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Entanglement spectrum dynamics as a probe for non-Hermitian bulk-boundary
correspondence in systems with periodic boundaries
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It has recently been established that open quantum systems may exhibit a strong spectral sensitivity to
boundary conditions, known as the non-Hermitian/Liouvillian skin effect (NHSE/LSE), making the topological
properties of the system boundary-condition sensitive. In this Letter, we ask the query: Can topological phase
transitions of open quantum systems, captured by open boundary conditioned invariants, be observed in the
dynamics of a system under periodic boundary conditions, even in the presence of NHSE/LSE? We affirmatively
respond to this question, by considering the quench dynamics of entanglement spectrum in a periodic open
quantum fermionic system. We demonstrate that the entanglement spectrum exhibits zero-crossings only when
this periodic system is quenched from a topologically trivial to nontrivial phase, defined from the spectrum under
open boundary conditions, even in systems featuring LSE. Our results reveal that non-Hermitian topological
phases leave a distinctive imprint on the unconditional dynamics within a subsystem of fermionic systems.
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Introduction. The recent expansion of phases of matter
into the non-Hermitian realm has significantly broadened our
understanding of free fermionic systems [1-3]. The presence
of non-Hermiticity, which generally arises from the exchange
of energy and/or particles of a system with the environment,
leads to various exotic phenomena. A paradigmatic example
is the emergence of extreme spectral sensitivity to boundary
conditions, often referred to as the non-Hermitian skin ef-
fect (NHSE) [4-24], or Liouvillian skin effect (LSE) in the
context of open quantum systems [7-12], see also [13,14]
for related results in interacting many-body systems. In the
presence of NHSE/LSE, the system exhibits exponential lo-
calization of eigenstates near its boundaries. This poses a
challenge to the conventional understanding of bulk-boundary
correspondence: the presence of topological edge states in
open boundary conditions (OBC) cannot be inferred from
the topological invariant of the Bloch Hamiltonian [5,6]. In
this situation, one must extend the conventional Bloch band
theory to incorporate complex-valued wave vectors in order
to identify topological invariants in OBC [5,6]. This is known
as the non-Hermitian bulk-boundary correspondence.

Let us remark, however, a somewhat obvious point that for
systems subject to periodic boundary conditions (PBC), the
topological transition point is determined by the Bloch Hamil-
tonian even in the presence of NHSE/LSE. It is tempting to
expect that no sign of topological invariants defined from the
OBC spectrum can be extracted from the PBC system.

In this Letter, in sharp contrast to this naive expecta-
tion, we show that there are cases where OBC topological
invariants can be extracted from the dynamics of the PBC
system. This is achieved by examining the quench dynamics
of the entanglement spectrum (ES). Initially recognized in
the context of a fractional quantum Hall insulator [27] and
later formalized for free fermionic [28] and one-dimensional
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interacting systems [29], the ES has since played a pivotal role
in understanding topological phases of both noninteracting
and interacting systems. In highly nonequilibrium states, the
ES serves as a dynamical probe for wave function topol-
ogy [30-32]. Recent investigations have partially extended
its applicability to non-Hermitian and open quantum sys-
tems. In non-Hermitian systems, which effectively describe
the dynamics of open systems subject to postselection, it was
reported that for point-gapped systems, which exhibit NHSE,
ES fails to capture topological properties of the ground state
[33]. In open quantum systems, the real line-gap topology
was shown to be detectable through the quench dynamics of
ES [34-36]. However, these works on open quantum systems,
considered systems that do not exhibit LSE [34-36], leaving
the effect of boundary conditions sensitivity on the dynamics
of ES unclear.

We examine in this Letter an open quantum fermionic
lattice exhibiting LSE and show that the dynamics of the ES
can serve as a probe for topological phases defined from the
OBC spectrum, even when the physical system is in PBC. In
particular, we numerically analyze an open quantum model
whose dynamics is governed by a dynamical matrix identical
to the non-Hermitian Su-Schrieffer-Heeger (SSH) model, a
paradigmatic model exhibiting NHSE/LSE [5-7,10,11] and
demonstrate that in PBC systems, topological phases de-
fined from the OBC spectrum of Lindbladians are discernible
through mode crossings of the ES during quench dynamics.
As the ES in open free fermionic systems can be computed
from a two-point correlation function of a subsystem [40],
our proposal to detect the non-Hermitian bulk-boundary cor-
respondence does not require postselection.

