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Interlayer excitons in double-layer transition metal dichalcogenide quantum dots
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Various properties of interlayer excitons in double-layer transition metal dichalcogenide quantum dots are
analyzed using a low-energy effective Hamiltonian with Coulomb interaction. We analytically solve the single-
particle Hamiltonian with and without a magnetic field, then present the electron-hole pairing features of
interlayer excitons by employing the exact-diagonalization technique, where the electron and hole are located in
two layers, respectively. In a magnetic field, the Landau-level gap, as well as the electron-hole separation of an
exciton, varies nonmonotonously as the interlayer distance increases, which is attributed to the pseudo-spin-orbit
coupling that also leads to the emergence of topological nontrivial pseudospin textures in the exciton states. We
examine the influence of different materials in quantum dots stacking on the exciton states, comparing their
impact to variations in layer distances and quantum dot sizes. We further explore two interacting interlayer
excitons numerically. The binding energy is significantly enhanced by the exchange interaction when the two
electrons have different spins. The optical absorption spectra from the ground state to low-lying excited states
reveal distinct behaviors for different interlayer excitons, which can be utilized to distinguish the spin of electrons
in excitons. Our results highlight the potential for controlling interlayer excitons and applications of optical
devices in a magnetic field and tunable layer distance.
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I. INTRODUCTION

Interlayer excitons form when an electron and a hole with
strong mutual Coulomb interaction are localized in differ-
ent monolayers. Recently, this emerging phenomenon has
received increasing attention, prompting extensive theoretical
and experimental studies, particularly within transition metal
dichalcogenides (TMDs) [1,2]. TMDs are a novel family of
two-dimensional (2D) materials with unique optoelectronic
properties and are highly useful in various fields, including
optoelectronic device, energy, and medical applications [3,4].
These materials, described by the formula M X, (M = Mo, W
and X = S, Se) [5], are distinguished from graphene by their
strong spin-orbit couplings (SOCs) originating from heavy
transition metal atoms [6,7]. In contrast to their bulk counter-
parts, monolayer TMDs have a direct band gap of about 2 eV,
making them attractive for optical studies and applications.
Most heterostructures exhibit a type-II band alignment un-
der specific conditions, where the conduction band minimum
(CBM) and valence band maximum (VBM) lie in different
layers [8—10]. Alternatively, voltage modulation can also be
used to form the type-II band alignment [11,12]. These het-
erostructures facilitate the formation of interlayer excitons and
provide a versatile platform for exploring correlated electronic
states, paving the way for novel optical and electronic phe-
nomena [13]. Recent works on interlayer excitons in TMDs
have revealed different behavior from intralayer excitons, par-
ticularly that the lifetime of an interlayer exciton can be up
to two orders of magnitude longer than that of an intralayer
exciton [14-18].
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Excitons in bilayer two-dimensional electron systems have,
of late, garnered significant interest, which supports supercur-
rent, excitonic superfluidity, novel crystal phases, interlayer
exciton polarons, etc. [19-24]. The heterostructures, includ-
ing both homobilayers (made from the same TMDs) and
heterobilayers (made from different TMDs) [25], and hybrid
heterostructures combining perovskite and TMDs have been
recently fabricated [26-28]. These stacking structures have
been extensively researched for their optoelectronic properties
and applications, which underscores the primary focus of our
study.

The confined nanostructures such as quantum dots (QDs)
and quantum rings based on semiconductor heterostructures
were extensively investigated and were also utilized in op-
tical devices [29-32]. The optical absorption spectra in a
parabolic QD, first studied theoretically in Ref. [33], were
in excellent agreement with the observed low-energy emis-
sion lines in a subsequent experiment [34]. Theories and
experiments on electrons in elliptical and circular QDs have
displayed fascinating optical and transport properties influ-
enced by confinement effects, focusing on both single-particle
and few-body systems. Numerous studies on graphene and
TMDs demonstrate various techniques for implementing QDs
in 2D materials, which paves the way for exploring and ap-
plying these artificial atoms with novel electronic and optical
properties [32,35-41], in comparison to the QDs in con-
ventional semiconductors. Electrons trapped in bilayer and
trilayer graphene QDs have been studied numerically by us-
ing the finite-element method, where interlayer coupling is
considered [36,42]. The QD located in a monolayer TMD
nanoflake can also be experimentally achieved and are the-
oretically studied [43—-49].
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Motivated by the vast application potential of TMDs, in
the present work, we explore interlayer excitons by construct-
ing a double QD structure based on TMDs, where electrons
and holes are located in different layers. Between the two
layers, aside from the Coulomb interactions, the particle hop-
ping across different layers is disregarded. The distance of
the two layers and an external magnetic field is externally
adjustable. We investigate how the layer distance and the
magnetic field influence the properties of interlayer excitons
within the double-layer QDs. Recent studies of TMDs under
out-of-plane magnetic fields of up to 31 T highlight their
impact on exciton behaviors [50]. Our device based on TMDs
would be ideal for studying its optical and transport prop-
erties. This system with strong Coulomb interactions is also
promising for studying electron-hole pairing and enhancing
the understanding of correlated electronic states [51,52].

The manuscript is organized as follows. In Sec. II, we
present our model for electron-hole pairs in double TMD
QDs, including the Hamiltonian formalism and a review of
single-particle solutions within the TMD QDs. We then intro-
duce the interlayer Coulomb interaction matrix elements used
for the numerical analyses. To streamline the discussion, we
address the Coulomb interaction matrix elements separately
in the absence and presence of an external magnetic field. In
Sec. III, we employ the exact-diagonalization (ED) techniques
to calculate the ground-state and low-lying excited energies,
electron-hole separation, and optical absorption strengths of
interlayer excitons for double TMD QDs. Additionally, the
discussion encompasses the topological properties of an inter-
layer exciton. In Sec. I'V, the results of biexciton are discussed,
where the exciton-exciton interaction plays an important role.
In Sec. V, we present a summary and outlook on the exciton
features.

II. MODEL HAMILTONIAN

In our model, two monolayer TMDs are positioned in the
upper and lower planes, respectively, and are separated by
a hexagonal boron nitride (hBN) substrate [16,53]. For each
TMD layer, the single-particle behavior in the vicinity of
the K/K' points is described by the widely adopted gapped
Dirac Hamiltonian, especially in the low-energy region [6,7].
This study focuses on the impact of Coulomb interactions
on exciton formation within the QDs. Recent studies employ
the periodic moiré potential in moiré superlattices to form
quantum dot arrays [35,51,54]. However, we construct a dou-
ble QD structure confining electrons and holes in different
monolayers, respectively, by using an infinite potential with-
out twist. The advantage of our approach is that it allows for
convenient transport measurements and the study of optical
properties with minimal interference. In this work, we focus
on interlayer excitons with long-range Coulomb interaction
and ignore hopping between the layers given that the dis-
tance of the two layers is relatively large. The conduction
and valence bands thus remain approximately unchanged. The
system is described by the Hamiltonian

H :HE+HI’1 +Heh +Hee +Hhh7 (l)

where H, and H;, respectively, correspond to the single-
particle Hamiltonian in the upper and lower layer QDs, H,;,

is the Coulomb interaction between the electron and the
hole located in different layers, H,, describes the intralayer
electron-electron interaction, and Hpy, is the intralayer hole-
hole interaction. Without loss of generality, we suppose that
electrons are in the upper QD and holes are located in the
lower QD.

