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Zero-field finite-momentum and field-induced superconductivity in altermagnets
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We explore the possibilities for spin-singlet superconductivity in newly discovered altermagnets. Investigating
d-wave altermagnets, we show that finite-momentum superconductivity can easily emerge in altermagnets even
though they have no net magnetization, when the superconducting order parameter also has d-wave symmetry
with nodes coinciding with the altermagnet nodes. Additionally, we find a rich phase diagram when both
altermagnetism and an external magnetic field are considered, including superconductivity appearing at high

magnetic fields from a parent zero-field normal state.
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Introduction. Recently discovered altermagnetism [1-8]
has opened up a new field of research in condensed mat-
ter physics [9] by introducing a third kind of magnetism in
addition to the two long-known kinds of magnetism: ferro-
magnetism and antiferromagnetism. Altermagnetism appears
in materials due to nonrelativistic spin splitting in the non-
interacting electronic band structure and is thus not due to
electronic interactions, usually associated with magnetism.

The unconventional mechanism behind altermagnetism
also leads to completely different symmetry properties. In
altermagnets, the magnetization appearing due to broken
Kramer’s spin degeneracy is momentum dependent, with sign
changing values and nodes. Notably, due to the sign changes,
the net magnetization is still zero in an altermagnet. Alter-
magnetism has already been proposed to be present in many
materials with the majority of them displaying a d-wave sym-
metry [9], including the parent cuprate material La,CuQOy4 [3].
Since doped cuprate materials are intrinsic superconductors
with spin-singlet d-wave pairing symmetry [10,11], this pro-
vides an alluring prospect of having d-wave superconductivity
in altermagnets.

Almost all known superconductors are believed to be well
described by Bardeen, Cooper, and Schrieffer (BCS) [12]
theory, where electrons with opposite momentum k and —k
and opposite spins 1 and | pair in a spin-singlet configuration.
These spin-singlet Cooper pairs become less energetically
favorable when spin degeneracy is broken, generating a fi-
nite spin splitting due to either the application of an external
magnetic field or due to the presence of intrinsic net mag-
netization in the material. Thus, increasing spin splitting
eventually destroys the BCS state. Still, superconductivity has
been shown to survive for even larger external magnetic fields,
by instead forming Cooper pairs with a finite center-of-mass
momentum, resulting in finite-momentum superconductivity,

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

2469-9950/2024/110(6)/L060508(6)

L060508-1

originally studied independently by Fulde-Ferrell (FF) [13]
and Larkin-Ovchinnikov (LO) [14].

Altermagnets, due to the distinct momentum dependence
of their magnetization with no net magnetization, have already
been anticipated to provide intriguing possibilities for super-
conductivity [15]. In fact, spin-singlet Cooper pairs have very
recently been studied theoretically [16-21] in altermagnets,
but then only induced by the proximity effect from external
superconductors, in heterostructures enticing for spintronics
applications. However, despite altermagnetism being found in
parent cuprate compounds, spin-singlet superconductivity as
an intrinsic quantum phase of matter has not yet been explored
in altermagnets.

In this Letter we investigate intrinsic superconductivity
originating from an effective electron-electron attraction in
d-wave altermagnetic metals. We find a highly sought-after
finite-momentum superconducting phase in systems with
spin-singlet d-wave superconductivity, even with no net mag-
netization present. However, this phase is absent in systems
with spin-singlet s-wave superconductivity, which we explain
by the unusual momentum-space magnetization. By also ap-
plying an external magnetic field, we also uncover a rich
phase diagram resembling almost the shape of a “Yoda ear,”
with a cascade of phase transitions between zero- and finite-
momentum pairing and normal state phases, occurring due to
an intricate balance of the spin-split Fermi surface and super-
conducting condensation energy. Interestingly, we find a large
region of field-induced superconductivity, where supercon-
ductivity only appears at high magnetic fields from a low-field
normal phase. These results establish altermagnetism as a key
material property for generating multiple exotic and uncom-
mon superconducting behaviors.

