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Helicity modulus in the bilayer XY model by the Monte Carlo worm algorithm
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The behavior of the helicity modulus has been frequently employed to investigate the onset of the topological
order characterizing the low-temperature phase of the two-dimensional XY model. We here present how the
analysis based on the use of this key quantity can be applied to the study of the properties of coupled layers. To
this aim, we first discuss how to extend the popular worm algorithm to a layered sample, and in particular to the
evaluation of the longitudinal helicity, that we introduce taking care of the fact that the virtual twist representing
the elastic deformation one applies to properly define the helicity modulus can act on a single layer or on all of
them. We then apply the method to investigate the bilayer XY model, showing how the helicity modulus can be
used to determine the phase diagram of the model as a function of temperature and interlayer coupling strength.

DOI: 10.1103/PhysRevB.111.094415

I. INTRODUCTION

The two-dimensional (2D) XY model has been extensively
used to understand, characterize, and produce qualitative
and quantitative predictions for a plethora of phenomena
typical of physical systems in two spatial dimensions at fi-
nite temperature [1] or in one spatial dimension at zero
temperature [2]. Indeed, this model features the celebrated
Berezinskii-Kosterlitz-Thouless (BKT) transition [3-5] and it
has therefore been extensively used as the prototypical model
to verify, analytically and numerically, the predictions and
scalings of the BKT theory [1,6,7]. Moreover, it allows to
study in details the behavior of vortex excitations [8], the role
of the vortex core [9,10], the universal jump of the super-
fluid stiffness and of the superfluid density [11,12], and the
phenomenology of the unbinding of vortex-antivortex pairs
[4,13]. The XY model has been studied via a variety of
approaches, from the Monte Carlo [8,14—17] and other numer-
ical techniques [18-21] to renormalization group [9,13,22—
25], self-consistent harmonic approximation [26-29] and field
theory methods [30-32]. A further important aspect is that
the 2D XY model, and the related Villain model [33], can be
mapped (under certain well-discussed approximations) onto
the 2D Coulomb gas [34] and the (1+41) sine-Gordon model
[35]. These mappings considerably helped to reconstruct
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common properties of 2D systems. This also created a well-
known and widely used link with the theory of integrable field
theories in low dimensions [36].

An important advantage of the XY model relies in its ver-
satility. Indeed, one can add, for instance, several ingredients
relevant for applications and study their effect. Among many
examples the 2D XY model has been studied in presence of
magnetic fields [37,38], of inhomogeneous couplings [39],
and of long-range couplings [40—44] (see [45—47] for more
references). One can add a quantum kinetic term, giving rise to
the so-called quantum phase model [48] and there studying its
quantum phase transitions at zero temperature [13,49], possi-
bly adding frustration charges [50,51] or nonlocal interactions
[52-54].

Making reference to the BKT critical behavior of the
XY model, and the underlying role played by vortex exci-
tations, revealed to be useful also to describe the properties
of real magnetic compounds in different setups, ranging from
the thermodynamic behavior of quantum antiferromagnets in
presence of weakly easy-plane exchange anisotropies [55,56]
or effective anisotropy induced by a uniform field [57,58],
to the behavior of the alternating magnetization induced by
impurities in antiferromagnets [59-61].

Turning back to the pure XY model, by coupling different
2D XY systems one can explore the crossover from 2D to
three dimensions (3D) [62—67], which has been the subject of
intense research due to its relevance, e.g., for the modelization
of layered superconductors [63,68] and for adsorbed He films
[69,70]. There are two main ways to implement this crossover.

The first is to take a finite numbers of 2D XY models and
couple them. Denoting by M the number of layers and by
L the size (i.e., with a number of sites L x L) of each 2D

©2025 American Physical Society
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system, one keeps fixed M and then increase L to explore the
thermodynamical limit. The case M = 2 refers to the bilayer
XY model [71-74].

In the second approach, one takes a 3D XY model ona L x
L x L with two different kinds of couplings: J is the coupling
in the 2D layers and J, the one among layers [63,75]. In this
second approach, J and J, are taken fixed and L is increased,
and one can study in such way the connection between 2D
vortices and 3D vortex lines [76,77]. In the first approach, to
which one refers as the multilayer XY model, one expects
and finds that the critical temperature goes from the the 2D
BKT critical temperature of the 2D XY model (for M = 1)
to the 3D XY critical temperature (for M — oo, where the
limit L — oo is performed before). Also in the second ap-
proach one interpolates between the 3D and the 2D critical
temperatures, namely, moving the ratio A = J /J from A = 1
(corresponding to the 3D XY model) to A = 0. This second
approach refers to the so-called layered (or anisotropic) 3D
XY model.

The main difference between the multilayer model and the
layered model is in their critical properties. Indeed, for finite
M one expects that in the multilayer model the critical point
(whose properties are determined in the L — oo model) is
BKT like, while in the layered model the critical point is
expected to be in the 3D XY universality class for any finite
value of the ratio A.

Here, we focus on the multilayer XY case and develop the
worm algorithm (WA) for a generic value of M. We then apply
it to the specific case of a bilayer, i.e., M = 2. In the frame-
work of the generalized elasticity theory for the XY model
[78], we examine the properties of the free energy at critical
points. To this aim it is especially relevant the behavior of the
helicity modulus, a key quantity which has been routinely em-
ployed to characterize the properties of XY models [79-81]
and more generally of superfluid systems [78,82]. We are
particularly interested in examining our results in the light of
the recent predictions about the phase diagram of the bilayer
XY model obtained in Ref. [73], where three phases were
discussed. The first is the high-temperature phase, where the
(two-point in-layer and four-point interlayer) correlation func-
tions decay exponentially, in contrast to the low-temperature
phase, where both the correlation functions decays as a power
law featuring quasi-off-diagonal long-range order [83], as
typical of the BKT low-temperature phase [3—5]. In addition,
a third, intermediate regime, where the two-point correlation
function decays exponentially but the four-point correlation
decays as power law, also emerges from the results in [73].
Both the numerical and analytical results there reported sup-
port the conclusion that the intermediate phase appears for
any finite coupling between different layers. However, when
considering continuous spins residing on a two-dimensional-
like geometry, solely fitting the two-point correlation function
proves to lead to results heavily dependent on the system
size, especially close to the critical temperature. It is therefore
mandatory to provide additional explorations using refined
methods. Moreover, the analysis in [73] does not characterize
the superfluid properties of the intermediate phase and the
response of the system in the different regimes to a pertur-
bation such as the torsion that defines the helicity modulus. In
the framework of finite-size scaling analysis, the study of the

helicity estimator then offers a quantitative robust approach to
probe the BKT character of the transitions we are interested to
look into. It also give insights on the superfluid properties of
the system. Based on [73], one may expect that the presence
of the intermediate region in the phase diagram affects the
behavior of the helicity modulus and the question arises as
to how the response of the system differs in the different
regimes and especially in the intermediate paired phase. In
the following we are going to explore these issues by the WA.

This paper is organized as follows: In Sec. II we introduce
the model Hamiltonian, whereas Sec. III presents the worm al-
gorithm for the investigated geometry, as well as the necessary
estimators for the physical relevant quantities. Our findings
for the helicity modulus are presented in Sec. IV, where we
also discuss the connection with the results of Ref. [73].
Section V is devoted to our conclusions.

