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Optical response of alternating twisted trilayer graphene
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We study the optical response of the alternating twisted trilayer graphene by making use of a unitary trans-
formation for the trilayer Hamiltonian and the Kubo formulation of linear response theory. The layer-resolved
optical conductivities are expressed in terms of contributions from effective twisted bilayer and single-layer
systems along with their coupling. We show that the in-plane magnetic response is proportional to this coupling
between the twisted bilayer and single-layer systems; and, due to the different energy scales, the in-plane
magnetic response is negligibly small. We also formulate a local electromagnetic response that involves the

vertical gradients of the magnetic field and moment.
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I. INTRODUCTION

In 2018, it was shown that the twist angle between two
graphene layers can be tuned so that correlated insulator
phases [1] and superconductivity [2] emerge for small carrier
densities around charge neutrality. Other interesting phases
such as anomalous Hall ferromagnetism [3,4] or fractional
Chern numbers have also been observed [5—7]. These phe-
nomena are related to the flat bands around charge neutrality
that have been predicted theoretically [8,9].

Since then, the study of twisted geometries of van der
Waals heterostructures, often referred to as moiré materials
[10], has become an active area of research. The subjects
of these investigations include twisted bilayers composed of
various transition metal dichalcogenides [11-18], aside from
the twisted bilayer graphene. Moreover, the number of sheets
in moiré graphene systems has been increased to up to five
alternately twisted layers [19,20]. Recently, also quasi-three-
dimensional twisted structures were fabricated, which exhibit
an intrinsic enhanced chirality [21,22].

Lately, special emphasis has been placed on the study of
the twisted trilayer graphene [23-41]. This is the minimal
system that can form not only quasicommensurate but also in-
commensurate structures. Quasicommensurate structures can
be described by two moiré vectors, whereas incommensurate
structures are usually described by four moiré vectors: two for
each of the moiré€ lattices that are formed by the two pairs of
consecutive layers (say, layers 1 and 2, and layers 2 and 3,
respectively) [27,42—45]. Interestingly, superconductivity has
been found in both types of structures, that is, commensurate
[23-25,40] and incommensurate trilayer structures [46,47].
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Notably, optical experiments on moiré systems have also
attracted considerable attention [48-51]. A goal is to control
the phase, amplitude, or polarization state of light from the
response of multilayered structures.

In this paper, we analytically study the electromagnetic re-
sponse of the twisted trilayer graphene. Our approach is based
on symmetry considerations and microscopic principles of
linear response theory. We focus on the alternating-twist con-
figuration, in which 6, = —6,3 where 6;; denotes the angle
between layers i and j. In this case, in the presence of mirror
symmetry with respect to the central layer, also preserved
after including in-plane and out-of-plane relaxation [52], we
show that the in-plane magnetic response is negligibly small.
By mirror symmetry, there is no optical activity; however,
we formulate a local magnetoelectric (chiral) coupling that
involves vertical gradients of the magnetic field and moment.

In our analysis, we make use of a unitary transformation,
introduced in Ref. [53], that converts the trilayer system into
a combination of effective twisted bilayer and single-layer
systems. Linear response theory for the trilayer eventually
couples these two systems. We derive a formula for this cou-
pling, and estimate its magnitude. We also describe, in terms
of contributions from these two systems, the layer-resolved
conductivities that enter the optical response. In particular, we
analytically show how the in-plane magnetic response arises
from the coupling of the two effective systems.

The alternating-twist trilayer system under mirror sym-
metry investigated here is one of the most stable layered
structures, minimizing the configuration stacking fault en-
ergy. This remarkable mechanical stability renders this system
prototypical, and is another motivation for our work. Further-
more, in the Appendices we extend the analysis for the optical
conductivity to alternating-twist trilayers in which the mirror
symmetry with respect to the middle layer is broken because
of the different interlayer tunneling.

A highlight of our results is the connection of the optical
response of the trilayer system to microscopic parameters of
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effective Hamiltonians for simpler systems. Thus, we are able
to illustrate the important role of the large moiré length. For
example, the effect of this scale renders negligible the relative
contribution of the in-plane magnetic response. In this paper,
we focus on analytical predictions that explicitly reveal the
interplay of two scales in the optical response. Hence, we
choose not to use or rely on numerical simulations in this
work.

The remainder of the paper is organized as follows.
Section II focuses on the conductivity tensor via the Kubo
formulation. In particular, we discuss the roles of the effective
twisted bilayer and single-layer systems and the coupling term
between them. In Sec. III, we formulate the optical response
in terms of an in-plane electric moment and the vertical gra-
dient of the in-plane magnetic moment, which are coupled.
In Sec. IV, we discuss the in-plane magnetic response by
giving an analytical expression and estimates. In Sec. V, we
conclude the paper with a summary of our main results. The
Appendices mainly provide technical derivations relevant to
the main text.

Throughout the paper, boldface symbols denote vectors
or matrices that pertain to the (x and y) directions of the
reference plane. The e~ time dependence is assumed (w is
the frequency).

II. MICROSCOPIC THEORY FOR LAYER-RESOLVED
CONDUCTIVITIES

In this section, we provide key ingredients and results of
the Kubo formulation for the trilayer system. The general
layer-resolved response theory in the frequency domain for
a system with n layers is given by [54,55]

Jo=> 6"Ey (=1, ....m, (1)

=1

where J, and E, denote the macroscopic surface cur-
rent density and electric field in layer ¢, respectively. The

2x2 matrices ' (w) have elements defined by Jff,/ (w) =

P

i s Xff/ (w+16), as § | 0, with the current-current response
function

ﬁﬁm:-%ﬁ dt e (o). L)), @

where jf(t) is the v-directed current operator (v = x,y) in
layer £ in the interaction picture, and (-) is the equilibrium
average.

Here, we consider a moiré multilayer with n = 3. The
geometry of the alternating-twist trilayer system is shown in
Fig. 1. The twist angle of layer £ is 6, = (—1)‘9/2 where
0 <60 <m/2and ¢ =1, 2, 3; the interlayer distance is a/2.
Furthermore, we mainly consider a mirror-symmetric config-
uration. Hence, the matrices 6*¢ satisfy ¢!! = 63, 0'2 = ¢,
and 02! = 023,

Let us recall that the symmetry group of the twisted bilayer
system is D3 [56]. However, by the mirror symmetry of the
alternating-twist trilayer, the symmetry group now is Ds,. This
additional symmetry doubles the number of representations,
i.e., we have four one-dimensional and two two-dimensional
representations in total.

_=0/2

9/2

—9/2

FIG. 1. Schematic of the alternating-twist trilayer configuration.
Three infinite flat graphene sheets labeled by ¢ = 1, 2, 3 are paral-
lel to the xy plane, and have twist angles (—1)?6/2 and interlayer
distance equal to a/2 (0 < 6 < 7 /2). The layers are immersed in a
homogeneous medium.

Due to the rotational (threefold) symmetry of the system,
we can write each 2x?2 conductivity matrix as follows [54]:

e ey ol
0" =0y 1+io, 1y, 3)

where 7, denotes the y-Pauli matrix. Because of the mirror
symmetry of the trilayer configuration, we only have four in-
dependent response functions, namely, 00“, 0’012, 0013, and (7022.
These are related to the four one-dimensional representations
of the group D3y,. ,
Moreover, time-reversal symmetry implies afff = crf,f (see
Appendix A). Because of time-reversal and mirror symme-

12 1

tries, we may further include the parameters o, and ol3,

which are related to the two two-dimensional representations
of Ds;. These parameters can give rise to chiral phenomena
such as circular dichroism [48,51,57,58] and layer-resolved
Hall physics in the dc limit [59,60]. Here, O'X]; = 0 since we
consider the ¢ = 0 response and the first and third layers have
the same orientation (see Fig. 1). The parameter leyz will be
kept finite; however, no chiral response can emerge due to
the inherent mirror symmetry. Still, we can formulate consti-
tutive equations that involve leyz and lead to local chirality

(see Sec. III).

