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Eigenstate thermalization hypothesis (ETH) represents a breakthrough in many-body physics since it allows
us to link thermalization of physical observables with the applicability of random matrix theory (RMT). Recent
years were also extremely fruitful in exploring possible counterexamples to thermalization, ranging, among
others, from integrability, single-particle chaos, many-body localization, many-body scars, to Hilbert-space frag-
mentation. In all these cases the conventional ETH is violated. However, it remains elusive how the conventional
ETH breaks down when one approaches the boundaries of ergodicity, and whether the range of validity of the
conventional ETH coincides with the validity of RMT-like spectral statistics. Here we bridge this gap and we
introduce a scenario of the ETH breakdown in many-body quantum systems, dubbed fading ergodicity regime,
which establishes a link between the conventional ETH and nonergodic behavior. We conjecture this scenario to
be relevant for the description of finite many-body systems at the boundaries of ergodicity, and we provide
numerical and analytical arguments for its validity in the quantum sun model of ergodicity-breaking phase
transition. For the latter, we provide evidence that the breakdown of the conventional ETH is not associated
with the breakdown of the RMT-like spectral statistics.

DOI: 10.1103/PhysRevB.110.134206

I. INTRODUCTION

The quantum chaos conjecture links the emergence of
random-matrix theory (RMT) statistics in quantum systems
with the chaotic dynamics in their classical limit [1,2]. Per-
haps surprisingly, the RMT predictions are also relevant for
the description of spectral statistics of quantum many-body
systems without classical counterparts, e.g., of interacting
spin-1/2 systems on a lattice [3–9]. Nevertheless, the ex-
periments that study nonequilibrium dynamics of isolated
quantum many-body systems usually cannot access the spec-
tral properties, but they can measure local observables such as
site occupations [10]. Here, the central role is played by the
eigenstate thermalization hypothesis (ETH) [11–13], which
provides simple principles to explain the agreement between
the observable expectation values in time-evolving pure states
and the predictions of statistical ensembles [14].

The possibility for thermalization to occur on a level of
eigenstates is suggested by the analysis of expectation values
of observables in random pure states [14]. However, Hamilto-
nian eigenstates are not random pure states and hence the ETH
contains nontrivial refinements beyond the RMT. In particu-
lar, considering the expectation values of an observable Ô in
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Hamiltonian eigenstates, Ĥ |n〉 = En|n〉, the nontrivial refine-
ments represent the structure function O(Ē ) of the diagonal
matrix elements, where Ē = (En + Em)/2 is the mean energy,
and the envelope function f (Ē , ω), where ω = En − Em is the
energy difference (setting h̄ ≡ 1). Combining these with the
fluctuating part that originates from the analysis of random
pure states gives rise to the ETH ansatz (also referred to as the
conventional ETH further on) [15],

〈n|Ô|m〉 = O(Ē )δm,n + ρ(Ē )−1/2 f (Ē , ω)Rnm. (1)

In the latter, the fluctuations are suppressed as a square root of
the many-body density of states ρ(Ē ) that increases exponen-
tially with the number of lattice sites L in interacting systems,
and Rnm is a random number with zero mean and variance
one. Equation (1) provides a mechanism of thermalization in
an isolated quantum system for which short-range statistics
agree with RMT predictions [14].

When considering counterexamples to thermalization, the
ETH from Eq. (1) is not expected to be valid. Specifically, two
features of the matrix elements may emerge in nonergodic
systems: (i) the fluctuations of matrix elements may decay
polynomially (instead of exponentially) with L, and (ii) the
matrix elements in some eigenstates, dubbed outliers, may not
approach the corresponding microcanonical averages. These
frameworks allow for introducing weaker forms of ETH that
apply, e.g., for integrable systems [16–20], single-particle
chaotic systems [21], many-body localization [22–25], many-
body scars [26–28], and Hilbert-space fragmentation [28–30].
However, all these forms of ETH are incompatible with er-
godicity and thermalization. These considerations give rise to
the central question of our study: how and when does the
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conventional ETH from Eq. (1) evolve into other (weaker)
forms of ETH when ergodicity is fading, and to what extent
is this transition related to the breakdown of RMT-like short-
range spectral statistics?