II. THE MULTILAYER MODEL

The present section introduces the model Hamiltonian we
will employ to investigate a (coupled) multilayer system. As it
is well known, a straightforward manner to explore the critical
properties of a system belonging to the BKT class is to con-
sider a simple planar spin model [4], as such a simple model
allows us to come up with general considerations about a large
variety of experimental systems [84-86]. Getting back to the
problem discussed in Sec. I, a planar model on a multilayer
geometry with M layers can be described by the Hamiltonian

M

H=— Z |:J COS(ei,m - 9/’”)
(ij)

m=1

N
+K Y cos(Ohm— ei,mm}, (1
i=1
0;n representing the angle of a unitary and planar spin
Si.m=(cos 6; ,, sin 6; ,,) with respect to an arbitrary, irrelevant
reference direction. The index i labels the position of the spin
on the mth layer, with m = 1, ..., M. For the sake of clarity
we denote by the unit vectors X and § the main directions in
the layers, whereas Z is the orientation perpendicular to the
layers. The spins are arranged on a simple cubic lattice with
a unitary lattice spacing, so that nearest-neighboring layers
are coupled between them in the z direction. For a generic
value of M > 2, periodic boundary conditions are imposed
along all the directions of the system. For M = 2, referring
to the bilayer case, when there are only two layers, we do not
impose periodic boundary conditions on the z direction. For
simplicity, again in the M = 2 case, we denote the angles of
the rotators as

Oim=1 =0i,  Oim=2 = ¢i,
with the 6;’s for the first layer (m = 1) and the ¢;’s for the
second layer (m = 2).

In order to get a perfect ferromagnetic state at zero tem-

perature, both J and K must be considered as positive. The
coupling constant J is referring to nearest-neighbor in-layer
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spins (ij). At the same time K describes the interactions
between spins located on nearest-neighboring slabs. In the
limit K — 0, the system is simply made of uncorrelated
layers, each of them showing the usual BKT behavior. In
the opposite case, K — oo, the interaction term constrains
spins on nearest-neighbor layers to have the same orientation,
allowing us to describe the model in terms of an effective
two-dimensional Hamiltonian whose critical temperature will
increase with M, being substantially proportional to M when
K > J. From now on we will express K as well as the tem-
perature (setting kg = 1) in units of J.

Interesting features have been recently highlighted by
Monte Carlo simulations, and further supported by a renor-
malization group analysis, for M =2 and 0 < K < 2.5 in
Ref. [73]. In particular, the in-layer two-point correlations
(cos (6; — 0;)) display the onset of an algebraic behavior at
a lower temperature if compared to the out-of-layer four-point
ones {cos (6; + ¢; — 6; — ¢;)). This brings to the conclusion
of the existence of a quasi-long-range order for pairs of spins
on different layers. Such a phase has been referred to as a
topological BKT-paired phase in [73]. The study of correla-
tions has been of key importance to understand the physics
of a pairing system marked by a continuous symmetry, and
it is very useful to look into its features at and near the
critical points. This has been accomplished extending the
Monte Carlo examination to observable such as, for instance,
the generalized rigidity, also known as the helicity modulus
[78,87], that we are going to discuss in the next section.

III. WORM ALGORITHM FOR MULTILAYER MODELS

To efficiently sample the properties of Hamiltonian (1) we
have made use of the worm algorithm (WA). The algorithm
was originally introduced by Prokof’ev, Svistunov, and Tupit-
syn [88] for quantum systems on a lattice, and then applied
to classical spin models [89] too. Later the WA has been suc-
cessfully extended also to off-lattice boson models [90-93].

In its classical formulation, WA essentially gets rid of the
critical slowing down problem and, at the same time, shows
dynamical exponents which are comparable with those of
the Wolff algorithm [94]. It should be noted that, unlike the
usual cluster methods, WA is based on a completely different
description of the scrutinized system, featuring closed-path
configurations and winding numbers, which are far from the
standard site representation [95]. In this representation, the
partition function can be defined as

Z = Z Wpath» (2)
CP

where the sum in Eq. (2) is taken over the whole space of
closed-path (CP) configurations, while Wy, is the weight of a
specific closed-path configuration. The expectation values for
a generic observable O (e.g., helicity modulus and energy per
spin) likewise reads as

0) = Z Opath Wpath’ 3)

Cp

where Opan in Eq. (3) is the value of the observable over the
specified CP configuration. To perform a proper “importance
sampling” [95], one generates states according to the distribu-
tion ppath = Wyath/Z, choosing Wyun = e P, 8 = 1/T, and
E,an being the energy associated to each CP configuration.

Now we are going to explicitly show how to implement the
WA for the spin system appearing in Hamiltonian (1). For the
sake of simplicity we start by looking at a simple two-layer
setup: M = 2. Then the partition function reads as

— l_[f;lz Zil l—[ BJ cos(0;—0;)

% Heﬁlcos(¢, é;) l_[eﬁKcos(G (15, (4)

60; and ¢; being the spins on the first (m = 1) and on the second
layer (m = 2), respectively.

Accordingly with previous works [89,96,97], we rewrite
Eq. (4) over nearest neighbors as a product over bonds, but in
the present case we must pay attention to separate bonds of
the first layer b, and those of the second b,. Ultimately, the
last product of the partition function involves bonds between
the two layers b,. Furthermore, we Fourier expand the expo-
nentials of the cosines:

B cos0:i—0)) _ Z i (BJ )™ @i=0), 3)
T1p,

Pl cos(@i—¢)) Zlnbz (ﬂ])ei"bz (¢:—¢j)’ (6)
Tp,

PR cosi=d0) — Zlnbz (BK )™= 0= @)

Np,

where Inb BJ), I,,b (BJ), and 1I,, (BK) are modified Bessel
functions of the first kind [98]. Substituting Egs. (5), (6), and
(7) in Eq. (4) and switching the products over bonds with the
respective sum over bond numbers, we finally arrive to the
following equation:

Z=Y 33T, B H i, (B [ [ 1. (BK)
b.

) } oy } {np, ) by
oMo 6i=6;) 1_[ oMy ($i=9;)

l_[/ do; d(bl
27 2w - -
(i, j (i, J)
x l—[ gl =) 8)

The integrals over the angular variables can be computed
through bonds on the whole lattice. A configuration then
is described by simple set of integer numbers ny,, n;,, and
ny,, which are associated to specific links. A typical example
is reported in Fig. 1. As an illustrative example, the fig-
ure shows a system where periodic boundary conditions along
z have been applied only [99]. We can think about the set of
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FIG. 1. Possible choice for bond orientations on the bilayer XY
model lattice. The bond number is considered to be positive if the
motion on the bond goes from left to right and back to front on each
layer, and from bottom to top between the layers.

integers as the number of times one passes over a link while
moving along a path on the lattice. Usually these numbers are
taken positive if the overall motion on the bond goes from
left to right or from top to bottom on the link, otherwise
negative.

To evaluate Eq. (8), we first focus on a single site i whose
contribution to the partition function yields

3 3

/ ?;i 1_[ ei"k(f)i*@{) l—[ eimk(tﬁiﬂm) ei"4(9i*¢i)
T e k=0 k=0
o / da6; i9i(”0+n1*"z*n3+n4)f%ei¢i(mn+"11*m2*m3*n4)

—e
21 21

=46 no+ny+ng; na4n3 ) mo4-my;my+-mz+ng

= Bt S’ ©
One easily realizes that the partition function results in a prod-
uct of delta functions 8, ., one for each of the 2 x L, x L,
spins (hereafter we take L, = L, = L). As a final outcome,
the partition function can be expressed as a sum over the CP
configurations

Z=7) Wdm} B), (10)
CP

where the weight of a single configuration now reads as

Wnp, B) = [, BN [ [ By BN [ 1 BK). (11)
by by b.

