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Theory of spin magnetization driven by chiral phonons
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We construct a general theory of spin magnetization driven by chiral phonons under an adiabatic process, in
which atoms rotate around their equilibrium positions with a low phonon frequency. Here the spin magnetization
originates from the modulated electronic states with spin-orbital coupling by atomic rotations. Under the
adiabatic approximation, the time-dependent spin magnetization can be calculated by a Berry-phase method.
In this paper, we focus on its time average, which is evaluated by assuming that the phonon displacement is
small. As a result, the time average of the spin magnetization is concisely formulated in the form of the Berry
curvature defined in the phonon-displacement space as an intrinsic property of atomic rotations. Our formula for
spin magnetization reflects the chiral nature of phonons, and is convenient for ab initio calculations.
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I. INTRODUCTION

Chiral phonons accompanying atomic rotations represent
circularly polarized modes, which carry phonon angular mo-
mentum [1–8]. Such phonons have been confirmed by recent
experiments [9–14], and their various aspects have been
revealed, such as the large phonon magnetic moment ow-
ing to both electron spin and orbital contributions [15–26],
the induced electric current [27] and spin current [28–33],
the conversion between chiral phonons and magnons [34,35],
the light-driven phonon chirality in a paramagnet [36] and
a ferromagnet [37], and the phononic switching of magne-
tization [38]. These works indicate the angular momentum
transfer between phonons and electrons.

If the phonon magnetic moment comes only from the ro-
tating motion of the nuclear charge, it does not match the
realistic value of the anomalously large phonon magnetic
moment measured in the recent experiments [16,21]. Instead,
the atomic rotation modulates the electronic states, which
induces electronic magnetic moment. It can be calculated on
the assumption that this modulation is an adiabatic process,
by using the method in Ref. [39]. It is shown that the atomic
rotation induces spin magnetization [17] and orbital magneti-
zation [18,19,40] due to geometric effect. The atomic rotation
also induces the electric current [27], and the magnetic spin
excitation [35] as a geometric effect.

In this paper, by means of the time-dependent description
of the Berry-phase method applied to chiral phonons [17], we
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first derive a general formula for the time average of the spin
magnetization, which is proportional to the phonon angular
momentum. It is concisely expressed in terms of the Berry
curvature defined in the phonon-displacement space. We then
introduce a tight-binding (TB) model of a two-dimensional
(2D) honeycomb lattice with the Rashba spin-orbital cou-
pling (SOC) to verify our formalism. Here we consider the
chiral phonon at the � point, which dynamically modulates
the electronic Hamiltonian. We show that the results from
our formalism well agree with those by the time-dependent
description [17] when the phonon displacement is small.
We next discuss that how our formalism is applicable for
general cases, in which the degrees of freedom of phonon
displacement contains more than one single atom. Our con-
cise formula for spin magnetization reflects the chiral nature
of phonons in rotational modes while it vanishes in simple
vibration modes. Since the Berry curvature here can be easily
obtained by the calculation of electronic states, our formalism
is convenient for ab initio calculations.

The remainder of the paper is organized as follows. We
first construct a formalism of spin magnetization driven by
chiral phonons in the case of one single atomic rotation within
the unit cell in Sec. II. In Sec. III, we calculate the spin
magnetization for a TB model of a 2D honeycomb lattice with
Rashba SOC to verify our formalism. Section IV discuss the
applicability of our formalism to general cases. We conclude
the paper in Sec. V. Supplementary details of our calculation
are placed in the Appendixes.

II. FORMALISM

In this section, we propose a general theory of spin
magnetization driven by chiral phonons with an adiabatic
approximation. Here we study a band insulator and we assume
that the phonon frequency ω is much lower than the band gap.
It means that the electronic system is adiabatically modulated
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by atomic rotations, leading to a geometric effect on spin
magnetization [17,40].

For simplicity, we consider the case where the unit cell
contains a single atom, and the phonon displacement of this
atom is within the xy plane, characterized by u = (ux, uy)
with uδ (δ = x, y) periodically changing with time. Then uδ

is regarded as a parameter in the Bloch Hamiltonian H(k, u),
which describes the dynamics of electrons affected by atomic
rotations. We assume that the modulation due to atomic ro-
tations does not close the electronic band gap. Within the
adiabatic approximation, the formula for the time dependence
of the spin magnetization is derived in Ref. [17], where the
geometric phase due to the dynamic modulation contributes.
In this paper, we focus on its time average. By taking a time
average of the spin magnetization calculated in Ref. [17],
the geometric spin magnetization for the α component
(α = x, y, z) from the nth electronic band is given by

