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Observation of a cos$ term in the current-phase relation for "Dayem"-type weak link
contained in an rf-biased superconducting quantum interference device
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The presence of a cos$ term in the current —quantum-mechanical phase relation for a superconducting
weak link can be established from the frequency response of an rf-biased superconducting quantum
interference device containing the structure. For narrow constrictions, the sign of the coefficient of the
cosine term was determined to be negative.

The response to an applied flux of a superconduct-
ing ring containing a narrow constriction weak link
has been studied in detail in the regime where the
critical current of the weak link is very small com-
pared to roc/2', where ys is the flux quantum h/2e,
and L is the inductance of the ring. In this regime
the response is very sensitive to the form of the
current-phase relation. For all weakly coupled
superconductors, the quantum-mechanical phase
varies spatially across the weakened region and the
current flowing across the region is a function of
this quantum-mechanical phase difference. In the
case of a dielectric barrier the current-phase rela-
tion has been calculated from microscopic tunneling
theory and has the form'

I= Ic sin(yt —ys) + GV[1+y cos(rpt —ys)],
where Io is the critical current, y, and y, are
quantum-mechanical phases on either side of the
barrier, G is the conductance of the junction, and

y is a dimensionless parameter which is a measure
of the amplitude of the cos(yt —ys) term (quasi-
particle interference term).

The last term-the cosine term —has only recent-
ly been invoked to explain the linewidth of the
Josephson plasma resonance in oxide junctions.
However, the sign of the deduced coefficient was
~egestive and thus opposite in sign to that predicted
by the microscopic theory for the conditions of the
experiment. A number of other experiments have
been performed on other types of weak-link struc-
tures for which the microscopic tunneling theory is
probably not valid —for example, point contacts, and

proximity-effect barriers-and the form of the cur-
rent-phase relation illustrated in Eq. (1) was again
consistent with the experimental observations. '4
In these experiments the sign of y was again de-
termined to be negative. However, in these latter
experiments the apparent- disagreement with the
predictions of the microscopic tunneling theory is
not too disturbing since there are no reasons to as-
sume that the details of the microscopic tunneling
theory for dielectric barriers are also appropriate
for these weak-link structures.

A number of phenomenological models have been
proposed which give a current phase relationship
similar in form to Eq. (1). The model of Vincent
and Deaver which is appropriate for a, small metal-
lic bridge yields a coefficient y which is negative
and consistent with their very limited results.
(They only presented a value of y at one tempera-
ture. ) On the other hand, Notarys, Yu, and Mer-
cereau have proposed a model for proximity-effect
barriers under high-current-density conditions in
which a cosine term is present but has a completely
different physical interpretation than the term from
the microscopic theory. '

The form of the current-phase relation for a
weak-link structure can be experimentally studied
if the terminals of the structure are shorted to-
gether to form a superconducting quantum interfer-
ence device (SQUID) configuration. The variations
of the electrical impedance of a SQUID are sensitive
to the form of the I-q response of the weak link,
especially when the shielding currents flowing cir-
cumferentially in the SQUID are very small com-
pared to ys/I. . Under these circumstances the
shielding current is a single-valued function of the
applied magnetic flux. It has been experimentally
demonstrated that for very narrow constriction
weak links, a current-phase relation of the form
I=Issin(rpt —ys) is a good approximation for very
small critical currents in the limit of zero applied
voltage. If one assumes such a current-phase re-
lationship the impedance of the weak link is a func-
tion of applied magnetic flux and can be written as
an effective inductance

ZI
2~I, [I+ (I/I, )s jt~s

where I is the imposed current flowing through the
weak link and Io is the critical current of the weak
link. ~ If such a SQUID were coupled to a resonant
tank circuit, and the. drive current were tuned to
the resonant frequency of this circuit, the voltage
across the tank would not depend (to first order) on
an applied (low-frequency) magnetic flux. On the
other hand, if the drive current were slightly de-
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tuned from the resonant frequency of the tank cir-
cuit, the voltage across the tank circuit would be
modulated by the ambient flux with a magnitude of
the signal as a function of the drive frequency re-
sembling a derivative of a resonance curve.

In the course of a study of the response of SQUID
as a function of electrical-circuit parameters, it
was observed that in the regime of vanishingly
small critical current (I«vapo/2'), very near the
critical temperature of the film, there was a sub-
stantial modulation signal when the drive current
was tuned to the resonant frequency of the tank and
a zero in the modulation signal was observed only
when the drive current was tuned to some frequency
below this resonant frequency. This observed be-
bavior is obviously not consistent with a current-
phase relationship for the weak link of the form

I=Iosin(q, -q,).
Recently, Hansma' has calculated the response of
a SQUID inductively coupled to a resonant circuit if
the weak link in the SQUID has a current-phase re-
lation of the form shown in Eq. (1). In particular,
for c= 2nIoL/p-o«1, where the effects of the
screening currents are small, the magnitude of the
ambient-field modulated signal from the SQUID would
be zero for the drive frequency below, coincident
with, or above the resonant frequency depending on
whether to first order the sign of y —2e (where y is
the coefficient of the cosine term) was negative,
zero, or positive, respectively. The dependence
of the magnitude of the modulated signal as a func-
tion of drive frequency was given as a function of
the electrical characteristics of the SQUID and the
tank circuit to which the SQUID was coupled.