Model, methods, and parameters. To capture established
altermagnetism, we consider a metallic d-wave altermagnet
with the Hamiltonian [3]

Ho =) {& — 0 (tan/Dlcos(ky) — cos(ky)] + 0 B)c}, cro
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where C;:a (cko) is the creation (annihilation) operator of
an electron with spin ¢ and momentum k, & is the (spin-
independent) electron band dispersion, and 7.y, is the strength
of the d-wave altermagnetic spin splitting, originating from
electric crystal fields. Equation (1) encodes the two bands
closest to the Fermi level, thus relevant for superconductiv-
ity, in the minimal four-band lattice model of Ref. [3] [see
Supplemental Material (SM) [22]. For simplicity we con-
sider the band dispersion of a square lattice, given by & =
—2t[cos(ky) + cos(ky)] — w, with ¢ = 1 the nearest-neighbor
hopping amplitude set as the energy unit, and pu the chem-
ical potential tuned to fix the average density of electrons
o=y ko (CZG Cro )- We also include an in-plane external mag-
netic field B (with the electron magnetic moment g = 1) for
controlling a Zeeman spin splitting but with no orbital effects
expected. We consider intrinsic superconductivity generated
by a generic effective nearest-neighbor attraction for spin-
singlet pairing Vj p, as it is the most likely pairing [23] in the
low-energy model Eq. (1),

Viw = =VIy (K)y (&) + nonk")], @

where  y (k) = cos(k,) +cos(k,) and n(k) = cos(k,) —
cos(k,) are the two form factors for nearest-neighbor
interaction on a square lattice, and V is a constant
attraction strength. The nodes of the considered d-wave
superconductivity lie along the k, = £k, lines and matches
the chosen directions of the altermagnet nodes in Eq. (1). For
comparison, we also consider conventional, isotropic, s-wave
pairing, using Vy p = —V.

We perform a mean-field decomposition of the Hamilto-
nian in Eq. (1) in the spin-singlet Cooper channel resulting
in

Hvr = Z Ekaczgcka + Z (AkQka+Q/2¢Ck+Q/2T +H.c.)
k,o k

+ const, 3)

where now &, = & + 0 (fam/2)[cos(k,) — cos(k,)] + o B and
AkQ is the spin-singlet superconducting order parameter ob-
tained by the self-consistency relation

0 _ t +
AF =D Vewleiromisopy) )
-

with Q being the finite center-of-mass momentum of the
Cooper pair. For t,,, = B = 0, only zero momentum (Q = 0),
or simply BCS pairing, is present, but due to the altermag-
netism and a finite magnetic field, we always allow for a finite
Q. Here, we only consider a single Q value and focus on
the FF phase, where the phase of the superconducting order
parameter varies but the amplitude does not [24]. Incorpo-
rating the momentum dependence of Vi, in Eq. (2) we can
write A = A9n(k) + A2y (k), with A? being the d-wave
superconducting order parameter and A9 being the extended
s-wave superconducting order parameter [25], where both
ASQ , parametrically depending on Q. We solve the Hamil-
tonian Hyp in Eq. (3) self-consistently using Eq. (4) for
fixed Q, and then obtain the true ground state by minimizing
the ground state energy, E = Zk’a &1 <CZG Cro) — (Ag)2 /V —
(A9)?/V + up, with respect to Q.
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FIG. 1. Phase diagram of d-wave superconductivity in the B-t,,
plane indicating a finite-momentum (FF) superconducting phase
(gray), BCS zero-momentum superconductivity (green), and normal
phase (white) with boundaries in between (blue lines) and between
different FF phases (dashed blue line). The normal phase is identified
as Ag < 0.0009 for all Q values. Calculations are performed at a set
of discrete points in the B-t,, plane, spaced 0.025 apart, with blue
lines drawn by taking the midpoint of the two values of z,, hosting
different phases for a fixed B. The long arrow indicates one path for
field-induced superconductivity, while short colored arrows indicate
line cuts in Fig. 2.

In the following we report results for V. =2 and p = 0.6
on a square lattice of size 1000 x 1000, enough to mimic the
thermodynamic limit and capture relevant values of Q. Other
values of V and p give no qualitative difference (see SM [22]).
Q is a vector with two possible directions in two dimensions.
We show in the SM [22] that the ground state energy minima
occur for a uniaxial Q along the x axis and we thus only
show results for uniaxial Q, setting Q, = Q for simplicity.
We further find that A9 is very small compared to AdQ for all

investigated parameters, thus we only report values for Ag.