We remark that conventional observables such as the
correlation functions and steady-state density profile are
not generically affected by NHSE/LSE, [9-12,22-24]. Intu-
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FIG. 1. Illustrati on of tripartition of an open quantum system.
The bipartite relevant system (S + S) is allowed to interact with
the environment (env). We focus on the coarse-grained dynamics of
the relevant system after tracing out the environmental degrees of
freedom p = Treny[Ptot]-

itively, this is due to the locality of the system: the system’s
response to an external perturbation applied in the bulk is
unaffected by the boundary condition unless the effect reaches
the boundary before it dissipates. Our finding here seems to
contradict these previous results, but it does not: the ES is a
highly nonlocal quantity (for macroscopically large subsys-
tem sizes that we consider in this Letter), making it possible
to catch the (nonlocal) spectral sensitivity to boundary condi-
tions stemming from LSE.

The model. We investigate the dynamics of an open quan-
tum system, illustrated in Fig. 1, where a free fermionic
system (S +S) is linearly coupled to a Markovian en-
vironment (env). After integrating out the environmental
degrees of freedom, the reduced density matrix p = Trepy ot
is governed by a quadratic Gorini-Kossakowski-Sudarshan-
Lindblad (GKSL) equation [25,26], given by

0,p(t) = —ilH, p()] + Y_ DILalp@) + Y DIGulp(1)
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where the superoperator £ is the Liouvillian and A =

Z;L j=1 Hi, jél¢; is the Hamiltonian of the relevant system

(S +S). Here, A:f and ¢; are creation and annihilation op-
erators of fermions at site i, respectively. The dissipation
arising from the coupling of the system to the Markovian
reservoir is described by D[M1p := MpMT — %{M"’M, p(1)}.
Each coupling to the Markovian reservoir, labeled by « [see
Fig. 2(a)], induces incoherent addition or removal of particles
and is described by linear jump operators, L, = >, 0%¢; and

Gy =) ;g"e¢ T, respectively, where £ and g¥ are complex
numbers.

According to the tenfold way classification of quadratic
fermionic Lindbladians [38], the entire topology of a quadratic
Lindbladian can be characterized by the topological invariants
of a non-Hermitian operator H.¢ [10]:

mw=ﬁ—i@+®, )

where L =Y LiL,, and G = )", G,G. We note that Hes
is different from the conditional Hamiltonian Heong = H —
(i/2)(L — G) that governs the dynamics of null-jump pro-
cesses [7,9,10,12,39].

ES crossings as a non-Hermitian bulk-boundary correspon-
dence indicator. To dynamically detect the non-Hermitian
bulk-boundary correspondence, we propose examining the ES
dynamics after a dissipative quench. As depicted in Fig. 1, we
partition the relevant system (S + S) further into the subsys-
tem S = {1,2, ..., M} and its complement S = {M + 1, M +
2,...,L}. The reduced density matrix of the subsystem can
be written as ps = Trgp = (1/Zs)e™ ™ with Zs = Trs[e 5],
where Trg s, denotes the trace over subsystem S(S). We refer
to the spectrum of Hs as the ES ¢;, the central quantity of inter-
est. Using the property that ps is Gaussian, the entanglement
Hamiltonian can be decomposed as Hs = Y€ f? f,, where f;
is a fermionic annihilation operator of the /-th eigenmode. In
the absence of the system-environment coupling, this recovers
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FIG. 2. (a) The system is initially prepared in the trivial ground state of the SSH model [37] under PBC with no dissipation. Then,
at ¢t > 0, the relevant system (S -+ S) is driven out of its initial state by an abrupt change of the hopping parameters J;, J, and a correlated
dissipation with rate y; is simultaneously turned on. The relevant system evolves according to the GKLS equation Eq. (1) under PBC. (b) Phase
diagram of the Lindbladian SSH model Eq. (7). Topological phase transitions are separated by the solid and dotted lines for OBC and PBC,
respectively. (c), (d) ES dynamics for a subsystem S. (c) Trivial to topological quenches for both OBC and PBC spectrum (wopc = 1, wpsc =
1/2) (J1/J2, y1/(2J2)) = (0.7, 0.5). The green lines represent the four eigenvalues, & (¢), of the covariance matrix Css(¢) that are closest to
the zero energy entanglement value & = 0.5 during the time evolution. The other eigenvalues are shown in blue. Four ES eigenvalues cross
& = 0.5 as they decay. (d) Trivial to trivial quenches for OBC spectrum (wosc = 0) (J1/J2, y1/(2J2)) = (1.5, 0.8) but topological for PBC
spectrum (wppc = 1/2). All the eigenvalues, & (t), of Css(f) are shown in blue. All eigenvalues decay to & = 0.5 without crossing it. For both
cases, we set the initial state to be the (trivial) ground state at (J,/J, y1/(2J2)) = (1.5, 0), the system size L = 20, and the size of subsystem
Sis M = 10 sites. Note crucially that, while the ES dynamics reflect the OBC spectrum, our physical system is under PBC.
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the conventional definition of the ES for closed fermionic
systems, which is known to successfully detect bulk-boundary
correspondence [27-29].

