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Engineering topology in graphene with chiral cavities
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Strongly coupling materials to cavity fields can affect their electronic properties altering the phases of matter.
We study monolayer graphene whose electrons are coupled to both left and right circularly polarized vacuum
fluctuations, and time-reversal symmetry is broken due to a phase shift between the two polarizations. We
develop a many-body perturbative theory, and derive cavity-mediated electronic interactions. This theory leads
to a gap equation which predicts a topological band gap at Dirac nodes in vacuum and when the cavity is
prepared in an excited Fock state. Remarkably, topological band gaps also open in light-matter hybridization
points away from the Dirac nodes giving rise to photoelectron bands with high Chern numbers. We reveal
that the physical mechanism behind this phenomenon is generic and due to the exchange of photons with
electronic matter at the hybridization points. Specifically, the number and polarization of exchanged photons
directly determine the band topology of graphene subject to enhanced chiral vacuum fluctuations. Hence, our
theory shows that graphene-based materials could host Chern insulator phases in engineered electromagnetic
environments, bridging cavity quantum electrodynamics to Floquet engineering of materials while protected
from the ensuing heating effects.

DOI: 10.1103/PhysRevB.110.L121101

Driving quantum materials by classical light is a ma-
ture field of physics [1,2] where one can engineer the band
topology of materials [3–11]. Meanwhile, great progress has
been achieved in the manipulation of quantum materials with
cavity vacuum fields [12–30]. Notably, modifications in the
magnetotransport properties [31] and the Hall conductivity
[32] due to cavity vacuum fluctuations were reported in ex-
periments, as well as a shift in the critical temperature for
the metal-to-insulator transition in 1T -TaS2 [33]. Recently,
Ref. [16] discussed an experimentally realizable path to chiral
cavities through the Faraday effect [34,35]. Specifically, a
magneto-optical material coated mirror would induce a phase
shift between the two polarizations of the electromagnetic
cavity field [36,37] where the phase shift is proportional to
the external magnetic field, coating thickness, and the Verdet
constant [38]. Such Faraday rotators [36] and metamaterial
coated mirrors [39] were also experimentally demonstrated
to selectively absorb one polarization or the other, potentially
leading to single-polarization chiral cavities. Alternative to an
external magnetic field, spontaneous material magnetism can
be utilized for Faraday effect [40,41].

Here, we theoretically study a model where a graphene
monolayer is coupled to a chiral cavity field with single or
two circular polarizations. For the latter, the time-reversal
symmetry (TRS) can be broken as a result of an imperfect
phase shift with a Faraday mirror, so that one of the polariza-
tions is not eliminated, but only suppressed. In such a setup,
what breaks the TRS is the unequal light-matter couplings
induced by the two polarizations of the same cavity mode.
Hence this Letter generalizes the model previously studied by
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Refs. [20–22] which omits one polarization to simplify the
theoretical treatment.

We formulate a many-body perturbative theory for the
continuum Dirac Hamiltonian coupled to light, based on
the Schrieffer-Wolff (SW) transformation [42,43], and obtain
the cavity-mediated electronic interactions. Then, we apply
Hartree-Fock mean-field theory (MFT) and show that the
cavity-mediated interactions break TRS, and hence open a
topological gap. Further, we derive the gap equations at finite
temperature for a cavity either in vacuum or in a Fock state
with low photon number. The perturbative treatment captures
the numerically predicted enhancement of the gap with the
number of chiral photons when the cavity is prepared in a
Fock state [44]. By also deriving a minimally coupled tight-
binding (TB) Hamiltonian for this setup and examining the
band structure, we show that our results remain valid within
the microscopic theory. We find that the single-polarization
model [20–22] overestimates the Dirac gap in vacuum when
Faraday rotation cannot eliminate one of the polarizations.

