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Effect of external magnetic and electric fields and strains on diamond
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A. A. Zvyagin1,2,3 and G. A. Zvyagina1

1B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of Sciences of Ukraine,
Nauky Ave., 47, 61103 Kharkiv, Ukraine

2Max-Planck-Institut für Physik komplexer Systeme, Nöthnitzer Strasse, 38, D-01187 Dresden, Germany
3V. N. Karazin Kharkiv National University, Svobody Sq., 4, 61002 Kharkiv, Ukraine

(Received 19 January 2025; revised 3 April 2025; accepted 19 May 2025; published 3 June 2025)

Characteristics of magneto-electro-elastic effects in a diamond with negatively charged nitrogen vacancy
centers are calculated analytically. It is predicted that strains or the external electric field can cause the onset of
projections of the magnetic moment of those vacancies perpendicular to the applied magnetic field. It is shown
how spins of those vacancies produce the anisotropy of the electric permittivity of a diamond, which depends
on the external magnetic field and temperature. The temperature- and magnetic-field-dependent renormalization
of elastic modules of a diamond caused by spin quadrupole moments of negatively charged nitrogen vacancy
centers is calculated. The predicted effects can be important in the practical use of diamond nanocrystals with
color vacancies as local sensors in modern nanoelectroncs.
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I. INTRODUCTION

Magnetic anisotropy is a generic property of magnetic
systems [1]. Despite its relativistic origin, it can drastically
change the properties of magnetic media [2]. For instance, in
magnetically ordered systems the magnetic anisotropy causes
such known phenomena as metamagnetism, spin-flop transi-
tions, weak ferromagnetism, and so on [3]. One of the possible
realizations of quantum multilevel magnetic systems with an
anisotropy are paramagnets. Unlike magnetically ordered sys-
tems, the properties of which can be described by classical
approaches [1], the magnetic properties of single magnetic
ions directly reveal the quantum nature of magnetism since
they are related to the discrete spectra of those ions [4,5]. The
anisotropic properties of single magnetic ions are caused by
the common effect of the crystalline electric field of ligands
(nonmagnetic ions, which surround the magnetic ion) and the
spin-orbit interaction. The crystalline electric field and the
spin-orbit coupling lift the degeneracy of the energy levels of
the term of the magnetic ion, resulting in splitting into several
multiplets. As a rule, the magnetic anisotropy of paramagnetic
ions is manifested in effective g-factors and in the onset of
spin (for transition-metal ions) or total moment (for rare-earth
ions) multipole operators in the Hamiltonian. The latter exist
only for values of spins or total moments of the localized
electrons larger than or equal to 1. The important feature of
quadrupole moments is their linear coupling to the external
electric field [6] or strains [7].
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The magnetic anisotropy can exist not only for commonly
known magnetic ions with not totally filled 3d or 4 f cells
of localized electrons. One of the best studied during the
last decades examples of systems, for which the magnetic
anisotropy plays a crucial role, are nitrogen vacancy centers in
a diamond, see, e.g., the review articles [8–11]. Color centers
in a diamond are defects, like vacancies (missing atoms), im-
purities, or combinations of both. They can change the optical
properties of a diamond crystal due to impurity or vacancy
levels situated within the excitation gap of a diamond. Tran-
sitions between those levels yield optical excitations, which
cause sharp zero photon lines in the visible light spectrum. As
a result, those defects are the reason for a color of otherwise
transparent diamond crystals. Color centers in a diamond are
promising subjects as single-photon emitters for applications
in sensing [12], quantum computing [13], and even in quan-
tum cryptography [14].