The functional form of the weights (11) results adaptable
without any difficulty to a multilayer geometry, as we can
rewrite it, whatever the values of M, as

W), B) = [ [ 1.,(BT). (12)
b

taking into account that the argument of the Bessel function
only changes depending on the interaction 7, on the bond b,
ie., Jp = J if the bond connects sites on the same layer, or
Jp» = K for interlayer bonds.

Regarding the evaluation of the relevant physical estima-
tors (namely energy and helicity modulus), also in this case
we have to operate expressing these observables in terms of

sums over CP. Looking at the total energy we get

187 S Inb(ﬂjh)>7 a3

TZop <Z "1, (BT

b

I, being the first derivative of the modified Bessel functions,
while (...) is a statistical average over the sampled bonds.
The critical properties of the system in Eq. (1) can be
scrutinized by using the generalized elasticity [78] (i.e., the
response of the system to a small distortion) that can be
defined by looking at the dependence of the free energy F
on a proper small twist A = (A,, A, A;) applied between
the boundary spins of the sample. The global minimum of
F (T, A) then corresponds to the limit of zero twist A — 0.
Expanding the free energy around this minimum one obtains

3’F(T, A) A2
AN A 2!

F*F(T, A)
JA+

F(T,A)—F(T,0) =

A4
L (4
A=0 4!

as odd powers of A can not appear in the expansion, being the
sign of A irrelevant for the variation of F' induced by the twist.
The coefficient of the second-order term in the expansion
(14) defines the helicity modulus. The latter is a non-negative
function of T and is going to dominate for small A [78].

As shown in the following, the helicity modulus can be
written in terms of winding numbers [100]. For the sake of
clarity we recall the procedure considering just one layer
connected to the set of bounds {n}; we will see as the
extension to a bilayer or even multilayer geometry is indeed
straightforward. An easy way to impose a twist to a single slab
(uncoupled to the others) is to apply the transformation

l','j'A
(95—9j)—> <9i_9j_ 7 ), (15)

and taking A = (A, Ay, 0), whereas r;; is X or §. The addi-
tional term implies an alteration of the partition function that
affects the Fourier expansion (5) only:

rii-A T
eﬂj cos (Oi_ej_jT) = Z [1 BJ) e~ %A]ei"”l (9"70/’).

nbl
n],l

(16)

Analogous expressions hold for Egs. (6) and (7). At the same
time, W ({np, }, B) changes as

T, A

Wi({ne,}, B, A) = [ [, (BDe™™ 0, (17)

by

where the subscript r;; moves to ry,, consistently with our
description in terms of links. Notice that the terms contain-
ing the angular variable remain unaltered with respect to the
torsionless case. Thus, when computing the partition function,
we still obtain the delta functions 8 ,, ; ,,,, Which control the CP
configurations.
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Taking advantage of the partition function for the single
slab Zg.(A), we obtain
2F(T, A)

A2 A0

T 32Zslab(A)
Zaan(A = 0) A2

Tslab(T) =

A=0
T

=7z 2 1m D

CP b

1 2
e )
by

=
N—

ny (I'b .
1 1
by

(18)

The quantity we are averaging is the square of the winding
number associated to a path on the lattice, computed with
respect to the direction of the twist fi = X (or §):

1
Wa= 1 ban] (ry, - ). (19)

The extension of Eq. (18) to a multilayer system (M > 2)
can be carried out exploiting the linearity of the task of tor-
sion along the principal axes of the structure as described in
Eq. (1). This means that one can define a parallel helicity
modulus,Ttl(ln, which can be sampled as the square of a linear
combination of the winding numbers belonging to each slab,
that is, to each set of bonds {n, }, {1, }...., {np,, }, respectively.
By choosing the same twist for both layers, the parallel stiff-
ness reads as

anerB )

2
= <L2 |:an1(1‘171 n) + anz(rb2 n):| >

by

= T<(Wl,ﬁ +Woa+---+ WM,ﬁ)Z),

(20)

where Wi 4, Wh as..., Wara are the winding numbers of an
M-layered system.

For the sake of completeness, a transverse helicity modulus
can be easily dug out as well. We compute it by applying the
twist in a direction orthogonal to the layers. So setting fi = 2

one gets
1L = <L2 [an] > T(W?). Q21

By all means, Sec. IV presents results only concerning the
longitudinal helicity moduli, that is single slab Y, Eq. (18),
and total parallel Y| , Eq. (20).

The third term of the expansion (14) introduces a fourth-
order modulus, usually denoted as Y4. Again we give a
general expression for the bilayer along X (¥), i.e., TJ and

Z, i.e.,Tj. Either way, we start off from Eq. (14) as follows:

_'F(T, A)
A4

A=0

_ |3 (zy 1z

| z2\aa? ZOA*
A=0
The first term of the second line in Eq. (22) brings us straight
to the helicity modulus. Working out on the last one, we have

(22)

9z 94 ——
rowt = L, (BJy) — —iny T A
aAt A=0 %’: |:1:[ ' aAt l:[e i| A=0
4
1
| Zreeo])
(23)

so that the general formula for the fourth-order modulus along
M layers (h = X, §) reads as
3

Ty = (X = T(Wia + Waa+ -+ Wua)'). 24)
As pointed out in [101] for the single-layer case, the he-
licity modulus has the usual jump to zero at Tggr only if
the fourth-order modulus approaches a nonzero and negative
value around Tgkr.

IV. RESULTS

In this section we aim to present the results of Monte
Carlo simulations of a bilayer, which have been carried out
on Hamiltonian (1) by using the classical WA method for
multilayer systems discussed in Sec. III.

Monte Carlo simulations have been performed for a num-
ber of layers M = 1 and 2, and the properties of the system
have been investigated as the interlayer coupling changes,
by considering K = 0.2, 0.5, 1, 2, 4. Finite-size scaling was
studied taking L between 16 and 128; the statistical errors
of the simulations were evaluated making use of the usual
blocking technique [102].

We first illustrate a general feature of the bilayer structure
such as the total helicity modulus, evaluated when the twist
is applied along the %X or § direction. Figure 2(a) depicts Tml
[see Eq. (20)] as a function of the temperature T for the lattice
sizes L = 16, 32, 64, 128.

For the sake of clarity, in Fig. 2(a) we present the case
for K =2. For T — 0, T”t is going to be equal to K. As
can be observed, Ttol follows the universal scaling behavior
expected for a two-dimensional-like system. In order to have
an estimate of the critical temperature of the bilayer system
with respect to a twist acting on both layers, we assume that
the universal jump is 2/m, according to the classical result
by Nelson and Kosterlitz [11] for the BKT transition. Look-
ing at the intersection of the black line representing (2/7)T
with the simulation data for T” ot(T), we can extrapolate from
Fig. 2(a) the value of a critical temperature, that we denote by
Tpxr(K), to refer that we are mentioning to the response of
the bilayer system as a whole. To determine 7p_gg7(K) in the
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FIG. 2. (a) Helicity modulus (20) versus temperature for the sys-
tem with K = 2 and size L = 16 (black circles), 32 (red squares),
64 (green diamonds) and 128 (blue triangles). Straight line repre-
sents 27 /. (b) Tp_pxr(K) as a function of the parameter K, see
main text.

thermodynamic limit we apply the following relation:

TppxT(K, L) = Tppx(K) + (25)

_a
(In(c2L)]?’

where ¢; and ¢, are constants, while Tp.gxT(K, L) is the es-
timate of the transition temperature for the system having
size L [103]. By using the fitting relation (25), we get Tp_gkr
(K = 2) = 1.52(3); the same analysis has been done for all
the other considered values of K, to get Tp_gk7(K).