A central finding of our work is that the light-matter
avoided crossings emerging away from the Dirac nodes also
acquire a topological character by contributing a nonzero
Berry phase to the band wave functions and giving rise to
higher Chern bands. We unveil the mechanism behind this
phenomenon based on the chiral photon exchange processes
with matter, and find that the number and polarization of
the exchanged photons determine the topology of the photo-
electron bands. Although graphene coupled to a chiral cavity
has been recently studied in multiple works [19–22], the
focus was entirely on the Dirac nodes in vacuum missing
how the quantum nature of the photons affects the Berry
phase of the strongly correlated photoelectron wave function
away from the Dirac nodes. This fundamental relation also
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FIG. 1. (a) Chiral cavity setup with right and left polarizations are shifted with respect to each other. (b), (c) The cavity-mediated electronic
interactions in graphene with strengths proportional to (b) 1/ωλ and (c) 1/ω2

λ. (d) The focus on the lowest two bands of two- and single-
polarization Dirac models showing the match between analytical SW theory and exact diagonalization (ED) with a truncated photonic Hilbert
space of maximum photon number 〈a†

j a j〉max = 4. Single-polarization bands (dotted black) are shifted upwards for comparison by ωL/2. The

x axis is defined in terms of radial distance to the Dirac nodes k =
√

k2
x + k2

y normalized by Fermi momentum kF = mvF. The parameters

are ωc = 6.28 THz, χ = 5 × 10−4 [31], and m = 0.02me. The Fermi velocity is found to be vF = 0.21 a.u. (atomic units) by fitting the band
structure of the Dirac model to the TB model. The red pluses and yellow stars are the prediction of the analytical SW theory in vacuum. (e)
The gap at the K point when the cavity is prepared in a Fock state, increases with the photon number populated in the cavity. SW theory can
predict the gap until 〈a†

RaR〉 ∼ 5. The ED results with 〈a†
j a j〉max = 4 on Dirac and TB models match.

provides a physically intuitive and generic framework to en-
gineer photoelectron bands with arbitrary Chern numbers,
as well as a possible microscopic origin of Floquet topo-
logical insulators [3] with high Chern numbers [45–47]. Let
us note in passing that cavity-QED and Floquet engineering
of two-dimensional (2D) materials are separate fields where
both aim to use light to control the electronic properties
of condensed matter, however, in and out of equilibrium,
respectively [16,48].

Cavity-mediated interactions. We consider a graphene
monolayer described by the continuum Dirac model [49]
placed in a single-mode cavity with frequency ωc whose po-
larizations are in plane such that they couple to electrons. The
effective Hamiltonian around the K valley reads (h̄ = 1) [21]

HK = vF

∑
k

(kx − Ax + i[ky − Ay])c†
AkcBk + H.c.

+
∑

λ=R,L

ωλ

(
a†

λaλ + 1

2

)
, (1)

where the Fermi velocity vF = 0.21 a.u. is found by com-
paring the band structure of HK to that of the TB model
around the Dirac nodes [50]. The operators crk are fermionic
annihilation operators at r = A, B sublattices with momentum
k obeying {c†

rk, csk′ } = δkk′δrs. The frequencies of the right

and left circular polarizations are ωλ =
√

ω2
c + ω2

D where λ =
R, L and the diamagnetic frequency ωD stemming from the
A2 term shifts the cavity frequency ωc [50]. The quantized
vector potential written in terms of the circular polarizations
eR,L = (1,±i)/

√
2 is

A =
√

1

ε0Vλ2ωλ

[eRaL + eRa†
R + eLaR + eLa†

L].

Vλ = χλ(2πc/ωc)3 [31] is the effective cavity volume
with light concentration parameter χλ. Here, the operators
[aλ, a†

λ′ ] = δλλ′ are the circularly polarized photon opera-
tors renormalized by the diamagnetic A2 term originating

from the minimally coupled TB Hamiltonian [50]. Thus
the light-matter interaction Hamiltonian follows as Hint =
−vF

∑
k(gRa†

R + gLaL )c†
AkcBk + H.c. The light-matter cou-

pling amplitudes in terms of the microscopic parameters are
obtained to be gλ = α

m

√
2π/(Vλ ωλ) in the TB model deriva-

tion [50], where α = 2.68 a.u. is the lattice distance and m is
the effective mass of the electrons subject to the crystal po-
tential which should be fixed by the experiment [51]. Faraday
rotation shifts the circular polarizations with respect to each
other [36] giving rise to an out-of-phase spatial profile in the
cavity field, as shown in Fig. 1(a). This leads to an asymmetry
in the light-matter coupling constants gλ depending on where
the 2D material is placed. We assume 2χR = χL, and hence
gR = √

2gL for the numerical demonstration, although the
physics does not qualitatively change as long as gR �= gL [50].

