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Higher-order Van Hove singularities in kagome topological bands
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Motivated by the growing interest in band structures featuring higher-order Van Hove singularities (HOVHS),
we investigate a spinless fermion kagome system characterized by nearest-neighbor (NN) and next-nearest-
neighbor (NNN) hopping amplitudes. While NN hopping preserves time-reversal symmetry, NNN hopping,
akin to chiral hopping on the Haldane lattice, breaks time-reversal symmetry and leads to the formation of
topological bands with Chern numbers ranging from C = ±1 to ±4. We perform analytical and numerical
analysis of the energy bands near the high-symmetry points �, ±K, and Mi (i = 1, 2, and 3), which uncover
a rich and complex landscape of HOVHS, controlled by the magnitude and phase of the NNN hopping. We
observe power-law divergences in the density of states (DOS), ρ(ε) ∼ |ε|−ν , with exponents ν = 1/2, 1/3, 1/4,
which can significantly affect the anomalous Hall response at low temperatures when the Fermi level crosses the
HOVHS. Additionally, the NNN hopping induces the formation of higher Chern number bands C = ±2, ±4 in
the middle of the spectrum obeying a sublattice interference whereupon electronic states are maximally localized
in each of the sublattices when the momentum approaches the three high-symmetry points Mi (i = 1, 2, and 3)
on the Brillouin zone boundary. This classification of HOVHS in kagome systems provides a platform to explore
unconventional electronic orders induced by electronic correlations.

DOI: 10.1103/PhysRevB.111.075114

I. INTRODUCTION

The interplay between topological electronic bands and
correlation effects provides a fruitful avenue to realizing un-
conventional phases driven by competing electronic states.
The presence of large density of states (DOS) provides an
effective mechanism to enhance electronic correlations. In 2D
lattices, Van Hove has shown that saddle points in the band
dispersion lead to Van Hove singularities (VHS) character-
ized by logarithmic divergent DOS [1]. The possibility of
higher-order VHS (HOVHS) displaying even stronger power-
law divergent DOS, considered in the context of cuprate
band structures [2,3], has recently garnered significant inter-
est as a pathway to explore unconventional electronic orders
[4–16]. In particular, when HOVHS emerge in Chern bands
[17–19], the interplay between band topology and high DOS
can promote novel electronic orders, such as superconduct-
ing pair-density waves and Chern supermetals [17], which
underscores the importance of higher-order singularities in
topological bands for discovering new quantum phases. How-
ever, beyond initial studies on the Haldane lattice [17,18] and
topological insulator moiré surface states [19], the structure of
HOVHS in Chern bands remains largely unexplored.

In this work, we extend this knowledge by investigating
a rich scenario where band topology and HOVHS are in-
tertwined in a 2D kagome system. Kagome lattices [20,21],
characterized by their geometrically frustrated network of
corner-sharing triangles in two dimensions, support VHSs
[15,22], along with flat bands [23–27] and Dirac fermions
[22,28], which provide an ideal platform for studying com-
plex electronic phenomena. The substantial enhancement of
interaction effects due to the large accumulation of electronic
states around the VHS plays a crucial role in the emergence
of various electronic phenomena including charge density

waves, pair density waves, and unconventional superconduc-
tivity [29–35].

We investigate the effects of a complex next-nearest-
neighbor (NNN) hopping amplitude, t2 eiφ , on the electronic
bands of a kagome lattice. This hopping term, analogous to
the Haldane model on the honeycomb lattice [36], breaks
time-reversal symmetry (TRS) and induces the formation of
bands with nonzero Chern numbers. Employing a systematic
analytical and numerical classification of critical points at
high-symmetry points �, ±K, and Mi (i = 1, 2, 3) of the Bril-
louin zone as a function of (t2, φ), we reveal a rich landscape
of HOVHS in this time-reversal broken kagome system. No-
tably, we identify conditions under which bands with Chern
numbers as large as C = ±4, emerge. Owing to the presence
of HOVHSs, these bands support power-law divergences in
the DOS, ρ(ε) ∼ |ε|−ν , with exponents ν = 1

2 , 1
3 , and 1

4 . In
addition to the classification of HOVHS, this TRS-broken
system reveals new features of the kagome band structure:

(1) While the NNN hopping destroys the exact flatness
condition of the third band in the nearest-neighbor (NN)
kagome lattice [25–27] (a special case where all points in the
Brillouin zone become critical at t2 = 0), our phase diagram
uncovers HOVHS lines at the high symmetry points K and Mi

in the (t2, φ) parameter space, which converge to a flat band
at (t2 → 0, φ = ±π/2). Thus the kagome lattice provides
a relevant setting to study the emergence of HOVHS near
stronger DOS singularities due to flatbands.