Detection (sensing) of magnetic fields is the principally
important problem in many areas of science, computing, tech-
nology, and medicine. Sensors based on various techniques
have been developed, see, e.g., [15–17]. Nitrogen vacancies
in a diamond as sensors have the advantage of high sensitiv-
ity detection with nanoscale resolution when using diamond
nanocrystals [18,19]. Nitrogen vacancies in a diamond are
used for detecting dc and ac magnetic fields [20–24], for
which the small size of diamond nanocrystals and long coher-
ence times [25] are beneficial. The detection of ac magnetic
fields produced by magnetic moments at nanoscales have in-
teresting applications in magnetic resonance technique, where
existing methods for detecting ac magnetic fields use the
microwave frequency. Also, optical magnetic resonances use
combinations of microwave and optical frequencies [26–28].
For both cases the magnetic anisotropy of negatively charged
nitrogen vacancies plays a crucial role, producing the zero-
field splitting of spin levels [29–32]. Detection of the dc
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magnetic field and slow time-varying one using negatively
charged nitrogen vacancies in a diamond have been also stud-
ied [33–39]. It is often important to measure not only the
magnitudes, but also the directions of magnetic fields caused
by magnetic excitations and current distributions in magnetic
systems, and negatively charged nitrogen vacancy centers are
also used for that purpose [40]. Last but not least, negatively
charged nitrogen vacancy centers are used as sensors for the
electric field [41] and strain [42].

In this paper we analytically calculate how the interaction
between spin degrees of freedom of negatively charged ni-
trogen vacancies in a diamond and external electromagnetic
fields and strains manifests themselves. Namely, we show that
the external electric field and strains can cause the reduction
of the local symmetry of the vacancy, which, in turn, pro-
duces the onset of magnetic moments perpendicular to the
direction of the applied magnetic field. We also show that the
interaction of spin quadrupole moments of the considered ni-
trogen vacancies with the electric field causes the onset of the
anisotropy of the electric permittivity of the diamond. Finally,
the magnetic-field and temperature dependencies of the elastic
modules of a diamond, caused by the interaction with spin
degrees of freedom of negatively charged nitrogen vacancies
are calculated. In our study we do not consider the effect of
the hyperfine coupling between the moments of electrons and
those of nuclei of the negatively charged nitrogen vacancy.
Since the parameters of the hyperfine interaction are of order
of 10−4 K [43,44], our results can be applied for diamond
nanocrystals with negatively charged nitrogen vacancy centers
in the temperature range above that value. For the same reason
we can neglect the interaction between spins of negatively
charged vacancy centers. The main interaction between spins
of such vacancies is believed to be of the magnetic dipole-
dipole origin. For the considered system it is expected to be of
order of 10−3 K for a vacancy separation distance of 1.5 nm
[45]. Notice, however, that the anisotropy of the magnetic
dipole-dipole interaction can itself produce the reduction of
the magnetic anisotropy of spins of negatively charged nitro-
gen vacancies down to triclinic one, which can cause the onset
of magnetic moments perpendicular to the direction of the
applied magnetic field as well. The model considered in this
paper treats the lattice strain as an externally imposed param-
eter, independent of temperature. It can be reasonable at low
temperatures, studied in our work, since they are much smaller
than the Debye temperature of a diamond (∼1900 K). Our
results can be very important for the application of diamond
nanocrystals with negatively charged nitrogen vacancies since
they show how even small changes of strains and external
electric fields can affect, in a qualitative way, the magnetic
response of the system. On the other hand, we show how the
magnetic field can change the elastic and electric characteris-
tics of diamond nanocrystals with negatively charged nitrogen
vacancies.

II. THEORETICAL FRAMEWORK

If the negatively charged nitrogen vacancy is present in a
diamond, then the operator of the energy of its spin subsystem
can be written as the contributions from the crystalline electric
field and the Zeeman term caused by the external magnetic

field H. Since the vacancy axis is directed parallel to the [111]
diagonal of the cubic cell of the diamond with the local sym-
metry of ligands (nonmagnetic ions surrounding the magnetic
vacancy) being C3v , and the spin of the lowest-energy term
3A2 of the negatively charged nitrogen vacancy is S = 1, the
Hamiltonian of the spin subsystem of the vacancy is

Hs = DO0
2 − ĝμBH · S, (1)

where D is the crystalline electric field of ligands, O0
2 =

S2
z − 2/3 ≡ S2

z − S(S + 1)/3 is the Stevens equivalent oper-
ator (here we use not the traditional notation of the Stevens
operator [46], but rather the one used for the negatively
charged nitrogen vacancies, see, e.g., [10], similar to [47]),
where Sx,y,z are the operators of the projections of the spin 1,
ĝ is the g-tensor, and μB is Bohr’s magneton. Here the axis z
is chosen to be directed along the [111] axis of the crystal for
convenience.