It is intriguing that, in contrast to observables, the approach
towards boundaries of ergodicity is currently better under-
stood for spectral properties. In physical systems, one can
define the Thouless energy � that separates the properties of
short-range and long-range spectral statistics. The short-range
statistics comply with the RMT predictions while the long-
range do not, and � shrinks to the mean level spacing (i.e.,
the Heisenberg energy) at the ergodicity breaking transition.
This perspective is well established for the Anderson local-
ization transition [31,32], and also for certain well-controlled
many-body systems such as the quantum sun model of the
avalanche theory [33]. The inverse of the Thouless energy,
dubbed Thouless time tTh, has a natural interpretation of a
diverging relaxation time at the ergodicity-breaking phase
transition.

Here, our goal is to go beyond the paradigm of ergodicity
breaking as the absence of validity of RMT spectral statistics,
and hence we focus our analysis on observables. We introduce
a scenario in which the fluctuations of the observable matrix
elements soften when approaching the ergodicity boundary,
even though the observables still thermalize and the short-
range spectral statistics comply with RMT predictions. Our
theory provides a natural bridge between the two limits, i.e.,
the conventional ETH limit (1) and the completely noner-
godic limit. Moreover, in the regime intermediate to these
two limits, dubbed fading ergodicity regime, it establishes
ergodicity beyond the conventional ETH. Hence, it can be
used as observable-based precursor of the ergodicity-breaking
phase transition.

II. SCENARIOS FOR THE ETH BREAKDOWN

We now discuss the possible scenarios for the ETH break-
down in many-body quantum systems. The latter should be
searched for observables that are diagonal in the basis in
which the Hamiltonian eigenstates in the nonergodic regime
exhibit signatures of localization. This perspective is sup-
ported by the recent analysis of the matrix elements of
observables in single-particle eigenstates of an Anderson in-
sulator [34]. As the limiting nonergodic behavior, we hence
expect the majority of the weight of the matrix elements to be
accumulated in the diagonal matrix elements. An important
technical aspect when considering ETH is the existence of a
sum rule for the matrix elements of observables [21], which
we impose as

1

D

D∑
n,m=1

|Onm|2 = 1, (2)

where D is the Hilbert space dimension and Onm ≡ 〈n|Ô|m〉,
see Appendix A for details.

Based on these considerations, we anticipate two pos-
sible scenarios when approaching the ergodicity boundary:
(i) the conventional ETH, as given by Eq. (1), is valid in
the entire ergodic phase, i.e., its validity coincides with
the short-range spectral statistics being RMT-like; (ii) the

FIG. 1. Sketch of the fading ergodicity scenario. (a) Divergence
of the fluctuation exponent η, see Eq. (3), as a function of the control
parameter α, when approaching the ergodicity breaking transition
point at α = αc. (b) While the Thouless time tTh is proportional to the
Heisenberg time tH at the transition point (tTh ∼ tH ), and it is much
smaller than tH in the conventional ETH regime (e.g., tTh ∼ L2), it
scales as tTh ∼ (tH )γ , with 0 < γ < 1, when the boundary of ergod-
icity is approached.

deviations from Eq. (1), e.g., in the form of softening of the
fluctuations, are manifested despite the system being ergodic
and the short-range level statistics complying with the RMT
predictions. With the softening of fluctuations we have in
mind that the fluctuations of matrix elements decay slower
than anticipated from the conventional ETH.

We note that recent studies based on the norms of adia-
batic gauge potentials contributed valuable insights into the
structure of the off-diagonal matrix elements in the vicinity of
the ergodicity breakdown [35]. In particular, they suggested
that the softening of fluctuations of matrix elements at low ω

is a smooth process in the vicinity of the breakdown [36,37].
However, a clear distinction between the scenarios (i) and (ii)
has to our knowledge not yet been established.

