor can be found by comparing the
magnetic intensity to the nuclear intensity utiliz-
ing the fact that 1 Bohr magneton has the same
scattering power as a nucleus with scattering
length 2.7 fm. This procedure presumes of course
that the crystallographic structure factor is pre-
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Here b,. is the nuclear scattering amplitude of the
atom located at the equilibrium position p,. in the
unit cell. The termal vibrations are taken into
account by the second exponential function in Eq.
(2), the Debye-Wailer factor. The anisotropic
vibrations of each atom in the unit cell is given

by a 3x 3 matrix U,
The observed intensities are affected by extinc-

tion. The 'extinction coefficient E», was approxi-
mated with the expression suggested by Zacharia-

(2}

cisely known. Furthermore, it is presumed that
attenuation of the beam due to the Bragg scattering
is negligible. If this is not the case a correction
must be determined, the so-called extinction cor-
rection.

In our experiment the crystallographic struc-
ture as well as the extinction correction were de-
termined by a conventional neutron-diffraction
structure analysis at 295 and 100 K, ' using a four-
circle Hilger-Ferranti diffractometer operated at
an incident wavelength of A. =1.070 A.

The structure of LiTbF4 at both 295 and at 100 K
is isomorphous with that of LiYbF4,"and so be-
longs to the tetragonal space group I4,/a, with
Z = 4. Lattice constants were determined from
the angular positions of axial reflections, a, (295 K)
= 5.192(3}A; co(295 K) = 10.875(6) A; ao(100 K}
= 5.181(3)A; c,(100 K) = 10.873(6) A. These may
be compared with a, = 5.200(5) A and c, = 10.89(1}
A reported previously" for polycrystalline LiTbF4.

At room temperature 1233 reflections with
sine/X&0. 85 were measured, of which 304 were
unrelated by symmetry and of significant inten-
sity. The internal consistency R factor, Q( F'„&,

(E,'„-}(~Ekobs, was 2.8%. 692 of the strongest
intensities were also measured at 100 K,' giving
196 independent reflections for least-squares
analysis. The internal consistency R fa.ctor wa, s
2.2%. The integrated intensities were evaluated
by a method which divides the step-scanned pro-
file into peak and background in such a way that
the relative standard deviation based on counting
statistics of the integrated intensity I~, is min-
imized. " The intensities from the 7-mm-diam
spherical crystal were corrected for absorption
by an analytical expression" using a neutron ab-
sorption coefficient p, = 0.893 cm ' calculated from
tabulated mass absorption coefficients. '4 The in-
tensities were reduced to squared structure ampli-
tudes, F,b, ~„ in arbitrary units, by dividing
with sin2B, .

F ebs »i = kI», /sin2ekki

The nuclear structure facture F~, is defined by

2 ~kkl f+Eobs
~ kkl/+kkl(Z) E»l j

was minimized with respect to the scale factor N,
the atomic positions p,. and vibrations U,. in F„„,
and the extinction parameter g. The weights go~,
would be I~', if uncertainties derived solely from
Poisson statistics, but in order not to overweight
the intense but extinction-affected peaks, we used
w„'„=I», + (0.02I», }'. Also the scattering lengths
of the atoms were included individually as va.ri-
ables in the least-squares refinement without
significa, nt improvement in the reliability index.

Results of the structure analysis are given in
Table I. The Li' and Tb" ions occupy special
positions (4a) and (4b) respectively, whereas the
F ions are in the general positions (16f). The
derived values of the F parameters in Table I
deviate only slightly (& 2%) from those found" in
LiYbF~. By compa, ring the va, lues at 300 and 100
K we were able to estimate the values at 4 K sim-
ply by assuming that each ion is vibrating indepen-
dently of the other ions in a harmonic oscillator
potential. We find that the mean-squared vibra-
tion amplitudes decrease only by (1-2)% in going
from 100 to 4 K. The best-fit value of the extinc-
tion parameter g implies an extinction coefficient
versus E„'»/sin(28) as shown in Fig. 1. The best-
fit values of the scattering lengths are given in
Table II. Qur data are consistent with those rec-
ommended by the Neutron Diffraction Commis-
sion."

Observed and calculated squared structure fac-
tors can be obtained by request to one of us
(F. K. L.).

B. Intensity conversion to magnetization below T

We shall now return to the question of how we

relate the observed magnetic Bragg scattering
intensity below T~ =2.874 K to the spontaneous
magnetization p. . The extinction-free intensity
above Tc is proportional to Fk»/sin26», and be-
low Tc to (E„k, +F „)/sin26», with

F ~~ P
~2ff& 'F ' P~ ~-2r TQ.7'

magn

xf(T) (I ——' ) (4)

sen"

z, (z)= (&+a
2 I (e»r )Fkki
V szn28~,

Here t(ekk, ) is the average length in the crystal of
a ray scattered once through the angle 2B~„Vis
(a',c,)'/A. ', and g is a dimensionless parameter to
be least-squares fitted to the data. In the least-
squares fitting the function
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TABLE I, Atomic positions p J in fractions of the unit-
cell edges and the mean-squared displacement matrix
VJ as defined in Eq. (2).