μα
s,n =

∑
δ

u̇δ

∫
BZ

dk
(2π )d

�
(n)
Bαuδ

∣∣∣∣∣
B=0

, (1)

where Bα is the α component of the Zeeman magnetic
field, �

(n)
Bαuδ

= ∂Bα
A(n)

uδ
− ∂uδ

A(n)
Bα

is the Berry curvature for the
nth electronic band with A(n)

ρ = i〈ψn|∂ρψn〉 being the Berry
connection [41]. The derivation of Eq. (1) is placed in Ap-
pendix A. Since the displacement uδ is typically much smaller
compared with the lattice constant, we can expand μα

s,n in
Eq. (1) near u = 0 to the first order in u, which reads as

μα
s,n ≈

∑
δ

u̇δ

∫
dk

(2π )d
�

(n)
Bαuδ

∣∣∣∣∣
u=0,B=0

+
∑
δγ

u̇δuγ

∫
dk

(2π )d
∂uγ

�
(n)
Bαuδ

∣∣∣∣∣
u=0,B=0

, (2)

where the Berry curvatures are evaluated at u = 0. In the
second line in Eq. (2), one can separate the following term
into symmetric and antisymmetric parts as∑

δγ

u̇δuγ ∂uγ
�

(n)
Bαuδ

= uxu̇x∂ux �
(n)
Bαux

+ uyu̇y∂uy�
(n)
Bαuy

+ 1

2
(uxu̇y + uyu̇x )

(
∂ux �

(n)
Bαuy

+ ∂uy�
(n)
Bαux

)
+ 1

2
(uxu̇y − uyu̇x )

(
∂ux �

(n)
Bαuy

− ∂uy�
(n)
Bαux

)
. (3)

After taking the time average over one phonon period T with
T = 2π

ω
, the first term on the right-hand side of Eq. (2) and the

symmetric part of Eq. (3) vanish because of the periodicity of
uδ , and only the antisymmetric part [fourth term of Eq. (3)]
contributes to the time-averaged spin magnetization as

〈μα
s,n〉 = 1

2
Jph

z

∫
dk

(2π )d
∂Bα

�(n)
uxuy

∣∣∣∣∣
u=0,B=0

, (4)

where Jph
z = 1

T

∫ T
0 dt (u × u̇)z represents the phonon angular

momentum divided by the mass of the atom [1,2]. Here we

used the identity ∂ux �
(n)
Bαuy

− ∂uy�
(n)
Bαux

= ∂Bα
�(n)

uxuy
, and

�(n)
uxuy

= ∂ux A
(n)
uy

− ∂uy A
(n)
ux

(5)

denotes the Berry curvature defined in terms of the phonon
coordinates (ux, uy). We show the calculation of the derivative
of the Berry curvature ∂Bα

�(n)
uxuy

at B = 0 in Appendix B.
The resulting formula in Appendix B no longer contains B,
and therefore it is convenient for practical calculations. From
Eq. (5), the spin magnetization changes its sign when the
direction of atomic rotations is reversed, and it means that
the direction of atomic rotations is reflected by electron spins
[17,27,35].

III. TIGHT-BINDING MODEL CALCULATION

In this section, we introduce a TB model of a 2D honey-
comb lattice with SOC, which is a minimal model modulated
by atomic rotations. Our calculation results verify the formal-
ism proposed in Sec. II.

A. Tight-binding model

Our TB model is the Kane-Mele Hamiltonian on the hon-
eycomb lattice [17,42] but without the next-nearest-neighbor
SOC terms. It is given by

Ĥ0 = m
∑

i

ξiĉ
†
i ĉi + t0

∑
〈i j〉

ĉ†
i ĉ j

+ iλR

∑
〈i j〉

ĉ†
i

(
s × d i j

|d i j |
)

z

ĉ j, (6)

where ĉi = (ĉi↑, ĉi↓)T [ĉ†
i = (ĉ†

i↑, ĉ†
i↓)] is the electron annihi-

lation (creation) operator at site i. The first term describes a
staggered onsite potential m with ξA (B) = ±1 for the A (B)
sublattice, the second term denotes the nearest-neighbor (NN)
hopping with the hopping amplitude t0, and the third term
stands for the Rashba SOC with the parameter λR. Here
sα (α = x, y, z) is the Pauli matrix of electron spin, d i j is the
NN bond vector from the ith site to the jth, and 〈i j〉 repre-
sents the summation over the NN sites within the honeycomb
lattice.