The Hamiltonian of the coupling of the elastic subsystem
with the spin one can be written as [48]

Hse = [h41(εxx + εyy) + h43εzz]O
0
2

+
[

h26εzx − h25

2
(εxx − εyy)

]
O1

2

+ [h26εyz + h25εxy]�1
2

− 1

2

[
h16εzx − h15

2
(εxx − εyy)

]
O2

2

− 1

4
[h16εyz + h15εxy]�2

2, (2)

where hi j are coupling constants and

O1
2 = 1

4
[SzS+ + S+Sz + SzS− + S−Sz],

�1
2 = 1

4i
[SzS+ + S+Sz − SzS− − S−Sz],

O2
2 = 1

2
[S2

+ + S2
−], �2

2 = 1

2i
[S2

+ − S2
−] (3)

are Stevens equivalent operators with S± = Sx ± iSy. The
three basis vectors in the coordinate frame related to the
nitrogen vacancy can be chosen, e.g., as ex = (1, 1, 2)/

√
6,

ey = (1, 1, 0)/
√

2, and ez = (1, 1, 1)/
√

3 [49].

III. RESULTS

A. Effect of strains on magnetic moments of negatively
charged nitrogen vacancies

The calculations of the expectation values of the operators
of spin projections, quadrupole operators, and their derivatives
(susceptibilities) are presented in Appendix A. Here we show
those results in the figures, which illustrate the main features
of the temperature and magnetic-field behavior of a negatively
charged nitrogen vacancy center in a diamond caused by the
coupling of the center to strains.

In Figs. 1 and 2 we present the behavior of the expectation
values of the projections of the spin of the negatively charged
nitrogen vacancy Se

x,z ≡ Mx,z/gx,zμB, Mx,z are the projections
of the magnetic moment of that vacancy center as functions
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FIG. 1. Upper panel: The dependence of the x-projection of the
spin moment of the negatively charged nitrogen vacancy in a di-
amond due to strains as a function of the external magnetic field
Hx and temperature per impurity. Lower panel: The same for the
magnetic field Hz.

of the temperature and the external magnetic fields Hx and
Hz obtained with the Gibbs distribution as a function of the
temperature and the external magnetic fields. The behavior
of My is qualitatively similar to Mx. One can see from the
figures that the values Se

x,z as a rule decrease with the growth
of the temperature at large enough T .

One can see from Fig. 1 that the Hx dependence of Se
x is

smooth, the expectation value of the spin projection grows
with the increase of the applied magnetic field. It is nonzero
at any value of Hx (even in the ground state), and it reaches
almost nominal value (1) at the field value gxμBHx ∼ D.
On the other hand, surprisingly, the nonzero (though small)
value of Se

z appears for Hz = 0, however, for Hx �= 0. It first
increases with the growth of Hx, reaches maximum, and then
decreases with Hx as it is further increased. It is the conse-
quence of the onset of the term O1

2 in the Hamiltonian, i.e., the
triclinic symmetry C1 caused by the strains of the diamond
lattice.

FIG. 2. Upper panel: The dependence of the z-projection of the
spin moment of the negatively charged nitrogen vacancy in a dia-
mond due to the strains as a function of the external magnetic field
Hx and temperature per impurity. Lower panel: The same for the
magnetic field Hz.

We can see from Fig. 2 a similar behavior of Se
z . The main

difference with Sx is the plateau at small values of Hz (for
gzμBHz < D, which is related to the singlet ground state for
the easy-plane-like magnetic anisotropy of the vacancy spin
D > 0), though the temperature of order of D “smears out”
that plateau. Nonzero value of Se

z for Hz = 0 and Hx �= 0
is caused by the effective crystalline electric field b1

2 due to
strains.

Notice that, in the absence of the reduction of the symmetry
for the negatively charged nitrogen vacancy center (i.e., in the
case of the C3v symmetry), Se

z in Fig. 1 and Se
x in Fig. 2 are

equal to zero for any values of the temperature and magnetic
fields Hx and Hz, respectively.