100K

TABLE O. Neutron scattering lengths of Li, Tb, and
F as obtained from LiTbF4 at 295 and 100 K compared to
the recommended values from the Neutron Diffraction
Commission, Ref. 16.

LiTbF, (295K) LiTbF, (1ooK) NDC {Ref. 16)
Li

Tb

g

Oss
Ui2=0'~s =02s

x

g

Uss
0~2=~~s =U2s

x

Uss

~is
~2s

0.000
0.250
0.125
0.0202 (24)
0.0268(16)
0.000
0.000
0.250
0.625
O.O125(5)
o.o11o(3)
0.000
0.2198{1)
0.4119(1)
O.456O(1)
0.0182(3)
O.O177{3)
O.O172(3)
o.oo35{2)
o.oo4o(2)
o.oo3o(2)

0.000
0.250
0.125
O.O163(35)
0.0178(21)
0.000
0.000
0.250
0.625
o.oo92 (7)
o.oo89(4)
0.000
O.2199(2)
O.41O7 (2)
0,4563(1)
O.O127(4)
0.0124{4)
O.O127 (4)
o.oo14(4)
o.ool6(3)
0.0010(3)

Extinction parameter g = 3665

Q».~s Efi r~&aber~~-
R(z) =

R~(F )

(Q~~&» @aas~Eaai~ ~
')'
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FIG. 1. Attenuation of the incident neutron beam when

the crystal is in a Bragg reflection orientation implies
that the integrated Bragg intensity is not proportional
to E„~,/sin28»& but is attenuated by the extinction factor
EI,&&. The curve is a best fit (see text) to 196 nonsym-
metry-related reflections measured at 100 K.

-O.204 (5)
O.76O(5)
O.567(4)

-0.199(7)
O.754(6)
o.565(5)

-0.214
0.76
0.55

TABLE III. Squared-structure factor over sin28 for
nuclear scattering (column 2) and for magnetic scatter-
ing corresponding to 1 Bohr magneton on the Tb sites
(column 3).

(h,k, E } hA) /Sl&eygk) Emggfi (1 |My) /sln2egg

(o, 4, o)
(O, 3,l)

7.902
3.944

1.255
0.867

Here PJ is 2.7 fm if site j is occupied by a Tb
atom and zero for all other sites in the unit cell,
f (7) is the magnetic form factor of Tb,"and in
the last factor 7, denotes the component of v along
the c axis. The unit of p. is Bohr magnetons and
we have omitted the indices 0, 0, E for brevity.

The

observed

intensities are influenced by ex-
tinction and the ratio of observed intensities be-
low and above Tc becomes

f(T& Tc) (Es„+ E'„„)E(x„) x~(x )
1(r& r, ) E2„,Z(&, ) xZ(x)

with x~ (E~) + E,gqggj)/sln2e@ ( and xpyg
= Eaar~stn2es»g ~

The intensity ratio depends on the spontaneous
magnetization p, , and using the data given in Table
III and the extinction curve in Fig. 1 we have
plotted the intensity ratio versus the spontaneous
magnetization in Fig. 2 for the two Bragg points
(0, 3, 1) and (0, 4, 0). The intensity ratio ls mea-
sured experimentally, and from Fig. 2 we find
the corresponding spontaneous magnetization.
The results are given in Table IV.

It is worth noting that the contribution to the
total integrated intensity from critical scattering
is almost negligible because I.iTbF~ is'a dhPolm-
couPled ferromagnet. As we have shown earlier
the longitudinal wave-vector-dependent suscepti-
bility y(q) is very anisotropic in q and in particu-
lar for q along the c axis, as is the case in our
Bragg peak scans, y(0, 0, q) is not divergent at
T = Tc but passes through Tc at a small and al
most constant value. However, due to the finite



J. ALS-NIELSEN et al. 12

x)0'
LiT bF4

(0,4,0) BRAGG REFLECTION

~o 4
A

3

~O
V

=1
I I I I I I

0 '1 2 3 4 5 6 7 8 9 10
MAGNETIZATION (p,B)

FIG. 2. Ratio of Bragg intensity below and above Tz
depends on the spontaneous magnetization, the magnetic
form factor, the Miller index, and the extinction. The
dependence on magnetization is shown for the (0, 3, 1)
and (0, 4, 0) reflections.

instrumental q-resolution one might pick up a
small part of the divergent )t(q, 0, 0). This criti-
cal scattering contribution caused solely by in-
strumental resolution was just observable above
Tc for the (0, 4, 0) reflection (see Fig. 3). En our
study of critical scattering to be reported on
separately we have found that )t(q, t ) =)t(q, t, )
if t = 2 t „with t and t, being the reduced tem-
peratures f =1 —T/Tc, T& Tc and t+ ——T/Tc- 1,
T & Tc. From the observed critical intensity cusp

' above Tc in Fig. 3 we can then derive the corre-
sponding critical scattering below T~ as shown

by the dashed line in Fig. 3. For the (0, 3, 1) re-
flection there was no sign of critical scattering
above T~, and it must therefore also be absent
in the same scans below T~.