The same analysis proposed in Fig. 2(a) and in Eq. (25)
has been carried out also for the other values of the interlayer
coupling constant. Figure 2(b) depicts Tpgkr(K) as a func-
tion of K. By increasing the interlayer coupling the system
enlarges its rigidity along the perpendicular direction to the
planes. Breaking this rigidity requires overcoming stronger
thermal fluctuations, which, as observed in Fig. 2(b), leads
to an increase in Tp.gkt. Therefore, it seems reasonable to
assume that the vortex coupling between layers drives a BKT
critical behavior of the entire system.

0.75

= 05 —
R A
R -
- 7 - g .
R R 2
7 A
/’/ l-.-
Pd R 2
0.25 t'::,: ]
'ﬁ .
E 3
L s, ]
- - - |
O 1 l 1 l 1 l 1 l 1 l 1 l 1
0.75 1 1.25 1.5 1.75 2 225 25
T

FIG. 3. Yy (T) versus temperature for K = 2. L = 16 (black
circles), 32 (red squares), 64 (green diamonds), and 128 (blue trian-
gles). Dashed line representing the line 27 /(w M), M = 2, whereas
the straight one 27 /.

Figure 3 shows the estimator of the single-slab helicity
modulus Yy, Eq. (18), for different L and K = 2. It is
apparent that this quantity does not depend on the system
size from 7' ~ 2.0 onward. Tp_gxr(2) seems to be compatible
with the the crossing point between Y5 (7', L) and the dashed
line shown in Fig. 3. Interestingly, the line is not referring
to the intersection point Y. (7)/T = 2/ but Y. (T)/T =
2/(mM) (here M = 2). In the latter case Y,,(7") displays a
“quasidiscontinuous” behavior which seems to be coherent
with the analysis we provided for Tl‘(‘)t and Tppkr(2). To
wrap up, also taking into account what was discussed above
regarding Fig. 2(b), we can reasonably infer that Tp ggT(K)
signalizes the onset of a quasi-long-range order featuring
a vortex-antivortex coupling between the two layers (BKT-
paired regime).

Ys1ab(T)/T = 2/m is instead found at a lower temperature
with respect to Tp.gkr(2), that is 7y &~ 1.5 (continuous line in
Fig. 3). According to Ref. [11], at T < Ty and L — oo, the
single layer possesses a finite helicity modulus. This corre-
sponds to the presence of an in-layer quasi-long-range order.
We denote the temperature of this second interception point
with Tk (K). It is worthwhile stressing that for 7 < Tyk(K)
the system described by Eq. (1) inherently holds an inter-
layer quasi-long-range order. Therefore, it turns out that for
Tnk(K) < T < Tpgkr(K) the bilayer will maintain a robust
BKT-paired regime, where the appearing of the interlayer
correlations display an algebraic behavior as discussed in
Ref. [73]. Strikingly, in this window of temperatures, Y, (7)
shows no dependence on L, thus excluding the presence of a
universal jump at Tyg and for L — oo, of Y (7) defined
from the response of the system to a torsion acting on the
separated layers. This might be regarded as an indirect es-
timation of the BKT-paired phase boundary, albeit we point
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FIG. 4. Parallel fourth-order modulus for the bilayer XY model
versus the temperature at different values of the interlayer coupling
K = 0.2 (black), 0.5 (red), 1.0 (green), 2.0 (blue), and 4.0 (orange).

out that the extrapolation of Tnk(K) results consistent with
the two-point correlation function findings shown in Ref. [73]
(see the following discussion on Fig. 5 for further details).
Finally, we note that for K — 0, we must have Tyx = Tskr,
consistently with an XY single layer, in which Tggr &~ 0.893
[14,16].

0.5 Il l Il l Il l Il l Il l Il l Il
0 0.5 1 1.5 2 25 3 35

K/T

FIG. 5. Phase diagram of J/T versus K/T. (a) Phase charac-
terized by an algebraic decay of correlations along all directions;
(b) BKT-paired phase; (c) disordered phase. Circles denote Tyk (K)
whereas squares report Tppxr(K) (see main text). Solid lines are
extracted from the data in Fig. 1 of Ref. [73], which were obtained
by considering the behavior of the correlation function at different
temperature and K for L = 64 and up to K/T = 2.5.

The character of the BKT regime at Tppkr(K) can be
verified by considering the parallel fourth-order modulus for
the system as obtained in Eq. (24) and depicted in Fig. 4. The
figure presents simulations for L = 64 for different values of
K. As a general consideration, TJ goes to zero at high temper-
ature and it shows a peculiar dip at temperatures immediately
above Tp gk, that is, corresponding to the region where the
helicity modulus drops to zero. Regarding the bilayer, such
features seem to be confirmed in Fig. 4, where these valleys
are connected to the transition related to Yl‘(‘)t(T). In general
the position of the minimum of the fourth-order modulus
moves towards lower temperatures as L increases (not shown
here). It has been pointed out that for the single layer (K = 0)
the width and depth of the dip decreases as L increases [101].
In particular, for L — oo the depth reaches a nonzero value.

The comparison of Tpgxr(K) and the temperature signal-
izing the in-layer algebraic correlations, Txk (K), is reported in
Fig. 5, where we present a phase diagram of J/T as a function
of K/T . Here Tnk (K) (circles) and Tpgkt(K) (squares) results
are clearly separated. Such a split is even present at small K,
whereas by increasing K the separation gets more and more
robust (see orange area). As a consequence, it seems fair to
associate the Tpgkr to the quasi-long-range order between
layers, regardless the in-layer one. Figure 5 also includes a
comparison with the analysis of correlation functions at dif-
ferent temperatures and interlayer couplings (see black solid
lines) done in Ref. [73]. It is worth noting that the distinction
between algebraic and exponential behavior of the function
was there made by using a purely empirical criteria, rather
than through a finite-size scaling analysis. Starting from the
lower line in Fig. 5, we observe a surprisingly good agreement
with Tp_ g (K) obtained in Eq. (25), considering also the fact
that the data are obtained using two significantly different
Monte Carlo methods.

On this matter, the worm algorithm proves to be more
flexible and easier to use compared to the complexities of the
probability-changing cluster algorithm [103] in investigating
the transition regions. By definition, during the sampling pro-
cedure the worm is able to reach any spin-spin link regardless
their belonging to one plane or the other, and without im-
posing any conditions at all (see Sec. III). As a result, this
methodology can furnish a complete spectrum of the observ-
ables allowing to probe the critical properties related to the
free energy (14).

The upper part of the phase diagram [red region,
T < Tyk(K)] instead identifies the phase featuring algebraic
correlations along all directions. The upper line in Fig. 5 rep-
resents the border that separates exponential from power-law
behavior of the in-layer correlations as obtained in Ref. [73].
The comparison between the results obtained by the correla-
tion function fitting in Ref. [73] and from the analysis carried
out on Ya,(7T') appears to be good overall. However, as pre-
viously observed, the evaluation of Tyk(K) does not rely on
finite-size scaling argument as in the obtained results for the
single slab helicity modulus no apparent size dependence is
observed.

Finally, the lower part of Fig. 5 (yellow region) concerns
the disordered phase of the model. It is worthwhile stressing
that the phase diagram agrees with Ref. [73] where the system
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has been investigated by sampling the in-layer and out-of-
layer correlations.