(2) In the lowest band, our classification of HOVHS not
only identifies the loci of high DOS but also pinpoints the
location of a nearly flat Chern band with C = ±1 in the (t2, φ)
parameter space. This provides an ideal scenario for exploring
competing electronic orders and emergent fractional Chern
insulators [37–41] in a partially filled band.
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(3) The NNN chiral hopping, while breaking TRS, pre-
serves the sublattice interference (SI) [42–44] of the second
band for the entire parameter space (t2, φ). SI implies that
electronic states associated with Mi points at the Brillouin
zone boundary are maximally localized on the sublattices A,
B, and C, which has a nontrivial effect on interactions when
the Fermi energy crosses a HOVHS at the Mi points at the
zone boundary. Our work thus extends the mechanism of SI
in time-reversal broken Chern bands from the Chern number
C = ±1 band on the honeycomb lattice [17] into the realm of
topological kagome bands supporting higher Chern numbers,
C = ±2 and C = ±4.

This work opens a direction to explore exotic kagome
bands in synthetic materials such as optical lattices [45]. In
particular, an implementation of the complex NNN hopping
akin to a Haldane optical lattices [46] could be achieved via
periodic modulation using piezoelectric actuators. Moreover,
the recent discovery of a new family of kagome metals,
AV3Sb5 (A = K, Rb, Cs) displaying a variety of exotic
correlated electronic phenomena [42,47–52] and exhibiting
both conventional and higher-order Van Hove singulari-
ties [53–55], as evidenced by angle-resolved photoemission
spectroscopy (ARPES) [14,15], further motivates a deeper ex-
ploration of the HOVHS landscape in kagome lattices. While
kagome systems have been actively studied in connection with
Van Hove singularities, the relationship between VHS and
nontrivial band topology in these materials remains largely
unexplored.

Model. We study a tight-binding model of the kagome
lattice with lattice constant a, consisting of NN hopping as
well as complex NNN hopping,

H = −t1
∑
〈i, j〉

c†
i c j − t2

∑
〈〈i, j〉〉

eiφi j c†
i c j + H.c., (1)

where t1 (t2) is the NN (NNN) hopping strength, φi j is the
phase factor associated with the NNN hopping between sites
i and j, 〈i, j〉 and 〈〈i, j〉〉 indicates the NN and NNN hopping
respectively, and c†

j is the fermionic creation operator at site
j. The vectors connecting the NN atomic sites are defined
as a1 = a

2 (1, 0), a2 = a
4 (1,

√
3) and a3 = a1 − a2, and the

NNN hopping vectors are defined as b1 = a
2 (0,

√
3), b2 =

a
4 (3,−√

3), and b3 = −(b1 + b2), as shown in Fig. 1. Notice
that the black dashed arrows shown in Fig. 1 denote the direc-
tion of the complex NNN hopping. Furthermore, we assume
the system is spin-polarized, thereby omitting the spin degree
of freedom.

In the momentum space, the Hamiltonian reads H =∑
k c†

kĤ(k)ck, where Ĥ(k) = ĤNN (k) + ĤNNN (k), and ck =
(ck,A ck,B ck,C)T , with A, B, C being the three sites of
the kagome unit cell displayed in Fig. 1. The momentum k
is defined in the first Brillouin zone (BZ) spanned by the
two reciprocal lattice vectors, G1 = 2π

a (1,− 1√
3

) and G2 =
2π
a (0, 2√

3
). The lattice constant a will henceforth be set to 1.

The single particle Hamiltonian Ĥ(k) can be expressed as

Ĥ(k) =

⎛
⎜⎜⎝

0 h12(k) h13(k)

h∗
12(k) 0 h23(k)

h∗
13(k) h∗

23(k) 0

⎞
⎟⎟⎠, (2)

FIG. 1. Kagome lattice with the sites A, B, and C marked in
orange, blue, and green respectively. The vectors connecting site
B with its nearest neighbors A and C are denoted as a2 and a1

respectively. The real NN hopping amplitude t1 is represented by
solid black lines. The black dashed arrows show the orientation of
the NNN hoppings with strength t2eiφ . This NNN hopping breaks
time-reversal symmetry while preserving C3 rotation and inversion
symmetry about the center of the hexagon.

where h12(k) = −2 t1 cos (k · a2) − 2 t2 eiφ cos (k · b2),
h13(k) = −2 t1 cos (k · a3) − 2 t2 e−iφ cos (k · b3), and h23

(k) = −2 t1 cos (k · a1) − 2 t2 eiφ cos (k · b1).
Diagonalization of the Hamiltonian given in Eq. (2),

H = ∑
k

∑
n=1,2,3 �

†
n,kεn,k�n,k, yields the dispersion of each

band, εn,k, where n = 1, 2, 3 denotes the index of the first,
second and third energy bands, respectively, in ascending or-
der. Henceforth, energy is expressed in units of t1. Owing to
C3 rotation and inversion symmetries, the spectrum satisfies
εn,C3k = εn,k and εn,−k = εn,k.

