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Renormalization of the valley Hall conductivity due to interparticle interaction
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We develop a theory of a Coulomb interaction-mediated contribution to the valley Hall effect (VHE) in
two-dimensional noncentrosymmetric gapped Dirac materials. We assume that the bare valley Hall current
occurs in the system due to the presence of disorder caused by impurities and is determined by the valley-
selective anisotropic skew scattering. Applying the Boltzmann transport equation to describe the electron and
hole transport in the material, we calculate the renormalized VHE conductivity due to electron-electron and

electron-hole scattering processes, considering two regimes: (i) an n-doped monolayer hosting a degenerate
electron gas, and (ii) an intrinsic semiconductor with the Boltzmann statistics of electron and hole gases. In
both regimes, the dominant mechanism of interparticle scattering is due to particles residing in different valleys.
Moreover, in case (ii), in addition to direct scattering, electron-hole annihilation starts to play a role with the

increase in temperature. It might even become the dominant mechanism of the Coulomb interaction-mediated

VHE.

DOI: 10.1103/PhysRevB.110.L041301

Introduction. The Coulomb scattering of the carriers of
charge in solids is mostly important at sufficiently low
temperatures—such temperatures at which the scattering on
optical and acoustic phonons is “frozen.” In semiconductors,
electrons and holes can scatter on each other; thus, electron-
electron (e-e), hole-hole (h-h), and electron-hole (e-h)
processes take place. They determine the temperature behav-
ior of the transport coefficients [1]. The efficiency of each
of these processes depends on the density of particles: In an
intrinsic semiconductor (the insulating phase), e-h scattering
can be dominating [2]; instead, in the degenerate electron
(hole) gas case, when the Fermi level lies in either the conduc-
tion or the valence band due to doping, the expected dominant
mechanism is e-e or h-h, depending on the position of the
Fermi level. Under optical excitation, Fermi quasilevels might
cross both the valence and conduction bands simultaneously
(it corresponds to nonequilibrium), and the properties of the
semiconductor partially resemble those of an intrinsic one.

In disordered samples, elastic scattering on impurities usu-
ally plays a considerable role at not-too-high temperatures
(before the phonons take over). Impurities break the Galilean
invariance of the system and drastically enhance the overall
particle collision intensity [3]. One should be careful here
and remember that at low temperatures, electron-electron
repulsion can be complemented by their phonon-mediated
attraction: Even at very low temperatures, electrons might
start forming Cooper pairs accompanied by the emis-
sion of virtual phonons. Moreover, before the transition to
the superconducting state, the superconducting fluctuations
(short-lifetime Cooper pairs) start to play a role, leading to the
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paraconductivity [4] as an additional contribution to normal
electron gas conductivity.

The interplay of particle scattering on impurities, Coulomb
interactions, and photoinduced transport in general are
especially interesting subjects regarding the emerging two-
dimensional (2D) Dirac materials such as graphene [5,6] and
transition-metal dichalcogenides (TMDs) [7-9]. In addition
to the regular translational momentum and spin degrees of
freedom, these materials, possessing a hexagonal lattice, also
host the valley degree of freedom. It represents a quantum
number describing the corners K and K’ of the Brillouin zone.
This nontrivial reciprocal lattice structure provides new op-
portunities to control particle transport [6] studied within the
direction of research referred to as valleytronics [9]. The key
property underlying all the valleytronic effects is the valley
selection rule, which literally means that the (low-energy)
electrons in each valley interact with either left or right cir-
cular polarization of external light, providing valley-selective
interband transitions in the monolayer.

Indeed, many of the Dirac materials represent direct-band-
gap semiconductors (in the vicinity of the valleys K and K’)
and within the optical range (for MoS, the gap is 1.66 eV
[8]). It is a platform to study the valley photogalvanic [10-14],
valley acoustoelectric, and the valley Hall effects [15-24]. The
valley Hall effect has attracted particularly high attention in
recent years. It directly relates to the family of anomalous Hall
effects: the transport phenomena, where the transverse current
of charged carriers does not directly relate to the action of
the Lorentz force [25-27]. In the case of VHE, charge par-
ticles propagate in different transverse directions in different
valleys.