Results. We first show in Fig. 1 the ground state phase
diagram obtained by varying B and ¢, for a range of realistic
strengths [9]. The phase diagram broadly consists of three
different phases: the BCS phase (green), finite-momentum FF
phase (gray), and normal phase with no superconductivity
(white). Here, we characterize the BCS phase as when the
ground state energy for Q = 0 is the lowest, while for the
FF phase a Q # 0 has the lowest energy. For comparison
we report the same phase diagram for conventional s-wave
superconductivity in the SM [22].

Focusing first on the situation with no applied magnetic
field, B = 0, we find a finite-momentum FF phase for a range
of finite altermagnet strengths (0.44 < tyy < 0.56). This is
remarkable since here the FF phase is obtained without any
net magnetization in the system, in contrast to its usual oc-
currence in finite fields [13]. This finding is perhaps even
more surprising when noting that an FF phase is absent for
s-wave superconductors at zero field (see SM [22]). The
emergence of a B = 0 FF phase in d-wave superconductors
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can be understood by considering the nodal structure of both
the superconductor and altermagnet [see Fig. 3(a)]. Since the
nodes for both the altermagnet (where there is no spin split-
ting) and the d-wave superconducting order parameter (where
the order parameter is zero) lie along the k, = %k, lines, the
gapped parts of the Fermi surface, with a finite superconduct-
ing order parameter, always host a finite magnetization due
to the altermagnetism. As a result, electrons with k, 1 only
finds their spin-singlet BCS Cooper partners —k, |, at different
energies due to the finite spin splitting, while pairing k, 1 and
—k + Q, | can still occur at the zero-energy difference, thus
resulting in a finite Q FF ground state. In contrast, s-wave su-
perconductors have no superconducting nodes and the system
can then still gain sufficient condensation energy by form-
ing zero-momentum BCS pairs around the altermagnet nodal
points, where the Fermi surface retains its spin degeneracy,
thus preventing an FF ground state.

Next, considering the f,, =0 line, we find the well-
established transitions of BCS to FF to normal phases with
increasing B [13], but with increasing f,, and finite B # 0
this drastically changes and we uncover an interesting phase
diagram looking a bit like a “Yoda ear.” For weak f,,, < 0.34,
transitions are similar to 5y, = 0, though with increasing #,,,
the critical B required for the BCS to FF transition is reduced,
eventually reaching zero for #,,, & 0.44 as discussed above.
However, for t,, 2 0.34, the BCS phase reappears at higher
B, thus generating a cascade of phase transitions. For example,
in the regime 0.44 < t,,, < 0.56, the system shows three dif-
ferent transitions with increasing B: one from FF to BCS, the
next from BCS to another FF’ phase, and eventually from the
FF’ phase to the normal phase. The large-B FF' phase is char-
acterized as a different FF phase due to a distinctly different Q
vector, as detailed below. Another remarkable feature occurs
for 0.59 < fum < 0.76. In this regime of altermagnetism, the
system is in a normal phase at zero magnetic field B =0,
but then superconductivity emerges with increasing magnetic
field, first by forming a BCS phase and then transitioning
into the FF' phase. In Fig. 1 we illustrate one such path
of field-induced superconductivity. Field-induced supercon-
ductivity should be impossible in spin-singlet superconduc-
tors, but here the altermagnetism provides a route to still
generate it.