II. CLASSIFICATION OF HIGHER ORDER
VAN HOVE SINGULARITIES

In 2D Bloch bands, an ordinary VHS exhibits logarith-
mic divergence in the DOS (ρ ∝ log|ε|) [1], which occurs
at a saddle point (i.e., where the dispersion is locally εn,k ∼
k2

x − k2
y ), with the following conditions satisfied: ∇kεn,k = 0

and Hn,k < 0, where Hn,k = det( ∂2εn,k

∂ki∂k j
) is the Hessian of the

dispersion εn,k. When the Hessian at a critical point vanishes,
the quadratic form approaches degeneracy, making the energy
dispersion of at least third order. When this happens, HOVHS
emerges with a power-law divergence in DOS [4,5,7,56] due
to a higher-order critical point. To clarify the usage of HOVHS
in our paper, we point out that this type of singularity can
manifest itself in the form of either a higher-order saddle point
or a higher-order extrema. While conventional extrema do not
give rise to divergence in DOS, higher-order extrema generate
a flat local dispersion, inducing a power-law divergence in
DOS, which we will discuss in the following subsections.
We also emphasize that in the case of an HOVHS resulting
from an extremum, we do not observe the emergence of the
singularity from the merging of ordinary VHS on the energy
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(a)

(b)

K
M

FIG. 2. Band structure at (a) (t2, φ) = (0, 0) and (b) (t2, φ) =
(0.76, 0.9π ), with the first BZ shown in (a). The corresponding
DOS is displayed on the right. The red dashed lines in (a) and
(b) denote the energy at which the M points of the second band
support a conventional VHS and a HOVHS respectively, as indicated
by the divergences in the corresponding DOS. Notice that the energy
corresponding to the M points on band 2 is always zero.

band, which is the case in higher-order saddle points like the
monkey saddles [4].

In the absence of NNN hopping, as shown in Fig. 2(a),
band 3 is flat and bands 1 and 2 support critical points
on the high-symmetry points of the first BZ � = (0, 0),
±K = (± 4π

3 , 0), M1 = (π, π√
3

), M2 = (−π, π√
3

), and M3 =
(0,− 2π√

3
), with conventional saddle points located on Mi.

Figure 2(b) illustrates the effect of the NNN hopping on
the band structure, where we observe the onset of bands
with significantly higher DOS divergence than ordinary VHS.
Henceforth we focus on addressing how these critical points
emerge as a function of the parameters (t2, φ). As shown be-
low, all high-symmetry points on the three bands can support
HOVHS in this parameter space. In particular, we analyze
high-symmetry points separately and classify their HOVHS as
shown in Fig. 3. C3 rotation and inversion symmetries, reduce
the analysis to three of the six high-symmetry points.

A. Critical points at ±K

Higher-order singularities emerge at K in the form of
monkey saddles, as shown in Fig. 3(a). The corresponding
low-energy dispersion, which reflects the C3 rotation symme-
try around the K points, takes the form

εK+p − εK = α
(
p3

x − 3px p2
y

) + · · ·, (3)

FIG. 3. Contour plots of the energy dispersion corresponding to
band 2, near the high-symmetry points (a) ±K, (b) Mi, and (c) �

points, where the Hessian vanishes, thereby supporting HOVHS. The
white lines denote the boundaries of the first BZ and the black lines
correspond to the Fermi surface contour at the corresponding energy
of the HOVHS. At the K point (a), the dispersion exhibits a monkey-
saddle dispersion. In contrast, around the M3 point (b), the dispersion
becomes locally flat only along the kx direction. At the � point (c),
which is an extremum, the second-order curvature of the dispersion
vanishes along both kx and ky directions. (d) The energy dispersion
considered in (c), around the � point, plotted along kx with ky held
constant at zero, in order to highlight the flatness of the band around
the � point.

where px and py are defined parallel and perpendicular to the
�K line in the first Brillouin zone, respectively, and the coef-
ficient α is real. This monkey saddle dispersion indicates that
the corresponding DOS exhibits a power-law divergence with
exponent ν = 1/3 [4,5,56,57], which we confirm numerically.
Furthermore, these observations apply to the −K points as
well, since the model is symmetric under inversion.