A. Kubo formalism

By Eq. (2), the surface conductivity matrix elements in the
frequency domain are given by

w e’
(W)= —— 2 E
o (@) h(w +i8) W)}f( ¥)

XA dt T [, L), @)

as & | 0, for real frequencies w (¢, ¢’ =1, 2, 3 and v, V' =
x, y). Here, |¢) is any normalized eigenvector of the trilayer
Hamiltonian with eigenvalue Ey, and f(E) is the Fermi-Dirac
distribution. Regarding the K valley, we use the Hamiltonian
"H,}? of Appendix B; and symmetrize the ensuing conductivity
because of time-reversal symmetry (Appendix A). In Eq. (4),
j&(¢) has dimensions of inverse time, or frequency.
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To describe the K-valley term Uff/,’ x> we rewrite Eq. (4)
by unitarily transforming each eigenvector |y), while ’H}? is
transformed into the direct sum of the single-layer and effec-
tive twisted bilayer Hamiltonians #; and H, respectively;
see Egs. (B14) and (B15) in Appendix B. The transformed
eigenvectors of ’H‘,? are |¢) = &T|y), where & is defined in
Eq. (B12) or (B13) (Appendix B); and are related to either the
effective twisted bilayer or single-layer Hamiltonian

D)1 0
W=, 1w =|0] 5)
0 |s)

where (|b)1, |b)2)T and |s) denote any normalized-to-unity
eigenvector of the effective bilayer Hamiltonian H, and
monolayer Hamiltonian 7, respectively. Each of the indices
b and s amounts to the combined band index and quasimo-
mentum of the moiré Brillouin zone, and (x|ir) consists of
Bloch functions. We thus have -

b )
Hz(w)i) th<|b);>’ Hils) =Eils).

By this notation, Eq. (4) becomes

O (@ )_h(w—}—zé)/

{Zf(Em VIl . 75 O]I¥)s

1(w+l§)t

+ Y FENWI ©. ) (0>]|w>} 6)

where liK = &'j{ «&. For details, see Appendix C.

B. Transforming conductivity tensor via mirror symmetry

Next, we focus on the mirror-symmetric setting, where the
electron tunneling for layers 1, 2 is the same as that for layers
2, 3. In Appendix C, we discuss the more general setting
without mirror symmetry by keeping the alternating twists,
using 912 = —923.

Let ofgf (¢, ¢’ =1, 2) and oy, denote the 2x2 conduc-
tivity block matrices of the effective twisted bilayer and
single-layer systems. These quantities have been discussed
in previous work [54], and can be considered as known. In
Appendix C, they are expressed in terms of matrix elements
of pseudo-spin-wave functions.

The connection between the trilayer response and aéf and
o5 can be obtained by applying to the currents the following
transformation:

i % 0 %5 i
Ll=]10 1 0 Ja . @)
Js 5 0 -5/ \Js

The electric fields are transformed by the same matrix into
(E;, E,, E3). The transformation for the current densities here
follows directly from the conversion of the trilayer Hamilto-
nian into a direct sum of effective Hamiltonians (Appendix B).
By the microscopic analysis of Appendix C, results of which

we show below, the layer-resolved response implies a relation
of the form

I (“BL + GSL) fza}fL 0 E
IL|= % V2o 205t O||E . ®
j3 0 0 o E3
where
os. =o0"1, of =op =0P1, o.=o0l,
a]lgi = (azB'L)T = 0121 + laeliyty

Here, we introduced the scalar functions a(g)(a)) 0’12(60)
0,5, (®), and o,(w), to be described in Sec. II C. The above
matrix forms account for time-reversal symmetry and isotropy
(see Appendix C).

By transforming Eq. (8) back to the layer-resolved re-

sponse of Eq. (1), we identify the ¢** matrices as follows

@, ¢ =1,2,3):
o'l = L(o} + o5 +0.), )
o = Lop + o5 —0), (10)
o’ =1loy, o?=o0p. (11)

The other components are obtained by mirror and time-
reversal symmetries [cf. Eq. (3)].

From the above equations, the optical responses of Eq. (1)
can thus be expressed in terms of o2 G;(zx ,» and o,.. Ex-
cept for o, these conductivities are known in principle, from
the electromagnetic responses of the isolated single-layer and
twisted bilayer graphene [54]. In contrast, o, stands out be-
cause, even though the trilayer Hamiltonian decouples into
effective single-layer and bilayer systems, the currents in-

volved in o, mix both of these subsystems.

C. Explicit expressions for conductivities

We now describe the parameters of aBL, osL, and o, via
inner products of pseudo-spin-wave functions. For notational
convenience, let T = %('r)r =+ it,) where 7, , are the x, y com-
ponents of the Pauli matrices.

First, the matrix o.(w) emerges from the overlap of Bloch
eigenvectors of the two effective systems in the Kubo trace
formula. By o, = diag(o,, o.), we derive

(fb - f:V)wbs

2 &P
A, (o + i8) Z (0 +i8)? — w?

12gugs

x (|1(blTs|s)* + |1<b|u|s>|2>, (12)

where wy; = (Ep — Es)/h’ fb(s) = f(Eb(s))’ 8v (gs) is the val-
ley (spin) degeneracy factor, vg is the Fermi velocity of
monolayer graphene, and A, is the area of the reference
moiré cell (see Appendix C). This expression is simplified in
view of |((b|t.|s)|? = [1(b|T_|s)|* because of a symmetry of
the effective Hamiltonians 7, » under the interchange of the
sublattice indices. The relative magnitude of o, is estimated in
Sec. IV.

We will now discuss the response functions, also present
in the bilayer system [54]. The first element is the chirality

205144-3



MARGETIS, GOMEZ-SANTOS, AND STAUBER

PHYSICAL REVIEW B 110, 205144 (2024)

parameter leyz from the effective bilayer system. This equals

2
12
GX)r (a)) ex\ lgvgsA Fl((,()+ (S) Z(fb fb

o o Im{e_’0(2<b/lffIb)z)(1<blf+|b/)1)}

, (13
(w+1i8)* — a)ib, (13)

where wpy = (E, — Ey)/h. For 6 =0, o!? must vanish.
This property is derived by noting that for 6 =0 we
have (b|t+|b')1 = 2(b|T+£|b'),, switching layers in H,, where
1(2)<b|‘[i|b )1(2) = (1(2)(]9 |‘C;|b)1(2))* More generally, we have
o (a) 0) = —a (a) —0) (see also Ref. [54]).

The remalmng response parameters are given by

2 2
M _ _jp Vp 4 (fs — Jfs ) sy
i ! gUgSA R(w + i8) Z (0 +1i8)> — w?,
x | (s|T4]s") (14)
vp e (fo — fi )by
03(2) = —igy8s—— Z b N 2b’ bbz
A h(w + id) o (0 +i8)* — wyy,
X (1Bl B)1 > + (b [T=[b)a]?), (15)
v2 2

e (o — fo)owy
0612 Znggv E Y] 5
A, h(w +i6) (0 +i8)* — wyy,

X Re{e*’e(l(bluIb')l)(z(b/lf—lbb)}- (16)

By Egs. (15) and (16), regarding the effective bilayer system,
we can show that 0/ (w; 0) = o]/ (w; —0) (see also Ref. [54]).

III. COUPLING BETWEEN ELECTRIC AND LOCAL
MAGNETIC FIELDS

In the preceding analysis, we have formulated the linear
response in terms of conductivities. However, the emergence
of chiral effects is often described in terms of a coupled
response to electric and magnetic fields.

For even modes, the trilayer responses can be read off
from the responses of the single-layer graphene and twisted
bilayer graphene, which are already known [see Eq. (8)].
Given the chiral nature of twisted bilayer graphene, and to
make contact with Ref. [54], we will also employ a magnetic
language. Notice, though, that the mirror-symmetric trilayer
does not exhibit optical activity. Therefore, even though some
equations for the trilayer will look formally very similar to
those of the twisted bilayer graphene [54], magnetic mo-
ments and magnetic fields will enter through layer differences,
considered as “gradients” in the z direction, to comply with
space-inversion symmetry [58].