The Hamiltonian of the single particle in a TMD QD is

HC = %HT + %Uz + %(1 - az) + V(I'C)O'Z, (2)
where ¢ = e, h denotes the index of the electron or hole layer,
a; is the lattice constant of the TMDs of the layer, #, is the
hopping parameter, T is the valley index that is &1 for the
K and K’ valley, respectively, o, is a Pauli matrix represent-
ing the sublattice pseudospin, H; = t0,(px + eAy) + o,(py +
eAy) with vector potential A = (A,, A;) in a perpendicular
magnetic field represents the sublattice pseudo-SOC, A is the
energy gap between the valence and conduction bands, X is
a constant coupling the spin and valley, s = +1 represents
spin up and spin down acting as a good quantum number,
respectively, and r,¢,) are the position vectors in different
layers. Given that the Fermi velocity #, can be different in
different bands, the effective masses of the electron and the
hole could be different. The small spin-splitting energy and
the Zeeman term are not explicitly shown in Eq. (2) since it is
not related to the binding energy of an exciton.

The QD can be produced by cutting a monolayer TMD
nanoflake of radius R or lateral confinement potential on an
extended monolayer [43—47]. Then we adopt the infinite mass
boundary [55] for the QD,

0, r <R
oo, r >R,

Vi(r)= { 3
which allows us to obtain exact solutions of single-particle
wave functions. To solve the many-particle system, we should
first establish the single-particle eigenstates of the nonin-
teracting Hamiltonian as the basis. The solutions of the
single-particle Hamiltonian are given in the following.

A. Wave functions without a magnetic field

In the absence of a magnetic field, the wave function is
an eigenstate of the total angular momentum operator Jio; =
L+t ﬁT" since it commutes with the Hamiltonian [Jio, H; ] =
0, where L, = xp, — yp, is the z component of the angular
momentum. Given that the spin is a good quantum number,
we start from the eigenvalue equation H, ¥, = E; W, for spin
s in polar coordinate (r, ) with the wave function being a two-
component spinor. Consider that in either the upper or lower
layer, the eigenvalues equations are the same in form. We drop
the layer index in this section, unless otherwise specified. The
wave function should be labeled by four indices, i.e., principal
quantum number n, angular momentum j, valley 7, and spin
s. For simplicity, the wave function spinor, without the four
indices, can be written as

“

¥ (r,6) = <ei(j_;)0)(l(”)>

i€’V 29y, (r)

where the total angular momentum quantum number j =
m+ 5 with orbital angular momentum quantum number
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m=0,x1,+£2,...,while x;(r) and x,(r) are the radial wave
functions that are the envelope functions containing the princi-
pal quantum number n. The eigenstate problem can be written
as two coupled differential equations for the two spinor com-

ponents,
3 A
xa(r) == +Ej)x@). ©)

m(
i—3 A
at| TV, — - x1(r) = )»‘L'S—E—Ej x2(r), (6)

where E; is the eigenenergy with total angular momentum
quantum number j. Following a series of mathematical steps
(see Appendix B for detailed derivations), we obtain the
single-particle wave function,

w—N(el(j_)e % ~/_QJ<J>(x/_r)) ©)
iel(1+7)9QJ(j+%)(\/K_jr) ’

where N is the normalization coefficient, J is a Bessel function
of the first kind, and we define k; = (2E; — A)Q2E; + A —
2tsA)/4a*t?. Here, o assumes distinct values corresponding
to the various angular momentum quantum states. The infinite
mass boundary condition implies that the eigenvalue equa-
tions satisfy

x2(R) = it x1(R) ®)

at the border of the QD [55-59]. Through numerical solutions
of the boundary condition in Eq. (8), one can determine a
series of energies at the angular momentum j marked as
E, ; labeled by quantum number n. Consequently, the energy
spectrum of the QD is obtained at zero magnetic field.

B. Wave functions in the presence of a magnetic field

We now proceed to solve the wave functions in a ho-
mogeneous perpendicular magnetic field B. In this case, the
Hamiltonian also takes the form of Eq. (2). We derive a pair
of coupled differential equations for a two-component spinor
in the presence of a magnetic field,

1
( )m(p) = (8 - §5>X1(P) (9a)

i—=3 1
(Tvp R ﬂ/?))(l(,o) = (ATS - 55 - 8>X2(P),
(%9b)

where we define a series of dimensionless parameters,

p==L B=2d ¢=%L 5=2, and A =2 Using the

same steps as mentioned in the last section, we substi-
tute Eq. (9b) into Eq. (9a2), and make an ansatz y;(p) =

pl~ z'exp(— “)xo0(p). Then a confluent hypergeometric
equation is obtalned

xVZx0(x) + (b — x)Vixo(x) — axo(x) = 0, (10)
5|+ 1, and

IRYE: (s + 38 — Ats)(e — 13)
_5(1+5+b>— - . an

After some algebraic operations, we obtain the single-
particle eigenstate in the presence of an external magnetic

where we define x = Bp?, b= |j —

field,

P - 2
yN ez(/*g)Gplj*E\ exp (_%)IFI (a, b, ,8,02) .
B e+ pli=5 =T exp (—E2)yr(p) )
2

where N is the normalization constant and |Fj(«, b, r)
is the confluent hypergeometric function. Here, we de-
fine [(p) = & Fi (@, b, Bp*) + 13 BoiFi(a + 1, b+ 1, Bp?)
with £ =1]j—Z|—j+Z—(t+1DBp* and y = —(e +
%8 — Ats)~!. Again, using the infinite mass boundary con-
dition in Eq. (8), we can numerically determine the energy
spectrum [32,55-59].