C, Thermometry

The 7-mm-diam spherical crystal was held by
two spring-loaded bowl-shaped aluminium pieces
placed on the poles of the sphere. The top alumini-
um piece was thermally anchored to the bottom of
a pot containing up to —, liter of liquid He. The
sample holder was encapsulated in a thin-wa. lied
aluminium container with He gas in order to mini-
mize temperature gradients. The temperature of
the He bath in the pot was regulated by the pres-
sure above the bath, and this pressure served as
our primary temperature standard using the vapor
pressure data of He as evaluated by Brickwedde
et al'

A secondary temperature standard used for
monitoring the temperature during the mea, sure-
ments was furnished by a Ge cryoresistor. A-
round T~ =2.8V4 K the sensitivity of the Ge cryo-
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FIG. 3. Critical scattering in a q, scan used to deter-
mine the integrated Bragg intensity is small and inde-
pendent of temperature because I iTbF4 is a dipolar-
coupled uniaxial ferromagnet and X(0, 0, q) is corre-
spondingly small and temperature independent near Tz.
The small cusp observed for T &Tc for the (0, 4, 0) re-
flection is due to pickup of the divergent X(q, 0, 0) due to
the experimental resolution. The corresponding critical
scattering contribution below Tz is given by the dashed
curve.

resistor was 1 mK per 0.55 0 and variations of
the temperature exceeding 0.5 mK were readily
observable.

The critical behavior of the spontaneous mag-
netization is given in terms of the reduced tem-
perature (Tc —T)/Tc and the main source of error
in determining the reduced temperature originates
from the determination of T~.

Near T~ the magnetization y. (t) is expected to
obey a power law

P (t) = P'(1 —T/, Tc), (6)

and as will be discussed in Sec. III we have fitted
our data to the power law, Eq. (6), with p, ', P,
and T~ as free parameters. We found T~ ——2.874
+0.002 K from the least-squares fit. This may
be compared with T~ = 2.86+ 0.03 K from bulk mag-
netic susceptibility data. ' T~ can also be deter-
mined by the critical scattering versus tempera-
ture at a fixed small value of q=(q, 0, 0). Here q
must be large enough to avoid any Bragg scatter-
ing contribution; in our case the smallest possi-
ble q was 0.06 A '. We found, indeed a peak in
the critical scattering at T = Tc = 2.874 K (see Fig.
4), but unfortunately the data are not accurate
enough to provide a more accurate value of Tc
than that obtained from the least-squares fit to
a power law of the Bragg scattering data.
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TABLE IV. Integrated intensity vs temperatuxe for the (0, 4, 0) and (0, 3, 1) reflections.
Above Tg = 2.874K the scattering ls pul"ely Qucleax', belo%' +g lt ls the sum of nuclear and mag-
netic scattering . The corresponding spontaneous magnetization in Bohr magnetons is also
given.

(h,k, l )
Integr. Int.

(counts A. ')
Magnetization

Qg)

3.07
3.033
2.993
2.9565
2.9185
2,896
2.8796

2,869
2.8595
2.853
2.848
2.8435
2.8298
2.821
2.797
2.774

2.755
2.732
2.627
2.591
2.5727
2.457
2.382
2.2911
1.9427
1.7396

28 955-700
30 011-400
31 785—250
31933-100
32862 0
34 864
37 041
40 222
42 459

44 414
46774
55 194
57 729
60725
63 897
66 359
69 383
77 701
79 516

1.gt6

1.64
2.21
2.28
2, 52
2.94
3.34
3.86
4.19

4.78
5.82
6.11
6.45
6.80
7.56
7.38
8.23
S.42

Nuclear
scattex'lng
only

Approaching
saturation

3.07
3.032
2.994
2,9565
2.939
2.91S5
2.8962
2.8S01

2.8691
2.86
2.8548
2.849
2.8442
2.S303
2.8138
2.795
2.775

2.754
2 ~ 733
2.625
2.59
2.528
2.46
2.3745
2.2911
1.9427
1.7396

15 665
17 330
18459
19341
20 472
22 772
25778
29 603
31724

34 516
36 157
47 153
49911
53 026
56 245
60089
63 225
72463
75 556

1.27
1.81
2.)f9
2.28
2, 51
2.93
3.4$
3.94
4.22

4.57

5.98
6.27
6.59
6.91
7.29
7.59

8.77

Nuclear
scattex'lng
only

Critical
region

Approaching
satux'ation
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FIG. 4. Determination of Tz by critical scattering of
fixed wave vector q=(0.06, 0, 0) A ~. The dashed line
gives the calibration curve of the Ge cryoresistor. o (0, 40)
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111. RESULTS