A. Modes under mirror symmetry

We define the following transformation of the original
electric fields that will relate the current response to effective
electric and magnetic dipoles:

£t E,
& | =m|E, |, (17)
E_ E;

with

VI3 JI[3 VI3

M=|Ji/6 —v2/3 Ji/6 |. (18)
JIZ 0 ~JI2

In the above matrix, each entry expresses a 2x?2 block matrix.
Up to normalizing constants, this matrix can be understood as
follows: The first row is the layer-averaged field, the second
row is the (layer-discrete) second derivative of the field, and
the third row is the (layer-discrete) first derivative of the field.

The original current densities are transformed in the same
fashion as the original electric fields [Eq. (17)], according to
the equation

T Ji
T | =m|1. | (19)
J- J3

Since the total system is mirror symmetric, the odd mode
J _ is again decoupled from the two even modes. Thus, we
obtain the following relations:

Jizoj&'*’—i—«/—o* £ —l—\/_olz(e, x E7),
T =0,E +V20 1 EL —V20 (e x ED), 1 (20)
J- = (o} —op3)E-.

Here, e, is the z-directed Cartesian unit vector, and

3U+ —2( +U()13)+a()22+4o'2,
30, = (09" +09°) +205° — 4oy, (21)
307 = (o' +0y) — 0 — oy,

Recall that by Eqs. (9)—(11) the conductivities ‘70 are ex-
pressed in terms of the effective single-layer and twisted
bilayer responses. Furthermore, we have o, = 2(0101 — 0103)
from Eqs. (9) and (10).

B. Effective local description for modes

Let us now focus on the modes that define the response of
the trilayer. We can formulate the constitutive equations with
respect to electric and local magnetic fields [54]. From the
discrete (layer-resolved) version of Maxwell’s equations, we
write

E| = (E, +E; +E3)/3, (22)
za)(a/2)BH =e, x (E; —Ej), (23)
iw(a/2)B; = e, x (B3 — E). (24)

Equation (22) is the average electric field. Equations (23)
and (24) are discrete versions of the Maxwell-Faraday law
(or, the third Maxwell equation). Therefore, Bﬁ[ is the
(average) magnetic field between layers £ and ¢’. For mirror-
symmetric modes, when E; = E3, there is no net magnetic
field, i.e., Bﬁz + Bﬁ3 = 0. Nevertheless, a finite value of Bﬁz
(Bﬁ3) can be viewed as a vertical gradient of the magnetic
field, as previously noted.
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J3 ﬁ_"\ & m,

J2 ﬁ::_:‘/\/@ml
J1 —

FIG. 2. Schematic view of the currents when only the even mode
J . is present; see Eqgs. (18) and (19). The solid arrows define
the in-plane current densities Ji, J,, and J; with J; = J; = —J,/2.
These currents give rise to the magnetic moments m; and m, with
m; = —m,.

The in-plane original current densities can always be
described in terms of electric and magnetic moments, as ex-
plained in Appendix D. For the trilayer, the relations are

—iwp =J1 + J2 + J3, (25)
M =M o X Js+di —2D), (26)
a/6
_|_
% —e. x (J3—J)). @7

The linear combinations of currents in Eqgs. (25)—(27) cor-
respond to the modes J T J7, and J_, respectively. In

J

+

the absence of a net current, if p = 0, the in-plane current
densities of modes {7 - J_} can thus be thought of as
magnetization currents associated with a uniform magneti-
zation my, filling the space between layers 1 and 2, and
magnetization my, filling the space between layers 2 and 3.
Equations (26) and (27) then follow, as shown in Appendix D.

For mirror-symmetric modes, when J; = J3, no net mag-
netic moment exists, i.e., m; +m, = 0. Nevertheless, the
finite value of m; (m,) can be viewed as a gradient of the mag-
netic moment, as previously mentioned. The local magnetic
moments of the mode J are shown in Fig. 2. This mode is
even in the current density, but odd in the magnetic moment.

Therefore, by introducing the vertical gradients of the mag-
netic field and moment as

AB; = (B> —B}%)/2, (28)
Am =m; —my, (29)
and noticing that
B = (B{® +B*)/2, (30)
m; =m; +my, 31

we can formulate the following constitutive law:

p =30} /(iw) afof (e, x ) — leyZ} 0 E,
Am | = [af{of(e; x )+ 07} iw(a*/6)o; 0 AB|. (32)
m, 0 0 io(a*/4)o.) \ By

Finally, we should point out that although the system is mirror
symmetric and does not exhibit optical activity, the xy compo-
nent levz of the response introduces a local “chiral coupling”
between the electric field and the gradient of the magnetic
field.

IV. IN-PLANE MAGNETIC RESPONSE

In this section, we derive a simplified formula for the in-
plane magnetic response, and estimate it as negligibly small.
As shown in Sec. III B, the in-plane magnetic response is
given by

>
m = i(,()zO’CBH. (33)

We repeat that the magnetic-response parameter o, cannot
be read from the responses of the isolated single-layer and
twisted bilayer systems. However, mainly because of the
kinematic constraints arising from the largely different Fermi
velocities in these two systems, we expect o, to be practically
zero. In this section, we verify this property analytically.

The small, almost vanishing in-plane magnetic response
of twisted trilayer graphene is in stark contrast to the large
in-plane magnetic response of the twisted bilayer graphene
[54]. The latter can even diverge and give rise to a Condon
instability [56,61].

A. Microscopic derivation and localization ansatz

We will derive an explicit, simplified formula for the in-
plane magnetic response, Eq. (33), near charge neutrality for
alternating twists close to the magic angle. For this purpose,
we introduce the following parameter of the in-plane magnetic
response:

2
X () = iw%ac(w). (34)

We need to estimate the coupling term o, or response . For
this task, we employ a localization ansatz for the electronic
Bloch wave functions of the effective twisted bilayer system
at nearly flat bands, in the spirit of Ref. [62].

Consider the eigenstates of Eq. (5). For the effective bilayer
system, our localization hypothesis reads as [62]

xbyr\ _ x P,
( <x|b>2> ~ K+ d>n(\/§x/Lm)(P2’n) (35)

near the K point. Here, P, , is a 2x 1 vector for the sublattice
polarization in each layer (¢ = 1, 2), n is the band index (e.g.,
n = =£1 for flat bands), L,, is the moiré length (|K|L,, > 1),
q is the quasimomentum vector (¢ < |K]), and & >~ 3 [62].
The function ®,, is localized in the moiré cell. By normalizing
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formula (35) with |P; ,,| ~ |P>,,| we obtain

; 1
Py, ~ et % <1> (36)

where ¥y, is a phase that does not affect our results, and &,
is normalized to unity. The symbol ~ means that numerical
factors roughly equal to unity or smaller are ignored for the
sake of order-of-magnitude estimates. The eigenvectors of the
single-layer system are

1 . 1
(x|s) = —e‘““‘”"‘( 62 qﬁiq}.) (37)
24, +e —

for its two bands, where A,, ~ L2.

Let us invoke Eqgs. (35) and (37) in Eq. (12). We assume
that v < vpg,, with g, = i—” By only considering the nearly
flat bands for the effective bilayer system, and relatively large
energies of the effective monolayer system so that w, — w; >~

—wy, we have

2
c 8v8s 2 o€ = 2

~ — C, d
Xon ™ 3 am 2 D[] / q

n,ng==+1 mBZ
nsVrq

x [f(Ef) — f(En)] (Vrq)? — (@ + i8)2

In the above, the integration region mBZ is the moiré Brillouin
zone, E,i’(q) [E, (q)] is the energy of the effective bilayer

(single-layer) system at band # (ny), and

(38)

Ci(§) = % /dx/ ®,(x') (n==£1)
VE

over the transformed moiré cell by x > x" = 7=
"

n

x. The scal-

ing of this integral with +/€ ensures that |C,| < 1 regardless
of the value of & > 0.

B. Estimate for the magnetic response

We will now evaluate the integral for the parameter x, by
neglecting terms proportional to or smaller than ﬁ ln(% );
thus, 7w may not exceed a few hundred meV which poses no
practical restriction.