©2024 American Physical Society
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FIG. 1. (a) System schematic: The reciprocal space two-band structure of a 2D material. For a small-band-gap material with its Fermi
level in the band gap (intrinsic semiconductor case), the electron and hole densities are distributed according to the Boltzmann statistics. In
the case of a wide-band-gap semiconductor, electrons and holes are excited due to the sample illumination by an external electromagnetic
field. In the degenerate electron gas regime, electrons occupy the conduction band up to the Fermi level (located in the conduction band).
(b) Quantum amplitude diagrams describing the skew electron-impurity scattering, electron-electron and electron-hole scattering, and electron-

hole annihilation processes, respectively.

Three specific mechanisms constitute the basis of VHE in
nonmagnetic systems: (a) the asymmetric (skew) scattering,
(b) the side jump, and (c) the anomalous velocity (or the
Berry phase). These mechanisms have recently been studied
theoretically when applied to two-valley Dirac monolayers
under different external drag forces: the static electric field,
the phonon, and the photon drag [22]. However, this theory is
based on a one-particle approximation, disregarding possible
interparticle scattering processes.

In this Letter, we study the Coulomb interaction-
renormalized VHE in gapped two-valley monolayer materials
(such as gapped graphene, TMDs, etc.) in two regimes: (i) the
n-doped monolayer (the high-density regime), when the elec-
tron gas is degenerate, and (ii) the low-density regime, when
the monolayer is intrinsic, and both the electrons and holes
take part in the transport phenomena and satisfy the Boltz-
mann statistics. Case (ii) also covers the samples exposed to
valley-selective light, as discussed below. We will consider
disordered samples at low temperatures when electron (and
hole) impurity relaxation times are much smaller than the
interparticle collision time. In this regime, the interparticle
collisions represent a correction to the bare VHE determined
by the particle scattering on impurities [1]. Furthermore, we
treat the anisotropic skew scattering of charge carriers on
impurities as the principal mechanism of VHE [22].

It should be noted that in very clean samples, another
skew-scattering mechanism emerges: the interparticle skew
scattering (particles skew-scatter on particles but not impu-
rities). We will disregard this mechanism as we consider
disordered samples, thus focusing on the influence of direct
particle-particle scattering on the disorder-induced VHE. We
will show that interparticle corrections determine the temper-
ature behavior of VHE at low temperatures. It should also
be noted that at low temperatures, the Cooper channel of
interparticle scattering can contribute to the anomalous Hall
effect [28]; however, we will not consider this regime in this
Letter.

General framework of bare impurity-induced VHE. In the
calculations, we employ the two-band spinless model with
the parabolic dispersions of electrons and holes with equal
effective masses (Fig. 1). Equilibrium densities of electrons
and holes are determined either by the temperature or by

the intravalley pumping by means of an external electromag-
netic (EM) field. The first case is realized in small-band-gap
materials, such as gapped graphene, whereas the second
one takes place in wide-band-gap 2D materials, such as
transition-metal dichalcogenide monolayers, where the ther-
mally activated electron and hole densities are small due to the
large value of the band gap. We consider the diffusive regime
of the charge carriers’ motion, assuming that the tempera-
ture is low enough such that the particle-impurity collision
rate exceeds the particle-particle collision rate [1]. This ap-
proximation allows for using the Boltzmann equations and
treating the particle-particle collision integral via successive
approximations.

Let us first show that this approach provides known for-
mulas for the bare VHE [22] In the absence of interparticle
collisions, the Boltzmann equations for electrons (momentum
p) and holes (momentum K) can be written as

d

F- a_{f = Q) fid + Ot A, )
d

- a_{f = Qulfy} + Qulhe), @

where F = ¢E with E the electric field, ¢ > 0, and Q°
and Q“ are symmetric and asymmetric parts of electron-
and hole-impurity collision integrals. The former can be
treated in the relaxation time approximation Qfl(e)i{ S} =
—(fip) — nk(p))/Ti, where nyp) are the equilibrium hole (elec-
tron) distribution functions. The anisotropic collision integral
reads Q% {fp} = Zp, Wppfp, where the anisotropic scatter-
ing probability is [22] Wyp = n.Wo[p % p'1.8(ey — €p), Wo =
—2mugv? /T; A%, with ug the strength of the short-range im-
purity potential, A the monolayer band gap, v the band
parameter (in the framework of the two-band model), n, =
+1 the electron valley index, and finally, €, = p>/2m the
electron dispersion. For the holes, the anisotropic scatting in-
tegral is determined by a similar expression, Wy, = n,Wo[k x
K'].8(ex — €x), with €, = k?/2m and n,, the hole valley index
(note, n, = —ny, for the same valley).