The integrated intensities of the (0, 4, 0) and the
(0, 3, 1) Bragg reflections versus temperature are
given in Table IV. The data in the critical region
were fitted to the power law of Eq. (6) with p, ',
T&, and P as fitting parameters:

p,
' = (19+ 1.5)p, s,

7 = 2.8741+ 0.0016 K,

P = 0.45+ 0.025 .

In the least-squares fit the data points were
weighted accordingly to the Poisson uncertainty
of the corresponding intensities. In the three-di-
mensional parameter space spanned by (p, ', Tc, P)
equiprobability parameter values form ellipsoids
centered around the most probable point (p. ', Tc, P)
= (19, 2.874, 0.45). The stated uncertainties are
the projections on the respective axes of the stan-
dard deviation ellipsoid.

The consistent values of p, derived from the

(0, 4, 0) and the (0, 3, 1) reflections over the entire
temperature interval strongly supports the reli-
ability of the method we have used in converting
Bragg intensities to magnetization. The magneti-
zation versus temperature is compared to mean-
field theory in Fig. 5 using the Brillouin function
for S = ~ and a saturation value of 8.S Bohr-mag-
netons. In Fig. 6 is shown the data in the criti-
cal region in a double-log plot illustrating the
power law of Etl. (6).

It is emphasized that the extinction factor only
varies by about 8% in the critical region and we

may conclude that any conceivable systematic
error in the extinction correction will lead to an
error in P well within the uncertainty given in Eq.
(7)

1 2 3
TEMPERATURE (K)

FIG. 5. Spontaneous ferromagnetic moment in LiTbF4
as determined by Bragg scattering of neutrons.

1.0

'X

~ 0.5

O

N
I—

0.2
C9

X

o {04,0)
+ (031)

1 1 ) I I I I

I s i i i I0.1 '

0.001 0.002 0.005 0.010 0.020 0.050
REDUCED TEMPERATURE " TITc

FIG. 6. Reduced magnetization iM/Mo vs reduced tem-
perature 1—T/Tz in the critical region.

IV. CONCLUSION

We have measured the spontaneous magnetization
in the dipolar-coupled unaxial ferromagnet LiTbF4
by magnetic Bragg scattering of neutrons. Near
the critical temperature, 0.001 & 1 —T/Tc & 0.03,
the reduced magnetization follows the power law

p(T)/p, (0) =(2.13+0.1 t)(1 —T/T )' '"'"
(8)

This power law deviates quite significantly from
that in Ising syst'ems with short-range interac-
tions only as, e.g. , P-brass, "where the amplitude
is 1.6 and the exponent is 0.30.

Qur value for P is close to the mean-field value
of P =0.50 as expected from the renormalization-
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group analysis of Aharony. ' On the other hand
our experimental value does deviate by two stan-
dard deviations from the mean-field value, and
one might speculate why that is so.

We believe of course, that our quoted standard
deviation is a reliable and conservative number,
so the discrepancy between theory and experiment
is real. The finite-exchange interactions imply
in principle a crossover around a certain tem-
perature T« from short-range interaction Ising
behavior to dipolar Ising behavior. The crossover
temperature has been estimated by Aharony, and
by inserting our values for the exchange interac-
tions we find T«= 5T~, i.e., we are always in
the dipolar regime in practice.

An alternative cause of the deviation of the
critical exponents from mean-field values may
lie in the finite splitting 5 caused by the crystal
field of the ideal ground-state doublet. Although

the splitting is small" (5 = 1.3 K) it does prohibit
ever so slightly the correlations to build up as
they would in the ideal case. A theoretical
(series-expansion) treatment ' of this problem in
a short-range coupled Ising magnet gave the re-
sult that the critical indexes are probably not
affected by the zero-field splitting (6), so long
as the spins order magnetically at a finite tem-
perature. Whether this conclusion is valid also
for a dipolar-coupled Ising magnet is an open
question that may be answered by applying the
renormalization-group theory. Finally we may
suggest that the expected logarithmic deviations
from mean-field behavior are strong enough to
alter the effective critical exponents in the ex-
perimental temperature region —unf ortunately
it has not so far been possible to estimate the
strength of the logarithmic deviation from theory
or experiment.

*Work partly carried out while a guest scientist at AEC
Research Establishment, Bisg, Denmark.
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