To demonstrate that y,, is negligibly small, we compare
it to xo = h’zeztGaé, which is used in discussions about
lattice effects on the out-of-plane magnetic susceptibility in
the single-layer graphene [63]. Here, ac is the carbon-carbon
distance and 7 is the hopping energy for monolayer graphene.
Hence, we compute

Xm 3 . a*/ac

0 g 8v8s{f L
with @ = 1 nm =~ 7ac, L,, = ac+/3+/3i% +3i + 1 ~ 61.43ac
for i = 20, regarding the trilayer configuration (Fig. 1). Here,
we assume that the alternating-twist trilayer is in the magic-
angle regime.

Notice the linear scaling of );—'g with the inverse moiré

~ 124f), (39)

length. The positive factor (f)¢, depends on the |C,|’s of
nearly flat bands and the Fermi-Dirac distribution f, and ex-
presses a weighted radial-momentum average of f(E_(q)) —

f(E+(gq)) for the single-layer graphene energies Ei(q) =
+hvrq. This average is defined by

. 1 _ _
(s, = 5(|cl|2 +1C_11»)

1 qm
X {q_./o dq{f(E—(q))—f(E+(q))]}-

m

Note that (f)¢, < 1.

Equation (39) suggests that the in-plane magnetic response
of the alternating twisted trilayer is very weak since it is
comparable to or smaller than the corresponding atomistic
(lattice) effect in monolayer graphene. Evidently, the response
function x ¢ (w) has a plateau in frequency for w < vrg,,. The
extension of our analysis to higher bands of the effective
bilayer system might be pursued with a similar localization
ansatz [64].

V. CONCLUSION

In this paper, we analytically described the overall op-
tical response of the alternating-twist trilayer system. By
performing a unitary transformation that decouples the tri-
layer Hamiltonian into an effective bilayer and a monolayer
Hamiltonian, we showed that the optical response is basically
given by the (known) responses of the bilayer and monolayer
systems. However, the coupled response of the bilayer and
single-layer current densities also appears, and this is pro-
portional to the in-plane magnetic response. This response is
usually very weak and we verified this property by an estimate
in the magic-angle regime. Our analysis can explain the prac-
tical absence of an in-plane orbital magnetic susceptibility in
the alternating-twist trilayer graphene [23,24].

We further applied an alternative unitary transformation
that involves electric and local magnetic moments. In this
way, we formulated coupled constitutive equations based on
the total electric field and the local magnetic fields. Nev-
ertheless, this magnetoelectric coupling does not lead to
optical activity, as no real chirality can persist in this mirror-
symmetric setting.

The results in this paper motivate further studies on the
electromagnetic response of twisted multilayer systems. In
particular, the response of tetralayer systems will be the sub-
ject of future studies.
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APPENDIX A: ON TIME-REVERSAL SYMMETRY

In this Appendix, we discuss implications of time-reversal
symmetry for the surface conductivity. The total electronic
Hamiltonian H of the multilayered system in real space thus
satisfies H = H*.

We show that a time-reversal (7 -) symmetric H implies a
symmetric conductivity matrix, in the sense that interchang-
ing the layer and polarization index pairs leaves the matrix
invariant. In particular, we show that (for v, v’ = x,y and
2,0 =1,2,3)

olf(w) =all(w),

every w € C. (A1)

To prove Eq. (A1), we start with the fact that there exists an
antiunitary transformation & such that for each eigenvector
[Y) of H We have the invariance property |v) = U|y). We
apply U j§ st = —j , where j§, denotes the v-directed ini-
tial current of the [th layer.

The trace of the Kubo formulation yields the following
formula for the layer-resolved surface conductivity:

e Z f(Ey) — f(Ey)
h(w + 10+) l(w + 0T + wyy)
x (Yls! Jo Vqu )* Wlil‘ JOUuW)

2 Z FES) — F(Ey)
T e+ lO+) l(a) + 0T + wyy)

ot
o, (w)=—

x (W1(iE ) 1) <w/|(jg,v) 1Y) (real ).

Here, Ey is the energy (eigenvalue of H) corresponding to
the normalized eigenvector |¢) of H, f(E) is the Fermi-
Dirac distribution, and wyy = (Ey — Ey-)/h. Relation (Al)
follows by the Hermiticity of the current. This result can be
analytically continued to complex w.

In our model, the Hamiltonian is given approximately near
the K or K’ valley. Each of these Hamiltonians is not 7~
symmetric. Since the total Hamiltonian is 7 symmetric, we
apply the symmetrization

g (@) = [0 g (@) + 01 x (@)] /2, (A2)

where UZ . k 1s due to the K valley. The resulting conductivity
formulas W1ll include the valley degeneracy factor g, = 2 and
a spin degeneracy factor g, = 2.

APPENDIX B: HAMILTONIAN OF TRILAYER SYSTEM
AND UNITARY TRANSFORMATION TO DIRECT SUM

In this Appendix, we describe the Dirac Hamiltonian of the
alternating-twist trilayer system in real space; and transform
it unitarily into a direct sum of effective twisted bilayer and
single-layer Hamiltonians, following Ref. [53]. Our setting
lacks mirror symmetry.

1. Model Hamiltonian and moiré potentials

The electron Schrodinger state vector is of the form

v=(>w) =@ v v vE i yH

The twist angle of layer £ is 6, = (—1)/6/2 (£ =1, 2, 3). In
the sublattice-layer representation, the unperturbed Hamilto-
nian of the K valley reads as

D0) T2 0
HI = | T2 D(-0) FB@)|; (B
0 B D)

x = (x,y)7 is the position vector in the reference plane (x €
R?). The matrix-valued Dirac operator is

0 —2ie~i59
D) =vrh o ,
—2iel5d 0

where vy ~ 10° m/s is the Fermi velocity of graphene, 0 =
(0 —idy)/2, and 0 = (9, + id,)/2 in the xy plane.
The related moiré potentials are described by

UU’
i J‘)) (B3)
wAAU0 (x)

(B2)

él’ UON’ (x)

T ) = ( YL ()

for ¢ =€+ 1 (1f€ =1, 2), where w'§ = kw4, k > 0, the
coefficients w4} have units of energy and express interlayer
tunneling, and

3
UEM(x) — Zefis(nfl)db o= -(x=Dyyr)

(B4)
n=1
with ¢ =27 /3 and £ = 0, 1. Here, we define [53]
g’ =2kp sm< )’RW 0, -7, (BS)
55 = Rod)” (B6)
d;,+dy . Oy d,—d,
Dy = 82 Z+lcot<%>ry~ 62 ‘, (B7)
0¢ + Op
Ope = 00 — 0o, oo = — > °,
__[cos¢p —sing
Ry = (sinqS cos ¢ )’ (B8)

where kp = |K| = 47 /(3+/3a¢) is the Dirac momentum, T,
is the y-Pauli matrix, and ac =~ 1.42 A is the carbon-carbon
distance. The vector d, is the lateral shift of the £th layer,
and D,y amounts to shifts in the potentials. We setd, =d =
(dy, d»)" for all £ by which D,y =d.

Next, we nondimensionalize the model via the map-
ping x — X = 2kp sin(f/2)x [53]. Let the scaled position
and shift vectors be ¥ and d. The Hamiltonian ’H}? ex-
hibits the energy scale 2vghkpsin(6/2); 7-[}? 7-[”‘ =
[2vp fikp sin(0/2)] " H4. We define
wh

Ty =04+10=1,2).
2uphikp sin(6/2) 1 )

Qppy =

For ease of notation, we remove the breve symbol from XC,J s
and HW, thus using x, d = (di, d»)" and HY as the moiré-
scaled variables; ditto for the potentials T,
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Hence, we now have the dimensionless potentials

T2y — kopUp(x)  oapUf(—x) ’
aplUix)  kapUy(x)

ey ~ koosUy(x)  anUf(x) .
anlUi(=x) koaUj(x)

If a1y # ap3 the ensuing Hamiltonian may lack mirror sym-
metry. This symmetry is recovered if o}y = a3.
In view of |d| < 1, we have set

Up(x) = Uyg*(x),  Up™(x) = Ug (x),
Ug*(x) = Ug(x), U5 (x) = Up(x),

Ui(x) = U/ (—x),  U%(x) = U (—x),
UPx) = Uf(x), UP*(—x) = Uj(—x).