B. Critical points at �

In contrast to the ±K points, the � point does not support a
high-order saddle even though the Hessian Hn,� vanishes. In-
stead, as the second-order curvature of the dispersion vanishes
along both the kx and ky directions, � becomes an extremum
with vanishing Hessian, thereby resulting in a locally flat band
around the � point, as shown in Fig. 3(c). The corresponding
low-energy dispersion takes the form

ε�+p − ε� = α
(
p2

x + p2
y

)2 = α p4, (4)

where α is a real parameter and (px, py) = p (cos θ, sin θ ).
Furthermore, the dispersion exhibits a stronger power-law
divergence with exponent ν = 1/2, i.e., ρ(ε) ∝ |ε − ε�|− 1

2 .
Additionally, we notice one particular instance at (t2, φ) =
(1/3, π ) for the first band where the coefficient α vanishes
resulting in a low-energy dispersion of the form (up to O(p6))

ε�+p − ε� ≈ p6
x

1152
− p4

x p2
y

192
+ p2

x p4
y

128
= p6

1152
cos2 (3 θ ),

(5)
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FIG. 4. [(a)–(c)] Parameter space plots showing the set of (t2, φ) values for which the high-symmetry points � (orange), ±K (blue) and
M(green) corresponding to the bands 1-3 (from left to right) support HOVHSs. The dashed lines correspond to the high-symmetry points
which can be classified as higher-order saddles whereas the solid lines correspond to extrema with vanishing Hessian. (d) Parameter space plot
zoomed in around the intersections of the lines highlighted with the black dashed lines in (a), clarifying the different intersections of boundary
lines. The parameter pair of interest is labeled with �, with values (t2 = 0.45, φ = 0.76π ). (e) The 3D plot of the band structure at parameters
labeled with � in (d), supporting HOVHSs at both M and � points. The energy value corresponding to the HOVHS at the M and � points are
−2.74 t1 and −2.67 t1, respectively. (f) Band diagram of the same bands to showcase the exceptional flatness of band 1, with an approximate
bandwidth of 0.08 t1. The first BZ is shown in the diagram as well.

where ε� = − 8
3 , and the corresponding DOS diverges around

� as ρ(ε) ∼ |ε − ε�|−2/3. We note that both expressions
Eqs. (4) and (5) obey inversion and C3 rotation symmetries.

C. Critical points at Mi

The emergence of HOVHS at Mi points occurs under two
conditions: when either one or both of the eigenvalues of the
Hessian Hn,Mi vanish. Given the model has C3 symmetry,
the following discussion applies to all the Mi points, and
hence we drop the subscript i for the Mi points. When one
eigenvalue vanishes, the second-order curvature of the dis-
persion vanishes along either the kx or ky direction, resulting
in a locally flat band structure in that direction, as shown in
Fig. 3(b). The corresponding low-energy dispersion takes the
form,

εM+p − εM

=
{

αp2
x + βp4

x + γ p2
x p2

y + δp4
y + · · ·, ∂2

kyεn,M = 0

αp2
y + βp4

x + γ p2
x p2

y + δp4
x + · · ·, ∂2

kxεn,M = 0
,

(6)

with all coefficients being real, where the DOS diverges
around M as ρ(ε) ∼ |ε − εM|−1/4. On the other hand, when
both eigenvalues vanish, the α coefficient vanishes, leading to
a fourth-order dispersion in momentum, where the DOS obeys

a power-law divergence with exponent ν = 1/2, similar to the
case of the � point. Here, the second-order curvature vanishes
in all directions, making the dispersion at Mi locally flat.

D. HOVHS phase diagrams

We numerically calculate the Hessian for the band dis-
persions corresponding to the Hamiltonian in Eq. (2) around
the high-symmetry points ±K, �, and M. Our analysis re-
veals a range of (t2, φ) values, shown in Figs. 4(a)–4(c), for
which all three bands support HOVHS at one or more of
these high-symmetry points. The critical points marked by the
HOVHS lines in Figs. 4(a)–4(c) all correspond to a vanishing
Hessian. Dashed lines indicate higher-order saddle points,
while solid lines denote higher-order extrema. Notice that the
higher-order critical point at � is invariably an extremum,
whereas those at ±K are consistently higher-order saddles.
Additionally, we find that the Hessian is invariant under the
transformation φ → −φ. As a result, we display the HOVHS
lines for only 0 � φ � π .