References [30-32] considered the situation where they
first prepared a state corresponding to the ground state of a
Hamiltonian in the trivial phase followed by a sudden change
in the parameters. They showed that when the postquench
Hamiltonian has a topologically nontrivial (trivial) ground
state, (no) zero-crossings of the ES occur.

We investigate below a similar setup where we also quench
the system from a topologically trivial to a nontrivial or trivial
state in an open quantum system governed by Eq. (1) [34-36].
Importantly, the topology of our system is characterized by the
non-Hermitian effective Hamiltonian Heg, given by Eq. (2),
that exhibits NHSE. We find that an analogous phenomenon
to the closed-system counterpart occurs, which surprisingly
reflects the topology of an OBC system even when the system
itself is in PBC: physically traversing the system is unneces-
sary to detect topological phases of He defined under open
boundary conditions.

Practically, in our quadratic system, the ES can be
computed from the covariance matrix C(¢), whose (j, i) com-
ponent is given by the spatial correlation function [C];;(¢) :=
Trg +g[2>(t)éjéj] [40]. By taking advantage of the property
that the density matrix is always Gaussian (as long as we
take the initial state to be Gaussian) and Wick’s theorem
applies as a result, the ES can be derived from the spectrum
of the covariance matrix Cgg in the subsystem S defined
as the correlation matrix C whose indices are restricted to
subsystem S,

[Cssl)i(t) := Trs,s[p(t)e]¢;1; G, j) €S, 3)
which can be expressed using the reduced density matrix
of the subsystem S as [Css]; (1) = Trs[,?)s(t)éjéj]. Letting
& () be the eigenspectrum of Cgg(¢), one finds the rela-
tion between & (¢) and the ES ¢;(¢) [40] (See Supplemental
Material (SM) [39]):

&) = “

e 4 17
An entanglement zero mode with €; = 0 corresponds to & =
0.5. To investigate the dynamics of &;, we derive from Eq. (1)

the following equation for the covariance matrix dynamics
[10,12]:

i0,C(t) = HerC(t) — C()H.; + iG, (5)

where Gl =2, g;’f"‘g‘; and [Herlij = H,
i/2y", (£7€S + gi“87). g7 and £} are complex numbers.

Lindbladian SSH model. To be specific, we consider
the following system exhibiting LSE [5,11] [Fig. 2(a)].
For the system Hamiltonian, we consider the tight-binding
Hamiltonian

A = "(he} g+ heh tajer + 1) 26 j41) + He.

J
(6)
For J; =0, the Hamiltonian reduces to the SSH model
[37]. The dissipation of our model is given by the
following jump operators for j = 1,2, ..., N [see Fig. 2(a)]:

Ljyl =1/%(€'A,j+l.(:’3,j), Gjl —1/V1(CA] lCB]) Lj,2=

L(epj+itajin), Gio= %@}, — it} ). Here, we

have chosen jump operators such that f‘;,_v:l,Z = G,-,Szl,z,
ensuring the system reaches an infinite-temperature state at
the long-time limit. The ES asymptotically converges to zero
€, =0 (§, =0.5), avoiding the ES from crossing zero for
trivial reasons with no topological origin [34,41].