V. CONCLUSIONS

In this work we investigated the properties of Hamiltonian
(1) by adapting a classical worm algorithm capable of sam-
pling bilayer (or even multilayer) geometries with anisotropic
interactions and spins featuring an O(2) continuum symmetry.
The implemented methodology has proven to be flexible and
stable, especially in sampling helicity modulus and fourth-
order modulus along any needed direction. It turns out that, to
gain a comprehensive understanding of the critical properties
of Hamiltonian (1), it is essential to evaluate these statistical
observables: indeed, they have provided meaningful insights
into the nature of the two critical temperatures shown in Fig. 5.
We defined and studied a total helicity, when the twist is acting
on the whole system [82], and a slab helicity, when the twist
acts on the separate layers. We showed that this distinction
proves to be crucial to characterize the superfluid properties
of the bilayer systems in its phases.

By decreasing T, and for any interlayer coupling con-
sidered, we get first a transition temperature Tpgkr(K),
signalizing the onset of a BKT-like phase. The analysis of
Ttl(ln(T) appears to indicate that the system establish a quasi-
long-range-order between layers (BKT-paired phase). Then,
we spotted a second temperature 7yk (K ), which is given at
the intersection of Yy, and the line 27 /. We can associate
Txk (K) with the temperature that marks the establishment of
an algebraic decay of in-layer correlations.

The findings discussed above look to bear out reason-
ably well with Ref. [73]. In this paper authors provided a
similar phase diagram with respect to the one shown in Fig. 5
by looking at the trend of the correlation functions as well
as employing renormalization group methods. Therefore, by
evaluating measurable physical quantities directly connected
to the BKT transition [including free energy too [see Eq. (14)],
our investigation results are especially relevant since they
quantitatively confirm the existence of a BKT-paired phase.

This preliminary study needs further insights to better char-
acterize the paired phase both for larger system sizes and
with more layers (M > 2), possibly in presence of different
couplings in different layers, and also to provide the neces-
sary support for its experimental verification. For example,
feasible experimental platforms could be found in ultracold
atoms [104], molecular magnets on surfaces [105,106], ultra-
thin films [107], and semiconductor systems [108]. We stress
the point that Tp gt has been located by using as value for
the jump of the total helicity modulus Tt‘(‘)t the same universal
value of the (single-layer) BKT universality class [11], a point
which certainly deserves a further investigation. Similarly, a
full characterization of both transition lines is a very interest-
ing point to be further clarified. Finally, we mention it would
be very interesting to compare the helicity modulus for M
increasing in the multilayer model with the corresponding
results for the 3D layered model.

ACKNOWLEDGMENTS

We acknowledge L. Salasnich for many useful discus-
sions in the initial stage of the work presented in this paper.
Discussions with G. Bighin, N. Defenu, R. Konik, and G.
A. Williams are also gratefully acknowledged. We thank
the High Performance Computing (CHPC) in Cape Town
for providing computational resources (research programme
Grant No. PHYS0892). This work was also supported by
the European Union through the Next Generation EU funds
through the Italian MUR National Recovery and Resilience
Plan, Mission 4 Component 2—-Investment 1.4—National Cen-
ter for HPC, Big Data and Quantum Computing (CUP Grant
No. B83C22002830001). A.C., A.T., and E.C. acknowledge
financial support from PNRR Ministero Universitd e Ricerca
Project No. PE0O000023-NQSTI funded by European Union-
Next-Generation EU. A.T. acknowledges support for the
CNR/MTA Italy-Hungary 2023-2025 Joint Project “Effects
of strong correlations in interacting many-body systems and
quantum circuits”.

[1] J. M. Kosterlitz, Kosterlitz—thouless physics: a review of key
issues, Rep. Prog. Phys. 79, 026001 (2016).

[2] T. Giamarchi, Quantum Physics in One Dimension, Interna-
tional Series of Monographs on Physics (Clarendon, Oxford,
2004).

[3] V. L. Berezinskii, Destruction of long-range order in one-
dimensional and two-dimensional systems possessing a con-
tinuous symmetry group. II. Quantum systems, Zh. Eksp. Teor.
Fiz. 59, 907 (1970) [Sov. Phys. JETP 34, 610 (1972)] .

[4] J. M. Kosterlitz and D. J. Thouless, Ordering, metastability
and phase transitions in two-dimensional systems, J. Phys. C:
Solid State Phys. 6, 1181 (1973).

[5]1 J. M. Kosterlitz, The critical properties of the two-dimensional
xy model, J. Phys. C: Solid State Phys. 7, 1046 (1974).

[6] C. Sciences, Scientific background on the nobel prize in
physics 2016: Topological phase transitions and topological
phases of matter, Not. Am. Math. Soc. 64, 557 (2017).

[7] J. M. Kosterlitz, Nobel lecture: Topological defects and phase
transitions, Rev. Mod. Phys. 89, 040501 (2017).

[8] J. Tobochnik and G. V. Chester, Monte carlo study of the
planar spin model, Phys. Rev. B 20, 3761 (1979).

[9] J. V. José, L. P. Kadanoff, S. Kirkpatrick, and D. R. Nelson,
Renormalization, vortices, and symmetry-breaking perturba-
tions in the two-dimensional planar model, Phys. Rev. B 16,
1217 (1977).

[10] I. Maccari, N. Defenu, L. Benfatto, C. Castellani, and T. Enss,
Interplay of spin waves and vortices in the two-dimensional
XY model at small vortex-core energy, Phys. Rev. B 102,
104505 (2020).

[11] D. R. Nelson and J. M. Kosterlitz, Universal jump in the
superfluid density of two-dimensional superfluids, Phys. Rev.
Lett. 39, 1201 (1977).

[12] N. V. Prokof’ev and B. V. Svistunov, Two definitions of super-
fluid density, Phys. Rev. B 61, 11282 (2000).

094415-8


https://doi.org/10.1088/0034-4885/79/2/026001
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1088/0022-3719/7/6/005
https://doi.org/10.1090/noti1537
https://doi.org/10.1103/RevModPhys.89.040501
https://doi.org/10.1103/PhysRevB.20.3761
https://doi.org/10.1103/PhysRevB.16.1217
https://doi.org/10.1103/PhysRevB.102.104505
https://doi.org/10.1103/PhysRevLett.39.1201
https://doi.org/10.1103/PhysRevB.61.11282

HELICITY MODULUS IN THE BILAYER XY MODEL BY ...

PHYSICAL REVIEW B 111, 094415 (2025)

[13] E. Simanek, Inhomogeneous Superconductors: Granular and
Quantum Effects, International Series of Monographs on
Physics (Oxford University Press, New York, 1994).

[14] R. Gupta, J. DeLapp, G. G. Batrouni, G. C. Fox, C. F. Baillie,
and J. Apostolakis, Phase transition in the 2D XY model, Phys.
Rev. Lett. 61, 1996 (1988).

[15] N. Prokof’ev and B. Svistunov, Worm algorithm for problems
of quantum and classical statistics, in Understanding Quantum
Phase Transitions, edited by L. D. Carr (Taylor & Francis,
2010), Chap. 29, pp. 447-456.

[16] Y. Komura and Y. Okabe, Large-scale Monte Carlo simulation
of two-dimensional classical XY model using multiple GPUs,
J. Phys. Soc. Jpn. 81, 113001 (2012).

[17] B. Svistunov, E. Babaev, and N. Prokof’ev, Superfluid States
of Matter (CRC Press, Boca Raton, FL, 2015).

[18] Y. Honda and T. Horiguchi, Density-matrix renormalization
group for the Berezinskii-Kosterlitz-Thouless transition of the
19-vertex model, Phys. Rev. E 56, 3920 (1997).

[19] T. D. Kiihner, S. R. White, and H. Monien, One-dimensional
Bose-Hubbard model with nearest-neighbor interaction, Phys.
Rev. B 61, 12474 (2000).