Solving Egs. (1) and (2) via successive approximations
with respect to the anisotropic impurity scattering [assum-
ing that 8fpx) = fpak) — Npay could be approximated as
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Sfpac) =9 f p) T Sf ((lli)] gives expressions for the zero-order
correction to the d1str1bution functions,

5£9 = _1(F - vionl, 80 =(F vy, (3)

where nj, = dnp/d€p, and for the first-order corrections

51 =

with respect to anisotropic impurity scattering,
QL (812} and 810 = 7,05, (8 £O):

S = —ttmaWo Y [k x K'1.8(e1 — @) (F - ie ).
.
8130 = T Wo y_p x Pl8(ey — &) (F - vy (4)
-

The total bare VHE electric current density reads j =
1
e vidfy) —e X, vpdfih.
For electrons, in the case F = ¢E, X, we find
m2

@)

oo o0 .
p) = Zp €php/ Zp np = [y depepny/ [y depny is
the mean value of the particle kinetic energy, with O’V()?) the
transverse conductivity of the bare VHE. Furthermore, for

0 _
o) = O'»x + oy, we find (restoring /i)

o
j;f = q&))Ex = —2n,Wye* r (€p)Ex / depny, (5)
0

where (e

W0m2> (Ep(k)>7—'i )

O _— _»o
Oy op(na + ne)< T2 P

where op = e?n;t;/m is the Drude conductivity, and #; is the
particle density. For an intrinsic monolayer, when electrons

J

Qeeldfp} =

p kK

and holes satisfy the Boltzmann statistics, () = (ex) =T
with T the temperature, and n; = ,/n.n; with equal electron
and hole densities, n, = n;,. Instead, for an n-doped monolayer
(degenerate electron gas case), the contribution from the holes
is absent, whereas (e€p) = /2 with p the Fermi energy, and
n; = n,, where n, is the concentration of degenerate electrons.
Formula (6) coincides with a known result [22].
Electron-electron scattering. The Boltzmann equation, de-
scribing (i) the isotropic and anisotropic electron scattering on
impurities and (ii) the electron-electron scattering reads

3fp NS a 7
I Q. {fp} + Ol fp} + Qeelfp}- (7)

The first two terms on the right-hand side were defined above.
The last term describes the e-e scattering:

Qeelfp} =27 D Uyl L1 = fid(1 = fo)fic fir

—F.

p’ .k .k
—(I = fi)( = fy) fufpld(ew + €y — €k — €p)
X (Sk/+pf_k_p. (8)

Here, Uy _p is a Fourier image of the e-e interaction potential.
In this section, both p and k correspond to electron momenta
(in the subsequent sections, k stands for the hole momentum).
To find the conductivity, the solution of Eq. (7) should be
linearized with respect to the external force F, thus f, = np, +

8 fp, Where 4 f;, satisfies the linearized version of Eq. (7),
—(F - vp)n, = fp + 0uifdfp} + Qeeld fp}, )

where the linearized version of e-e collision integrals reads

—2m Z |Up/—p|28(6k/ + €y — €k — €p)Ok+p—k—p

X [8fpl(1 = momeny + m(1 — me )(1 — ny)] = 8 fy [(1 — m)(1 — np)ne + menp (1 — mye)]

+ 8 fil[(1 — np)meny + np(1 — n )(1 — np)] — 8 fie[(1 — m)(1

Since we are calculating the Coulomb corrections to the
skew-scattered electrons, the conductivity must be deter-
mined by the product of weak scattering terms ~Q - Q...
Such terms emerge in the second-order corrections of the
iteration procedure if we additionally assume §f, =& flg(’) +
8 flﬁl) ) f;z). Indeed, the first-order correction reads & flsl) =
T Q%8 [V} + TiQee {8 £}, whereas the second-order correc-
tions yield 812 = 1:(Q%{TiQee (81} + QeewQLB LM,
where we keep only the cross-terms Q.. - Q7, as the terms
proportional to 02, (Q%)* do not contain either the skew-
scattering-related terms or the e-e-related ones.

An algebraic analysis (provided in the Supplemental Ma-
terial [29]) gives expressions for the e-e corrections to
VHE conductivity. If the electron gas is degenerate, then
(restoring 7)

o Wor\ (Tt \>( & \°
o\ = ——op(n. —n)) 0 —
3 2 h h hvre

2 2
x|:ln<1+—pF>——pF ] )
hqs hQX+2pF

— np)ny + ngnp(l

)l (10)

(

where op = e?n.7;/m is a Drude conductivity. Here, we
used the screened Coulomb interaction U, = 2me? /e(q + gy),
where g, = me?/eh? is a screening wave vector and ¢ is a
dielectric constant.