C. Many-body Hamiltonian

Once the single-particle wave functions are obtained,
we can construct the generic many-body basis as [i) =
(L P ihN,, ), which contains N, electrons and Nj,
holes. Each i, and i, is a collective index containing the
indices n,,, je,, S, for the electron and the indices ny,, jp,
for the hole, respectively. For simplicity, in this work, we
constrain ourselves to the case of one electron and one hole
(one exciton), and the case of two electrons and two holes (two
excitons). Without loss of generality, the electrons and holes
locate in the upper and lower layers, respectively. Considering
that the two conduction bands with different spins are close,
here the electron state is associated with the spin index. In the
second quantization, the many-body Hamiltonian is given by

H=) Ef. ','“c,,n,s+ZEj‘ndjnd

S,n, J
+Hee+Hhh+Hehs (13)
§ : § : z : (ee)m ny,n3,ny
J1:J2:J35Ja
s,8" np,..., SNg J1 .....
i ¥ .
X cj],Vl],Scjg,nz,s"c.j3v’13vs/c_]4vn4vs’ (14)
H l E § (hh)ny,ny,n3,ng
hh = 2 Juaj2. s s
Alyeens ng ji,..., Ja
xdl  di . d.d (15)
Jin 7 o,y 0J3 135 414
(eh)ny,ny,n3,n4
== 2 Z Vi
S Ny, g jiye..,
T T
X le,n1,xdjz,nzdj,%nzCJ'AJM,X’ (16)

where c; , ; and ct , are the annihilation and creation opera-
tors for an electron w1th spin s, principal quantum number n,

and angular momentum j, E7, - is the noninteracting energy

of the electron state, d; , and d}' , are the operators for the hole,

and E ]hn is the energy of a hole state. H,., Hy,, and H,, are
the electron-electron, hole-hole, and electron-hole Coulomb
interaction, respectively, where the Coulomb interaction ma-
i clements VIS VI Vi
are given in Appendix C in detall.

If there is only one electron and one hole in the system,
then the Hamiltonian in Eq. (13) should exclude H, and

Hyy,. In our numerical calculation, we adopt the ED scheme
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TABLE I. The parameters of two materials MoS, and WS,,
including lattice constants a, effective hopping integrals ¢, band gaps
A, and SOC constant A, are typically obtained through fitting first-
principles band structure calculations. Note that here the conduction
band of WS, is not relevant. The units are nm for length and eV for
energy.

Material a A t, t, A
MoS, 0.3193 1.66 1.1 1.1 0.075
WS, 0.3197 1.79 1.37 0.23

mentioned above to solve the many-body Hamiltonian in
Eq. (13). Then the energy spectra, electron-hole separation,
pseudospin textures, and light absorption of the excitons can
be studied. Considering the numerical complexity, we set an
energy truncation of 50 meV for electron or hole states in QDs
with radii 20 and 30 nm, when constructing the Hilbert space
of the many-body states. For the radius of the QD being 10 nm
(in the two-exciton case, we consider smaller QDs for saving
computations), the truncation is increased to 100 meV.

III. RESULTS ON A SINGLE EXCITON

We conducted numerical studies on TMD van der Waals
(vdW) heterostructures. Although there are numerous in-
teresting 2D TMD materials [60,61], such as MoTe,, with
electronic and structural phase transitions, and bulk ReS,,
behaving as decoupled monolayers [62,63], here we specif-
ically examine the exemplary MoS,/MoS, double QDs and
MoS,; /WS, double QDs. This choice is based on the suit-
ability of the model, as well as the consideration of the
layer-specific effective masses. Specifically, in a MoS, /MoS,
double-layer system, both the electron and hole are con-
fined within the MoS, layer, characterized by conduction and
valence band effective masses of approximately 0.7myg. In
contrast, for a MoS, /WS, double-layer system, the electron
resides in the MoS; layer, while the hole locates in the WS,
layer, with the ratio of effective mass of an electron in MoS,
to that of a hole in WS, estimated at about 0.7/0.5 [7,64].
The TMDs family is vast and many members can be described
using similar Hamiltonians.

Other systems could be analyzed in the same method,
potentially yielding similar results. The parameters for MoS;
and WS, used in numerical calculations are listed in
Table I [6]. For simplicity, we consistently consider the elec-
tron and hole within a single valley throughout our analysis,
which is deemed justifiable as the intervalley interaction is
negligible due to the large kinetic difference between the two
valleys. Additionally, achieving valley polarization through
optical techniques is feasible in practice [48,49]. We further
restrict the hole states with spin up and consider the electron
states of spin up and spin down separately in the conduction
band. It is motivated by the observation of a large splitting at
the valence band edge due to sublattice pseudo-SOC.

A. Single-particle energy spectra in TMD QDs

The low-lying energy levels of single-particle states in
TMD QDs with the magnetic field dependence are shown in

Fig. 1. The energies with and without a magnetic field are
calculated separately by using different formulas in Secs. IT A
and II B, respectively. One can see that the energy transition
is smooth at the zero magnetic field limit, indicating that our
analytical solutions for the eigenvalues with and without mag-
netic field match. These energy spectra are discrete, which is
a direct consequence of finite-size confinement, compared to
the bulk energy bands. Unlike a conventional semiconductor
QD [29,65], the ground state of the conduction band is not
degenerate at zero magnetic field; two spin states have a gap
of ~0.1 meV due to the spin-sublattice coupling. As the mag-
netic field increases, the two spins states are further separated;
the gap is about 0.6 meV up to 30 T. Similar phenomena have
also been observed in earlier studies [65]. Eventually, Landau
levels form with escalating magnetic field intensities. Notably,
the spin splitting for hole states is much more significant,
i.e., about 75 meV for MoS, and 215 meV for WS,. This
motivated our decision to use electronic states with two spins
and spin-up hole states as the basis for constructing the Hilbert
space in ED.

B. Interlayer exciton energy spectra

After characterizing the single-particle states in TMD QDs,
we proceed to extend our investigation to two-particle sys-
tems, namely, electron-hole pairs within double-layer QDs.
For accurate numerical calculations of quantum systems
affected by Coulomb interactions, it is crucial to choose an ap-
propriate set of eigenstates as the basis. The radii of the QDs in
the electron and hole layers are the same, R, = R;, = 20 nm.
The radius is selected to manage the computational complex-
ity. In Figs. 2 and 3, we illustrate the dependency of interlayer
exciton energy on the magnetic field with varying interlayer
distances. In Fig. 2, we can clearly observe that Coulomb
interactions reduce the energy of excitons, and this reduction
diminishes with the increase in interlayer separation since the
Coulomb interaction is softened by the interlayer distance.
Moreover, with the increase of the magnetic field, the single
exciton still illustrates the Landau-type levels. It implies that
quantum Hall effects may occur in these bosonic systems. In
fact, the related phenomenon has been observed experimen-
tally in a bilayer TMD system [66]. The Landau-level gaps
in large magnetic fields are suppressed by the electron-hole
Coulomb interaction, but will be recovered to the values of
the noninteracting case when the separation of the two layers
approaches infinity. Notably, the Landau-level gaps seem not
to be increased monotonically with the increase of the distance
d between the two layers. As shown in Fig. 1, the first Landau-
level gap with d = 5 nm is obviously larger than that with
d = 10 nm. However, when d increases to 15 nm, this gap
increases and is more like the noninteracting case.