[20] J. F. Yu, Z. Y. Xie, Y. Meurice, Y. Liu, A. Denbleyker, H.
Zou, M. P. Qin, J. Chen, and T. Xiang, Tensor renormalization
group study of classical XY model on the square lattice, Phys.
Rev. E 89, 013308 (2014).

[21] C. Chatelain, DMRG study of the Berezinskii—Kosterlitz—
Thouless transitions of the 2D five-state clock model, J. Stat.
Mech. (2014) P11022.

[22] M. Griter and C. Wetterich, Kosterlitz-Thouless phase transi-
tion in the two dimensional linear & model, Phys. Rev. Lett.
75, 378 (1995).

[23] S. Nagy, I. Nandori, J. Polonyi, and K. Sailer, Functional
renormalization group approach to the Sine-Gordon model,
Phys. Rev. Lett. 102, 241603 (2009).

[24] P. Jakubczyk, N. Dupuis, and B. Delamotte, Reexamina-
tion of the nonperturbative renormalization-group approach to
the Kosterlitz-Thouless transition, Phys. Rev. E 90, 062105
(2014).

[25] N. Defenu, A. Trombettoni, I. Nandori, and T. Enss, Non-
perturbative renormalization group treatment of amplitude
fluctuations for |¢|* topological phase transitions, Phys. Rev.
B 96, 174505 (2017).

[26] V. L. Pokrovskii and G. V. Uimin, Magnetic properties of plane
and layer systems, Zh. Eksp. Teor. Fiz. 65, 1691 (1973) [Sov.
Phys. JETP 38, 847 (1974)].

[27] A. S. T. Pires, Low-temperature thermodynamic study of the
XY model using a self-consistent harmonic approximation,
Phys. Rev. B 53, 235 (1996).

[28] A. Cuccoli, A. Fubini, V. Tognetti, and R. Vaia, Quan-
tum effects on the BKT phase transition of two-dimensional
Josephson arrays, Phys. Rev. B 61, 11289 (2000).

[29] G. Giachetti, N. Defenu, S. Ruffo, and A. Trombettoni, Self-
consistent harmonic approximation in presence of non-local
couplings®™, Europhys. Lett. 133, 57004 (2021).

[30] D. J. Amit, Y. Y. Goldschmidt, and S. Grinstein, Renormalisa-
tion group analysis of the phase transition in the 2D Coulomb
gas, Sine-Gordon theory and XY-model, J. Phys. A: Math.
Gen. 13, 585 (1980).

[31] 1. Néndori, J. Polonyi, and K. Sailer, Renormalization of peri-
odic potentials, Phys. Rev. D 63, 045022 (2001).

[32] C. Mudry, Lecture Notes on Field Theory in Condensed Matter
Physics (World Scientific, Singapore, 2014).

[33] J. Villain, Theory of one- and two-dimensional magnets with
an easy magnetization plane. II. The planar, classical, two-
dimensional magnet, J. Phys. 36, 581 (1975).

[34] P. Minnhagen, The two-dimensional Coulomb gas, vortex
unbinding, and superfluid-superconducting films, Rev. Mod.
Phys. 59, 1001 (1987).

[35] M. Malard, Sine-Gordon model: Renormalization group solu-
tion and applications, Braz. J. Phys. 43, 182 (2013).

[36] G. Mussardo, Statistical Field Theory: An Introduction to
Exactly Solved Models in Statistical Physics,1st ed. Oxford
Graduate Texts (Oxford University Press, New York, 2010).

[37] R. S. Fishman and D. Stroud, Superconducting arrays in
a magnetic field: Quantum effects, Phys. Rev. B 35, 1676
(1987).

[38] L. Benfatto, C. Castellani, and T. Giamarchi, Sine-Gordon
description of Beresinskii-Kosterlitz-Thouless vortices in su-
perconductors immersed in an external magnetic field, Phys.
Rev. Lett. 99, 207002 (2007).

[39] D. Giuliano, P. H. Nguyen, A. Nava, and M. Boninsegni,
Uniaxial modulation and the Berezinskii-Kosterlitz-Thouless
transition, Phys. Rev. B 107, 195439 (2023).

[40] G. Giachetti, N. Defenu, S. Ruffo, and A. Trombettoni,
Berezinskii-Kosterlitz-Thouless phase transitions with long-
range couplings, Phys. Rev. Lett. 127, 156801 (2021).

[41] G. Giachetti, A. Trombettoni, S. Ruffo, and N. Defenu,
Berezinskii-Kosterlitz-Thouless transitions in classical and
quantum long-range systems, Phys. Rev. B 106, 014106
(2022).

[42] G. Giachetti, N. Defenu, S. Ruffo, and A. Trombettoni, Villain
model with long-range couplings, J. High Energy Phys. 02
(2023) 238.

[43] N. Defenu, T. Donner, T. Macri, G. Pagano, S. Ruffo, and A.
Trombettoni, Long-range interacting quantum systems, Rev.
Mod. Phys. 95, 035002 (2023).

[44] B. Sbierski, M. Bintz, S. Chatterjee, M. Schuler, N. Y. Yao,
and L. Pollet, Magnetism in the two-dimensional dipolar XY
model, Phys. Rev. B 109, 144411 (2024).

[45] Z. Gulacsi and M. Gulécsi, Theory of phase transitions in two-
dimensional systems, Adv. Phys. 47, 1 (1998).

[46] P. Martinoli and C. Leemann, Two dimensional Josephson
junction arrays, J. Low Temp. Phys. 118, 699 (2000).

[47] V. Drouin-Touchette, The Kosterlitz-Thouless phase
transition: an introduction for the intrepid student,
arXiv:2207.13748.

[48] R. Fazio and H. van der Zant, Quantum phase transitions and
vortex dynamics in superconducting networks, Phys. Rep. 355,
235 (2001).

[49] S. Sachdev, Quantum Phase Transitions, 2nd ed. (Cambridge
University Press, Cambridge, 2011).

[50] C. Bruder, R. Fazio, A. Kampf, A. van Otterlo, and G. Schon,
Quantum phase transitions and commensurability in frustrated
Josephson junction arrays, Phys. Scr. T42, 159 (1992).

[51] G. Grignani, A. Mattoni, P. Sodano, and A. Trombettoni,
Mean-field theory for Josephson junction arrays with charge
frustration, Phys. Rev. B 61, 11676 (2000).

[52] R. S. Fishman and D. Stroud, Effect of long-range Coulomb
interactions on the superconducting transition in Josephson-
junction arrays, Phys. Rev. B 37, 1499 (1988).