We wish to point out an interesting feature of the flat
band in Fig. 4(c). As t2 approaches 0 around φ = ±π/2, two
HOVHS lines of Mi and one of ±K are seen merging at a
single parameter value. This convergence suggests that, as we
perturb the system away from t2 = 0 around φ = ±π/2, even
when the global band dispersion is no longer perfectly flat, the

075114-4



HIGHER-ORDER VAN HOVE SINGULARITIES IN … PHYSICAL REVIEW B 111, 075114 (2025)

local energy dispersion around the ±K and Mi points remains
relatively flat. This provides a unique setting to investigate the
emergence of HOVHS near stronger DOS singularities due to
flat bands.

Additionally, we notice a region in Fig. 4(a) where numer-
ous line intersections occur, for the first band. That region
is zoomed in and shown in Fig. 4(d). Coincidentally, the
bandwidth in that region also achieves a minimum as low
as ≈0.08 t1. Selecting a parameter pair of (t2 = 0.45, φ =
0.76π ), which is marked with � in Fig. 4(d), we obtain a band
1 giving rise to HOVHSs both at � and M points. The 3D
plot of the band structure is showcased in Fig. 4(e), and the
1D band structure of the system is demonstrated in Fig. 4(f),
exhibiting the extreme flatness of the lowest band. The partic-
ular region shown in Fig. 4(d) can be a promising territory to
observe strongly correlated phenomena in the system.

We now discuss an analytic approach underlying the phase
diagrams shown in Figs. 4(a)–4(c). In particular, we perturba-
tively determine the quadratic form near each high-symmetry
point. For concreteness, we focus on the � point, where
nondegenerate perturbation theory holds, except when degen-
eracies occur between bands 2 and 3 at φ = 0, π . Expanding
the Hamiltonian about �, we get

Ĥ(� + p) = Ĥ(�) + Ĥ(p), (7)

Ĥ(p) =

⎛
⎜⎜⎝

0 ζ12(p) ζ13(p)

ζ ∗
12(p) 0 ζ23(p)

ζ ∗
13(p) ζ ∗

23(p) 0

⎞
⎟⎟⎠, (8)

where up to second order in momentum, ζ12 = t1(p ·
a2)2 + t2eiφ (p · b2)2, ζ13 = t1(p · a3)2 + t2e−iφ (p · b3)2,
ζ23 = t1(p · a1)2 + t2eiφ (p · b1)2. The eigenstates of
Ĥ(�) can be expressed as, �

(0)
1,� = 1√

3
(1, 1, 1), �

(0)
2,� =

( 1
6 (−√

3 − 3i), 1
6 (−√

3 + 3i), 1√
3

), and �
(0)
3,�=( 1

6 (−√
3 + 3i),

1
6 (−√

3 − 3i), 1√
3

).
The dispersion, to leading quadratic order, follows from

εn,�+p = ε
(0)
n,� + �

(0)∗
n,� Ĥ(p)� (0)

n,�. (9)

and, hence, the Hessian Hn,�(t2, φ) of each band:

H1,� = [
3
4 (t1 + 3t2 cos(φ))

]2
,

H2,� = [− 1
8 t1(1 + 3t2 cos(φ) − 3

√
3t2 sin(φ))

]2
,

H3,� = [− 1
8 t1(1 + 3t2 cos(φ) + 3

√
3t2 sin(φ))

]2
. (10)

Setting Hn,� = 0, results in the HOVHS contours at � shown
in Fig. 4 (orange lines),

τ1,�(φ) = − sec(φ)

3
,

τ2,�(φ) = − 1

3(cos(φ) − √
3 sin(φ))

,

τ3,�(φ) = − 1

3(cos(φ) + √
3 sin(φ))

. (11)

The other high-symmetry points can be dealt with sim-
ilarly. In particular, the analysis of degenerate perturbation

theory for � at φ = π , as well as the Hessian expressions for
M and K points are provided in Appendix A.

III. BAND TOPOLOGY

The NNN hopping breaks time-reversal symmetry and
leads to the possibility of energy-isolated topological bands
characterized by a nonzero Chern number. To investigate that,
we numerically compute [58] the Chern number of the three
bands in the t2 − φ parameter space.

The Chern number diagrams are presented in Fig. 5. We
restrict our analysis to 0 � t2 � 1 where the magnitude of
the second neighbor hopping is less than the NN hopping t1.
Furthermore, the parameter φ is restricted from [0, π ], since
for any Chern number C at (t2, φ), as φ goes to −φ, the Chern
number flips sign. The white regions describe bands that are
not separated by a direct gap. The colored regions represent
isolated bands with nonzero Chern numbers. In this parameter
regime, we observe a rich landscape of gapped topological
bands, some of which support relatively large Chern numbers.