For our calculations we use the values for the coupling
constants hi j obtained from the density functional theory [48]
(h41 = −0.308 K/strain; h43 = 0.110 K/strain; h15 = 0.274
K/strain; h16 = −0.943 K/strain; h25 = −0.125 K/strain;
h26 = −0.136 K/strain) and the strain values 0.001 [50],
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so that b0
2 = 0.13743 K (D = 0.1377 K [9]) and so on.

The results of the estimations [48] are similar to the ob-
servations in a diamond with negatively charged vacancy
centers [10].

According to the electron spin resonance data [51–53] the
components of the g-factors of the negatively charged nitrogen
vacancy are equal gx = gy = gz = 2.0028(3) (while the other
study reports gx = gy = 2.0031(2) and gz = 2.0029(2) [54]).
Hence gx,y,z for the negatively charged nitrogen vacancy are
shifted by very small values ∼10−4 from the free electron
g-factor ge = 2.0023, i.e., the contribution from the orbital
moment is small. From the figures we see the crossover at
values of the Hz ∼ b0

2 for the magnetic field parallel to the
[111] axis, while for the magnetic field directed perpendicular
to [111] the crossover exists only at Hx,y = 0.

We check that, for the original crystalline electric field
D �= 0 and b1,2

2 = c1,2
2 = 0, i.e., in the absence of strains, the

negatively charged nitrogen vacancy manifests the standard
behavior: Mx,y,z �= 0 only in the respected nonzero values of
Hx,y,z (i.e., the magnetic moment is caused only by the parallel
applied magnetic field).

We also calculated the expectation values of the compo-
nents of the spin quadrupole moment Q0,1,2

2 = 〈O0,1,2
2 〉 and

q1,2
2 = 〈�1,2

2 〉. Except for Q0
2 and Q2

2 the other components
of the spin quadrupole moment are small because they are
caused by small strains. The temperature dependence man-
ifests the nonmonotonic changes at low temperatures, and
then a decay of the expectation values of the components of
the spin quadrupole moment with the growth of T . Also, the
expectation values of the components of the spin quadrupole
moment are even functions of the applied magnetic field Hx,y,z.
As a rule they decay with the growth of the value of the
magnetic field, except for Q2

2, which shows a nonmonotonic
behavior with the growth of Hx,y.

Hence, strains of the crystal lattice of a diamond cause
the very interesting phenomenon, the onset of the nonzero
values of the expectation values of the magnetic moment in
the magnetic fields directed perpendicular to the direction
of the magnetic moment. Such a phenomenon is caused by
the triclinic distortions of ligands surrounding the spin of the
negatively charged nitrogen vacancy.

B. Effect of the electric field

Similar results were obtained for the magnetic-field be-
havior of magnetic moments of negatively charged nitrogen
vacancy centers under the action of the external electric field.
The electric field acts on the spin of the vacancy as [48]

Hes = d‖EzO
0
2 + 2d ′

⊥
[
ExO1

2 + Ey�
1
2

]
+d⊥

[
−ExO2

2 + Ey

2
�2

2

]
, (4)

where Ex,y,z are the projections of the external electric field,
and d‖, d⊥, and d ′

⊥ are the spin-electric coupling parameters.
It means that the electric field can produce effects similar to
strains, i.e., the onset of nonzero projection of the magnetic
moment in magnetic fields directed perpendicular to the spin
projection. Notice, however, that for the negatively charged

nitrogen vacancies the values d‖ ∼ 0.168 × 10−6 K cm/V,
d⊥ ∼ 8 × 10−6 K cm/V, and d ′

⊥ ∼ 0 [41,55] (some sources
imply d ′

⊥ ∼ d⊥ [48]) are smaller than hi j [48], and, hence
the effect of the electric field is expected to be weaker than
the one of strains for negatively charged nitrogen vacancies in
diamond.