094415-9


https://doi.org/10.1103/PhysRevLett.61.1996
https://doi.org/10.1143/JPSJ.81.113001
https://doi.org/10.1103/PhysRevE.56.3920
https://doi.org/10.1103/PhysRevB.61.12474
https://doi.org/10.1103/PhysRevE.89.013308
https://doi.org/10.1088/1742-5468/2014/11/P11022
https://doi.org/10.1103/PhysRevLett.75.378
https://doi.org/10.1103/PhysRevLett.102.241603
https://doi.org/10.1103/PhysRevE.90.062105
https://doi.org/10.1103/PhysRevB.96.174505
https://doi.org/10.1103/PhysRevB.53.235
https://doi.org/10.1103/PhysRevB.61.11289
https://doi.org/10.1209/0295-5075/133/57004
https://doi.org/10.1088/0305-4470/13/2/024
https://doi.org/10.1103/PhysRevD.63.045022
https://doi.org/10.1051/jphys:01975003606058100
https://doi.org/10.1103/RevModPhys.59.1001
https://doi.org/10.1007/s13538-013-0123-4
https://doi.org/10.1103/PhysRevB.35.1676
https://doi.org/10.1103/PhysRevLett.99.207002
https://doi.org/10.1103/PhysRevB.107.195439
https://doi.org/10.1103/PhysRevLett.127.156801
https://doi.org/10.1103/PhysRevB.106.014106
https://doi.org/10.1007/JHEP02(2023)238
https://doi.org/10.1103/RevModPhys.95.035002
https://doi.org/10.1103/PhysRevB.109.144411
https://doi.org/10.1080/000187398243564
https://doi.org/10.1023/A:1004651730459
https://arxiv.org/abs/2207.13748
https://doi.org/10.1016/S0370-1573(01)00022-9
https://doi.org/10.1088/0031-8949/1992/T42/028
https://doi.org/10.1103/PhysRevB.61.11676
https://doi.org/10.1103/PhysRevB.37.1499

A. MASINI et al.

PHYSICAL REVIEW B 111, 094415 (2025)

[53] A. van Otterlo, K.-H. Wagenblast, R. Baltin, C. Bruder, R.
Fazio, and G. Schon, Quantum phase transitions of interacting
Bosons and the supersolid phase, Phys. Rev. B 52, 16176
(1995).

[54] L. Capriotti, A. Cuccoli, A. Fubini, V. Tognetti, and R. Vaia,
Reentrant behavior of the phase stiffness in Josephson junction
arrays, Phys. Rev. Lett. 91, 247004 (2003).

[55] A. Cuccoli, T. Roscilde, R. Vaia, and P. Verrucchi, Detection of
XY behavior in weakly anisotropic quantum antiferromagnets
on the square lattice, Phys. Rev. Lett. 90, 167205 (2003).

[56] A. Cuccoli, T. Roscilde, V. Tognetti, R. Vaia, and P. Verrucchi,

Quantum Monte Carlo study of s = % weakly anisotropic
antiferromagnets on the square lattice, Phys. Rev. B 67,
104414 (2003).

[57] A. Cuccoli, T. Roscilde, R. Vaia, and P. Verrucchi, Field-
induced XY behavior in the s = % antiferromagnet on the
square lattice, Phys. Rev. B 68, 060402(R) (2003).

[58] Y. Kohama, M. Jaime, O. E. Ayala-Valenzuela, R. D.
McDonald, E. D. Mun, J. F. Corbey, and J. L. Manson,
Field-induced XY and Ising ground states in a quasi-two-
dimensional s = % Heisenberg antiferromagnet, Phys. Rev. B
84, 184402 (2011).

[59] S. Eggert, O. F. Syljuasen, F. Anfuso, and M. Andres,
Universal alternating order around impurities in antiferromag-
nets, Phys. Rev. Lett. 99, 097204 (2007).

[60] A. Cuccoli and R. Vaia, Exotic vortex effect on the alternating
order around impurities in two-dimensional antiferromagnets,
J. Appl. Phys. 105, 07E104 (2009).

[61] A. Cuccoli and R. Vaia, Vortex contribution to the defect-
induced alternating magnetization in 2D antiferromagnets,
J. Phys.: Conf. Ser. 200, 022003 (2010).

[62] W. Lawrence and S. Doniach, Theory of layer-structure su-
perconductors, in Proceedings of the Twelfth International
Conference on Low Temperature Physics, edited by E. Kanda
(Keigaku Publishing Co., Tokyo, 1971), pp. 361-3622.

[63] T. Schneider and J. Singer, Phase Transition Approach to
High Temperature Superconductivity: Universal Properties of
Cuprate Superconductors (Imperial College Press, London,
2000).

[64] M. lazzi, S. Fantoni, and A. Trombettoni, Anisotropic
Ginzburg-Landau and Lawrence-Doniach models for layered
ultracold Fermi gases, Europhys. Lett. 100, 36007 (2012).

[65] A. Rangon and N. Dupuis, Kosterlitz-Thouless signatures in
the low-temperature phase of layered three-dimensional sys-
tems, Phys. Rev. B 96, 214512 (2017).

[66] T. Peppler, P. Dyke, M. Zamorano, I. Herrera, S. Hoinka, and
C. J. Vale, Quantum anomaly and 2D-3D crossover in strongly
interacting Fermi gases, Phys. Rev. Lett. 121, 120402 (2018).

[67] J. Guo, Y. Zhou, C. Huang, S. Cai, Y. Sheng, G. Gu, C. Yang,
G.Lin, K. Yang, A. Li, Q. Wu, T. Xiang, and L. Sun, Crossover
from two-dimensional to three-dimensional superconducting
states in bismuth-based cuprate superconductor, Nat. Phys. 16,
295 (2020).

[68] M. Tinkham, Introduction to Superconductivity, 2nd ed.
(Dover, New York, 2004).

[69] V. Kotsubo and G. A. Williams, Dimensionality of the super-
fluid transition in “He films adsorbed on 500-A Al,O; powder,
Phys. Rev. B 28, 440 (1983).

[70] F. Gallet and G. A. Williams, Superfluid transition of *He films
adsorbed on multiply connected surfaces, Phys. Rev. B 39,
4673 (1989).

[71] N. Parga and J. Van Himbergen, Critical behavior of the dou-
ble layer classical XY-model, Solid State Commun. 35, 607
(1980).

[72] 1. M. Jiang, T. Stoebe, and C. C. Huang, Monte Carlo studies
of helicity modulus and heat capacity of a coupled XY model
in two dimensions, Phys. Rev. Lett. 76, 2910 (1996).

[73] G. Bighin, N. Defenu, I. Nandori, L. Salasnich, and A.
Trombettoni, Berezinskii-Kosterlitz-Thouless paired phase in
coupled XY models, Phys. Rev. Lett. 123, 100601 (2019).

[74] E-F. Song and G.-M. Zhang, Phase coherence of pairs of
Cooper pairs as quasi-long-range order of half-vortex pairs in a
two-dimensional bilayer system, Phys. Rev. Lett. 128, 195301
(2022).

[75]1 S. R. Shenoy and B. Chattopadhyay, Anisotropic three-
dimensional XY model and vortex-loop scaling, Phys. Rev. B
51,9129 (1995).

[76] G. A. Williams, Vortex-ring model of the superfluid A transi-
tion, Phys. Rev. Lett. 59, 1926 (1987).

[77] S. R. Shenoy, Vortex-loop scaling in the three-dimensional XY
ferromagnet, Phys. Rev. B 40, 5056 (1989).

[78] P. M. Chaikin and T. C. Lubensky, Principles of Condensed
Matter Physics (Cambridge University Press, Cambridge,
1995).

[79] J. E. Van Himbergen and S. Chakravarty, Helicity modulus and
specific heat of classical XY model in two dimensions, Phys.
Rev. B 23, 359 (1981).

[80] P. Olsson and P. Minnhagen, On the helicity modulus, the
critical temperature and Monte Carlo simulations for the two-
dimensional XY-model, Phys. Scr. 43, 203 (1991).

[81] K. Harada and N. Kawashima, Universal jump in the helicity
modulus of the two-dimensional quantum XY model, Phys.
Rev. B 55, R11949 (1997).

[82] M. E. Fisher, M. N. Barber, and D. Jasnow, Helicity modulus,
superfluidity, and scaling in isotropic systems, Phys. Rev. A 8,
1111 (1973).

[83] C. N. Yang, Concept of off-diagonal long-range order and the
quantum phases of liquid He and of superconductors, Rev.
Mod. Phys. 34, 694 (1962).