In the presence of chiral phonons, which make the atoms
to rotate around their equilibrium positions, the parameters
of the NN terms are modulated because the distance between
the NN atoms periodically changes with time due to atomic
rotations. Let ui and u j be displacement of the ith and jth
atoms which are nearest neighbors, and their relative posi-
tion changes into d i j → d i j + u with u = u j − ui. Here we
assume that the atomic orbitals at each atoms are isotropic,
and thus the hopping amplitudes are determined by the dis-
tances between atoms. Since the distance between the NN
atoms changes from a0 to a0 + u · d i j/a0, we assume that the
hopping amplitude t0 is modulated by chiral phonons as

t0 → t0 + δti j (u), δti j (u) = − t0
a2

0

u · d i j, (7)
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FIG. 1. Calculation results of TB model on 2D honeycomb lat-
tice. (a) Schematic view of a 2D honeycomb lattice with �-optical
chiral phonons. Here the sublattices A and B rotate around their
equilibrium positions with a phase difference π , and their displace-
ments are denoted by uA and uB. The primitive translation vectors are
chosen as a1 = (a/2)(1,

√
3) and a2 = (a/2)(−1,

√
3) with lattice

constant a, and the vectors connecting the NN sublattices are written
as d1 = a0(

√
3/2, 1/2), d2 = a0(−√

3/2, 1/2), and d3 = a0(0, −1)
with the NN bond length a0 = a/

√
3. (b) First Brillouin zone with

high-symmetry points for the 2D honeycomb lattice. (c) Electronic
band structure of the Kane-Mele Hamiltonian in Eq. (6). (d) Elec-
tronic bands are modulated by chiral phonons, leading to a small
dynamical energy shift. We compare the band structure without
phonons (blue dots) and that with phonons (red dots) after taking
the time average. This calculation employs the parameters m = 0.2t0,
λR = 0.4t0, and the relative position ur is 10% of the bond length a0.

with the NN bond length a0, leading to the following addi-
tional term to the Hamiltonian as [17,27]

δĤt (u) =
∑
〈i j〉

δti j (u)ĉ†
i ĉ j . (8)

On the other hand, since 1/|d i j | in the Rashba SOC term
changes into

1

|d i j | → 1

|d i j + u| ≈ 1

a0

(
1 − 1

a2
0

u · d i j

)
, (9)

we assume that the Rashba SOC Hamiltonian acquires the
following additional terms [17]:

δĤR(u) = i
λR

a0

∑
〈i j〉

ĉ†
i (s × u)zĉ j

− i
λR

a3
0

∑
〈i j〉

(u · d i j )ĉ
†
i (s × d i j )zĉ j . (10)

For simplicity, we introduce the optical phonons at the
Brillouin zone center (� point), in which the mixture of the
longitudinal and transverse optical modes can be circularly
polarized [2]. Here we show the schematic view of the coun-
terclockwise chiral phonon mode at the � point in Fig. 1(a),
where the sublattices A and B rotate around their equilibrium
positions with a phase difference π , and their displacements
are represented by uA and uB. The relative displacement vector

between the atoms in the A and B sublattices in the modulated
Hamiltonians (8) and (10) is given by u = uB − uA. In this
case, the Hamiltonian only depends on the relative displace-
ment u between sublattices A and B because there is no phase
difference between the same sublattices for the chiral phonon
at the � point.

Then we apply the Fourier transformation ĉνr =
1√
N

∑
k eik·rĉνk, where ν = A, B labels the two sublattices,

and ĉνk = (ĉνk↑, ĉνk↓)T denotes the annihilation operator
of a Bloch state with a Bloch wave vector k. Here
the primitive vectors a1,2 = (a/2)(±1,

√
3) with the

lattice constant a are depicted in Fig. 1(a). Thus, the
unmodulated Hamiltonian Ĥ0 in Eq. (6) is written as
Ĥ0 = ∑

k v†
kH0(k)vk with the Bloch Hamiltonian H0(k)

and the basis vk = (ĉAk↑, ĉAk↓, ĉBk↑, ĉBk↓)T . Here we choose
the representation of the Dirac matrices as �1,2,3,4,5 =
(σx ⊗ s0, σz ⊗ s0, σy ⊗ sx, σy ⊗ sy, σy ⊗ sz ), where the Pauli
matrices σα and sα represent the sublattice index and
electron spin, respectively. Their 10 commutators are given
by �αβ = [�α, �β]/(2i). Then the Bloch Hamiltonian is
expressed as a linear combination of the Dirac matrices as