In the above, the first and fifth equations introduce U, and
U,, while the last two equations are implied by the condition
ld] < 1.

For the sake of clarity, we give the explicit formulas for Uy
and U, at the moiré scale. These are

Up(x) = €0~%) 4 iR G=d)+10—d2)
4 i F Cmdi)t 5 —d)
~ ol 4 o iCHE Y _,_e—i(—%x%y)’ (B9)

U (x) >~ e + o5 e~ iCE At + e iF oIS,
(B10)

The Hamiltonian H'J of the K’ valley comes from the
complex conjugation of H¥' above. Thus, we write

= o)
in real space. Thus, the eigenvector (basis) sets of the two
Hamiltonians are related by an antiunitary transformation.
The total contribution to the conductivity from both val-
leys under time-reversal symmetry in linear response can be
extracted from the K-valley Hamiltonian by a simple trans-

position. One must then symmetrize the optical conductivity
(Appendix A).

2. Unitary transformations and direct sum

Next, we outline the steps of a unitary transformation on
tri

&> which eventually yields the mapping

HO s 1 = ST S = ka @ HD. (B11)

where 7—[5\23( is the effective, K-valley twisted bilayer Hamil-

tonian with parameter A = a2, +a3;, and HY' is the
respective single-layer Hamiltonian, as explained below.
Hence, we can write any eigenvector of Hj’ff in the form
(1)1, 1b)2, O)" or (0,0, |s))" where (|b)1,1b)2)" and |s) are
eigenvectors of Hf}( and HY, respectively. We have

b b
P <:b§2> - Ef)(:bii>’ Hls) = EUls) 5

E,gi’l) is the eigenvalue of the Dirac Hamiltonian for the
twisted bilayer (b) and single-layer (s) system. Each of the
symbols s and b stands for the combined band index and
continuum quasimomentum variable of the scaled Brillouin
zone. We set E; = E(V and E;, = E,ﬁz).

We will show that in the sublattice-layer form [53]

ap/rA 0 axn/A
es=[ o 1 o (B12)
an/r 0 —ap/A

Note that G is represented by a 6 x6 matrix. In the case with
mirror symmetry, if o1, = a3, we have

0 1
V2 0
0 -1

(B13)

1
G=—]|0
V2 1

This unitary transformation is described as a result of four
basic, successive unitary operations, as detailed below [53].
To simplify notation, we will omit the valley index (K), unless
we state otherwise.

a. Layer ordering

We apply H" 1 := QTHYQ with state vector
T
v=0 ul v w )
? T
Sy =Qy =l v s vl o s

The transformation operator €2 in matrix form is

(=l el e N
SOoOOoO—~, OO
(=N e NN Nl
S o oo ~O
[=Nel S oNeNe]
—_o OO oo

b. Layer alignment
We now apply H — H = YHY so that

R R R A O
9—)1/;=YT1/C;=({4

T .

viow) oyl vP vl)

SO OO O =
S oo~ OO
S o oo ~O
SO~ OO
—_—Oo OO OO
S~ OO OO
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Thus, we have [53]

y (M D*)
H= ,
D M
0 0 apUp(x)
M=« 0 0 (123U()(x)
apUsx)  anUsx) 0

0 WUy(x) a2
= K N W = .
WU (x) 0 a3

Here, D is represented by the following 3 x3 matrix:

—2ie'?/%j WU, (x)
D= ).
<WTU1(—x) —2ie'9/2a> |
0 0 kAUp(x)
0 0 0
— K AU (%) 0 0
=1 iong 0 AU, (x)
0 —2ie?/2j 0
AU (—x) 0 —2ie /2

d. Conversion to direct sum
We apply H > H = Z'HZ = HP & HD with

SO OO O -
[=Nel N oNeNe]
S oo ~,O O
—_ o OO oo
S oo o ~O
(= e e i el e

In the above, HV and Hf) denote the moiré-scaled effective
single-layer and twisted bilayer Hamiltonians, respectively.
To simplify notation, set H" = #, and H\” = H,. These
operators read as

Hi =DO) = < - _Zieima) (B14)
2ie/73 0
and
(6 AU
o= (x u((x))T @(—(9))>’ B1>)
where

Uy (—x)
kUp(x) |

In summary, the operator S of Eq. (B12), which converts
the K-valley Hamiltonian HY to H, is computed directly
by & = QYVZ. The corresponding matrix is real. Hence, the
same matrix is used to convert the K’-valley Hamiltonian,

H' = (H')* in real space, into a direct sum of effective
twisted bilayer and single-layer Hamiltonians.

c. Singular-value decomposition

Next, we apply 7 > H = V7V where

V= voo V = diag(A, B
- O V ’ - lag( ) )a

and the 2x2 matrix A and scalar B stem from W = AAB*
with A = (1, 0)" and A = VWTW = Va3, + o3;. By a di-
rect computation, we have

a3/

=(a12/’\ ) B=1.
an/r  —ap/A

The transformed Hamiltonian is thus written as

—2ie”/29 0 AU (—x)

0 —2ie~ 12y 0
AU (x) 0 —2ie'/?y
0 0 k AU (x)

0 0 0

K AU (x) 0 0

APPENDIX C: OPTICAL CONDUCTIVITY OF
ALTERNATING-TWIST TRILAYER SYSTEM:
CALCULATIONS

In this Appendix, we determine the optical conductivity for
the alternating-twist trilayer system by the Kubo formulation
without mirror symmetry. The main assumptions are time-
reversal symmetry and spatial isotropy. We invoke the unitary
transformation of the K-valley trilayer Hamiltonian into a
direct sum of the effective Hamiltonians #; and H, (Ap-
pendix B). We use moiré-scaled quantities, so that the units of
length and energy are {2kp sin(0/2)}’1 and 2vg hikp sin(6/2).
Thus, the (dimensionless) current operator in layer £ is j* =
—i[x*, H"], where H"™ and x* are the moiré-scaled trilayer
Hamiltonian and vector position. We often suppress the sub-
script K for the valley.

1. Methodology and general results

We transform the unperturbed trilayer Hamiltonian H{, by
G into the direct sum H, @ H,. Hence, we compute the trace
of the current-current commutators on the basis formed by the
eigenvectors of H, @ H,. Consider the set of all state vectors
of the form

) 1b)1 0
[¥) =&"Y)=|1b)| or | O |,
0 |s)

which are eigenvectors of H, @ Hi; |b) = (|b)1, |b)2)! and
|s) denote the effective twisted bilayer and single-layer Hamil-
tonian eigenvectors, with energies Ej, = E,fz) and E; = E(D.
The symbols b and s express the combined band index and
quasimomentum in the scaled moiré Brillouin zone.
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For real w, the K-valley Kubo formula yields

! ez > i(w+id)t . A
oy k(@) = Com {WZHf(Ew)/O dt Y], O J, (O]9

2

_ e * i(w+is)t ' ' 16)
= Yt {;fbfo dt T (1B, ABD (Vi (1) = Vg () <lb>i>

[}
0

+XS:fS/

for ¢, ¢/ =1, 2, 3 and v, v/ = x, y. The v-directed current
lﬁK(t) = &' (1S, frequency w and time ¢ are moiré
scaled and dimensionless; and Co = {4k3 sin*(6/2)A,,} "' =

&g where A, = %g(sinl(lgﬂ)

o )? is the area of the moiré cell
and ac is the carbon-carbon distance. We set f; = f (E,) as
the Fermi-Dirac distribution, and Vf,f,yw,(t) =e,- Vf;f] (t)-ey
(e,: Cartesian unit vector) for n, n’ = b, s. The matrix-valued

operator Vf;’;; (t) is defined by
VM (t)
no), (C2)

490!

o Vi)
-12([)‘101( = ( Y74
Ko\vE o

and thus vanishes for ¢ < 0; jf) = j%(0). By Eq. (C1), we only
need the diagonal terms Vf]f] (t). The symbol Zn (n=>n,s)
means summation over band indices and integration in the
quasimomentum over the scaled Brillouin zone. The elements
(nl - 1n) (n = b, s) of Eq. (C1) account for x-inner products of
scalar Bloch wave functions, which compose (x|n).