C. Effect of the magnetic field on elastic modules

Then, let us consider the elastic subsystem of a diamond.
The elastic energy for the cubic symmetry of the diamond
lattice per volume can be written as

Eel = 1
2

[
C11

(
ε2

1 + ε2
2 + ε2

3

) + C44
(
ε2

4 + ε2
5 + ε2

6

)]
+ 2C12(ε1ε2 + ε1ε3 + ε2ε3), (5)

where we use the Voight notations for indices i = 1, . . . , 6,
with 1 = XX , 2 = YY , 3 = ZZ , 4 = XZ , 5 = Y Z , 6 = XY
symmetric with respect to all pair permutations, i.e., e.g.,
XY = Y X and so on (capital letters denote coordinates related
to the diamond cubic lattice), εi are the strains, and Ci j are the
elastic modules.

It is possible to connect the strains in coordinates related to
the negatively charged nitrogen vacancy center with the ones,
related to the coordinates of the diamond lattice

εxx + εyy + εzz = ε1 + ε2 + ε3 = εb,

2εzz − εxx − εyy = 2(ε5 + ε4 + ε6),

εzx = 1

3
√

2
(2ε3 − ε1 − ε2)

− 1

3
√

2
(2ε6 − ε4 − ε5),

εyz = 1√
6

(ε1 − ε2) + 1√
6

(ε5 − ε4),

εxx − εyy = 1

3
(2ε3 − ε1 − ε2) + 2

3
(2ε6 − ε4 − ε5),

εxy = 1

2
√

3
(ε1 − ε2) − 1√

3
(ε5 − ε4), (6)

where εb is the bulk strain.
Let us, for simplicity, consider only deformations of the

diamond lattice in the plane including both [001] and [110]
axes. For such deformations we have ε1 = ε2 and ε4 = ε5. We
can also skip the bulk strain εb, getting

εxx + εyy = −2

3
(2ε4 + ε6),

εzz = 2

3
(2ε4 + ε6),

εzx = 2

3
√

2
(ε3 − ε1) − 2

3
√

2
(ε6 − ε4),

εyz = 0, εxy = 0,

εxx − εyy = 2

3
(ε3 − ε1) + 4

3
(ε6 − ε4). (7)
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For that case we can rewrite the Hamiltonian of the spin-
elastic coupling as

Hse = (2ε4 + ε6)
2

3
(h43 − h41)O0

2

+
[

(ε3 − ε1)

(√
2h26

3
− h25

3
√

2

)

− (ε6 − ε4)

(
h26

3
√

2
+ 4h25

3

)]
O1

2

−
[

(ε3 − ε1)

(
h16

3
√

2
− h15

6

)

− (ε6 − ε4)

(
h16

3
√

2
+ h15

3

)]
O2

2. (8)

Using those expressions it is possible to calculate the
changes of the elastic modules of a diamond caused by
the negatively charged nitrogen vacancies. One can see that
namely the elastic modules C11, C33, C12, C44, and C66 get
renormalized due to the coupling with the spin of the nega-
tively charged nitrogen vacancy. In particular, it is clear that,
in the considered case, the elastic modulus C22 becomes dif-
ferent from C11 and C33, also the elastic modulus C44 becomes
different from C66.

In acoustic experiments one usually measures the changes
of the velocity of sound v, which in highly symmetric crystals
is proportional to the elastic modulus as ρv2 = C, where ρ is
the density of the crystal, and C is the elastic modulus. For
the cubic system the relevant for our case velocities of sound
are the longitudinal ones (with the polarization of the sound
wave parallel to its wave vector), namely, the one spreading
parallel to the [001] axis of the crystal (related to the change
of the elastic modulus C33, and the one spreading parallel to
the [110] axis [related to the change of the combination of
the elastic modules C⊥ = (1/2)(C11 + C12 + 2C44)]. Also for
our case, the important sound wave is the perpendicular one
(with the polarization of the wave perpendicular to the wave
vector), spreading along the [001] axis, which is related to
the elastic modulus C44 [56]. Following [57] we obtain for
relevant modules

�C11 = �C33 =−
(√

2h26

3
− h25

3
√

2

)2

χ1
2 −

(
h16

3
√

2
− h15

6

)2

χ2
2 ,

�C44 = −4

3
(h43 − h41)2χ0

2 −
(

h26

3
√

2
+ 4h25

3

)2

χ1
2

−
(

h16

3
√

2
+ h15

3

)2

χ2
2 ,

�C⊥ ≡ 1

2
(�C11 + �C12 + 2�C44)

= 1

4
�C11 + �C44,

�C66 = �C44 + 2

3
(h43 − h41)2χ0

2 , (9)

where χ1,2
2 = ∂Q1,2

2 /∂b1,2
2 is the spin quadrupole

susceptibility.