[84] H. H. Weitering and J. Z. Wu, Superconductivity: how the un-
conventional became the new norm, Supercond. Sci. Technol.
30, 040301 (2017).

[85] P. Taborek, Thin films of quantum fluids: History, phase
transitions, and wetting, J. Low Temp. Phys. 201, 585
(2020).

[86] Y. Ren, Z. Qiao, and Q. Niu, Topological phases in two-
dimensional materials: a review, Rep. Prog. Phys. 79, 066501
(2016).

[87] F. Cinti, A. Cuccoli, and A. Rettori, Vector chiral spin liquid
phase in quasi-one-dimensional incommensurate helimagnets,
Phys. Rev. B 83, 174415 (2011).

[88] N. V Prokof’ev, B. Svistunov, and I. Tupitsyn, “Worm” algo-
rithm in quantum Monte Carlo simulations, Phys. Lett. A 238,
253 (1998).

[89] N. Prokof’ev and B. Svistunov, Worm algorithms for classical
statistical models, Phys. Rev. Lett. 87, 160601 (2001).

094415-10


https://doi.org/10.1103/PhysRevB.52.16176
https://doi.org/10.1103/PhysRevLett.91.247004
https://doi.org/10.1103/PhysRevLett.90.167205
https://doi.org/10.1103/PhysRevB.67.104414
https://doi.org/10.1103/PhysRevB.68.060402
https://doi.org/10.1103/PhysRevB.84.184402
https://doi.org/10.1103/PhysRevLett.99.097204
https://doi.org/10.1063/1.3056158
https://doi.org/10.1088/1742-6596/200/2/022003
https://doi.org/10.1209/0295-5075/100/36007
https://doi.org/10.1103/PhysRevB.96.214512
https://doi.org/10.1103/PhysRevLett.121.120402
https://doi.org/10.1038/s41567-019-0740-0
https://doi.org/10.1103/PhysRevB.28.440
https://doi.org/10.1103/PhysRevB.39.4673
https://doi.org/10.1016/0038-1098(80)90592-X
https://doi.org/10.1103/PhysRevLett.76.2910
https://doi.org/10.1103/PhysRevLett.123.100601
https://doi.org/10.1103/PhysRevLett.128.195301
https://doi.org/10.1103/PhysRevB.51.9129
https://doi.org/10.1103/PhysRevLett.59.1926
https://doi.org/10.1103/PhysRevB.40.5056
https://doi.org/10.1103/PhysRevB.23.359
https://doi.org/10.1088/0031-8949/43/2/016
https://doi.org/10.1103/PhysRevB.55.R11949
https://doi.org/10.1103/PhysRevA.8.1111
https://doi.org/10.1103/RevModPhys.34.694
https://doi.org/10.1088/1361-6668/aa5c49
https://doi.org/10.1007/s10909-020-02421-6
https://doi.org/10.1088/0034-4885/79/6/066501
https://doi.org/10.1103/PhysRevB.83.174415
https://doi.org/10.1016/S0375-9601(97)00957-2
https://doi.org/10.1103/PhysRevLett.87.160601

HELICITY MODULUS IN THE BILAYER XY MODEL BY ...

PHYSICAL REVIEW B 111, 094415 (2025)

[90] M. Boninsegni, N. Prokof’ev, and B. Svistunov, Worm
algorithm for continuous-space path integral Monte Carlo sim-
ulations, Phys. Rev. Lett. 96, 070601 (2006).

[91] F. Cinti, P. Jain, M. Boninsegni, A. Micheli, P. Zoller, and G.
Pupillo, Supersolid droplet crystal in a dipole-blockaded gas,
Phys. Rev. Lett. 105, 135301 (2010).

[92] M. Ciardi, F. Cinti, G. Pellicane, and S. Prestipino, Supersolid
phases of bosonic particles in a bubble trap, Phys. Rev. Lett.
132, 026001 (2024).

[93] M. Ciardi, T. Macri, and F. Cinti, Finite-temperature phases of
trapped bosons in a two-dimensional quasiperiodic potential,
Phys. Rev. A 105, L011301 (2022).

[94] U. Wolft, Collective Monte Carlo updating for spin systems,
Phys. Rev. Lett. 62, 361 (1989).

[95] D. P. Landau and K. Binder, A Guide to Monte Carlo Simu-
lations in Statistical Physics, 2nd ed. (Cambridge University
Press, Cambridge, 2005).

[96] P. H. Nguyen and M. Boninsegni, Superfluid transition and
specific heat of the 2D x-y model: Monte Carlo simulation,
Appl. Sci. 11, 4931 (2021).

[97] W. Xu, Y. Sun, J.-P. Lv, and Y. Deng, High-precision Monte
Carlo study of several models in the three-dimensional U(1)
universality class, Phys. Rev. B 100, 064525 (2019).

[98] K. F. Riley, M. P. Hobson, and S. J. Bence, Mathematical
Methods for Physics and Engineering (Cambridge University
Press, Cambridge, 2006).

[99] A. Masini (unpublished), available upon request.

[100] E. L. Pollock and D. M. Ceperley, Path-integral computation
of superfluid densities, Phys. Rev. B 36, 8343 (1987).

[101] P. Minnhagen and B. J. Kim, Direct evidence of the discontin-
uous character of the Kosterlitz-Thouless jump, Phys. Rev. B
67, 172509 (2003).

[102] M. Newman and G. Barkema, Monte Carlo Methods in Statis-
tical Physics (Clarendon, Oxford, 1999).

[103] Y. Tomita and Y. Okabe, Probability-changing cluster algo-
rithm for two-dimensional XY and clock models, Phys. Rev.
B 65, 184405 (2002).

[104] F. Cinti, D.-W. Wang, and M. Boninsegni, Phases of dipolar
bosons in a bilayer geometry, Phys. Rev. A 95, 023622 (2017).

[105] M. Briganti and F. Totti, Molecular magnets on surfaces: In
silico recipes for a successful marriage, Computational Mod-
elling of Molecular Nanomagnets (Springer, Cham, 2023),
pp- 395-444.

[106] A. Lunghi, M. lannuzzi, R. Sessoli, and F. Totti, Single
molecule magnets grafted on gold: magnetic properties from
ab initio molecular dynamics, J. Mater. Chem. C 3, 7294
(2015).

[107] E. Cinti, A. Cuccoli, and A. Rettori, Monte Carlo simulations
of rare-earth holmium ultrathin films, Phys. Rev. B 79, 134420
(2009).

[108] M. Karalic, A. gtrkalj, M. Masseroni, W. Chen, C. Mittag,
T. Tschirky, W. Wegscheider, T. Ihn, K. Ensslin, and O.
Zilberberg, Electron-hole interference in an inverted-band
semiconductor bilayer, Phys. Rev. X 10, 031007 (2020).

094415-11


https://doi.org/10.1103/PhysRevLett.96.070601
https://doi.org/10.1103/PhysRevLett.105.135301
https://doi.org/10.1103/PhysRevLett.132.026001
https://doi.org/10.1103/PhysRevA.105.L011301
https://doi.org/10.1103/PhysRevLett.62.361
https://doi.org/10.3390/app11114931
https://doi.org/10.1103/PhysRevB.100.064525
https://doi.org/10.1103/PhysRevB.36.8343
https://doi.org/10.1103/PhysRevB.67.172509
https://doi.org/10.1103/PhysRevB.65.184405
https://doi.org/10.1103/PhysRevA.95.023622
https://doi.org/10.1039/C5TC00394F
https://doi.org/10.1103/PhysRevB.79.134420
https://doi.org/10.1103/PhysRevX.10.031007