In order to understand superconductivity within each in-
dividual phase, we show in Fig. 2 the superconducting order
parameter Ag [Figs. 2(a) and 2(b)] and Q values [Figs. 2(c)
and 2(d)] in the ground state for different line cuts of the phase
diagram in Fig. 1, indicated by color arrows and chosen to
capture all distinct phase transitions. In Figs. 2(a) and 2(c),
we show five different line cuts for fixed B values, varying
tam. For B = 0 (brown dot), O becomes finite in the region
0.44 < tym < 0.56, capturing the FF phase even in the absence
of applied field. The corresponding Ag displays an expected
jump [13] from the BCS value to a lower value in the FF phase
and with a further reduction toward zero with increasing f,,.
For a higher B = 0.12 (blue plus), the FF phase is found over
an even wider range of #,,,, with a notable monotonic increase
in Q. Here, the jump in Ag from the BCS value to the FF
value is notably suppressed. Further increasing the magnetic
field to B = 0.2 (red star) results in four transitions as f,, is

(b) —e—t =0
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— tam=0.5

—— tam=0.6
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FIG. 2. Superconducting order parameter Ag [(a), (b)] and val-
ues of Q [(c), (d)] in different ground states (lowest total energy) at
fixed values of B, varying t,,, [(2), (c)] and fixed values of t,,,, varying

B [(b), (d)].

increased: BCS to FF, FF to BCS, BCS to FF, and eventually
FF to the normal phase, with both Q and Ag displaying jumps
between BCS to FF or FF to BCS transitions. The difference in
Q values of the two FF phases separated by the intermediary
BCS phase can be thought of as reminiscent of the notable
monotonic increase in Q in the FF phase for lower B (compare
the blue plus and red star curves). For B = 0.35 (green cross),
the system instead goes from one FF phase directly to another
FF’ phase with increasing f,,,, with a distinct jump in Q values
at the transition. As we establish in the SM [22], this is due to
two competing FF states with different Q # 0 in this regime
of B. The global energy minima is obtained for one Q for a
range of f,, and then the energy balance shifts to the other
QO at higher t,,. With an even further increase in #,,, the
QO = 0 solution becomes most energetically favorable, before
eventually reaching the normal phase at large 7,,. Due to
this competition between different local energy minima, Ag
shows a nonmonotonic behavior with increasing f,, and is
also suppressed at the FF to FF’ transition. This suppression
is enhanced for larger B, eventually reducing AdQ to zero
resulting in a normal phase between two FF phases, as seen
for B = 0.48 (magenta circle).

The field behavior including field-induced superconductiv-
ity is most prominent in line cuts at fixed #,;, and varying
B, as shown in Figs. 2(b) and 2(d). For t,, = 0.0, 0.15
(blue dot, red plus), Ag and Q shows behavior expected in
a spin-singlet superconductor in an applied magnetic field,
with the BCS phase giving way to the FF phase at larger
fields [13]. Here, larger f,, makes the FF phase occurring
in a larger parameter space. For f,, = 0.5 (green cross) the
situation is notably changed. At zero and low fields an FF
phase is present, which then transitions into a BCS phase at
finite fields, a transition that is accompanied with a notably
large increase in Ag. Thus an applied magnetic field here
causes a strengthening of superconductivity. Beyond the BCS
phase, another FF’ phase appears, before transitioning into the
normal phase. Finally, at higher 7,,, = 0.6 (magenta circle),
Ag instead clearly jumps from zero to a finite value with
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FIG. 3. (a)-(c) Contour plots of the normal state electronic bands
&y = 0 (yellow) and &, = O (blue) signifying the spin-split Fermi
surfaces present at f,, = 0.6. The dashed green lines mark the
d-wave superconducting order parameter nodes. (d) Pair density

P
(c}(cfk).

increasing magnetic field, showing the emergence of field-
induced superconductivity.