FIG. 3. Upper panel: The dependencies of the changes of the
elastic modulus �C11 (in K/strain2) of a diamond due to the nega-
tively charged nitrogen vacancy on the external magnetic field Hx and
temperature per impurity. Lower panel: The same for the magnetic
field Hz.

Figures 3–6 show the results of calculations of the renor-
malization of elastic modules in a diamond caused by the
interaction of strains with the spin of the negatively charged
nitrogen vacancy. Notice that the results are present per
vacancy, therefore, to get the answer for a nanocrystal
(nanocrystals of a diamond are used as sensors) one needs
to multiply the presented results by the concentration of
negatively charged nitrogen vacancy centers in that diamond
nanocrystal.

The results are presented as functions of the temperature
and the external magnetic field directed along the z ([111])
axis of the crystal and along the x axis (see above). In the
considered case, the difference for the renormalization of the
elastic modules in the field Hx and Hy is small.

One can see that the temperature dependence manifests
the softening of elastic modules with the decrease of T
and hardening at very low temperatures. The magnetic-
field dependence also shows the decrease of elastic modules
with the decrease of Hx. On the other hand, Hz-dependence
manifests the nonmonotonic behavior, with the minimum,
which is determined by the value of D. Notice that at
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FIG. 4. Upper panel: The dependencies of the changes of the
elastic modulus �C44 (in K/strain2) of a diamond due to the nega-
tively charged nitrogen vacancy on the external magnetic field Hx and
temperature per impurity. Lower panel: The same for the magnetic
field Hz.

gμBHz = D the crossover takes place, at which the magnetic
moment manifests jump from zero to ∼gμB.

We emphasize that maximal changes are seen for the elas-
tic modules C44 and C66 (and related C⊥), with respect to C11

and C33. Notice, however, that, namely, C33 and C11 mani-
fest low-temperature low-field nonmonotonic dependencies.
In experiments, the difference will be seen even more dra-
matically because, in experiments, one usually measures the
relative changes of elastic modules (or associated changes
of velocities of sound), �C/C, and for diamond C44 is of
an order of magnitude smaller than C11 [48]. The results of
the low-temperature low-energy calculations are presented in
Appendix B.

D. Renormalization of the electric permittivity

In a similar way [57], we calculated the renormalization of
the electric permittivity of a diamond caused by the negatively
charged nitrogen vacancies. That effect is also proportional
to the concentration of such vacancies, i.e., it will be more
manifested in diamond nanocrystals. The effective values of

FIG. 5. Upper panel: The dependencies of the changes of the
elastic modulus �C⊥ (in K/strain2) of a diamond due to the nega-
tively charged nitrogen vacancy on the external magnetic field Hx and
temperature per impurity. Lower panel: The same for the magnetic
field Hz.

the electric permittivity εx,y,z are determined from the Hamil-
tonians Hs + Hes together with the Hamiltonian of the electric
field

He = −
∑

j=x,y,z

ε jE2
j

ε0
, (10)

where ε0 is the vacuum permittivity. We obtain

εeff
x = εx + (2d ′

⊥)2χ1
2 + d2

⊥χ2
2 ,

εeff
y = εy + (2d ′

⊥)2(χ ′)1
2 + 4d2

⊥(χ ′)2
2,

εeff
z = εz + d2

‖χ0
2 , (11)

where (χ ′)1,2
2 = ∂q1,2

2 /∂c1,2
2 are the quadrupole susceptibil-

ities related to spin quadrupole moments �1,2
2 . Notice that

for the cubic symmetry εx = εy = εz = ε [1], ε is equal to
5.7 for a diamond [41]. It is clear from these expressions
that the renormalization of the electric permittivity of a di-
amond caused by negatively charged nitrogen vacancies is
small, however, it produces the difference between three
components of the tensor of electric permittivity. Since the
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FIG. 6. Upper panel: The dependencies of the changes of the
elastic modulus �C66 (in K/strain2) of a diamond due to the nega-
tively charged nitrogen vacancy on the external magnetic field Hx and
temperature per impurity. Lower panel: The same for the magnetic
field Hz.