In Fig. 3, we extend our analysis to a MoS,/WS, het-
erostructure, following the same context as depicted in Fig. 2.
These results collectively illustrate the dependency of inter-
layer exciton energy on the magnetic field across distinct
material systems. We observe that the energy of the low-lying
excitonic states formed in the MoS, /WS, heterostructure is
lower than that in the MoS,;/MoS, heterostructure. This is
attributed to the band mismatch between the conduction and
valence bands while different materials are stacked. It leads to
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FIG. 1. The low-lying energy spectra of a single electron and a single hole in TMD QDs with radius R = 20 nm vary with perpendicular
magnetic fields. For simplicity, only the first five levels of a principal quantum number are displayed. The energy spectra are provided for
different TMDs with different spins: (a) MoS,, conduction band with spin s = 1; (b) MoS;, conduction band with s = —1; (c) WS,, conduction
band with s = 1; (d) WS,, conduction band with s = —1; (e) MoS,, valence band with s = 1; (f) MoS,, valence band with s = —1 which is
much farther away from the Fermi surface; (g) WS,, valence band with s = 1; and (h) WS,, valence band with s = —1. The electron and hole

states are, respectively, indicated in blue and red.

the formation of a type-II band alignment [9] where the hole
is confined in a WS, QD with lower single-particle energy.
The Landau-type levels behavior of excitons in a magnetic
field exhibits characteristics similar to that in the MoS, /WS,
double-layer QDs.

E (meV)

FIG. 2. The dependence of low-lying energy spectra of interlayer
excitons on the magnetic field, where the electron and hole are con-
fined within MoS,/MoS, double-layer QDs with a radius of 20 nm.
The left panels represent the excitons containing a spin-up electron,
while the right panels are for spin down, indicating distinct spin
arrangements. (a), (b) The interlayer exciton energy spectra with a
5 nm interlayer distance. (c), (d) The exciton spectra at a 10 nm
interlayer distance. (e), (f) The exciton spectra at a 15 nm distance.

The ground-state energy of the interlayer exciton as a func-
tion of distance is shown in Fig. 4 for a MoS,/MoS, and
MoS, /WS, double-layer QD. As shown in Figs. 4(a) and 4(b),
it is apparent that the excitonic energy profile contains an
initial augmentation followed by a slowly varied function

= 1500 =
1495
1490

E (meV)

FIG. 3. Similar to Fig. 2, the dependence of low-lying energy
spectra of interlayer excitons on the magnetic field, where the elec-
tron and hole are confined within MoS, /WS, double-layer QDs with
radius of 20 nm, respectively. The left and right panels represent the
excitons containing electrons with spin up and spin down, respec-
tively. (a), (b) The interlayer exciton energy spectra with a 5 nm
interlayer distance. (c), (d) A 10 nm interlayer distance. (e), (f) A
15 nm distance.
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FIG. 4. The ground-state and binding energies of the interlayer
excitons vary with the interlayer distance in the absence of a
magnetic field: (a) Ground-state energy of MoS,/MoS, double-
layer QDs; (b) ground-state energy of MoS,/WS, double-layer
QDs, (c) binding energy of MoS,/MoS, double-layer QDs, and
(d) binding energy of MoS, /WS, double-layer QDs. The solid line
represents the energy for an exciton with an upward-spin electron,
while the dashed line corresponds to a downward-spin electron. Both
equal and unequal radius configurations are illustrated. The inset
panels provide a detailed zoom-in of the energies.

of the interlayer separation. Consequently, from Figs. 4(c)
and 4(d), there is a stronger bound energy at smaller interlayer
distances. Nevertheless, the long-range nature of Coulomb
forces [20] remains influential at a larger distance. In com-
parison, we also show the results where the radii of the double
QDs differ, with the electron located in a 30-nm-radius dot
and the hole in a 20-nm-radius dot. Both the exciton ground-
state energy and binding energy slightly decrease compared to
QDs with uniform radii. This reduction occurs because of the
electron confined in larger QDs.

More results are presented in Fig. 5, showing the exciton
binding energy as a function of the magnetic field. The bind-
ing energies all increase with the magnetic fields, which is
attributed to the increase of the cyclotron motion, and decrease
as the interlayer distance grows. Another notable feature is
that excitons with spin-up electrons have lower binding en-
ergies than those with spin-down electrons. It is attributed to
the different wave functions for different spins induced by the
spin-valley coupling.

We also investigate a double-layer QD stacked with dif-
ferent radii, the upper QD providing an electron with radius
30 nm and the lower QD containing a hole with radius 20 nm.
In this case, as shown in Fig. 5, the binding energies in weak
magnetic fields are much lower than those in the double-layer
QDs with identical radius of 20 nm. The single-particle den-
sity of states in larger QDs is higher and the noninteracting
energy decreases more significantly than the Coulomb inter-
action, although the Coulomb interaction is also decreased

-®-Re=Rh=20 nm eth® -8 Re= 30 nm, Rh=20 nm eth?t
® Re=Rh=20 nm e!h" @ Re= 30 nm, Rh=20 nm e!h?

28.0 @ 272 ®)
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26.6 d=5nm | 256 d=5nm
259 24.8
16.5
S 165(© (d)
%) 16.0
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FIG. 5. Magnetic field dependence of binding energy of inter-
layer exciton ground state. The left panels are for MoS,/MoS,
double-layer QDs, while the right panels show results for MoS, /WS,
double-layer QDs. The interlayer distances are (a), (b) d =5 nm,
(c), (d) d = 10 nm, and (e), (f) d = 15 nm. Different electron spin
configurations in the excitons are indicated by distinct colors, where
blue and red denote the exciton with electron spin up and spin
down, respectively. Circle symbol represents that two QDs have the
same radius R, = R, = 20 nm, while the square symbol indicates
R, =30, R, = 20 nm.

by involving more single-particle states. When the magnetic
field is strong, the single-particle states approach degeneracy
in Landau levels, causing the binding energies for QDs of
different sizes to converge.

C. Electron-hole separation

The Coulomb interaction spatially constrains the electrons
and holes, differing from intralayer excitons. In the xOy plane,
the electron-hole separation is expressed as

(re=r4) = Y CFCilies inlre—rnlke; kn). 7)
ik

Here, C; and C; represent the expansion coefficients of the
ground state of the exciton obtained by diagonalizing the
Hamiltonian, |GS) = ), Gli,; ix). This measure provides in-
sight into the spatial distribution and binding nature of the
exciton.