To derive the cavity-mediated interactions we perform the
SW transformation HK = eSHKe−S [42,43]. The light-matter
Hamiltonian HK is split into the noninteracting H0 and in-
teraction part Hint,HK = H0 + Hint. Then, the operator S =
S1 + S2 + · · · is constructed perturbatively as an expansion in
orders of 1/ωλ, such that the light-matter interaction is elim-
inated, [S,H0] = −Hint [43]. To first order in this expansion
we find [50]

S1 = vF

∑
k

(
gL

ωL
aL − gR

ωR
a†

R

)
c†

AkcBk − H.c. (2)

Given the operator S, we derive the effective SW Hamiltonian
HK = H0 + 1

2 [S,Hint]. For a cavity in vacuum this takes the
form of

HK = ωR + ωL

2
+ vF

∑
k

[
(kx + iky)c†

AkcBk

−
∑

k′

(
g2

R

2ωR
c†

BkcAkc†
Ak′cBk′

+ g2
L

2ωL
c†

AkcBkc†
Bk′cAk′

)
+ H.c.

]
. (3)
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The diagrammatic representation of the interactions is given
in Fig. 1(b). One can obtain the effective Hamiltonian at
K′ valley HK′ by exchanging the sublattice indices A ↔ B
and momentum k → −k in HK. The cavity-mediated
interactions break TRS for gR �= gL which we prove below,
and estimate the induced gap by MFT whose details are in the
Supplemental Material (SM) [50]. The MFT Hamiltonians
read Hmft

K = ∑
k[v′

F (kxσ1 + kyσ2) − d3(k)σ3] + E0 and
Hmft

K′ = ∑
k[v′

F (−kxσ1 + kyσ2) + d3(k)σ3] + E0 at K and
K′ points, respectively, where σ1,2,3 are the Pauli matrices.
Here, v′

F is the renormalized Fermi velocity, and E0 is the
many-body ground-state energy predicted by the MFT, which
matches with the band-structure results [50]. The presence of
a nonzero d3(k) in these MFT equations with a different sign
means that the TRS is broken. This cavity-induced gap shows
that both Dirac nodes contribute a π Berry phase to the wave
function, and hence the band gap is topological. We obtain
the gap equations for both polarizations to be


λ(k) = g2
λv

2
F

2ωλ

(
1 + 
λ(k)

tanh
(
βEλ

k /2
)

2Eλ
k

)
, (4)

where β = 1/kBT is the inverse temperature, Eλ
k =√

v′2
F (k2

x + k2
y ) + [
λ(k)]2/4, and the total band-gap opening

due to interactions is 
(k) ≡ 
R(k) − 
L(k) = 2d3(k).
Right at the K, K′ points and zero temperature, the gap reads

(0) = g2

Rv2
F /ωR − g2

Lv2
F /ωL. Hence, in fact, the condition

gR �= gL opens a gap. In the limit T → ∞, the gap reduces
to 
(0) = g2

Rv2
F /2ωR − g2

Lv2
F /2ωL. The general solution at

T = 0 that is plotted in Fig. 1(d) with red pluses, matches
with the band structure of the Dirac model in vacuum. The
finite-temperature gap is numerically solved in the SM [50].

The single-polarization limit can be obtained by taking
gL = 0 in Eqs. (2) and (3). Due to the relative simplic-
ity of this limit, we derive the SW Hamiltonian up to
the second order in the perturbation theory with the addi-
tional transformation term S2 = gRv2

F /ω2
R

∑
k[aR(kx + iky) −

H.c.](nAk − nBk ), and we include higher photon excitations
with a cavity prepared in a Fock state, such that 〈a†

RaR〉 ∈ N,
and we find

H sp
K = vF

∑
k

(
1 − v2

F g2
R

ω2
R

〈a†
RaR〉

)
(kx + iky)c†

AkcBk + H.c.

+ ωR

(
〈a†

RaR〉 + 1

2

)
− g2

RvF

ωR
〈a†

RaR〉
∑

k

(nBk − nAk )

− g2
RvF

2ωR

∑
kk′

(
c†

BkcAkc†
Ak′cBk′

+ vF
kx + iky

ωR
(nAk − nBk )c†

Ak′cBk′ + H.c.