Here we put forth arguments in favor of scenario (ii). Our
main conjecture is that the fluctuations of the diagonal and
low-ω off-diagonal matrix elements soften when approach-
ing the ergodicity boundary, such that the fluctuating part
of the ETH ansatz in Eq. (1) should acquire ω dependence,
ρ(Ē )−1/2 → 	(Ē , ω, L). Hence, the difference of our sce-
nario with respect to the conventional ETH is that the L
dependence of fluctuations, expressed via the density of states
ρ(Ē ), and the ω dependence of the off-diagonal matrix ele-
ments, do not decouple as in Eq. (1). In the low-ω regime
ω → 0, we express the softening of fluctuations as

ρ(Ē )−1/2 → 	(Ē , ω → 0, L) → ρ(Ē )−1/η, (3)

with 2 < η < ∞ in the fading ergodicity regime. We pro-
pose that η is determined by the ratio of the Thouless and
Heisenberg times (or energies), and when the Thouless time is
sufficiently large, the divergence of η signals proximity of the
ergodicity-breaking phase transition. This scenario is sketched
in Fig. 1.

III. SOFTENING OF ETH AT SMALL ENERGIES

We now present an argument supporting Eq. (3), i.e., a
scenario that naturally interpolates between the conventional
ETH (η = 2) and its breakdown in the nonergodic limit (η →
∞). The argument is based on the L dependence of the off-
diagonal matrix elements at low ω for the targeted observable
Ô. For simplicity, we model the coarse-grained off-diagonal
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matrix elements at low ω with a Lorentzian function. This
specific functional form is not crucial for the derivation
of our main result, however, since we are approaching the
ergodicity boundary from the ergodic side, it is important that
the function is a constant in the ω → 0 limit. We consider

|Onm|2ρ = �

�2 + ω2
, (4)

where for simplicity we omit the energy dependence of ρ. The
width of the function � is a characteristic low-energy scale
that we name the Thouless energy. We refer to low-ω off-
diagonal matrix elements as those that belong to the interval

 < ω < �, where 
 ∝ 1/ρ is the many-body mean level
spacing, i.e., the Heisenberg energy.

Importantly, the Thouless energy � depends on L in most
physical systems (it vanishes as L → ∞). Consequently, also
the scaled off-diagonal matrix elements |Onm|2ρ are expected
to depend on L. This is a known property, which is usually
interpreted via the L dependence of f (Ē , ω), see Eq. (1),
at ω 	 � [14,20,38–43]. However, in many cases this L
dependence is polynomial, and it is hence subleading when
compared to the exponentially increasing ρ.

Equation (4) suggests that one may restore scale invariance
by expressing the matrix elements as a function of ω/�,
giving rise to the following scale-invariant form:

|Onm|2ρ� = 1

1 + (ω/�)2
. (5)

As a consequence, the low-energy off diagonals at ω 	 �

scale as

|Onm|2 ∝ 1

ρ�
≈ 


�
. (6)

Equation (6) is the main result of this study: whenever
the Thouless energy increases as � ∝ 
ζ , with 0 < ζ < 1,
the system is still ergodic but the ETH does not hold in the
conventional way (1). In particular, the fluctuations of the
matrix elements are softened according to Eq. (3) as η =
2/(1 − ζ ) > 2, i.e., η diverges at the ergodicity-breaking tran-
sition at which the Thouless energy scales as the Heisenberg
energy, � ∝ 
.

The physical picture that emerges from our study is the
suppression of fluctuations of the low-ω off-diagonal matrix
elements, as well as the diagonal matrix elements, which can
be interpreted as the accumulation of spectral weight in the
ergodic system at ω 	 �. In contrast, the sum rule for the
matrix elements from Eq. (2) then suggests the depletion of
the spectral weight at ω � �. We expect this phenomenol-
ogy to be a generic feature of finite ergodic systems that
approach the boundaries of ergodicity, irrespective of whether
the ergodicity-breaking transition becomes a true phase tran-
sition in the thermodynamic limit, or the nonergodic regime
ultimately becomes a singular point in the parameter space.

IV. EXAMPLE: QUANTUM SUN MODEL

We now present analytical and numerical evidence that
supports the above scenario in a toy model that hosts an
ergodicity-breaking phase transition in the thermodynamic
limit, i.e., the quantum sun model of the avalanche theory

[33,44,45]. The Hamiltonian is defined as

Ĥ = Ĥdot +
L∑

j=1

αu j Ŝx
n( j)Ŝ

x
j +

L∑
j=1

h jŜ
z
j, (7)

where Ĥdot is a 2N × 2N random matrix drawn from the
Gaussian orthogonal ensemble (GOE) describing all-to-all
interacting particles within an ergodic quantum dot (we set
N = 3). The second term defines the coupling between a spin
j outside the dot ( j = 1, . . . , L) and a randomly selected spin
n( j) within the dot, with α acting as the tuning parameter of
the ergodicity-breaking phase transition, and uj ∝ j. Details
of the model implementation and the choice of model param-
eters are given in Appendix B.