H0(k) = d1(k)�1 + d12(k)�12 + m�2 + d4(k)�4

+ d23(k)�23 + d24(k)�24 + d3(k)�3, (11)

where d1 = t0(1 + 2 cos x cos y), d12 = −2t0 cos x sin y,
d4 = −√

3λR sin x sin y, d23 = −λR cos x sin y, d24 =√
3λR sin x cos y, and d3 = λR(1 − cos x cos y) with

x = kxa/2 and y = √
3kya. Figure 1(c) shows the electronic

band structure from the Kane-Mele Hamiltonian in
Eq. (6) without chiral phonons. Next, the modulated
Hamiltonians in Eqs. (8) and (10) can be merged into
δĤ (u) = ∑

k v†
kδH(k, u)vk with the Bloch Hamiltonian

δH(k, u) = δd1(k, u)�1 + δd12(k, u)�12

+ δd4(k, u)�4 + δd23(k, u)�23

+ δd24(k, u)�24 + δd3(k, u)�3, (12)

where

δd1 = t0
a0

{
√

3ux sin x sin y + uy(1 − cos x cos y)},

δd12 = t0
a0

{
√

3ux sin x cos y + uy cos x sin y},

δd4 = λR

a0

{
ux

(
1 + 1

2
cos x cos y

)
+

√
3

2
uy sin x sin y

}
,

δd23 = λR

a0

{√
3

2
ux sin x cos y − 3

2
uy cos x sin y

}
,

δd24 = λR

a0

{
1

2
ux cos x sin y −

√
3

2
uy sin x cos y

}
,

δd3 = λR

a0

{
−

√
3

2
ux sin x sin y − 3

2
uy cos x cos y

}
. (13)
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Therefore, the total Bloch Hamiltonian with chiral phonons is
obtained as

H(k, u) = H0(k) + δH(k, u). (14)

When chiral phonons are switched on, the electronic system
is periodically driven with time. At the initial transient stage,
the system may have energy transfer between phonons and
electrons. It will eventually approach a nonequilibrium steady
state where the electronic energy modulated by phonons be-
comes a periodic function of time t : E (t + T ) = E (t ). In
Fig. 1(d), we compare the electronic band structure without
phonons (blue dots) and that modulated by phonons (red dots)
after taking the time average. There is a small shift of energy
which comes from the energy transfer between phonons and
electrons at the initial transient stage of phonon-driven elec-
tronic dynamics.

B. Berry curvature

As we discussed in Sec. II, when the phonons are repre-
sented by one coordinate u = (ux, uy), the spin magnetization
driven by phonons is given by Eq. (4), expressed in terms of
the Berry curvature (5) in the ux-uy space. Meanwhile, since
our TB model involves two sublattices with two coordinates
uA and uB, Eq. (4) seems to be unapplicable. Nevertheless,
because the Hamiltonian only depends on the relative position
u ≡ uB − uA between the atoms in the sublattices A and B,
we can still use Eq. (4) by regarding the Berry curvature for
the relative displacement u. Thus, the Berry curvature as a
function of u for the nth occupied band is given by

�(n)
uxuy

(k, u) =
∑

m( �=n)

iX nm
ux

(k, u)X mn
uy

(k, u) + c.c

[En(k, u) − Em(k, u)]2 , (15)

where X nm
uα

(k, u) ≡ 〈ψn(k, u)|∂uα
H(k, u)|ψm(k, u)〉 (α =

x, y) with |ψn(k, u)〉 being the nth eigenstate of H(k, u) in
Eq. (14).

Here we give a simple symmetry analysis on this Berry
curvature in Eq. (15). The total Bloch Hamiltonian H(k, u)
holds threefold rotation symmetry with respect to the z axis
because of the hexagonal structure, yielding

UH(k, u)U −1 = H(k′, u′), (16)

where U is a unitary matrix given by

U =
(

1 0
0 e−ik·a2

)
⊗ e−isz

π
3 , (17)

and Ĉ3 represents the threefold rotational matrix, leading
to k′ = Ĉ3k = (−kx/2 − √

3ky/2,
√

3kx/2 − ky/2) and u′ =
Ĉ3u = (−ux/2 − √

3uy/2,
√

3ux/2 − uy/2). Then symmetry
analysis gives

X nm
ux

(k, u) = − 1

2
X nm

u′
x

(k′, u′) +
√

3

2
X nm

u′
y

(k′, u′), (18)

X mn
uy

(k, u) = −
√

3

2
X mn

u′
x

(k′, u′) − 1

2
X mn

u′
y

(k′, u′), (19)

which leads to

�(n)
uxuy

(k, u) = �
(n)
u′

xu′
y
(k′, u′). (20)

FIG. 2. (a) Distribution of Berry curvature �(n=2)
uxuy

(kx, ky ) in the
kx-ky space for the second band shown in (b). (b) Electronic band
structure along the high-symmetry points with the color denoting the
Berry curvature �(n)

uxuy
for each band. The parameters are set to be

m = 0.2t0, λR = 0.4t0.