In Eq. (C1), each sum }_ is replaced by }_, . or>_ -
by use of the resolution of the identity 1 = Zn [n)(n] in the
respective Hilbert space (for n = b, s). Here, we set (n, ') =
(b, ') or (s, s"), while 7’ in (1, i) takes values complemen-
tary to those of 7 in the sense that 7’ = s/ if n = band 7' = b
if n =s.

For every n in these sums, the Fourier transform of

(n|Vn€,f:w,(t)|n) contributes the factors
1 1

as 8 | 0. The Fourier transform of (n|Vf,f:w, (t)"|n) contributes
the respective factors
1 1
i@ — gy +i6) 0 — oy +i8)
The ensuing optical conductivity tensor o(w) comes

from the symmetrization of the K-valley contribution
(Appendix A). This tensor o reads as

a”(a)) 0"2(60) 013(6())
o) =0 (w) 0% %],
0'31(60) 0’32(60) 0'33(60)

where ¢**’ are 2x2 matrices for the layer-resolved conductiv-
ities. We will express o**’ in terms of principal conductivities
associated with two effective, simpler systems, for arbitrary

58,0V $S,VV

dt ei(w+i8)t x <S|VN/ (1) — V”, ,([)”s)}, ) i, 0, (CD)

(

positive parameters o/y23) of the trilayer Hamiltonian ’H}?

(Appendix B).
After some algebra, we obtain (see Appendix C 3)

o'l = )»_4(01;120113']“ + 0/2‘305L + a122a§3ac) (C3)
00“ 0
=\ e (C4)
)
2
o2 = Y12,12
- )\42 BL
12 12
0y foe
=|_"n n)=0"". (Cs)
O, Op
2 2
[62PY04
o = li4 B (ofy + oL — 0¢) (C6)
13
% 0 31
= =0 s C7
(5 o) 7
2
2 2 9 0
0 =05 = , C8
a=(T 2 -
2
23 _ %33 9
L
2
_ %3 91 324T
= 50" =(07)", (C9)
o
12
0 =2 apop + @05 + afa5;00)

11 o’ 0
=0 lopoan =| o 3 (C10)
0

The first equation for 6> comes from interchanging the con-
stants a1 and a3 in o', In Egs. (C3)—(C10), we express the
layer-resolved conductivities in terms of the principal 2x2
matrices aéf, os., and o, (¢, ¢’ =1, 2). Here, agf/ and
ogL are conductivities that separately arise from the effective
twisted bilayer and single-layer Hamiltonians, respectively
[cf. Egs. (B15) and (B14) in Appendix B]. On the other hand,
o, couples the two effective systems.
The principal matrices have the forms

o™ 0
osL = 0 o)’
e

ss o
ogL = 0 0_(2) (§ =1, 2)7
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e,xy e
- — o O
¢ 0 o)
The scalars 012, o!%, 02 | and o, respectively, denote

the in-plane conductivities of the effective single-layer and

twisted bilayer systems, the covalent drag and chiral (or Hall)

conductivities of the effective bilayer system, and the coupling

of the two systems. Note that 63> = ¢? in Eq. (C8). In Ap-

pendix C 3, we express all these scalar functions of w in terms

of inner products of suitable pseudo-spin-wave functions.
Hence, the elements a ¢ of Egs. (C3)—(C10) are

L (alzag(z)+a230§l)+0‘120‘§306)’ (C1D)
2 2
2 _ 9% 1 12 _ %2 12
0= 2% Ow = % (C1D
2
oo
. 1i423( @ 4 g0 o), (C13)
0022 _ 06(2)’ (C14)
3\ ( 30(2)4-0!] (1)+0‘23°‘122‘7c)
=O'0 |a12€>az3' (C15)

In particular, let us consider o, = &3, by which mirror
symmetry is recovered. We find
11

o' = (of +osL+00), (C16)
o'? =loy = (0*"), (C17)

o = Yo +osL—0) =0, (C18)
B = %0_1231L — o2 = (032)T’ (C19)
o¥ =o'l (C20)

2. Trace algebra

Next, we provide details on the layer-resolved conduc-
tivities. We compute the unitarily transformed currents and
V“Z (t)in view of Eq. (B11) of Appendix B and time evolution

under Hamiltonian 7—[6“. The trace of the Kubo formula is
computed on the basis formed by the eigenvectors of H®! =
H, @ H,. The unitarily transformed currents are

lo —GTJOVG (t) Pl ’_f)ve

— M
The initial original (nontransformed) v-directed current in
layer £ is j§, = j§ - e, with j§ = —i[x*, H"'], where e, is a
Cartesian unit vector in the xy plane.

Therefore, we start with the matrix representations

™ 0 0 0 0 0
jo=10 o0 of, ji=10 1 of,
0 0 0 0 0 0
0 0 O
jii=10 0 o0
0 0 17

We have defined

(1/4)9t (i/4)91’Z

= T = € + 7)€y,

where 7, is the v-Pauli matrix.
We need to compute

. eint 0 . e*l’Hzt 0
.i[(t):( 0 Mt .Lé 0 it

in the matrix representation |L)(L'|, where each of |L) and |L’)
is (|b)1, |b)2, 0)T or (0,0, |s))T (£ =1, 2, 3). For the initial
G-transformed currents, we find

2
o
)lez T 1

j] 3 a]2¢2¥23 7.
o ™ + 2
011;523 .[CI (Dt%) .[—6‘
1{ti 7 .
= E ‘[T ‘[_9 1f0112 = (723, (C21)
¢
T2 0
v
ji= (o o)’ (C22)
o 12003
3 el T T
lo - Ao T oh g
_ 1;223 T ﬁt
1 T —Tc .
il if o1 = a3, (C23)
c

where

In fact, the 4 x2 matrix . is responsible for o.
Thus, in the interaction picture we have

1 ( a elel.rl e—i?‘lzl a12a23ei7'[2[ Tce—iH1l>

J'0=5 H M 2 it 0 —iH
L A 0112012361 llr:e—l ot a23el 1t g =0 =it

einl Tze—inl O
5
1) = ,
A ( 0 0

1 ( a eletT]e_inl

.3 _
‘l (t) - iHqt

A2 —iH,t alzzei?-tltt—ee—iﬂlt

:
T/e

_alzaZSeiHﬂ Tce_iH't
ajpa3€

By abusing notation, we define the frequencies
wgy = (Ey — Ey)/h,

where E, ) is the energy of either the effective single-layer
or twisted bilayer system. The frequency w,, mixes these
energies, and will appear in o, (Appendix C 3).

Let us now outline the steps for the remaining computation
of [‘Z‘Z ), 18 ]. For every pair (¢, £') we use the matrices Vf]f]
from Eq. (C2), needed for n = n’. Note that the Hermitian
adjoint of this expression reads

Vi @)
fo/ of)

L ZK’(I)T
'lé‘i[(t) = < @E'(t)
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Thus, it suffices to determine 1‘3 ) Zf)/. The matrix elements of
[j(t), ji 1 are found from Vi1 (1) — (Vi ().

a. Tensor V},}I,

For (¢, ¢") = (1, 1), the diagonal block matrix of the first
layer, [11 ), 1(1)] directly comes from the following formulas.

Regarding j 40) Ll), we compute

o? . . . .
_ 12 iHot —iH,t 2 iHot —iHt T
vl = o L (afe ™ e ) + age M e L)),
[051X0% .