A convenient aspect of the quantum sun model is that
it allows for using accurate closed-form expressions for the
Thouless and Heisenberg energies. The Thouless energy on
the ergodic side can be well approximated as [33]

� ∝ e
− ln

(
1

α2

)
L
, (8)

while the Heisenberg energy scales, up to subleading correc-
tions, as 
 ∝ 2−L = exp{−L ln (1/α̃2

c )}, where α̃c = 1/
√

2 is
the critical point derived within the avalanche theory [44,46].
Hence, using Eq. (6), one can estimate the scaling of the low-ω
off-diagonal matrix elements as

|Onm|2 ∝ e
− ln

(
α2

α̃2
c

)
L
, (9)

which leads to a closed-form expression for the divergence of
η from Eq. (3),

η∗ = 2

(
1 − ln α

ln α̃c

)−1

, (10)

in the ergodic phase at α̃c � α � 1. While α̃c = 1/
√

2 ≈
0.707 provides a reasonably accurate prediction of the tran-
sition point, in what follows we refer to the numerically
extracted transition point as αc, and the difference between
α̃c and αc is of the order of a few percents.

Below we numerically test the above predictions. We fo-
cus on the observable Ô = Ŝz

L, i.e., the z component of the
most weakly coupled spin to the ergodic quantum dot. The
physical motivation for selecting this observable is based on
understanding that observables, which measure properties of
spins that are most weakly coupled to the ergodic quantum
dot, are most sensitive to ergodicity breaking [46], and hence
their relaxation time can be associated with the Thouless time.
Results for other observables are shown in Appendix C.

A. Fluctuations of matrix elements

In Fig. 2, we show the ω dependence of the coarse-grained
off-diagonal matrix elements |(Sz

L )nm|2, where (Sz
L )nm ≡

〈n|Ŝz
L|m〉, and the coarse graining (followed by the averaging

over Hamiltonian realizations) is carried out over a narrow
window above the target ω. The scaled matrix elements
|(Sz

L )nm|2ρ vs ω exhibit accumulation of spectral weight at
low ω and its depletion at large ω, see the arrows in the main
panel of Fig. 2. Remarkably, the results in Fig. 2 are shown
for α = 0.86, for which the nearest level-spacing statistics

134206-3



MAKSYMILIAN KLICZKOWSKI et al. PHYSICAL REVIEW B 110, 134206 (2024)

FIG. 2. Coarse-grained off-diagonal matrix elements |(Sz
L )nm|2 at

α = 0.86 and different L. Main panel: |(Sz
L )nm|2ρ vs ω, where the

density of states ρ ∝ 2L is obtained from a small energy window in
the middle of the spectrum. Dashed lines are fits to the Lorentzian
function (4), from which we extract �. The red arrows highlight the
weight accumulation (depletion) at low (high) ω. Inset: |(Sz

L )nm|2ρ�

vs ω/�.

are very close to the GOE predictions, see Fig. 7(a) and
Appendix B. This suggests that the softening of the fluctua-
tions of the matrix elements emerges in the fading ergodicity
regime, in which the short-range statistics are still GOE-like.
Another perspective on the softening of the low-ω matrix
elements is shown in the inset of Fig. 2, in which we show
the scaled matrix elements |(Sz

L )nm|2ρ� vs ω/�, exhibiting a
reasonably good collapse of the results for all system sizes
under investigation.

A quantitative analysis of the fluctuations of the matrix
elements is carried out in Fig. 3. We study the average
eigenstate-to-eigenstate fluctuations of the diagonal matrix
elements, see Fig. 3(a), and the fluctuations of the low-ω
off-diagonal matrix elements measured at ω = √

�
, see
Fig. 3(c). They both exhibit a fast decay deep in the ergodic
regime (at α close to α = 1), suggesting that the conventional
ETH regime is in this model only observed at α = 1 or in
a narrow interval around it. On the other hand, the decay
becomes much slower when the ergodicity-breaking transition
point is approached, α → αc. The extracted fluctuation expo-
nents η as functions of α are shown as symbols in Fig. 3(d).
They behave very similarly for the diagonal and the low-ω off-
diagonal matrix elements, and remarkably, are well described
by the solid line that corresponds to the analytical prediction
from Eq. (10). These results are compatible with the ex-
pectation that the fluctuation exponent η becomes identical
for the diagonal and low-ω off-diagonal matrix elements in
thermodynamically large systems.