One can also show �(n)
uxuy

(k′, u′)|u′=0 = �
(n)
u′

xu′
y
(k′, u′)|u′=0. By

combining with Eq. (20), it follows that �(n)
uxuy

(k)|u=0 =
�(n)

uxuy
(k′)|u=0, meaning that the distribution of �(n)

uxuy
(k)|u=0 is

C3 symmetric in k space. Figure 2(a) shows the distribution
of �(n=2)

uxuy
(k)|u=0 in the Brillouin zone [Fig. 1(b)] for the up-

per occupied band shown in Fig. 2(a) as an example, which
clearly shows C3 symmetry. Thus, the numerical result agrees
with the symmetry analysis �(n)

uxuy
(k)|u=0 = �(n)

uxuy
(Ĉ3k)|u=0.

The distribution of the Berry curvature for each band along
the high-symmetry points is depicted in Fig. 2(b).

C. Spin magnetization

Next, we calculate the spin magnetization driven by atomic
rotations in the TB model by using our formalism based on
Eq. (4). In Eq. (4), it is assumed that the phonons are described
by a vector u = (ux, uy), and as mentioned in Sec. III B, we
can apply Eq. (4) by putting u = uB − uA. It means that the
spin magnetization originates from the dynamics of the rela-
tive displacement [17,27,35].

In the present case, the spin magnetization given by Eq. (4)
is proportional to Jph

z = 1
T

∫ T
0 dt (u × u̇)z, which is no longer

equal to the total phonon angular momentum because u rep-
resents the relative displacement uB − uA. By using Eq. (4),
the total spin magnetization for the z component contributed
by all the occupied bands is given by

〈μz
s〉 = 1

2
Jph

z

occ∑
n

∫
dk

(2π )2
∂Bz�

(n)
uxuy

(k)

∣∣∣∣∣
u=0,B=0

. (21)

In this formula, we set B = 0, but in fact this formula also
applies to the cases with B �= 0. Figure 3(a) shows the result
of phonon-driven spin magnetization 〈μs

z〉 as a function of
Zeeman magnetic field B = (0, 0, Bz ) for different values of
λR for the Rashba term. We note that 〈μs

z〉 vanishes in the
absence of the Rashba SOC.

We note that Eq. (21) is obtained as the time average of the
time-dependent spin magnetization formulated in Ref. [17].
Next we calculate the time-dependent spin magnetization gen-
erated by chiral phonons for our TB model for comparison.
Here, we set the atomic displacements of sublattices A and
B corresponding to Fig. 1(a) to be uA = uA(cos ωt, sin ωt ),
and uB = uB(cos ωt, sin ωt ), where ω denotes the phonon

134414-4
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FIG. 3. Results of the calculation on spin magnetization.
(a) Phonon-driven spin magnetization 〈μz

s〉 calculated by Eq. (21) as
a function of the Zeeman magnetic field B = (0, 0, Bz ) with different
Rashba terms. Here the values of 〈μz

s〉 at Bz = 0 marked by the
large dots represent the spin magnetization driven by chiral phonons
without Zeeman magnetic field. (b) Time dependence of the spin
magnetization calculated by the method in Ref. [17]. Here we set
the relative position ur to be 4% of the bond length a0.

frequency. Then their relative displacement is

u = uB − uA = ur (cos τ, sin τ ), (22)

where ur = uB − uA, and we introduce a dimensionless time
τ by τ ≡ ωt . The time-dependent spin magnetization is
given by Eq. (A3) in Appendix A. Meanwhile, Jph

z = u2
r ω

is proportional to the phonon frequency ω. The numerical
result of the time-dependent spin magnetization is shown
in Fig. 3(b) with ur = 0.04a0. Indeed, the time averages
with different values of λR for the Rashba term agree well
with the results of 〈μz

s〉 at Bz = 0 in Fig. 3(a). Thus, our
formula (21) gives the time average of the phonon-driven spin
magnetization from the Berry phase, formulated in Ref. [17].

Figure 4 shows the dependence of the expectation value of
spin magnetization 〈μz

s〉 on the size of displacement ur/a0.
The red and blue symbols represent the results with the

FIG. 4. Dependence of the spin magnetization on the size of
displacement. The horizontal axis is the size of displacement ur/a0,
and the vertical axis is the expectation value of spin magnetization
〈μz

s〉. Here the colors with red and blue represent the results with
the Rashba parameters λR = 0.4t0 and 0.6t0, respectively. The curves
and dots represent the results calculated by our formula (4) and by
Ref. [17], respectively.