11 1206023 _ _o
Vis = 24 (ahe™ T 1, 4 agye ™ e T,
120023 i -0 —

Vll — )\'4 ( 1 lHll.rTe iHat .[1 +a elH]f 0 iHit j),

2
o _j i 0 —i —
Vll — )\’243 (Ol el’H[lTTe l’Hztrc + 0153617'“‘[ Oe lH]lr 9)‘

The product 1(1) 1 (¢) is thus determined by

2 iH>

al,Tie Mg et

_ 2 iH]l T —inf
= )\4( +ayTe e ),

it ¥12Q23 ¢ o i ity 2
(Vi) = o (ap, 1€ Tee™ M+ agsT e

lHlfT—Qe—lHll),

1yt _ 12023 ¥ iHat . —iHat | 2 =0 Myt —iHat
(Vi) == (alzr T1€ +ant e e ),

(V”)T _ 0‘23 (a1 ™ g e

lH]l‘ —0 —lH1t)
k4

+ a 3T e
The commutator [11 ®), 1(1)] is then readily computed.

b. Tensors V},f,, and Vf,},,

Let us now discuss the structure of both [L'l ®), 1'(2)] and

7). J, (1)]. For the product j' (1) 1(2), we compute
o2,
V}l)i — )\2 sztT e lHﬂ‘Q,
V2= %em"ﬂe—mz’rz,
vE=o=vE

Similarly, for 15 j' (t) we invoke the Hermitian conjugate (ad-
joint) of each of the above quantities.
For [1'2 (1), 1(1)], a similar calculation yields

2

o . .
21 12 iHt —iHt
Vbb = ?6‘ 2 To€ 2 T,
Q12003 —i
21 iHot iHot
Vi = —2 ¢ Yrpe M,
21 _ a2l
vi=o0=v2

The Hermitian conjugate of each term follows directly.

13 31
c. Tensors V., and Vor

Next, we focus on LZI (t)’lg] and [13(t),1(1)]. For the for-

mer, the product j Y1) 1(3) is composed of

2 2
AT~,0 .

%093 0 ity
Vbb__ (e

)\’4 7!7‘[2[11 _ el’}'[z[ T¢€

T —itigh),

71’7‘[1[179 _ iHot

’;
7,003 , -
V})f =12 = (e’Hzt et e

—iHot
)\‘4 e Tc)a

T.€
3
(63024 ; . . Ly
V13 — 23 (eﬂ—llrt fo lelTl _ el’HltT Oe lHllTT),
24 c c

2 2
13 _ %103 (emlzr—ee—mlzr—e _

iHt _t —iHat
5 =37 T/e Tc).

For J J (t), we compute the Hermitian adjomts
On the other hand, in regard to [l ®), 10 we obtain

()[2 ()(2 . . . .
Vbb — %(Eleltle—erzlrl _ el’}'[zlrce—lﬂ]ltcﬂ)’
31 0‘12“33 iHat iHat iHot _ —iH it —0
Vi = — 2 (M e, — Mg e M),

A4
o’ a3, . . .
V31 — 1;4 (et’H]tTfGeft"HltTcl _ etHItTCfefl?-thTl)’

a2 a2 . . .
V31 — 12723 (61H1t179671H1t179 _ 617{1[ T

—iHot
)\(4 T, € Tc) ,

along with their Hermitian conjugates. This step concludes the
calculation for (¢, ¢') = (1, 3), (3, 1).

d. Tensor Vﬁ,
Consider the diagonal block matrix of the middle layer,
related to [lz(t), 13]. Forzz(t)jz, we need

Vbb _ el'Hzfrze—let

Vie=0=V3=VZ

12,

The Hermitian adjoint, for J ] 2(t), follows directly.

23 32
e. Tensors V., and Vor

For layers 2 and 3, we first compute

2
Vig — )\‘2 lelt e letT],
Q120023 i
V23 — _—elﬂgtt2e le[TC’
)»2
V3 =0=V%

Likewise, we have

2
o . »
V32 — 23 engIrle l’Hthz’
A2
o120023 —i
V32 N elH]fTTe leITz’
A2 ¢

V=0V,
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f. Tensor Vﬁ,

For the diagonal block matrix of the third (top) layer, a
direct computation yields

Vi; _ 0;%3 (a23el7-lztrle—i7-lzt.[l +az iHat o —i?-thT:)’

V,3]§ _ _ozz;oé23( 23ezH2t 110 4?-[21TC_’_a%zeinttcefiHltTfe)’

V?g — _0!2)3;(23 (OlzgelHll T —l’HltT +Ol elH]I —0 —l?‘-llt )’

V33— 05122 iHit g 1 oMot iHit =6 =Mt =0
Y (azge TL—i-ot e )

3. Layer-resolved conductivity matrices

Next, we outline the remaining steps of deriving the con-
ductivity formulas of Appendix C 1. Let

Is) = (1¢s1), 122",
1b)1 = (¢p1), lopa)),

where £yi(x) = (x|85), ©ni(x) = (X|@pi), and xpi(x) = (x| x0:)
(i = 1, 2) are scalar Bloch wave functions. These are labeled
by s or b which stand for the combined band index and
quasimomentum variable of the scaled Brillouin zone. The
spin degeneracy factor g is omitted here but can be included
in the end.

1b)2 = (xp1)s X2

a. o' tensor

By Eq. (C1), the structure of ¢'! is dictated by the tensors
Vf]; For example, for n = b we have the term

2
«
122
(aiye

)\14 iHot T e*let

7 + az lH?f 7!’7‘[1[_[:).

For n = s, the quantities 1> and a3, H; and H,, 7 and 77,
and 7. and T must be, respectively, interchanged. By reso-
lution of the identity, formula (C3) emerges once we identify
the K-valley contributions

B (blT1y 16" (B | 710 |b)

(81, )5 = Olh(u—l-trﬁ%:(f 2 o+ opy +i8
(C24)

(S|T[9|S/)(S'|TU79|S>
(USL,vv’)K 0 iho+is Z(fV fY o+ oy + 08 ?
(C25)

as § | O for real w. Here, we set r(’lfv =e,- Tae). These for-
mulas lead to the forms o = diag(c", o{V) and of} =
diag(c®, 0(?), with the suitable definitions of the scalars
o 19, The coupling term &, comes from the 7"-matrix terms

in V,l]l’, viz. (with 7., = e, - T.),

(acvv )K—_ OEﬂZ(fb f:v

(b|Tev|s) (s|T],1b)
w — wps + 16

o (bITCVISHSIfw/Ib)
w + wps + 06

We proceed to symmetrize the above quantities. For the ef-
fective single-layer system, by isotropy we have the diagonal
element osp x = OsLyy = 0(1) with

a)S‘Y

(1) — -
(@) = —i2Cogu s +5)Z(ﬂ L)

X |<§sl |é-s’2>| .

Here, g, is the valley degeneracy factor (g, = 2) and (&, |¢y2)
stands for the inner product of the scalar Bloch wave functions
;f; (x) over the scaled cell. For the off-diagonal elements
agL,xy and oy y,, Symmetrization and the effect of isotropy
yield

USL,xy(CU) = _GSL,)*x(a)) =0.

Similarly, for the effective twisted bilayer system, by

isotropy we have o] = o , = 06(2) where

0 (w) = —i2Cogy—— h( s, > U= fi)
bb'
% Wpp
(0 +i8)? —

1 .
The calculation for oy ,, and opt yx Makes explicit use of

time-reversal symmetry and isotropy, yielding

(@bt @) .

11 11
aBL,xy(w) = _UBL.}'x(w) =0

Let us consider o,. For its diagonal elements, we get
&2
Co———= —fs
T i0) Ebs (fo = f5)

Wps
W H@p118s2) £

((TC’ if)K = —2i

(Pl &s) 2,

where @& = €2 for w = ©p1, {s1- By isotropy, we have
Oc, Xx(w) — O¢ yy(w) - 0 Wthh lmphes

Z(fb £) WRe(«pbngﬂ@m%z)) 0;

(C26)
thus, o, x = 0.y, = 0. Where
(@) = —2Cog,— Z(f fr—n
Oc(w —1 Ogvh( 1) b— Js @+ 8 — “)bs
x (Hp11£2)1> + @2 £61) 7). (C27)

This expression can be simplified by use of [{(@p1|¢n)| =
[{(Zs1]9p2)| due to the invariance of H; » under the combined
operations of sublattice index switch, complex conjugation,
and parity inversion.