renormalization of the components of the tensor of the electric
permittivity (11) is determined by the components of the spin
quadrupole susceptibility as the renormalization of elastic
modules (9) (with the opposite sign, though), the tempera-
ture and magnetic-field dependencies of the correction to the
electric permittivity will be similar to the ones presented in
Figs. 3–6 (however, with different sign and scales).

IV. SUMMARY

In summary, we analytically calculated several character-
istics of magneto-electro-elastic effects in a diamond with
negatively charged nitrogen vacancies. The reason for those
effects is the coupling of the spin degrees of freedom of those
vacancies with the electric field and strains. Predicted effects
are proportional to the concentration of vacancies, which can
be large enough in nanocrystals. The qualitative effect of
negatively charged nitrogen vacancy centers in diamond is
the magnetic-field dependence of elastic modules. In a pure

diamond (without mentioned vacancies), the elastic modules,
obviously, do not depend on the external magnetic field. Since
we do not study the interaction between negatively charged
nitrogen vacancy centers, the predicted effects are linearly
proportional to the concentration of the latter. Also there are
four possible orientations for the studied vacancy axis in the
diamond lattice. Naturally, the effect for the general case has
to be proportional to 1/4 of the concentration of negatively
charged nitrogen vacancy centers. Notice, however, that it is
possible to utilize diamond nanocrystals with a fixed orienta-
tion of the negatively charged nitrogen vacancy axis [58].

In particular, we showed that strains or the external electric
field can cause an interesting effect: the onset of projections
of the magnetic moment of vacancies perpendicular to the
applied magnetic field. Since strains can be very small, and
nanocrystals of a diamond with negatively charged nitrogen
vacancies are suggested as sensors for local magnetic and
electric fields and strains, the predicted effect can be very
important when determining the values of magnetic moments
for studied subjects, e.g., in electron spin resonance and op-
tical magnetic resonance experiments. Also, we showed how
the spin quadrupole moments of the vacancies renormalize the
electric permittivity of a diamond resulting in the anisotropy
of the latter. That anisotropy depends on the external mag-
netic field and temperature. Finally, we calculated how spin
quadrupole moments of nitrogen vacancy centers renormalize
elastic modules of a diamond as a function of the magnetic
field and temperature. We predicted the most drastic changes
of elastic modules, and, hence, sound velocities, for trans-
verse modules and sound waves. Our results show how even
small changes of strains and external electric fields affect the
magnetic response, and how the magnetic field can change
the elastic and electric characteristics of diamond nanocrystals
with magnetic vacancies. This is why that influence has to be
taken into account for precise determination of local magnetic,
electric, and elastic characteristics of subjects, which can be
measured using such diamond nanocrystals as sensors. Since
diamond nanocrystals with magnetic vacancies are commonly
believed to be used as local sensors in many nanodevices,
including quantum computers, the predicted effects can be
very important in spintronics and nanotechnology.
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APPENDIX A: CALCULATIONS OF THE ENERGIES

In this Appendix we present the way of calculation
of magnetic and quadrupole characteristics of the
triclinic paramagnet S = 1. Let us write the Hamiltonian
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FIG. 7. Upper panel: The low-temperature low-field dependen-
cies of the changes of the elastic modulus �C11 (in K/strain2) of
a diamond due to the negatively charged nitrogen vacancy on the
external magnetic field Hx and temperature per impurity. Lower
panel: The same for the magnetic field Hz.

of the system as

H =
2∑

n=0

(
bn

2On
2 + cn

2�
n
2

) − μB

∑
i=x,y,z

giHiSi, (A1)

where bm
2 and cm

2 are standard notation for the crystalline
electric fields [46,47]. Then the eigenvalues of the
Hamiltonian (A1) are