By combining the phase diagrams shown in Figs. 4
and 5, we uncover a comprehensive understanding of how the
NNN hopping leads to the onset of topological bands support-
ing HOVHS at the high-symmetry points, characterized by
power-law diverging DOS ρ(ε) ∼ |ε − ε0|−ν , with exponents
ν = 1/2, 1/4, 1/3, which is one of the main results of our
analysis.

This structure of HOVHS can be accessed upon changing
the Fermi energy in each of the bands, which also changes
the anomalous Hall response owing to the presence of a finite
Berry curvature in the bands. Importantly, the zero temper-
ature differential anomalous Hall response displays a strong
divergence whenever the Fermi level crosses a Van Hove
singularity, due to the large change in the number of electronic
states in a small energy window. At zero-temperature, this

response,
dσ int

xy (μ;T =0)
dμ

, near VHSs can be expressed in terms
of the density of states ρ(μ) as [19]

dσ int
xy (μ; T = 0)

dμ
= e2

2πh
〈�〉FS ρ(μ), (12)

where σ int
xy (μ; T = 0) = e2

h
1

2π

∫
d2k �(k)�(μ − ε(k)) is

the anomalous Hall conductivity at zero-temperature, defined
in terms of the Berry curvature �(k), and 〈�〉FS defines the
average of the Berry curvature on the Fermi surface.

In Fig. 6, we plot σ int
xy (μ; 0) as well as

dσ int
xy (μ;0)
dμ

as a
function of the Fermi energy μ for three different cases
where a Chern band supports HOVHS at either of the three
high-symmetry points. Notice that in all the three cases, the
inverse of the slope of the anomalous Hall response σ int

xy (μ; 0)
vanishes as μ → μ∗ where μ∗ is the energy corresponding
to the HOVHS, shown in Figs. 6(a)–6(c). As a result, the
dσ int

xy (μ;0)
dμ

plots show a divergence as μ → μ∗, displayed in
Figs. 6(d)–6(f).

We numerically confirm that the differential anomalous
Hall responses exhibit power-law divergences with the same
exponent as the corresponding DOS, and note that the
distinctly sharp peaks become progressively broadened as
temperature increases.
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FIG. 5. Phase diagrams for band 1 (left), band 2 (middle), and band 3 (right), showing the corresponding Chern numbers in the t2-φ
parameter space. Since TRS is respected at φ = 0, π , the Chern number for all three bands at φ = 0, π are 0. White regions in the phase
diagrams indicate nonpositive indirect energy gaps where the Chern number is not well-defined. (In this case, there is no situation where the
Fermi energy lies in between the bands, and the bands are characterized by a possible nonquantized anomalous Hall response.) Only [0, π ] is
shown on the φ axis, since for any Chern number C at (t2, φ), as φ goes to −φ, the Chern number flips sign. As seen in certain regions of the
parameter space, band 2 can support Chern number as high as ±4.

IV. SUBLATTICE INTERFERENCE

A remarkable feature of Kagome systems is that Bloch
states of the second band corresponding to each Mi point
in the Brillouin zone are maximally localized on one of the
three sublattices A, B and C. Notably, this form of sublattice
interference (SI) [31,42,43] is persistent even with long-range
real hopping terms extending up to the third nearest neighbor
[43]. However, SI in kagome systems supporting topological
bands is yet to be explored. In this section, we investigate
the rich interplay between SI and HOVHS promoted by the
complex hopping.

First, we establish that the SI persists on band 2 throughout
the t2-φ parameter space. For instance, consider the high-
symmetry point M1 = (π, π√

3
). Working out the dot product

of M1 with the lattice vectors ai and bi, M1 · a1 = π/2,
M1 · a2 = π/2, M1 · a3 = 0, M1 · b1 = π/2, M1 · b2 = π/2
and M1 · b3 = −π , yields the Hamiltonian Ĥ(M1)

Ĥ(M1) = −2 t1

⎛
⎝0 0 1

0 0 0
1 0 0

⎞
⎠ − 2 t2

⎛
⎝ 0 0 −eiφ

0 0 0
−e−iφ 0 0

⎞
⎠,

(13)

HOVHS at K point

HOVHS at K point

HOVHS at M point

HOVHS at M point

HOVHS at Γ point

HOVHS at Γ point

(a) (b) (c)

(d) (e) (f)

FIG. 6. [(a)–(c)] Intrinsic anomalous Hall conductivity σ int
xy (μ; 0) and [(d)–(f)] the corresponding differential anomalous Hall conductivity

dσ int
xy (μ;0)

dμ
at zero temperature, plotted as a function of the Fermi energy μ in units of t1 for the Chern bands supporting HOVHS at (t2, φ) =