In the case of nondegenerate (Boltzmann) statistics of the
electron gas, we can disregard the screening and use pure 2D
Coulomb potential to find

2 2 2 2
ot = antn. — s (e ) (S ) (B2) -

The analysis of these two expressions is presented in the
Discussion section below.

Electron-hole scattering. In the case of an intrinsic semi-
conductor, both electrons and holes contribute to the Hall
conductivity of the system. Similarly to the e-e case, we
start with the Boltzmann equations for electron and hole
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nonequilibrium distribution functions,

a —_
e Ty o) 4 Qe i
p Ti
3 —
F-a—f“=—f" b O+ Qnel fo fi,
1Y Ti
where
a 27[ /
Qilfp} = —nWo— 3 [p X Pl fyd(ep — &),
i P
2w ,
Qjilfid = —mWo— 3 Ik x K'l. fieb(ex — ).
1 k,

In this section, the electron momenta will be denoted by p
and p’, and the hole momenta by k and k’; and we will not use
the superscripts “e” and “h” in the distribution functions for
brevity.

The linearized e-h collision integral reads

Q{8 8fid = =27 Y (IUp—p* + 1Upsxl®)

p kK
X(Sfpnk - Sfp/nk/ + Bfknp — (ka/npf)
x8(ex + €y — €k — €p)dk4p—k—p, (13)

and Qy,.{8 fp, 8 fic} acquires the same form. Here, the first term
Up—p describes direct electron-hole scattering, whereas the
second term Upyy stands for the electron-hole annihilation.
The latter can play an essential role in narrow-gap materials
such as gapped graphene [30] and thus must be accounted for.
The linear corrections satisfy the equations

8, f a

— =F =+ 04} + Quldfy 8Ad, (14

3 fx  fx .

o w. % + L8 i + Queldfp 8d. (15)
We solve these equatlol?s by ;terations by expand-
ing  8fpa) =8fym 6 f((lz) +8fyq + - such  that
Sf(o) 7;(F - vp)n (ka = —5(F-wvi)n, and Sf(l) =

r,(Qz,{afO} + Qa8 810D, SfY = n(Qz,{sf“”}

01 (819, 8 £}), and so on.
Performing the algebraic derivations, the Hall conductivity
yields [29]

O’;jh) — —W()ez.[? Z (lUp—p/|2 + |Up+k|2)
p.p kK k
X (ky - py)[r}e(pyép — p;vep,) — r)h(kyek _ k)/,Ek/)]
X (np — ny )(ng — n )d(p + k — p/ —K)

dN,
X /da)d—S(ekr — €k — w)d(ey — €p +w). (16)
w

Furthermore, it is convenient to split Eq. (16) into two terms,
ol = oM 4 o), where 0"’ describes e-h scattering and

o(hz) corresponds to e-h annihilation. After algebraic calcula-
tlons [29], we find

&> T
(/11) _ O'D(ne =+ nh)SJT ( 2 h )( 8{) ( hfz> (17)

and

16 [ x(x2 +2)e /2
o}{fz) y()itl) 5 / de, (18)
0 (x + p_r)

where in the last expression, we took into account the
static screening for the nondegenerate statistics of electrons
and holes, U, = 2me? /e(q + qr) with g7 = 2we*(2n;)/T the
screening wave vector, and p2T =2mT.InEq. (17) we assume
that electron and hole densities are equal, n; = n, = ny,.

Results and discussion. Formulas (11), (12), (17), and (18)
represent the central results of this Letter. Let us analyze them
separately and compare them.

For both the cases of degenerate and nondegenerate
electron gases [Eqs. (11) and (12)], the corrections are propor-
tional to (1, — 1,), which means that electrons from valley K
scatter with electrons from K’, and the scattering of electrons
from the same valley is suppressed. The same argument is
valid for the electron-hole scattering: In Eqgs. (17) and (18),
the term (1, + n5,) is only nonzero if the particles belong to
different valleys (since 1, = —n,).

Furthermore, Egs. (12) and (17) resemble each other up
to the valley-index-dependent term, as expected: e-e and e-
h-mediated scattering should be similar for an intrinsic (or
nearly intrinsic) semiconductor with equal effective masses of
the carriers of charge.