The remarkable finding of field-induced superconductivity
can be understood by looking at the normal state band struc-
tures. For clarity we focus on the field-induced path marked
in Fig. 1 and show in Fig. 3 the normal state Fermi surface of
opposite spins for increasing B at fixed #,,, = 0.6. For B=0
in Fig. 3(a), the Fermi surfaces of 1-spin (yellow) and | -spin
(blue) are split significantly, especially in regions away from
the superconducting nodes (dashed green), implying that k, 1
and —k, | electrons are far apart in energy in these regions.
Consequently, spin-singlet pairing is energetically unfavor-
able, which explains the lack of zero-field superconductivity.
As shown in Fig. 3(b), increasing the magnetic field to B =
0.38 compensates the spin splitting due to altermagnetism on
some parts of the Fermi surface. This feature is related to a
topological nodal to nodeless transition in altermagnets [26].
In particular, regions of the Fermi surface near k, = 0 have
now almost no spin splitting and spin-singlet zero-momentum
BCS pairing can thus be realized here [see the pair density
plot in Fig. 3(d)]. Notably, finite B makes the Fermi surfaces
asymmetric between k, = 0 and k, = 0, with parts near k, =
0 regions still showing notable spin splitting. Now, since a d-
wave superconducting gap has maxima in its antinodal regions
(i.e., around the k, , = O regions), a finite condensation energy
is possible by producing spin-singlet pairing near the k, = 0
regions. In contrast, for s-wave superconductors the gap is
isotropic and thus the condensation energy gain with pairing
only around the k, = 0 regions does not stabilize s-wave
superconductivity. This makes field-induced s-wave super-
conductivity absent in the s-wave superconductivity phase
diagram (see SM [22]). A further increase in magnetic field

to B = 0.48 in Fig. 3(c) results in a separation of the two spin
Fermi surfaces also in the k, = 0 regions. Subsequently, BCS
pairing becomes unstable and finite-momentum FF’ pairing
occurs instead, before eventually, for even stronger B, the
spin splitting is significant for all momenta and all types of
superconductivity is destroyed.

Discussion. Considering spin-singlet superconductivity in
altermagnets we find a finite-momentum (FF) superconduct-
ing phase in the absence of an applied magnetic field. This
zero-field FF phase is dependent on coinciding superconduct-
ing gap and altermagnet nodes, and do not appear in an s-wave
superconductor. In the presence of external magnetic field,
we also uncover field-induced superconductivity, due to an
intricate interplay between the Fermi surface shape and super-
conducting condensation energy. Although we are primarily
concerned with d-wave symmetry, our results are also directly
applicable to g- and i-wave altermagnets, as long as the su-
perconducting pairing at least partially has the same nodal
structure (see SM [22]). We further validate that our finding
of a zero-field FF phase is robust and present also when
altermagnetism is induced by interactions [27] (see SM).

Our finding of zero-field finite-momentum superconduc-
tivity is remarkable since the net magnetization is always
zero in altermagnets. Finding finite-momentum supercon-
ductivity in microscopic models in the absence of applied
magnetic field has been a long-standing unsolved theory prob-
lem [28-31], despite mounting experimental evidence of such
a phase, often referred to as pair density waves [32-39].
Our work provides one straightforward path to realize
finite-momentum superconductivity likely applicable to many
materials, including the possibility of being the origin of
such a phase in the cuprate superconductors, without needing
the preceding charge density order [31,33,40—44]. More-
over, finite-momentum superconductivity may be important
for technological applications, as, e.g., illustrated by su-
perconducting diode effects [45-47], opening up a large
technological potential for superconducting altermagnets. An-
other remarkable feature of our results is the presence of a
field-induced superconducting phase at experimentally acces-
sible fields (see SM [22]). Such a phase is both rare [48-50]
and unexpected, but has gained renewed interest after its re-
cent observation in UTe, [51]. Our work also opens many
other exotic possibilities of superconductivity. Investigating
the relation of the finite-momentum Cooper pairs in alter-
magnets and odd-frequency pairing, or generally finite-energy
pairs, is one interesting direction [52—54]. The additional pres-
ence of relativistic spin-orbit coupling can further provide a
platform for studying the interplay of finite-momentum and
topological superconductivity [55,56].

Although superconductivity has not yet been discovered
experimentally in altermagnetic materials within the two years
of their discovery, our results point out several promising
directions. With too large altermagnetic spin splitting only the
normal phase is reached and thus limiting altermagnetism is
favorable. Or, for strong altermagnetism, applying an external
magnetic field can be used to induce superconductivity. More-
over, d-wave superconductivity is likely much more amenable
to altermagnetism than conventional s-wave superconductiv-
ity. Alternatively, doping altermagnet insulators, making them
metallic, is also a promising route.
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Note added. Recently, we became aware of Refs. [57,58],
where a zero-field finite-momentum phase is discussed in
the context of cuprates with nematic—spin-nematic order and
organic conductors with antiferromagnetism, respectively.
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