Moreover, Fig. 3(b) shows that even the maximal outliers
of the diagonal matrix elements decay to zero with increas-
ing L. This property suggest that the system is still ergodic,
and makes a clear distinction to nonergodic systems such as

FIG. 3. Scaling of fluctuations of matrix elements. (a),
(b) Eigenstate-to-eigenstate fluctuations of the diagonal matrix
elements, δn ≡ |(Ŝz

L )n+1 − (Ŝz
L )n|. We show the average and the

maximal outliers in (a) and (b), respectively, see also Appendix A
for the details on the intervals of averaging. (c) Low-ω off-diagonal
matrix elements, taken from a narrow energy window around the
target ω = √

�
. Dashed lines in (a)–(c) are the two-parameter fits
of the function a02−L/η with the values of η shown next to them.
(d) Fluctuation exponents η from Eq. (3) as a function of α. The solid
line is a fit of b0η

∗ to the results for the off-diagonal matrix elements,
where b0 = 1.12 is the fitting parameter and η∗ is the function from
Eq. (10), in which α̃c is replaced by a fitting parameter αc. We get
αc = 0.745, see the vertical dashed-dotted line, which is very close
to the values of transition point obtained from other indicators such
as the average gap ratio shown in Fig. 7(b) of Appendix B.

integrable interacting systems in which the maximal outliers
do not decay with system size [16,19,47].

While the focus in the main text is on the fluctuations
of matrix elements, we also study their distributions in Ap-
pendix D. There, we show evidence that the distributions
appear to be close to a normal distribution in nearly entire
ergodic phase.

B. Quantum dynamics

We now demonstrate the emergence of ergodicity, and its
breakdown, from the dynamical perspective. Our main goal
is to show that the fading ergodicity regime can still be
characterized as ergodic despite the breakdown of the con-
ventional ETH. On the other hand, we show evidence that the
breakdown of ergodicity occurs when the fluctuation exponent
diverges, η → ∞.

We study the dynamics of the expectation value of Ŝz
L after

a sudden quantum quench. For a single Hamiltonian realiza-
tion Ĥ (μ), it is defined as

Q(t )(μ) = 〈ψ0|Ŝz
L(t )|ψ0〉, (11)

where Ŝz
L(t ) = exp(iĤ (μ)t )Ŝz

L exp(−iĤ (μ)t ). The initial state
|ψ0〉 is a product state in the middle of the spectrum, see
Appendix E for details. To study whether the system thermal-
izes or not, we first define the expectation values of Ŝz

L in the
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FIG. 4. Quantum dynamics of the observable Ŝz
L . (a) Difference


Q∞, see Eq. (12), between the microcanonical ensemble and the
diagonal ensemble prediction after a quantum quench, vs L. Squares
are results at α = 0.74 ≈ αc, at which the fluctuation exponent η in
Fig. 3(d) diverges, η → ∞. Black circles are results for α = 0.86,
which is studied in Fig. 2. (b) Time evolution of the autocorrelation
function C(t ), see Eq. (13), at α = 0.86 and different system sizes L,
as a function of scaled time �t . Dashed line denotes the exponential
decay ∝ e−�t , and horizontal dotted lines represent the long-time
average C∞.

diagonal ensemble, Q(μ)
DE , and in the microcanonical ensemble,

Q(μ)
ME, see Eqs. (E3) and (E4) of Appendix E for definitions.

This allows us to compare the long-time value after a quantum
quench to the microcanonical ensemble prediction via the
quantity


Q∞ = Avrμ

{∣∣Q(μ)
DE − Q(μ)

ME

∣∣}, (12)

where Avrμ{. . .} corresponds to the average over Hamiltonian
realizations.