In Fig. 6, we show the electron-hole separation as a func-
tion of magnetic fields in the MoS,; /WS, double-layer QDs
only. For the MoS,;/MoS, heterostructure case, the electron
is generally located exactly upon the hole, and the separa-
tion (r.—ry) approaches zero (up to ~0.06 nm). Comparing
Fig. 6(a) with 6(b), and Fig. 6(c) with 6(d), the separation of
excitons with different spin electrons is minimal. Figures 6(a)
and 6(b) show results with identical radius 20 nm of the
electron and hole layers, indicating that the separation mag-
nitude is much smaller than the system’s size. In contrast, as
shown in Figs. 6(c) and 6(d), the separation of the system with
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FIG. 6. Evolution of the ground-state electron-hole separa-
tion (r.—r,) with magnetic fields in different distances for the
MoS, /WS, heterostructure. The top panels show separations in QDs
with identical 20 nm radius, while the bottom panels show separa-
tions in QDs with R, = 30 nm in the electron layer and R, = 20
nm in the hole layer. The interlayer exciton separation for different
electron spin: (a), (c) electron spin up; (b), (d) electron spin down.

R, =30 nm and R, = 20 nm varies significantly with mag-
netic field. In weak magnetic field, the separation is one
magnitude larger than the case of identical radius since the or-
bit of a low-energy single-particle wave function is different.
In large magnetic field, due to the Landau quantization, the
difference of separation between the two cases is not obvious.

Notably, unlike the energy of the ground state, the absolute
value of separation |(r,—rj;)| does not vary monotonously
with either the magnetic field or the distance between the
two layers. With increase of distance, the separation starts to
increase and then decreases, in the case of identical radius
of two QDs. However, the situation is reversed in the case
of different radii of two QDs. As the magnetic field varies,
the change of the |(r.—r)| becomes even more complicated.
Comparing to the excitons in conventional semiconductor
QDs, the anomalous change of electron-hole separation as
well as the density shape of the exciton here is attributed to
the complex orbit of the wave function induced by SOC in
the system, which may be observed by detecting the wave
function’s orbitals [67].

D. Pseudospin textures of interlayer excitons

Topological textures of spin fields in QDs are induced by
SOC, which also plays an important role in TMDs. Studying
topological features in QDs boosts spintronics by refining
spin control and enhances quantum information processing
by improving qubit storage and manipulation [68]. Similar
to spin, the two sublattices of TMDs can be represented by
pseudospin. In the Hamiltonian of TMD QDs, the pseudo-
spin-orbit coupling, similar to Rashba and Dresselhaus SOC,
also results in a nontrivial pseudospin texture. The pseudospin
fields for electron and hole in an exciton can be defined as

1 — — nx10*
Ll SR 35

3

2.5

(]

FIG. 7. Ground-state pseudospin fields (o', o) of interlayer ex-
citons with electron and hole spin-up at magnetic field B =1 T.
(a) and (c) The pseudospin textures of the electron and the hole
in interlayer exciton in MoS,/MoS, double-layer QDs with radii
R, = R;, = 20nm, respectively. The distance between the two layers
is 5 nm. (b) and (d) The pseudospin textures of the electron and
the hole in interlayer exciton in MoS, /WS, double-layer QDs with
R, = 20nm and R, = 30nm. The distance between the two layers is
10 nm.

follows:

ol (1) =Y G Ciiy i, (X5 X5 £ X0 X55)
ik

x exp [i0( £ 1+ jx, — ji)] (18)

and the density is given by

n(r) =Y CrC8i,h, (X557 X5+ X5 XS
ik

X exp [i(jka — jia)Q], (19)

where o denotes the electron or hole, @ denotes the hole or
electron, respectively, and x* correspond to two components
in the spinor wave function of a state. The in-plane pseudospin
field is represented by ¢* (ry) = (o, ay‘" ). A winding number
Q describes the topological property of the textures of the in-
plane (pseudo)spin fields in real space and is defined as [68]

_ b _ 1 [ our)doy(r) — o,(r)doy(r)
0= 2 7§ ¢ = 27 % 0, (r)? + 0y(r)? ’

In Fig. 7, two examples of the pseudospin fields of the
ground states are displayed. The pseudospins of the elec-
tron and hole are textured with nontrivial topological charge
Q =1 [69]. The topological spin fields in QDs induced by
Rashba or Dresselhaus SOC usually have zero vorticity, while
both topological charge and vorticity are nonzero here since
the exciton is in the K valley with t = 1. We note that in
the K’ valley, the pseudospin textures are more like those
with Dresselhaus SOC given that T = —1. The pseudospin
textures of the first excited state of the exciton are shown in
Fig. 8. Similar to the QD with Rashba or Dresselhaus SOC,
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[ ]

—

FIG. 8. The same as Fig. 7, but depicting the pseudospin texture
for the first excited state under a magnetic field of B =5 T.

the topological charge of the pseudospin remains unchanged,
but its vorticity is inverse.

E. Light absorption

Far-infrared (FIR) magneto-optical absorption spec-
troscopy is a technique used to study and utilize the optical
properties of materials. In QDs, the optical selection rules
are primarily governed by spatial confinement and the sys-
tem’s geometric characteristics. The confinement of the QD
converts the energy bands into discrete energy levels akin to
atomic systems, i.e., making QDs the artificial atoms [70].
This pronounced confinement effect, raising angular momenta
of Jiot, governs their optical properties with unique light-
matter interaction behaviors [45,46,48,49]. The radius of the
QD discussed here is typically only tens of nanometers, i.e.,
significantly smaller than the wavelength of far-infrared light
corresponding to the energy gaps of the system, if only the
transitions between the exciton levels are considered. There-
fore, we can compute the exciton light absorption using the
dipole approximation [71-73]. The incident light is supposed
to be perpendicular to the plane of TMDs. The dipole tran-
sition matrix element from state |k) to state |i) is denoted as
D;. = (ile - r|k), where € represents the polarization vector ly-
ing in the xOy plane. The dipole transition matrix element de-
pends on the polarization of the incident light. Generally, we
consider the incident light to be unpolarized. For a single par-
ticle in QDs, the dipole transition matrix element is given by

Dy = 7(Q +i2,) / PdrOC e+ e, (20)

where Q) = 8u+1,m £ Om—1,m» m is the orbital angular
momentum quantum number, and y;, is spinor corresponds
to two sublattices.

According to the transition selection rule, only transi-
tions with Am = m; — m; = =1 are allowed between the
initial state |i) and final state |k). Note that this selection
rule is only valid for the intra-exciton transitions between
the exciton states. The transition between an exciton state
and the vacuum, as the exciton recombination discussed

2005 20 i
15 e | 15
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K 54 51
0 0
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0
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FIG. 9. Dipole-allowed optical absorption spectra of MoS,/
MoS, double-layer QDs for various interlayer distances. The left
panels show the results with electron spin up, while the right panels
illustrate for spin down. (a), (b) Results with interlayer distance of
d = 5 nm, (c), (d) for an interlayer distance of d = 10 nm, and (e),
(f) for d = 15 nm. The radii of the QDs in both layers are 20 nm.
The size of the points is proportional to the intensity of the light
absorption.

in Ref. [74], is not considered here. We calculate the am-
plitude of the dipole transition matrix element as A;_,; =
Zi’k CICylic, iy|ry — Telke, ky). The intensity of absorption is
proportional to |A._;|?. We consider only the transition from
ground state to excited state.