This choice of Hamiltonian and jump operators yield the
effective Hamiltonian [Eq. (2)],

A AF A AF A
Hegr = E [(J1€4 ;CB,j + J2Cp ;Ca.j+1
J

+J3CA ]CB /_»,_1) + H.c. ]—i—Z( CA ]CB] é;j@A,j)

V2, 5 . Y+ )/2
+ E(C;jCA,jH CZ j+1€B, ,)) 7 @)
with 7 := Zj[éz,jéAfj + 6;]-61”], which is the non-

Hermitian SSH model well studied in the literature (except for
the constant shift in the imaginary axis that does not affect its
topological features) which is known to exhibit NHSE [5 6].
For PBC, the Hamiltonian H.; can be expressed as Hei =
Zk ctOHg (K)e(k), where c¢(k) := (Ea(k), (k)T  with
eam (k) = 1/v/L > e ®ieap); and Heg(k) = hi(k)oy, +
hy(k)oy, where hy(k) = Ji + (Jo + J3) cos(k) — iy /2 sin(k),
hy(k) = (Jo — J3)sin(k) 4+ iy» /2 cos(k) — iy /2. Here, o;
with i € {x, y, z} are the Pauli matrices and we have ignored
the constant shift term. Since the effective Hamiltonian has
a sublattice symmetry o, Heff(k)a = —Hx(k), we can
define the Z topological number of Heff(k) given by the
winding number wppc = § 47”Tr[az ()< THe (O] [2].
The winding number can be similarly defined for OBC,
wopc, by generalizing the momentum integral in the PBC
winding number, wppc, to those with complex values along
the generalized Brillouin zone. (See, e.g., Refs. [6,20] for
details.)

First, we focus on the case where y, = 0, J; = 0. Here,
in PBC, the topological transition point is given by J; =
Jrxy1/2 or J = —Jy £ /2 [5]. For OBC, the spectrum
can be easily obtained by means of a similarity transformation
S, such that Her and Hegr := S_lHeffS share the same spec-
trum. By taking S = diag(1,r,r, 7%, r2, ..., rt=1 L=l
with r = /1y = /2)/(i + V1/2)| 5, 6] Hefr becomes
the Hermitian SSH model with hopping parameters J; =
JUL =7 /2)J1 +yi/2) and J, = J, provided that |J;| >
|v1/2|. The phase boundary between topological and trivial
phases can then be obtained as (assuming J; > 0 without loss
of generality)

Ji = J2+(y]> or

0 o e Z)

2

as shown in Fig. 2(b). The discrepancy between OBC and
PBC phase diagrams is due to the NHSE as shown in Fig. 2(b)
[2,5,6].

We numerically demonstrate below that the topological
transition point in OBC given by Eq. (8) can be detected
through the ES dynamics of a PBC system after a quench. In
our simulation, we set the prequench state to be the ground
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state in the trivial phase of Eq. (7), in the Hermitian limit
Y1 = y» = 0 with JJ3 = 0.

Figures 2(c) and 2(d) show the quench dynamics of ES for
a PBC system. Here, in Fig. 2(c), the post-quench parameters
are in the topologically nontrivial phase for both OBC and
PBC. In Fig. 2(d), on the other hand, the parameters are cho-
sen such that the post-quench system is in a trivial (nontrivial)
phase for a OBC (PBC) system.

For the trivial to topological quench in Fig. 2(c), we
observe four ES eigenvalues crossing exactly at the entangle-
ment zero mode energy, £ = 0.5, as they decay. In contrast,
in Fig. 2(d), we do not observe any crossings between eigen-
modes, which exponentially decay towards the steady state.
In the SM [39], we have numerically confirmed that the pres-
ence and absence of ES zero-crossings is determined by the
phase boundary of the effective Hamiltonian H.g for OBC,
given by Eq. (8). This demonstrates a remarkable feature:
the ES cares only about the topology of the OBC spectrum.
We have also confirmed that the presence (absence) of ES
zero-crossings is unaffected by the presence of disorder which
respects the symmetries of the effective Hamiltonian H.g and
by the strength of uniform on-site balanced gain and loss (that
does not affect the topology of H.g; but do give rise to a finite
lifetime to the response to a local perturbation [9,10,12]), con-
sistent with our expectation that the ES zero-crossings have a
topological origin. These findings motivate us to assert that
the ES crossings have a topological origin, and their presence
(or absence) is determined by the topological invariants of the
pre-quench Hamiltonian H and the effective Hamiltonian H.g.