(0.39, π/2) for band 1 (left), (t2, φ) = (0.26, π/2) for band 2 (middle), and (t2, φ) = (0.80, −0.9π ) for band 3 (right). The high-symmetry
point where the HOVHS is located is mentioned in each plot. The differential anomalous Hall response, like the corresponding DOS, exhibits
a power-law divergence around μ∗ (marked by the blue dashed line) with exponents 1/3, 1/4, and 1/2 for K, M, and � point, respectively.
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FIG. 7. Contour plot of the sublattice weights for the second
band corresponding to the sites A (left), B (middle), and C (right)
of the kagome lattice at (t2 φ) = (0.258, π/2), demonstrating that
each Mi point on band 2 corresponds to one of the three sites of the
kagome lattice. In this example, the band carries a Chern number of
+2 while supporting HOVHS at the M points. Here, the black lines
denote the first Brillouin zone boundaries.

supporting the energy values, ε1,3 = ±2√
(t1 − t2e−iφ )(t1 − t2eiφ ) and ε2 = 0, where ε1 � ε2 � ε3.

The corresponding eigenstates are denoted as �n,k = uλ,kck,
where uλ,k is a unitary transformation with λ = A, B, C.
Notably, the ε = 0 case corresponds to the second band with
eigenvector �2,M1 = (0 1 0)T , localized on the B sublattice.

Similarly, for the other two high-symmetry points M2 and
M3, the eigenvalues of the corresponding Hamiltonian yield
the eigenvalues ε1 � ε2 = 0 � ε3, where the ε = 0 case again
corresponds to the second band. Owing to C3 rotation sym-
metry, the eigenvectors of the second band at M2 and M3,
�2,M2 = (0 0 1)T and �2,M3 = (1 0 0)T , are maximally local-
ized on the C and A sublattices, respectively. Figure 7 shows
the strong sublattice localization at each of Mi on the second
band.

SI plays an important role in constraining the interactions
between electronic states located near Mi when the Fermi
level crosses a Van Hove singularity. Earlier works have ex-
plored this regime for logarithmic VHS in kagome lattice
[31,42,43]. The presence of the complex hopping on this
kagome lattice, remarkably, uncovers a new regime where
the second band supports HOVHS on the Mi, displayed in
the green contours of Fig. 4. Furthermore, these band support
higher Chern numbers, C = ±2,±4 (middle panel of Fig. 5),
generalizing the SI in time-reversal broken Chern bands be-
yond the Chern number C = ±1 band on the honeycomb
lattice [17]. The identification of topological bands showing
SI and HOVHS is a promising platform to explore electronic
correlations.

V. DISCUSSION

Motivated by recent interest in band structures supporting
higher-order Van Hove singularities, we have investigated
a kagome system characterized by NN and NNN hopping,
which, respectively, preserve and break time-reversal symme-
try (Fig. 1). The latter, similarly, to a chiral hopping on the
Haldane lattice, leads to the formation of topological bands
supporting Chern numbers C = ±1,±2,±3,±4, as depicted
in Fig. 5.

More notably, we have performed a comprehensive analyti-
cal and numerical analysis of the band dispersions near the six
high-symmetry points �, ±K, and Mi (i = 1, 2, 3), which un-
covered a complex and diverse domain of HOVHS controlled

by the magnitude and phase of the NNN hopping (Figs. 2–4).
As such, our analysis unveils Chern bands with strong power
law divergence in the DOS, ρ(ε) ∼ |ε|−ν characterized by
the exponents ν = 1/2, 1/3, 1/4. Such strong singularities in
the density of states can imprint characteristic features in the
low temperature intrinsic anomalous Hall response, when the
Fermi level crosses the HOVHS (Fig. 6).

We have explored distinct features of the kagome system
worth mentioning. First, while it takes a critical value of the
NNN hopping strength for HOVHS to emerge in bands 1 and
2, HOVHS can emerge at the ±K and Mi out of the third
(flat) band for infinitesimal strength of the NNN, as shown in
Fig. 4. Furthermore, the NNN hopping provides a mechanism
for the realization of high Chern number bands manifesting
a sublattice interference whereupon electronic states of the
second band are maximally localized on the A, B, and C
sublattices as the momentum approaches M3, M1, and M2,
respectively (Fig. 7).

The classification of HOVHS in kagome systems opens
promising directions for future investigation. In particular, the
interplay between band topology and large density of states
provides a guiding principle to exploring correlation effects in
kagome lattices, which could serve as a mechanism to realize
unconventional electronic orders such as chiral topological
superconductivity and fractional topological states. Another
interesting direction to explore would be incorporating a spin
degree of freedom into our model, which can be experimen-
tally realized in kagome FeGe metals [59–61].