Figure 9 illustrates the dipole-allowed light absorption of
interlayer excitons across different interlayer distances under
varying magnetic fields. Without interactions, some transition
modes are allowed by the selection rules, but Coulomb inter-
actions make them forbidden. Comparing cases with different
interlayer distances, we notice that dipole-allowed transitions
in systems with smaller interlayer distances favor modes with
higher energy. The intensity of the transition modes increases
with larger interlayer distances. Moreover, Fig. 10 shows
dipole-allowed optical absorption spectra of a MoS,/MoS,
heterostructure for QDs with radii R, =30 nm and R, =
20 nm. We find that light absorption varies with interlayer
distance similarly to Fig. 9, but more transition modes are
available.

IV. RESULTS ON BIEXCITON

We have discussed the physical quantities of a single in-
terlayer exciton in the previous section. It is worthwhile to
explore the case of interacting interlayer excitons, which is
described by the full many-body Hamiltonian in Eq. (13).
For simplicity, here we consider a biexciton system con-
taining two electrons and two holes. The electrons and
holes still locate in the upper and lower layers, respectively.
The Hamiltonian contains intralayer electron-electron and
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FIG. 10. The same dipole-allowed optical absorption spectra as
Fig. 9, but the radii of the electron and hole layer are R, = 30 nm and
R, = 20 nm, respectively.

hole-hole interactions compared to that of a single exciton
system. We discuss two scenarios, where electrons either have
identical or opposite spins, and the spin of the holes is fixed.
The biexciton system exhibits more complex interactions than
the single exciton system, resulting in different features.
Again, by employing the ED, the energy spectra are shown
in Fig. 11, indicating rich energy-level structures due to many-
body correlations. As the interlayer distance increases, the

3164 a
3160 3196

3192
3156

3188

3152

3184
3148 E 3180

S
E T 1 I L
= 3160 @ 3192
Ea———e
3155 ¢ 3188
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3145 =———— 3180
0246810 0246810 0246810
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FIG. 11. The dependence of low-lying energy spectra of biex-
citons on the magnetic field, where the electrons and holes are
confined within MoS,/MoS, double-layer QDs with the same radius
of 10 nm. (a)—(c) The system containing two electrons with the same
spin; (d)—(f) two electrons with different spins. (a)—(c) The energy
spectra with interlayer distances 5, 10, and 15 nm, respectively.
(d)—(f) The same distance as (a)—(c), respectively.

54.6 18.8 1.52
54.0 18.6 - 1.44
d=10nm
534 L
18.4 1.36
o 52.8¢
1.28 -
% 18.2(b),
E
= (d) 15.5F
49.6 /
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49.2 - 1451
48.8 14.0
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B(T)
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FIG. 12. Magnetic field dependence of the binding energy of a
biexciton ground state and the first excited state. (a)—(f) correspond
to the cases in Figs. 11(a)-11(f), respectively. (a)-(c) The biexciton
containing two electrons with spin up; (d)—(f) two electrons with
different spins.

ground state and low-lying excited states exhibit higher en-
ergy. Remarkably, the four low-lying states are well gapped
from higher states with sufficiently large interlayer distance
when the two electrons have the same spin, as shown in
Figs. 11(b) and 11(c). By comparing the energy spectra in
Figs. 11(a)-11(c) and Figs. 11(d)-11(f), when the electrons
have different spins, we find that some levels emerge. Par-
ticularly, the new ground state with twofold degeneracy at
zero magnetic field due to the Kramers pair appears, and its
energy is significantly suppressed by the exchange interac-
tion between two different spins. Moreover, the gap between
low-lying levels and higher levels becomes not obvious; it
only exists in weak magnetic fields, as shown in Figs. 11(e)
and 11(f). For more information, the binding energies of the
ground state and the first excited state are displayed in Fig. 12.
The mutations in binding energies arises from the transition of
the ground state with an increase of the magnetic field.

The dipole-allowed light absorptions of biexciton systems
across different interlayer distances under varying magnetic
fields are shown in Fig. 13. Compared to the case of a single
interlayer exciton, more absorption modes are visible. The

20— 20 20
15.....‘*3:::“ R A eceocccce
10 Tl gl eee ro0ccesseee
5 5

S 0@ 0 0l©

Ezo 15 15

= woooootaz;?“l$!??ffff;§»1$gg?:’?,!§”
10
s 5 5
057 5 0 %" 5 10 05" 5 10
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FIG. 13. Dipole-allowed optical absorption spectra of a biexciton
for various interlayer distances. (a)—(c) The biexciton containing two
electrons with spin up; (d)—(f) two electrons with different spin. (a),
(d) Results with interlayer distance of d = 5 nm; (b), (e) interlayer
distance of d = 10 nm; and (c), (f) d = 15 nm. The radii of the QDs
in both layers are 10 nm.
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FIG. 14. The schematic double-layer system and band structure of TMDs near the Fermi surface. (a) An electron confined in a TMD layer
and a hole in the other TMD layer. (b) The lower bands in the valence band are neglected since they are far away from the Fermi surface. Only
one valley, say, valley K, is considered. The right panel indicates the bands (dashed lines) shift by Zeeman coupling in a magnetic field [43].
Electrons and holes are marked in different bands, as well as in different layers.

mutation of the absorption intensity is attributed to the tran-
sition of the ground state when the two electrons have the
same spin. For the case that two electrons have different spins,
no transition occurs in the ground state. The level crossing in
higher levels does not significantly influence the absorption.
Consequently, by measuring the light absorption spectra, one
can distinguish the electron spins in the biexciton systems.

It is noted that only biexcitons in MoS, /MoS, double-layer
QDs are studied here. The energy spectra and light absorp-
tions should remain qualitatively unchanged in MoS, /WS,
double-layer QDs, as the physical properties of a single ex-
citon (with the exception of the electron-hole separation) are
not significantly altered by the transition from MoS,/MoS,
double-layer QDs to MoS,; /WS, double-layer QDs.