From Eq. (6), we extract that for a degenerate electron gas,
the bare VHE conductivity reads as

Wom?\ wt;
0d) = 2 : 19
Oy "D”E< 2h ) 2 (19
and for a nondegenerate gas,
Wom?\ T't;
Ond) — 2 — | 20
Oy aone( Znh) - (20)

The Coulomb interaction-induced correction (11) in the case
of a degenerate electron gas depends on the temperature
(09 ~ T?) in contrast to the bare degenerate electron gas
VHE if in Eq. (19) we disregard the dependence of the chem-
ical potential on temperature (which is extremely weak for a
degenerate gas).

Instead, in the case of the nondegenerate
electrons, the correction (12) might not depend on
temperature, as compared with the bare VHE (20) (which is
linear in T'). Indeed, the explicit dependence on temperature
disappears in (12) (T2 cancels out in the numerator and
denominator there). However, n, in (12) in the case
of intrinsic material at thermal equilibrium might be
temperature dependent. This case is essential for relatively
narrow-band-gap materials, such as a gapped graphene. In
the case of wide-band-gap materials, such as MoS, in the
“intrinsic” regime, the thermally activated electron and hole
densities are very small. In this case, a nonzero VHE current
can be achieved by destroying the time-reversal symmetry by,
e.g., the illumination of the sample by a circularly polarized
light with the frequency of the order of the interband transition
energy, thus populating one of the valleys [9] and keeping
the other valley at equilibrium. Under optical excitation, n,
and ny, are temperature independent since these densities are
controlled by an external pump.
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FIG. 2. The ratio of e-h exchange (annihilation) and direct e-h
scattering-mediated conductivities in the case of (a) MoS,, where
we used the temperature-independent effective intrinsic density
of particles n; (two values), and (b) gapped graphene with the
temperature-dependent n; for two values for the band gap E,. In
(b), the annihilation processes are dominant over the whole range
of reasonable temperatures.

Then, for wide-band-gap materials, the correction due to
e-h scattering (17) in the case of the nondegenerate elec-
trons and holes is also temperature independent. However,
the e-h annihilation (18) does reveal a peculiar temperature
dependence due to the gy-dependent term in the integral. Let
us elaborate on that. Figure 2(a) shows the ratio o> /o)
for an intrinsic MoS; (an example of a wide-band-gap
material) in the presence of an additional illumination of
one of the valleys. The curve starts from zero and crosses
unity at some temperature. Thus, we conclude that electron-

hole annihilation grows with temperature and can eventually
become the predominant mechanism of the Coulomb-
mediated VHE.

The situation is different in gapped graphene (an exam-
ple of small-band-gap material). Figure 2(b) shows the ratio
oM /o), where nonzero n; is due to the finite temper-
ature, n; = n, = ny = (mT/Znhz)exp(—Eg/ZT), and mg =
E,/2v3 with vy the graphene Fermi velocity. Here, the pro-
cesses of e-h annihilation are always dominant (up to very
high temperatures, where phonon-mediated processes become
predominant).

Finally, let us compare the Coulomb scattering-mediated
effect and the bare VHE. If we divide the nondegenerate
electron gas Hall conductivity Eq. (12) by the bare conduc-
tivity Eq. (20), we acquire the factor 7't; > 1 among others.
It represents the ratio of the particles’ kinetic energy and
the impurity-mediated broadening 7/t;. This factor can com-
pensate for the other small factors in the ratio o) /o ("),
and it might even result in the dominance of the Coulomb
terms. It should be noted that the considered effects take
place in monolayer materials with the broken inversion sym-
metry of crystal lattice. Such a broken symmetry can lead
also to many features of elementary interparticle interactions
(electron-electron interaction, electron-phonon interaction,
etc.) in various nanostructures (see, e.g., Refs. [31-34]).

Conclusions. We developed a theory of a Coulomb
interaction-related contribution to the valley Hall effect and
drew the following conclusions. First, in the case of a de-
generate electron gas in a semiconductor, the scattering of
electrons from different valleys plays the major role in
Coulomb interaction-induced valley Hall effect. The Coulomb
interaction-mediated contribution to the Hall conductivity de-
pends on the temperature as T2. Second, in the case of an
intrinsic semiconductor embedding nondegenerate electron
and hole gases, the direct Coulomb scattering of particles
from different valleys plays the major role for the effect in
question up to some temperatures. Above a certain tempera-
ture, electron-hole annihilation might become the dominating
mechanism, if this temperature is lower than the Debye
temperature, when phonons are expected to take over. The
Coulomb interaction-mediated contribution to the Hall con-
ductivity does not depend on the temperature in the case of
photogenerated nondegenerate electron and hole gases.
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