ε1 = u + v,

ε2,3 = −u + v

2
± i

√
3

u − v

2
, (A2)

where

u =
(
−q

2
+

√
d
)1/3

,

v =
(
−q

2
−

√
d
)1/3

,

d =
( p

3

)3
+

(q

2

)2
,

FIG. 8. Upper panel: The low-temperature low-field dependen-
cies of the changes of the elastic modulus �C44 (in K/strain2) of
a diamond due to the negatively charged nitrogen vacancy on the
external magnetic field Hx and temperature per impurity. Lower
panel: The same for the magnetic field Hz.

p = 3s − r2

3
,

q = 27t + 2r3 − sr

27
. (A3)

Here we denote

s = (
b0

2

)2 − (
b1

2

/
2
)2 − (

b2
2

)2 − (
c1

2

/
2
)2 − (

c2
2

)2

− (gxμBHx )2 − (gyμBHy)2 − (gzμBHz )2,

t = b0
2

[(
b1

2

/
2
)2 + (

c1
2

/
2
)2 + (gxμBHx )2 + (gyμBHy)2

]
− gzμBHz

[
b1

2gxμBHx + c1
2gyμBHy

]
+ b2

2

[(
b1

2

/
2
)2 − (

c1
2

/
2
)2 − (gxμBHx )2 + (gyμBHy)2

]
+ (

c2
2

/
2
)[

b1
2c1

2 − 4gxgyμ
2
BHxHy

]
,

r = −2b0
2. (A4)
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FIG. 9. Upper panel: The low-temperature low-field dependen-
cies of the changes of the elastic modulus �C⊥ (in K/strain2) of
a diamond due to the negatively charged nitrogen vacancy on the
external magnetic field Hx and temperature per impurity. Lower
panel: The same for the magnetic field Hz.

Then, as usually the partition function of the spin is Z =∑3
i=1 exp(−εi/kBT ), where kB is the Boltzmann constant, T

is the temperature, and the free energy is f = −kBT ln(Z ).
The calculations of the expectation values of the operators
of projections of the spin, and quadrupole moments and their
derivatives are then obvious, however, the analytic results
are too long (more than several pages of formulas) to be
presented in the paper. Effective crystalline fields which
appear due to all possible strains acting on the negatively
charged nitrogen vacancy in a diamond are related to
connection of the Hamiltonians (A1) and Hs + Hse. Namely,
we use b0

2 = D + h41(εxx + εyy) + h43εzz, b1
2 = h26εzx −

(h25/2)(εxx − εyy), b2
2 = −(1/2)[h16εzx − (h15/2)(εxx − εyy)],

c1
2 = h26εyz + h25εxy, and c2

2 = −(1/4)[h16εyz + h15εxy].

APPENDIX B: RESULTS FOR THE LOW-ENERGY
BEHAVIOR

In this Appendix we present the results of low-temperature
low-field calculations for the changes of elastic modules of

FIG. 10. Upper panel: The low-temperature low-field dependen-
cies of the changes of the elastic modulus �C66 (in K/strain2) of
a diamond due to the negatively charged nitrogen vacancy on the
external magnetic field Hx and temperature per impurity. Lower
panel: The same for the magnetic field Hz.

a diamond with negatively charged nitrogen vacancy. The
results are shown in Figs. 7–10 for the external magnetic field
directed along the z ([111]) axis of the crystal, and along the x
axis (see above). In the considered case the difference for the
renormalization of the elastic modules in the field Hx and Hy

is also small.
The results are shown per negatively charged nitrogen

vacancy. To get the result for a nanocrystal (namely, nanocrys-
tals of a diamond are used as sensors in many cases) one
needs to multiply the presented results by the concentration of
negatively charged nitrogen vacancy centers in that diamond
nanocrystal.

One can see a very different behavior of elastic modules
for the magnetic field directed along the [111] axis, and
perpendicular to that axis. For the former we can see the pro-
nounced minimum of the renornalized elastic modules at zero
temperature at the field value determined by the crystalline
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electric field value D. On the other hand, for the magnetic
field perpendicular to the [111] axis, minimal values of the

renormalizations of elastic modules is seen at zero field value
at temperatures about 0.1 K.
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