V. SUMMARY

We constructed a double-layer TMD QDs model with
adjustable interlayer distance based on analyzing a single
particle in a hard-wall potential TMD QD subjected to an
external magnetic field. Impurities and edge deformations
may affect the transport properties [72,75], but their impact
is expected to be minimal if the quantum dots studied in this
work are well constructed. If the edge of the QD is only
slightly deformed, our results remain unchanged qualitatively.
This nanostructure enables the formation of interlayer exci-
tons, which can be achieved through the modulation of band
energies via external voltage or by leveraging the intrinsic
properties of TMDs, and represent one or more interlayer
excitons with electron-electron, hole-hole, and electron-hole
correlations. By employing ED, we numerically explore this
interlayer system with Coulomb interaction. We report on
several characteristics of an interlayer exciton, including
energy spectrum, binding energy, spatial distribution of elec-
tron and hole topological pseudospin textures, and optical
absorption spectrum with external magnetic fields in ad-
justable interlayer distances. Remarkably, the Landau-level
gap, i.e., the electron-hole separation in an exciton, varies
nonmonotonously with the increase of the interlayer dis-
tance due to the sublattice pseudo-spin-orbit coupling in
TMDs. Moreover, the ground state and excitation states of the

interlayer exciton are all pseudospin textured topologically by
this pseudo-spin-orbit coupling.

Furthermore, we studied many-body systems with two
interacting interlayer excitons which contain two electrons
and two holes. The energy spectra and light absorptions
are also numerically calculated. Our numerical calculations
show energy spectra with interaction-driven spectral splitting
and enhanced binding energies. The optical absorption shifts
under magnetic fields emerge, which are not observed in
simpler systems. These findings highlight the tunable poten-
tial of TMD QDs for advanced quantum and optoelectronic
technologies, allowing precise control of excitonic properties
through external fields and structural tuning. Our detailed
analysis of their response to magnetic fields and interlayer
distance fills in gaps in knowledge about the mechanism of
formation and possible consequences within the nanoelectron-
ics and quantum computing research domains.
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APPENDIX A: TMD DOUBLE LAYERS
AND BAND STRUCTURE

The double-layer structure and band selection scenario is
schematically illustrated in Fig. 14. The valley is supposed to
be polarized. Electrons and holes are from different layers.
Building on this framework, double TMD QDs can be engi-
neered using gate control or nanoflakes.

APPENDIX B: DERIVATION OF BASIS

In this Appendix, we derive the eigenstates of the TMD
QD, which are utilized as the basis for deriving the matrix
elements in our numerical calculations. The derivation be-
gins with the general form of the TMD QD Hamiltonian, as
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detailed in Eq. (2),

A
_ 3
(%[f(px + eAx) + i(py + eAy)]

By using the symmetric gauge A = g(—y, x, 0), we can get

at . . . ad 1 0 B
E[t(px +eA,) — i(py + eAy)] = —iat exp (—it0) ta— —i—— +te—r
r

at . 0 10 B
ﬁ[t(p" +eAy) +i(py +eA))] = —iatexp (itd)| T — +i—-— —e—r

©[1(py +eAy) — i(py + eAyH) N V(’)<<1) _01>_ (B1)

—% + Ats

Then the Hamiltonian of the TMD QD in the polar coordinates becomes

A

H = 2
—iat exp (ir@)(r W

19 B
+ 17359 ez;ar)

1. Zero magnetic field

In the absence of a magnetic field, the Dirac equation can
be reformulated into two coupled differential equations using
the eigenstates defined in Eq. (4) and expressed in dimension-
less units,

at [ri + l(j + 3)}&0) - (E - é);u(r), (B4a)
or r 2 2
0 1/, 1 A

at[ra — ;(] — E)]Xl(r) = —<E + 5~ )»ts)m(r).

(B4b)

[t L+1G+ Do)
(e—18)
quently apply it to Eq. (B4a), and x»(p) yields the following

differential equation:

We can deduce that = x1(r) and subse-

3 3
2_ —
007 x2(p)+p op x2(p)

2
- (j - %) x2(0) + 12 p*xa(p) =0.  (BS)

Equation (B5) is a Bessel differential equation, for which a
specific solution is obtained. Following this, the solution is
incorporated into Eq. (B4a) and, with the subsequent applica-
tion of the Bessel function relations,

d
d_[xvjv(x)] =x" v—1(x), (B6a)
X

d
o X)) = =2y (). (B6b)
X

The wave function is successfully derived,

w_N el(]**)g Za QJ(j—l)(«/_) (B7)
lel(./-‘rz)GQJ(jJr%)(ﬁr) ’

B2
o6 o (B22)
B2b
or r 00 2h ( )
—iat exp (—ith r— —jll 4B
p( )( r 09 2h ) + V(V)O'Z. (B3)
—7 —+ ATS
[
where
1, j+5>=0
0= T (B8)
(—*E, j+E <o,

2. Nonzero magnetic field

Continuing with the analysis of magnetic field flux within
the QDs, we arrive at the following expressions:

at[ri + l(/ + T) +e£r})(z(r) (E - é))ﬂ(r)’
or r 2 2h 2
(B9a)
—al‘l:l'i - l<] - E) - eEr1|X](r)
ar r 2 2h

A
= |:E — <_E —i—)»rs)]xz(r).

Adopting dimensionless units, we obtain

(B9b)

0 1/, =t . 18
[r% + ;(] + 5) + ﬂp}m(p) = (8 3 )xl(p),
(B10a)
0 1/. =t
[T% - ;(] - 5) - ,3/0:|X1(;0)
—<.s + %8 — Ars))(z(,o), (B10b)

[t £—1G-5—-Boln(p) ;
. Z-&-%S—AU = x2(p) from Eq. (B10b);

subsequently, that is substituted into Eq. (B10a), yielding

and we get —

o= (i =ZY L+ 22 0
BpZle J ) p2X1,0 papXHO

1
—2(J+ )ﬁ)ﬂ(p)—ﬂ Xl(P)+<8+§5—AIS)

1
X (8 - §8>xl(p) =0.

(B11)
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APPENDIX C: COULOMB INTERACTION
MATRIX ELEMENTS

The Hamiltonian of the many-exciton system is given by
Egs. (13)—(16). To numerically solve the many-body Hamil-
tonian, it is essential to first derive the matrix elements of
the Coulomb interaction. The Coulomb potential between the
electron and hole across different layers is given by V,;, =
with dielectric constant € = 7.1. The Coulomb

25 30 0 5 10
B (T)

0 5 10 15 20

FIG. 15. This figure provides a zoomed-in view of the electron
states from Fig. 1, illustrating the low-lying energy spectra of a single
electron in TMD QDs with R = 20 nm. (a) MoS, QD; (b) WS, QD.
Blue and red lines represent spin-up and spin-down states, respec-
tively, plotted together for comparison.

We make the ansatz x;(p) = pV~zlexp (— ﬂgz
definex = 8 p?, which enables us to derive

)xo(p?) and

P e+ (5= 2+ 1-x) Lo
xaxz)(ox J 3 X axXOX

1/. 1 T
‘[5(”5*\1—5\“>

(e + 18 — Ats)(e — 49)
_ .