For the off-diagonal elements of ¢, we assert that

2
e
(o) =207 =5 %(fb ~f)

F(w+i8 )Re(mgf) + ia)bxlm(mff
(0 + i8)* — w},
+ (@lZar)) (Caalin) —

),8¢O;

mes = ((@pl L) + (ot @)
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By symmetrizing this K-valley contribution, we obtain
2
h(w +i8)

Wps

x bzs(fb - fs)m Im(my).

GC,X)’(w) :00,)'x(w) =i2Cogy

Notice that Im(mfs ) = —2Im({@p11¢52) (51 l@pe)). In view of
identity (C26), along with the interchange of the Re(-) and
Im(-) factors in it, we infer that o, (@)= 0= o, ().
Alternatively, this vanishing of the off-diagonal elements
of o, results from isotropy, by which o ,,(w) = —0¢ . (w).
Equations (C4) and (C11) follow.

b. 0" and o™ tensors
Next, we address the cases of layer pairs (£, £') = (1, 2),
(2, 1). Because each of V 1172’21 contains only one product with
71> and is multiplied by &3,A 2, while VS132.21 = 0, we see that
each of ¢'22! is proportional to gy >'. For the K-valley term,
Eq. (C1) implies

OgL

12(21) 0‘122 12(21)
Ok = )Lz( )K’

where
2

12(21 €
(o8 = _COM Z(fh i)
bb'

% <b|T1(2)v|b/><b,|7:2(l)v’|b>
l(a)+l5 +a)bb/) '

For the diagonal elements, symmetrization entails

2

. e
—lzcogum Z(fb - fv)

b/
y @py Re{({Po119p2) T (@il Ppr1)) {(Xpr2l xp1)}
(0 +i8)? — 2,

. . 12(21) 1221) _
By isotropy, which means o) " — op; )" = 0, we have

> (o= fin)
bb'

o2 . =0l . =
yy yy

wpy Re((@p1 l@p2) (X2l Xp2))
(0 +i8)2 — 02,

0; (C28)

1221) _

12(21)
therefore, we can set oy

= opL.,, = 0, Where
12 e
= —i2C g, — —f
0% (@) = ~i2Cog 7o %(fb fr)
wpy Re(e™ (@p1 low2) (Xp2l xp1))
(0 +i8)2 — ), '

—i9<

(C29)

Regarding the off-diagonal elements of o', we find

2

12 21 . €
(of xy = wo o= +i2C, _— — Ty
BL. Y = OBL i2Cog, o) ;,E;,r (o — fo)

" wpy Im{({Xp2| X61) F (X1 Xp2) ) {Po1 |Qpr2)}
(0 +i8)? — w9,

12(21) 1221) _
Note that Opr. o + oy, = 0, inferred from Eq. (C28) by re-
placement of Re(-) by Im(-); thus, 01;12‘(%}) = —oéi(zyp =03,

with
12 e’
= i2C, _ — f
O,y (@) = 12Cogy T bEb, (fo = fo)
/I —if 7
o v m(e ()Fb’2|Xbl)(2(ﬂbl|(Pb2)). (C30)
(0 +i8)> — wp,

Equations (C5) and (C12) follow.

¢. '3 and 3! tensors

Consider (£,¢') = (1,3) and (3,1). By Eq. (Cl), ¢'33!
contain contributions from the two effective systems and the
coupling term o that are similar to those for o'!. By inspec-
tion of V,lﬁ]'3 ! in comparison to Vrl;:; from Eq. (C1) we can
derive Eq. (C6).

In more detail, for o1, = ap3, we see that

Vll,;] — }‘(eiHﬂTle_iHZlTl _|_ ei?‘[zl Tce_iHltT:),

whereas

13 _ 1 (Mot —iHat Mot —iHat 31,
Vip = 1(e™ rie M g — Mg e M) = Vi

ditto for V},S'” via the switch of H, and H;, ; and 7%, and
7. and its Hermitian adjoint. Thus, in the case with mirror
symmetry, the matrix o'! of Eq. (C16) is replaced by the o3
given in Eq. (C18).

Now consider o}, # a»3. Notice the terms in

2
o _ %nesy, oo
(0‘12(23)

l”Hz(])[ (—=0) —in(]I (=0)
Vbbiss) = Y e T, e T

+ 0‘%3(12)‘3mz“)tfcq)fmm)t ),

and map this to its 13- (and 31-) counterpart, viz.,
2 2
13 _ %0%3 it (=) —iHaayt (—0)
Vbiss) = Y (e Wiy Ve R T
—eint TéT)e_iH]mt T:( ))

Equation (C6) results from Eq. (C3) via this map.

d. ¢* tensor

By inspection of V2, we notice that 62 is identical to 022

nm’
according to the expression
2 / /
2 e (bl T20 |67} (V[ T20 | D)
Ol vy ) v =—"Co——— E — fr ,
( BL,vv )K 0Fl(0)+18) < (fb fh) i(w+a)bb/ T l(S)

(C31)

which comes from Eq. (C24) after the replacement of 7, by
7,. The resulting expression for 02 = 0232L depends on o223
through the effective Hamiltonian 5, and is a diagonal matrix
(as is o} ). Thus, we obtain Eq. (C8). The nonzero (diagonal)
elements of 027 come from o> by replacement of ¢; » by

X1,2:

2
22 22 . €

OBLxx = OBL,yy = —12Cogvm Z(fb = fr)

b

Wpp' 2

X — /
@) —a2, [{Xo1 [ xpr2)|
=o* =0?.
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In the above, we assumed that |{xp1|xp2)| = [{@s1]@p2)| since
‘H».x is invariant under the simultaneous operations of layer
switch, complex conjugation, and x-direction reversal.

e. 0B, 6%, and o tensors

23 32 : 23,32
and ¢”°. Evidently, V7

come from ny:},lz under the replacement of «, with oy3.
By a rescaling and transposition of formula (C5), we ob-
tain Eq. (C9). Recall that time-reversal symmetry dictates
o (0) = o3} (o).

Regarding 0%, notice that V;ﬁ results from anl7 by switch
of the parameters o, and op3. This implies that Eq. (C3)
yields Eq. (C10). Hence, matrix ¢ is diagonal. We set 63 =
diag(o33, 083) where the scalar 0033(a)) directly comes from
0’011((1)) by the interchange of o, and a3 [cf. Egs. (C11) and
(C15)].

Let us first consider o

APPENDIX D: IN-PLANE CURRENTS
AS MAGNETIZATION CURRENTS

In this Appendix, we show that the in-plane currents of
any number (n) of layers can always be written as the sum
of the average current plus magnetization currents. The latter
are imagined as coming from filling the space between ad-
jacent layers with uniformly, in-plane magnetized materials.
The electric currents (J;) are numbered from bottom to top,

as in Fig. 1 for n = 3. As in Sec. III B, we use the symbol
m; to describe the magnetic moment (per unit surface) of
the (imagined) magnetized material filling the space between
layers i and i+ 1. For the reference case of the trilayer
system (n = 3), we have three currents {J;, J», J3} and two
magnetized regions with magnetic moments per unit surface
{m;, m,}, filling the space between layers 1 and 2, and layers
2 and 3, respectively.
We can always write

(D)

where Jior = ) _; J; is the total current, and j; represents the
deviation from the average. Given that ), j; = 0, each j; can
be considered to be the sum of the magnetization currents
associated with the regions above and below the layer i. There-
fore, we have

m;_; —m;
l

with the constraint Zi ji =0, and [ is the distance between
layers and e, the normal unit vector. In Eq. (D2), it is un-
derstood that m; = 0 for i outside its allowed range, that is,
fori ¢ {1,...,n — 1}. Equation (D2) provides the set of mag-
netizations {m;} associated with any set of deviation currents
{j;}, and vice versa. In the trilayer system, for instance, the
use of Egs. (D1) and (D2), together with —iwp = Jio, leads
to Egs. (25)—(27) of Sec. III B.

=exji, l<i<xn (D2)
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