Rashba parameters λR = 0.4t0 and 0.6t0, respectively. The
curves represent the results from our formula (21). For com-
parison, the red and blue dots show the time averages of
the spin magnetization from Ref. [17]. We notice that they
agree well if the displacement is small enough, and they
deviate from each other when the displacement ur compared
with the bond length a0 gradually increases. This is natural
since Eq. (21) was obtained using an approximation of small
u. Here we see that the deviation of 〈μz

s〉 between our for-
mula (21) and the time average of the spin magnetization in
Ref. [17] starts to appear around ur/a0 = 0.05. Thus, within
our model calculation, our formula (21) is valid when the
displacement is less than 5% of the bond length, which is
reasonable for general solids.

IV. APPLICABILITY TO GENERAL CASES

In this section, we discuss the applicability of our for-
malism to general cases. Since we restricted ourselves to the
case with a single atom per unit cell, the phonon displace-
ment is characterized by the coordinate of the single atom
in the formalism, where the induced spin magnetization is
proportional to the phonon angular momentum of the single
atom as we discussed in Sec. II. If the unit cell contains
more than one atom, the spin magnetization cannot be directly
proportional to the phonon angular momentum. Nevertheless,
in the model calculation, with the �-chiral-phonon mode on
the 2D honeycomb lattice shown in Sec. III, our formula (4)
is still applicable because the modulated Hamiltonian depends
only on the relative displacement between two sublattices. It is
noted that Jph

z is no longer the total phonon angular momen-
tum. In this case, the Berry curvature �(n)

uxuy
for the relative

displacement u = (ux, uy) determines the spin magnetization.
In addition, chiral phonons can appear at high-symmetry

points on other typical lattices, such as the 2D kagome lattice
[4] and the lattice with C4 symmetry [5]. In the case of the
2D kagome lattice, if we consider the chiral phonons at the
� point [4,35], since the unit cell contains three sublattices
A, B, and C, the modulated Hamiltonian depends on two
relative displacements uAB and uBC . Thus, the cross terms
from different relative displacement in Jph

z contribute to the
spin magnetization, and Eq. (4) should be revised as

〈
μα

s,n

〉 = 1

2

N−1∑
a,b=1

Jph
z,ab

∫
dk

(2π )d
∂Bα

�(n)
uaxuby

∣∣∣∣∣
ua,b=0,B=0

, (23)

where uai (a = 1, . . . , N − 1 and i = x, y, z) stands for the
relative displacement between different sublattices, a, b de-
note the degrees of freedom of the relative displacements,
Jph

z,ab = 1
T

∫ T
0 dt (ua × u̇b)z represents the contribution from

these cross terms, and N is the number of atoms per unit cell.
Obviously, at the � point, N = 2 for the chiral phonon on the
2D honeycomb lattice as we show in Sec. III, and N = 3 for
the chiral phonon on the 2D kagome lattice. On the other hand,
if we consider the chiral phonons at valley (K or K ′) points, in
which the same atoms located at the different unit cells rotate
with different phases [2,4], the valley phonons can always be
folded onto the � point by appropriately enlarging the unit
cell [43]. Therefore, at the valley points, N = 6 for the chiral
phonon on the 2D honeycomb lattice, and N = 9 for the chiral
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phonon on the 2D kagome lattice. Here �(n)
uaxuby

≡ ∂uax A
(n)
uby

−
∂uby A

(n)
uax

is the Berry curvature corresponding to these cross
terms, and it is determined by the relative positions of the
different atoms on the lattice. Similarly, phonons with wave
vectors equal to a fraction of high-symmetry wave vectors can
be treated in the same manner. Meanwhile, our theory cannot
be applied to phonons with arbitrary wave vectors in general,
and it is left as a future work.

For real materials, we can calculate �(n)
uaxuby

for the nth
occupied electronic band by ab initio calculations. Then we
can evaluate how much spin magnetization can be driven by
chiral phonons in real materials by using Eq. (23). On the
other hand, some recent experiments already show generation
of spin magnetization by chiral phonons. For example, a spin
Seebeck effect due to chiral phonons is observed [29], and a
phonon angular momentum in a chiral quartz crystal is mea-
sured via the inverse spin Hall effect [31]. Both measurements
are attributed to generation of spin magnetization by chiral
phonons, which is the main topic of this paper. Meanwhile,
in these measurements, the chiral phonons are generated by
thermal gradient, and this generation method by thermal gra-
dient (phonon thermal Edelstein effect) [44] will induce chiral
phonons with various wave vectors and frequencies. Since our
theory is limited to some special values of wave vectors, we
cannot evaluate the magnitude of the signal in these measure-
ments, and it is left as a future work.