)
. (5)

The interaction induced in the second order with ∝1/ω2
R

in Eq. (5) has a complex amplitude and does not preserve
sublattice flavor, as depicted in Fig. 1(c). The gap opening
introduced in the first order with Eq. (4) is modified by the

photon number


R(k) = g2
Rv2

F

2ωR

(
1 + 
R(k)

tanh
(
βER

k /2
)

2ER
k

)
+ 2

g2
RvF

ωR
〈a†

RaR〉,

and accompanied with the renormalization of the Fermi ve-
locity in the second order,

v′
F = vF

(
1 − v2

F g2
R

ω2
R

〈a†
RaR〉

)
. (6)

In the single-polarization model, 
(k) = 
R(k) by defini-
tion. At zero temperature, the gap at K, K′ points scales
as 
(0) = (2〈a†

RaR〉 + 1)g2
Rv2

F /ωR which is compatible with
Refs. [21,22] in vacuum. Therefore, populating the cavity
does not only increase the topological band gap [Fig. 1(e)],
it also flattens the bands around K, K′ points as is visible
in Fig. 2(a). The SW theory predicts the gap until the pho-
ton excitation number is 〈a†

RaR〉 ∼ 5 [Fig. 1(e)]. Let us note
that applying MFT to the second-order interaction gives rise
to coupled gap equations for v′

F and 
(k) whose numeri-
cal solutions in generic conditions can be found in the SM
[50]. We plot these solutions in Fig. 1(d) in vacuum with
yellow stars on the single-polarization Dirac model bands,
and see a perfect match. Overall, for a split-ring resonator
[52] with ωc = 6.28 THz cavity frequency—corresponding
to a Hartree energy of ∼9.5 × 10−4 a.u.—, χ ∼ 10−4 [31],
and m = 0.007me [51] where me is the bare electron mass,
the two-polarization model leads to a 4.3 meV gap in vac-
uum, which is overestimated by the single-polarization model,
11.5 meV [50]. This overestimation is visualized in Fig. 1(c)
for a set of different parameter values, and what the vacuum
gap depends on is given in the SM [50]. These gaps may be
measured via transport [53], or angle-resolved photoemission
spectroscopy [54].

Topological photoelectron bands in graphene. For the
following discussion, we numerically calculate the Berry cur-
vature Fl,xy(kx, ky) over the full Brillouin zone (BZ) of the TB
models and the Chern number of a band l [55],

Cl = 1

2π

∫
BZ

Fl,xy(kx, ky)dkxdky. (7)

The Berry phases at a Dirac node and light-matter avoided
crossing are denoted by φm,l and φp,l , respectively for band
l . Let us note that all photoelectron Dirac bands plotted in
Fig. 2 are cross sections cutting through a Dirac node. Hence,
the avoided crossings seen symmetrically placed around the
K point are two points residing on a continuous loop of
hybridizations around the K point [50]. Therefore, φp,l counts
the Berry phase contribution of all avoided crossings at the
same radial distance k/kF to the K point. The Chern number
of the band l is Cl = 
l/π where 
l is the total Berry phase
around one valley.

The lowest band, l = 1, has two Dirac nodes each con-
tributing to the winding phase of the wave function φm,1 =

1 = π leading to a Chern band of C1 = 1 as numeri-
cally confirmed. However, a more significant characteristic
of graphene coupled to a chiral cavity is the emergence
of the topological light-matter hybridizations reminiscent of
topological polaritons [56]. All higher-energy bands enjoy
additional Berry phases proportional to the exchanged photon
number: The gaps closest to the valleys, dotted black lines
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FIG. 2. The exact diagonalization Dirac bands of graphene around the K point coupled to a cavity with (a) single polarization and (b),
(c) two polarizations of cavity frequency ωc = 6.28 THz with color coding denoting the photon populations and 〈a†

j a j〉max = 4. We use
m = 0.02me, χ = 5 × 10−4 [31], and γ = 1.2 as the free parameters of the theory that have to be fixed by the experiment. The light-red shapes
highlight the light-matter avoided crossings with chiral photon exchanges. The Chern numbers for both models are given in boxes under Cl for
band l and calculated in the full BZ with the TB model. (d)–(g) Focus on chiral photon exchange processes with Berry phases for each band
denoted. The photon numbers are written only for the lower bands. (d) and (e) show the role of photon number, whereas (f) and (g) show also
the role of polarization in determining the Berry phase of the photoelectron wave function at a light-matter avoided crossing.