Finally, we consider the more general case with y, #
0, J3 # 0 and demonstrate that the above features remain qual-
itatively intact even in cases where the effective Hamiltonian
Heg cannot be transformed to a Hermitian Hamiltonian. Fig-
ure 3(a) shows the single-particle spectrum of the effective
Hamiltonian H.g; for both OBC and PBC. Similarly to the
previous case, we see that the topological transition point,
marked by the closing of the energy gap, is different between
OBC and PBC, again, due to the NHSE.

Figures 3(b) and 3(c) show the quench dynamics of ES
for a PBC system, where, as before, we set the pre-quench
state to be the ground state of the Hermitian SSH model in the
trivial phase. In Fig. 3(b), the post-quench parameters lie in
the topologically nontrivial phase for both OBC (wopc = 1)
and PBC (wppc = 1/2), whereas for Fig. 3(c), quench param-
eters lie in the trivial phase for OBC (wopc = 0) and in the
topological phase for PBC (wpgc = —1/2). We observe that
two pairs of two ES eigenvalues, & (¢), crossing at § = 0.5
for the trivial to topological quench shown in Fig. 3(b), while
Fig. 3(c) shows that no crossings occur for trivial to trivial
quenches. This demonstrates that the presence or absence
of zero-crossings in the ES dynamics is determined by the
OBC phase diagram of the effective Hamiltonian Heg. In the
SM [39], we have numerically demonstrated that the findings
presented in this letter hold true for nonequilibrium quenches,
where the system under consideration, S + S, evolves under
OBC conditions.

We briefly note that, interestingly, the ES degeneracy at
the crossing point observed in the trivial to topological phase
quench, which appears in the absence of next-nearest neighbor
hopping (/3 = 0) [Fig. 2(c)] and in the Hermitian case [30], is

1 0 i
2J1/ (71 + 72)

(b) Trivial to topological (c) Trivial to trivial

0.52

0.51

il
0.0 0.5 1.0 15 2.0 0.0

t(ye +m1)/2m

FIG. 3. (a) The blue (gray) lines are the energy bands
of the effective Hamiltonian H.; in a finite open chain for
2L/ + ) =14 25/ + ) =1/5 2n/n + 1) =5/3,
2¥2/(y1 + ¥2) = 1/3 in OBC (PBC). (b),(c) Quench dynamics of
ES under PBC. The system is initially prepared in the trivial ground
state of the SSH model (Jz/.]l, J3/]1, ]/1/.]1, )/Q/Jl) = (0, O, 0, 0),
with system size L = 40, and a subsystem S of M = 20 sites.
At t = 0 the relevant system (S + S) is driven out of equilibrium
by an abrupt change in parameters and allowing the system
to couple to Markovian reservoirs at a rate ¥, (i =1,2).
(b) Trivial to topological quench for OBC and PBC spectrum
QI+ 720, 20/ 0+ 72, 20/ + 1) = (=1, 1.4, 1/5).
The green lines represent the four eigenvalues, &(¢), of the
covariance matrix Cgg(¢) that are closest to & = 0.5 during the time
evolution. The other eigenvalues are shown in blue. Two pairs of two
ES eigenvalues, & (t), cross £ = 0.5 at different times as they decay.
(c) Trivial to trivial (topological) quench for OBC (PBC) spectrum
QI /(0 + 720 25/ 4 720, 203/ + 1) = (2.1, 14, 1/5). All
the eigenvalues &;(r) shown in blue decay without zero-crossings.

lifted when J3 # 0 in our open system scenario. Additionally,
we observe that for quenches on open chains, ES crossings
remain degenerate. Furthermore, the possibility that ES cross-
ings signal a topological phase transition of the entanglement
Hamiltonian, Hy = — log(Zsps), as reported in the quench
dynamics of closed systems [30], remains an open question.
We currently lack an explanation for these features, leaving
this as a topic for future work.

Conclusions. In summary, our work has revealed th at non-
Hermitian bulk-boundary correspondence can be detected
through the quench dynamics of the entanglement spectrum,
specifically through the presence or absence of zero-crossings.
Our results contribute to a deeper understanding of topologi-
cal phases in open quantum systems.
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