V. CONCLUSION AND DISCUSSION

In this paper, we construct a general theory of spin magne-
tization driven by chiral phonons under an adiabatic process,
in which atoms rotate around their equilibrium positions with
a low phonon frequency. The spin magnetization originates
from the modulated electronic states with SOC by atomic rota-
tions. Under the adiabatic approximation, the time-dependent
spin magnetization can be calculated by the Berry-phase
method [17]. Here we focus on its time average, which is
evaluated by assuming that the phonon displacement is small.
As a result, the time average of the spin magnetization is con-
cisely related to the phonon angular momentum, and encoded
in the Berry curvature defined in the phonon-displacement
space. Our results well agree with that obtained from the
time-dependent description [17] with a realistic size of atomic
displacements. The merit of this methodology is that we
can still simply deal with the interaction between the chiral
phonons and electrons by a single-particle picture for elec-
trons. The effect of chiral phonons is naturally reflected in
electronic states due to the geometric effect.

We note that another theory on a chiral phonon-spin con-
version [33] has been proposed, based on the spin-rotation
coupling (SRC) [45–47]. This SRC has been derived from the
Dirac equation seen from the rotating frame [45], and it says
that there is a direct coupling between rotational motion and
spin magnetization. Nonetheless, it is not obvious whether the
SRC applies to a coupling between chiral phonons and elec-
tron spins because its microscopic origin still needs further
study. Furthermore, we note that even when chiral phonons
are present, if seen from the particular point where an electron
resides, nuclei are moving with different angular velocities.

Therefore, we suspect that the SRC in solids is an effective
theory, which is valid when the electrons are strongly bound
to nuclei. Remarkably, this SRC does not need the SOC to
generate electron spins. This point is in distinct contrast to
our paper, which requires SOC, and these scenarios can be
distinguished in experiments.

In our formalism, because the spin magnetization driven
by chiral phonons is proportional to the time average of the
phonon angular momentum, only the contribution from the
rotational modes becomes nonzero. Moreover, our formalism
reflects the chiral nature of phonons, corresponding to the spin
magnetization with opposite signs driven by the clockwise and
counterclockwise rotational modes. Meanwhile, the spin mag-
netization vanishes in simple vibration modes. Our formalism
is applicable to general cases and is convenient for ab initio
calculations.

It should be noted that in nonmagnetic systems, the phonon
angular momenta at k and −k are opposite due to the time-
reversal symmetry, and therefore if these two modes are
equally populated, spin magnetization will not be induced. By
phonon pumping with terahertz pulses [48], which leads to
an asymmetric population of chiral phonons between clock-
wise and counterclockwise modes, one can obtain a nonzero
net spin magnetization. Furthermore, by using the same for-
malism, one can formulate the chiral phonon-induced orbital
magnetization [18,40], electric current [27], and magnon ex-
citations [35] proposed in the previous studies. The time
averages of these physical quantities driven by low-frequency
chiral phonons yield a similar formulation.
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APPENDIX A: GENERAL FORMULA OF THE
GEOMETRIC SPIN MAGNETIZATION

In this Appendix, we show the derivation of Eq. (1) in the
main text. The Hamiltonian describing a coupling between the
electron spins and the Zeeman magnetic field B is given by

ĤB = −μ̂s · B, (A1)

where μ̂s = −μBŝ represents the spin magnetization with the
Bohr magneton μB and the Pauli matrices ŝα (α = x, y, z). In
the absence of the Zeeman magnetic field, the spin magneti-
zation for the α component is given by

μ̂α
s = −∂Bα

Ĥ |B=0, (A2)

where Ĥ is the total Hamiltonian. As was derived in Ref. [17],
by using the adiabatic approximation, the geometric term of
the expectation value of μ̂α

s for the nth electronic band to the
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first order is given by

μα
s,n(t ) =

∫
dk

(2π )d

∑
m( �=n)

[−μ̂α
s,nm(k, t )Amn(k, t )

En(k, t ) − Em(k, t )
+ c.c

]
.

(A3)

Here

μ̂α
s,nm(k, t ) = 〈ψn(k, t )|(−∂Bα

Ĥ |B=0)|ψm(k, t )〉
= [En(k, t ) − Em(k, t )]

× 〈ψn(k, t )|∂Bα
ψm(k, t )〉|B=0 (A4)

represents the instantaneous matrix element of μ̂α
s at time

t , and Anm(k, t ) = i〈ψn(k, t )|∂t |ψm(k, t )〉 is the instantaneous
Berry connection, where |ψn(k, t )〉 is the eigenstate of the nth
band for the wave vector k at time t . In Ref. [17], the time
dependence of the spin magnetization is calculated.