]XO(x) =0, (BI2)

where we introduce the definitions b =|j— [+ 1 and

. : 78-ATs)E—38
a:%(]+%+|]—§|+l)—(£+zﬁ—;s)(sz). The result-

ing equation is identified as a confluent hypergeometric
equation, from which the solution is deduced, x;(p)=

Loz 2 . .
Cpli=3lexp(—£2-)Fy(a, b, Bp?). By incorporating another
component into Eq. (B10b) and substituting it, we derive the
wave function in the presence of a magnetic field,

e ei=39 pli=3l exp (= 222) \Fy (@, b, Bp?)
ie' I+ pli=5 1=V exp (— £2)yT(p)

(B13)

where we define I'(p) = & Fi(a, b, Bp?) +
tBoiF(e+1,0+1,8p%) with §=tlj—F|—j+
I—(r+DBp’andy = —(e + 18 — Ats)™".

3. Eigenvalues equations

Upon deriving the wave function, the energy quantization
condition is obtained by applying the infinite-mass boundary
condition at the quantum dot radius R. By numerically solving
Eq. (8), the eigenvalue E(t, n, j, s) is determined, where the
negative energy corresponds to the hole states and the posi-
tive energy corresponds to the electron states. The resulting
energy levels are presented in Fig. 1, with Fig. 15 offering a
zoomed-in view. For the electron states, both spin orientations
are plotted together for comparison.

_&
ea/Ire—ril2+a?’
interaction matrix elements are established by the field opera-
tors,

Do(re) = Y YjnksTe)Cjms: (C1)
s,n, j

Qu(r) = Y Yjmk.y (Cn)dj, (C2)
n,j

where we include the quantum numbers in the wave func-
tions and operators, including angular momentum j, principal
quantum number 7, and electron spin index s. We froze the
spin of the valence band to | and suppose the valley is polar-
ized to K. By defining

R.
(&) ks s Thes Sk iq-
O @ = [ R OV (O

Rh
= () jk g, Tk 8 ia-
E ks (q) = /0 Ao o W (T,

the interlayer electron-hole Coulomb interaction matrix ele-
ment is

(eh)ny,na,n3,ny 2me? —qd —(€) ja,ng,K,s
le,jz,jz,]h = — | qdqdd €q € S, K, (@

x EWamEL gy (C3)

S K|

where d is the interlayer separation. For the intralayer
. 2 .
Coulomb potential, V,, = < the Coulomb interac-

5
€/ Ire; 7":’2'2

tion matrix element with different spins in H,, is

2
V(€€)111»n2,’13sn4 _ dado 2me Q(e)j4,n4.K,s( )
J1:J2,J35Ja - 9449 €q Sk \d

w gWRmKS oy (C4)

= ja.np K,
and the hole-hole intezraction term in Hj;, with the Coulomb
otential, Vj;, = —5-——, is
P i €/ =1, I?

J1:J25J35J4 €q

g(h)jz,qu,i(_q)

2me? ;
(hh)ny,na,n3, =(h)ja,na,K,|
Ve = /qdqu E‘j],ﬁ,;?w (q)
X = K|

1. Zero magnetic field

In the absence of a magnetic field, we initiate from
Eq. (C3) to derive the Coulomb interaction matrix element.
The derivation is concerned with function E and can be
numerically calculated by setting layer distance d = 0. By

using the wave function without magnetic field in Eq. (B7),
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we have

H(e)]k g, Tk, Sk (q)

=i Tiosi JisNi s Tiy Si

2
M / redr, / df.e' "™ cfk ke o110

JisNi s Ti Si

(=)0, Jg
i

,7%)(\/ Kji,ni.fi,Sire)J(jk—%")(V Kjk.ﬂk,fkqskre)

GGt 0,
e (A D D) J(j’Jr%)( /Kji,ni,r,.,s,.re)l(jﬁ%)(./Kjk,nk,,k,skre)}, (C5)

where we define

koM Tk Sk 2 2 \/Kjivniqfivsi \/Kjk:”quka
Clms — (2q,1,) , (C6)
2Esi,r,-,nnji - A, 2Ejk,nk,fk.Sk - A,
Jio T Theo Sk *
JishinTinSi N], ni, T, S,Njksnkvfk-,sksz»Tinkqfk’ (C7)

with a, and #, being the lattice constant and the hopping parameter of the electron layer, respectively. Subsequently, we acquire

JisNi Ti,Si JisNisTiySi JisNi;TiSi

E('e)jk»nk;kask(q) _ Mlk M Ths ékRZ/ r 'dr! [C]k e TSk 7 (k= Ly—(ji— ’)“I\(j _n)- (]71,)‘(q€r )J(j
0

(K)o (Kirl)

G+ =Gt ) e (KEY e
IO GG @ G (K ’e)]<.ik+%)(’(kre)}’ (€3)

where we define K7 =R,
we can obtain the function for the hole,

"‘(h)Jk Ni, T, Sk
EinTs @)=

Kimas» Ki = Re/Kjpm.o.s With dimensionless integral variables g, = R.q, r, =

1
Jie.Ni T, Sk p2 / JioNis T, S (Je— % By (gi=Tiy ,
MJkaTkS “R; /O rydry, {CJkaﬂkS,k [ 2 Jl(ka%)f(J,-fg)\(_thh)J(J

% - Similarly,

(Khrh)J(]k (Kk Vh)

AU+ E)-Ui+ Dl byt !
T - T (i g2 (K] rh)J<1k+%>(Kkrh)}’ €

with Kih = Ry /Kjm.zs, and g, = Rpq, 1}, =
efficiency of the numerical integration.

Ig—j. We need to choose appropriate dimensionless integral variables to improve the

2. With magnetic field

In the presence of a magnetic field, only the function E needs to be modified. It is given by using the wave function in

Eq. (B13),

1 7
5 (ke T _ A= F = E 1+ 7\2
i n,k rlks,k ) = Jz T, s,ka'”k’fk'Ska;‘/ dr, ( I ) R ’ €Xp [—ﬁe(aZre) ]

X {il(jr%)i(jii%)l‘]\(jk*%*)f(jﬁ%)\(q"r;)lFl [aj;,n[,r,,s[a bji.5» ,Be(aZr ) ]1F1 [O‘Jk netiser Djois ﬂe( L ,)2]

. . At E)—Git DI (e
+VJ;Jli,Ti.S;yjk,nklk,skl 2 2 (aL

where we define & =daj,r, = ’—

N2 / ’ ’
re) J‘(jk""%)_(ji"r%)l(qere)l—‘jiv”isfi»si (azre)rjk.nk,fkqsk (azrg)}s (C10)

and ¢, = R.q. Here, the function I'(p) and y are defined in Eq. (B13). Additionally, we

expand upon the estabhshed deﬁmtlons and, similarly, we can deduce g{Jem %Sk Then all the Coulomb interaction matrix

elements can be obtained.
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