The devices studied were made from supercon-
ducting materials that had transition temperatures
below 4. 2 K so that the temperature of the helium
bath surrounding the SQUID could be varied to de-
termine the appropriate temperature range for
which the condition on critical current was satis-
fied. The general procedure and techniques for
measuring the characteristics of SQUID in the low-
critical-current regime have been described else-
where. 9

A few comments will be made here on the proce-
dure used to determine the parameters necessary
to make a quantitative comparison with Hansma's
calculation. These required parameters are &uL/R

(the ratio of the inductive reactance of the SQUID to
the normal resistance of the weak link), the Q of
the tank circuit, and the coupling coefficient 4 be-
tween the SQUID and the resonant circuit to which
the SQUID is coupled. The ratio orL/R is obtained
directly from the loading of the tank circuit as the
device in the normal state (at temperatures slightly
above T, ) is inserted into the tank circuit. The Q
used is the unloaded Qo of the tank circuit at the

temperature of the measurements and k is deter-
mined from the normalized frequency shift observed
when the device is inserted into the tank circuit at
a temperature well below the superconducting tran-
sition temperature of the device, and is defined as

k = 2(I'do —I'da)/(dz,

where vo is the frequency of the empty tank circuit
and e, is the frequency of the tank when the device
is inserted.

The final quantity that must be determined is the
critical current. This must be accurately known
foi two reasons, first to ensure that at the tem-
perature of the measurement the quantity e = 2IovL/yo
was not only less than 1 so that Hansma's theory
applies but small enough (c & 0. 1) so that higher-
order corrections to the theory in powers of E are
negligible; in addition Io is needed to fit the fre-
quency dependence of the signal to the theory. '

The critical current at the temperature at which
the measurements were made was determined in
the following manner: According to the theory for
SQUID operation'" the spacing between Bessel
maxima (the difference between the applied rf mag-
netic flux for which the modulated signal has its
maximum values) is po/2. Thus the values of the
applied magnetic flux corresponding to these maxima
will be given by

j. 3
LIo+&go~ LIo+& goy LIo+ 4 goy etc.

The experimental quantity that is measured is the
voltage across the tank circuit and this is related
to the applied magnetic flux at the SQUID:

Vga~ mm = ("Qo~/L)(LIo+ ~to) ~

Vo.o m=(&Qo~/L)(LIo+4mo)

where the coefficient shown is for the case of loose
coupling between the SQUID and the tank circuit
(Qko & 1), and where M is the mutual inductance be-
tween the SQUID and the tank circuit, and Qo is the
unloaded Q of the tank circuit. With the device at
a temperature below T„ the temperature is slowly
raised and the tank voltages corresponding to the
various Bessel maxima are measured as Io de-
creases. The ratio between the voltage correspond-
ing to the first Bessel maxima to the spacing be-
tween successive maxima is given by

V, /(V„—V„,)=(2LIo/yo)+o, @=2, 3, 4. . ~ .
For loose coupling, as the temperature dependence
is followed, the ratio can be measured wwith fairly
good accuracy to values of I, less than $(yo/2')
which, according to Hansma's calculations, is the
appropriate range of values for Io for which & is
only a small correction.

The results for a SQUID containing a 1-p, m-wide
Dayem bridge at a temperature where E =0. 1 are
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shown in Fig. 1. For all such devices the zero
crossings occurred at a frequency below@ the reso-
nant frequency of the tank and the high-frequency
maxima was larger in amplitude than the low-fre-
quency maxima. This observed dependence of the
modulationsignal implies a negativevalue for y —2&.
Using a value a =0. 1 and the other parameters de-
termined as previously described, the fit shown in
Fig. 1 was obtained for y of —0.5. It must be kept
in mind that while the quality of the fit is dependent
on the choice of the magnitude of y, the sign of y
for the known a was determined by the experimental
position of the zero amplitude of the modulation sig-
nal relative to the resonant frequency of the tank.
The position of the zero crossing was observed to
be a function of the quantity @ok and of the critical
current for currents less than yo/2nL, but the zero
crossing point was always consistent with the nega-
tive sign for y, the coefficient of the cosine term.

Qualitatively similar results were also obtained
for SQUID containing mechanically sculptured con-

FIG. 1. First modulation signal maximum for a Dayem-
bridge junction versus normalized frequency shift 6 where
&= 2[( —p)/Mp]Q. The device was inductively coupled to
a circuit resonant at 20 MHz. The smooth curve is based
on Hansma's theory with P —= (q p/2~ LIp) (uI /R) = 0. 5, 4
-=2(Qk )27t'LIp/yp=0. 44, &=0.1, and &=-0.5.

strictions. For these latter devices only one lobe
of the modulation signal could be observed. How-
ever, the shape of the curve was assymetrical with
frequency about its maximum and the maximum was
displaced above tank resonance again consistent
with a negative value for y for these devices (for
the known value of &).

In conclusion, it has been demonstrated that the
response of an rf-based SQUID canbe used to deduce
the existence of a cosine term in the current-phase
relation for the region of inhomogeneity contained
in the SQUID. Using the technique described here,
the sign and the magnitude of the coefficient of the
cosine term can be calculated using experimentally
obtained values for the parameters of the SQUID and
of the tank circuit to which the SQUID is coupled.

For the SQUID studied in these experiments, the
deduced sign of the coefficient of the cosine term
in the current-phase relation was determined to be
negative. This sign is opposite to that expected
from microscopic tunneling theory for a dielectric
barrier under the condition of applied dc voltage
small compared to the superconducting energy gap.
Since these measurements were made using alter-
nating voltages, it may not even be appropriate to
compare our results to the microscopic theory.
Before any additional conclusions can be drawn
from these experiments, calculations must be made
of the current flowing through an inhomogeneous
region of superconductor consisting of a dimen-
sional constriction across which an alternating
voltage has been applied.
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