In the case of the atomic rotation with the displacement
u = (ux, uy), the Berry connection can be replaced by

Anm(k, u) = i〈ψn(k, u)|∂uψm(k, u)〉 · u̇. (A5)

By substituting Eqs. (A4) and (A5) into (A3), the spin mag-
netization driven by the atomic rotation can be expressed as

μα
s,n =

∑
δ=x,y

u̇δ

∫
dk

(2π )d
[i〈∂Bα

ψn|∂uδ
ψn〉 + c.c]|B=0

=
∑
δ=x,y

u̇δ

∫
dk

(2π )d
�

(n)
Bαuδ

∣∣∣∣∣
B=0

, (A6)

where �
(n)
Bαuδ

= ∂Bα
A(n)

uδ
− ∂uδ

A(n)
Bα

is the Berry curvature with
A(n)

ρ = i〈ψn|∂ρψn〉 (ρ = uδ, Bα ) being the Berry connection in
a general form [41].

APPENDIX B: CALCULATION OF THE ZEEMAN
MAGNETIC FIELD DERIVATIVE

OF THE BERRY CURVATURE

In this Appendix, we derive a formula for the derivative of
the Berry curvature ∂Bα

�(n)
uxuy

in terms of the Zeeman magnetic
field in Eq. (4) obtained in the main text, where the Berry
curvature �(n)

uxuy
is given by Eq. (15). The derivative reads as

∂Bα
�(n)

uxuy
=

unocc∑
m

[
i

(
∂Bα

X nm
ux

)
X mn

uy
+ X nm

ux

(
∂Bα

X mn
uy

)
(En − Em)2

− 2i
X nm

ux
X mn

uy

(
∂Bα

En − ∂Bα
Em

)
(En − Em)3

+ c.c

]
, (B1)

where

∂Bα
X nm

uβ
= 〈∂Bα

ψn|∂uβ
Ĥ |ψm〉 + 〈ψn|∂uβ

Ĥ
∣∣∂Bα

ψm
〉

+ 〈ψn|∂Bα
∂uβ

Ĥ |ψm〉

=
∑
l ( �=n)

〈ψn|∂Bα
Ĥ |ψl〉〈ψl |∂uβ

Ĥ |ψm〉
En − El

+
∑

l ( �=m)

〈ψn|∂uβ
Ĥ |ψl〉〈ψl |∂Bα

Ĥ |ψm〉
Em − El

= μB

∑
l ( �=n)

ŝnl
α X lm

uβ

En − El
+ μB

∑
l ( �=m)

X nl
uβ

ŝlm
α

Em − El
, (B2)

with β = x, y, and

∂Bα
En =〈ψn|∂Bα

Ĥ |ψn〉 = μBŝnn
α . (B3)

Here we have embedded the identity operator I =∑
l |ψl〉〈ψl |, and made use of the Sternheimer identity

(En − El )〈ψl |∂Bα
ψn〉 = 〈ψl |∂Bα

Ĥ |ψn〉, (B4)

with l �= n, which is obtained by differentiating Ĥ |ψn〉 =
En|ψn〉. Meanwhile, we have replaced the Zeeman magnetic
field derivative of the Hamiltonian Ĥ by ∂Bα

Ĥ = μBŝα from
Eq. (A1). Therefore, Eq. (B1) is given by

∂Bα
�(n)

uxuy
= iμB

unocc∑
m

∑
l ( �=n)

ŝnl
α X lm

ux
X mn

uy
+ X nm

ux
X ml

uy
ŝln
α

(En − Em)2(En − El )

+ iμB

unocc∑
m

∑
l ( �=m)

X nl
ux

ŝlm
α X mn

uy
+ X nm

ux
ŝml
α X ln

uy

(En − Em)2(Em − El )

− 2iμB

unocc∑
m

X nm
ux

X mn
uy

(En − Em)3

(
ŝnn
α − ŝmm

α

) + c.c.

(B5)

By taking a summation for n over the occupied bands, the
summations over l can further be rewritten as

occ∑
n

∂Bα
�(n)

uxuy
= iμB

occ∑
n

unocc∑
m

unocc∑
l

ŝnl
α X lm

ux
X mn

uy
+ X nm

ux
X ml

uy
ŝln
α

(En − Em)2(En − El )

+ iμB

occ∑
n

unocc∑
m

occ∑
l

X nl
ux

ŝlm
α X mn

uy
+ X nm

ux
ŝml
α X ln

uy

(En − Em)2(Em − El )

− 2iμB

occ∑
n

unocc∑
m

X nm
ux

X mn
uy

(En − Em)3

× (
ŝnn
α − ŝmm

α

) + c.c. (B6)

This formula allows us to calculate Eq. (4) without taking the
Bα derivative.
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