in Fig. 2(a), are one-photon avoided crossings with one chi-
ral photon exchange. This exchange process is enlarged in
Fig. 2(d). As a result, the second band gains φp,2 = −2π

phase at these one-photon avoided crossings, leading to 
2 =
−3π total phase together with the φm,2 = −π at the K val-
ley giving rise to C2 = −3 as numerically confirmed. The
two-photon avoided crossings depicted with dashed black
lines in Figs. 2(a) and 2(e), carry the −4π phase for l = 3.
Therefore, each higher-energy band has an additional loop
of light-matter avoided crossings with a phase proportional
to φp,l = −2π (〈a†

RaR〉k f

l − 〈a†
RaR〉ki

l ) contributing to 
l , and
hence to the Chern number of the band l , where |k f | > |ki|
is set as the convention. Berry curvature supports this mecha-
nism (see SM [50]).

Polarization of the exchanged photons also affects the
Berry curvature and the Chern number of the photoelectron
band. Here, we consider a two-polarization model and adopt
an alternative mechanism to break TRS through a frequency
splitting between two polarizations ωR �= ωL. This model
might be realized either via Zeeman splitting [20,57] or with
two Faraday mirrors which selectively absorb one of the po-
larizations of two cavity modes ω1 and ω2. We parametrize
the frequency difference in terms of ω2 = γω1 where γ ∈ R+

resulting in ωR(L) =
√

ω2
1(2) + ω2

D. One of our central results

is that the Berry phase at a light-matter hybridization can be
predicted by

φp,l

2π
= 〈a†

LaL〉k f

l − 〈a†
LaL〉ki

l − (〈a†
RaR〉k f

l − 〈a†
RaR〉ki

l

)
. (8)

This gives rise to four different cases in the prediction of
the Berry phases at the avoided crossings, two of which are
enlarged in Figs. 2(f) and 2(g). As depicted with a square
in Figs. 2(b) and 2(c), at an avoided crossing between l = 5
and l = 6, two photons with opposite chiralities are ex-
changed with matter leading to a zero Berry phase φp,5 =
φp,6 = 0, and hence a trivial gap. Depicted with a rhombus
in Figs. 2(b) and 2(c), at an avoided crossing between l = 4
and l = 5 a photon changes chirality through the interactions
with matter leading to φp,4 = 2π [(1 − 0) − (0 − 1)] = 4π

and φp,5 = −4π Berry phase. In a simpler avoided crossing
where a photon of fixed polarization is not exchanged at
all, e.g., a left circularly polarized photon for band l = 2 in
Figs. 2(b) and 2(c), The Berry phase is contributed only by
an exchange between a right circularly polarized photon and
matter, thus reproducing the single-polarization limit.

Therefore, Chern insulator phases with higher Chern num-
bers can be engineered by utilizing chiral photonic fields.
This mechanism seems very general, and not restricted to
graphene. For instance, high Chern numbers were reported
in transition metal dichalcogenides coupled to a single-
polarization cavity field [58]. Furthermore, the topological
bands of the bulk suggest chiral edge modes with electron-
photon localized states [56]. Our observation of high Chern
numbers might also suggest larger photoelectron currents at
the edges, or the domain walls, of the sample which could
lend itself to device applications.

Discussion and outlook. Our analytical theory reveals
cavity-mediated electronic interactions in graphene. This
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analytical method is valid when vF gλ/ωλ � 1 and k �
ωλ/vF hold [50], and the derived equations can only capture
the physics at the Dirac gaps. The photon field fluctuations
and light-matter entanglement cannot be neglected beyond
these limits which include the topological light-matter hy-
bridizations found away from the K, K′ points in high-energy
bands. Hence in these cases, when the photonic Hilbert space
is integrated out, one needs to resort to an open-system for-
malism for the electrons on which the numerical results can
be found in the SM [50]. An analytical method to treat these
hybridization points is an exciting future direction. Further-
more, understanding the competition of these cavity-mediated

interactions with Coulomb interactions in strongly correlated
electronic systems, e.g., moiré materials [59], is a promis-
ing path forward in the cavity-QED engineering of quantum
materials.
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