ACKNOWLEDGMENTS

We thank Tianhong Lu for very useful discussions. This
work is supported by Department of Energy, Basic Energy
Science, under Award DE-SC0023327. L.P. acknowledges
funding from the Women in Natural Science Fellowship of
Emory University.

APPENDIX: ANALYTICAL EXPRESSIONS
OF THE HOVHS LINES

On the line φ = π in the t2-φ parameter space, bands 2
and 3 are touching at � point, and thus need the degenerate
perturbation theory (PT) treatment. We can set up the matrix

V =
(

V22 V23

V ∗
23 V33

)
, (A1)

where Vi j = �
(0)∗
i,� Ĥ(p)� (0)

j,�. After diagonalization, we use
the two eigenvalues, 3t2/4 and −1/4, in replacement of
�

(0)∗
n,� Ĥ(p)� (0)

n,� for the energy shift in Eq. (9).
Given that the perturbation matrices for M and K have

both linear and quadratic dependence on p, we use second-
order perturbation theory, with the energy shift defined as the
following:

εn,k+p − ε
(0)
n,k = Ĥnn(p) +

∑
m �=n

|Ĥnm(p)|2
ε

(0)
n,k − ε

(0)
m,k

, (A2)

where k can be K or M, and Ĥnm ≡ �
(0)∗
n,k Ĥ(p)� (0)

m,k. With
Eq. (A2), we derived the expressions for Hessian at M and
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±K points:

H1,M(t2, φ) = 1

64γ 6
3
(
γ − 9t4

2 − 9γ t3
2 cos(3φ) + (15γ − 4)t2

2 cos(2φ) + t2
(−7γ + 22t2

2 + 2
)

cos(φ) − 12t2
2 + 1

)
× (−γ + t4

2 + t2
(−(

γ + 6t2
2 + 2

)
cos(φ) + γ t2(t2 cos(3φ) + cos(2φ)) + 8t2 cos2(φ)

) − 1
)
, (A3)

H2,M(t2, φ) = 1

16γ 4

(
9t3

2 cos(3φ) − 15t2
2 cos(2φ) + 7t2 cos(φ) − 1

)(−3t2
2 (t2 cos(3φ) + cos(2φ)) + 3t2 cos(φ) + 3

)
, (A4)

H3,M(t2, φ) = 1

64γ 6

(
9t4

2 + γ
(
1 − 9t3

2 cos(3φ)
) + (15γ + 4)t2

2 cos(2φ) − t2
(
7γ + 22t2

2 + 2
)

cos(φ) + 12t2
2 − 1

)
× (

3t2
((−γ + 6t2

2 + 2
)

cos(φ) + γ t2(t2 cos(3φ) + cos(2φ)) − 8t2 cos2(φ)
) − 3

(
γ + t4

2 − 1
))

, (A5)

H1,±K(t2, φ) = 1

16t2(−6t2 cot(φ) + 2
√

3t2 + 3 csc(φ))
csc(φ)

× (
36t3

2 − 24t2
2 cos(φ) +

√
3
(
4t2

2 sin(φ)(5 − 12t2 cos(φ)) + 6t2 cot(φ) − 3 csc(φ)
) − 6t2

)
, (A6)

H2,±K(t2, φ) = 1

16t2(6t2 cot(φ) + 2
√

3t2 − 3 csc(φ))
csc(φ)

× (−36t3
2 + 24t2

2 cos(φ) +
√

3
(
4t2

2 sin(φ)(5 − 12t2 cos(φ)) + 6t2 cot(φ) − 3 csc(φ)
) + 6t2

)
, (A7)

H3,±K(t2, φ) = 1

8

(
3 − 6t2 cos(φ)

8t2
2 cos(2φ) + 4t2

2 − 12t2 cos(φ) + 3
+ 6t2 cos(φ) − 1

)
, (A8)

where γ =
√

t2
2 − 2t2 cos(φ) + 1. At specific (t2, φ) values in the parameter space, the ±K points on either pair of neighboring

bands will touch. Due to the no-level crossing theorem under the PT framework, we want to emphasize the Hn,K expressions are
only valid in some regions of the parameter space. The band-crossing happens at a set of (t2, φ) values, related by the function
t2 = 3

2(
√

3 sin(φ)+3 cos(φ))
. Starting from the NN kagome model, i.e., (t2, φ) = (0, 0), once the critical (t2, φ) line is crossed, the

Hessian expressions for ±K, as given in Eqs. (A6)–(A8), become mixed and do not correspond to the correct band index n.
However, we wish to point out that upon plotting the roots of all three Hn,±K expressions, we do obtain the complete set of
HOVHS lines for the ±K points in the parameter space.
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