Figure 4(a) shows the results for 
Q∞ vs L for different
values of interaction α. We observe that in the fading ergod-
icity regime at α > αc, the differences 
Q∞ appear to vanish
in the thermodynamic limit L → ∞. This suggests emergence
of ergodicity for any finite value of the fluctuation exponent η.
On the other hand, the infinite value of η, which we observe at
α < αc, see Fig. 3(d), does not ensure ergodicity. The break-
down of ergodicity is manifested in Fig. 4(a) for the results at
α < αc (red dark circles above the squares), for which 
Q∞
appears to approach a nonzero value in the thermodynamic
limit.

Focusing on the dynamics at short and moderate times,
we study a related quantity, the spin-spin autocorrelation
function. We introduce it as

C(t ) = 〈
Ŝz

L(t )Ŝz
L(0)

〉
μ
, (13)

where the brackets 〈· · · 〉μ denote both the quantum expecta-
tion value and the disorder average, see Eqs. (E5) and (E6)
of Appendix E for the precise definition. The autocorrelation
function C(t ) is shown in Fig. 4(b) in the ergodic regime at
α = 0.86. It exhibits an exponential decay with the rate given
by the Thouless energy �. At long times it approaches the
steady-state value that vanishes with increasing the system
size L, which is consistent with ergodic behavior.

Another important property of quantum quench dynamics
is whether or not the expectation values of observables, such
as Q(t )(μ), equilibrate after a sufficiently long time. This can
be studied via the scaling of temporal fluctuations above the
long-time average of expectation values. Our main question,
however, is not whether the temporal fluctuations vanish in
the thermodynamic limit (they do in the entire ergodic phase),
but whether their finite-size scaling exhibits softening that
resembles the softening of fluctuation exponents η shown
in Fig. 3(d). The affirmative answer to this question would
imply the temporal fluctuations to be an indicator, based on
quantum dynamics, for the detection of fading ergodicity. This
expectation is based on their exact property (in the absence of
degeneracies in the spectrum), i.e., they are upper bounded by
the decay of the maximal off-diagonal matrix element [14].

To address this question, we define the variance of
long-time temporal fluctuations for a given Hamiltonian
realization Ĥ (μ),

σ 2
t,μ ≡ Vart {Q(t )(μ)}, (14)

where the variance Vart {· · · } is calculated in a restricted time
window after the Heisenberg time tH. Here, we select the
time window t ∈ [50tH , 100tH ]. The corresponding average
variance over the Hamiltonian realizations is defined as

σ 2
t = Avrμ

{
σ 2

t,μ

}
. (15)

In Fig. 5(a) we show examples of σ 2
t vs L at different values

of α. We observe that in the entire ergodic regime, the decay
of σ 2

t is exponential with L, suggesting equilibration of the
system.

Results in Fig. 5(a) motivate us to systematically study
how the rate of the exponential decay of temporal fluctuations
decreases when α approaches the ergodicity-breaking transi-
tion. In Fig. 5(b) we compare the fluctuation exponents of
temporal fluctuations with the fluctuations exponents of
matrix elements fluctuations from Fig. 3(d). The obtained
temporal fluctuation exponent is quantitatively smaller than
the matrix element fluctuation exponent. However, in all
cases, the fluctuation exponents increase when α approaches
the transition point αc, suggesting that the long-time temporal
fluctuations indeed carry information about the softening of
the low-ω off-diagonal matrix elements. Hence, the break-
down of the conventional ETH in the fading ergodicity regime
is also manifested in the scaling of the variance of temporal
fluctuations with system size.
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FIG. 5. Scaling of the long-time temporal fluctuations. (a) Scal-
ing of the variance of temporal fluctuations σ 2

t , see Eq. (15), vs L,
at different α. We extract the exponent η of the temporal fluctuations
by fitting the function b02−2L/η to the numerical values (triangles).
(b) Fluctuation exponents η vs α. The exponents of the temporal fluc-
tuations are shown as triangles. Fluctuation exponents of the diagonal
(squares) and the low-ω off-diagonal matrix elements (circles), as
well as the solid line, are identical to those in Fig. 3(d).

C. Growth of entanglement entropy

To complement the analysis, we study the time evolu-
tion of the entanglement entropy SL(t ). The goal is to show
that in the fading ergodicity regime, despite the softening
of the fluctuations of matrix elements, one still observes
the growth of the entanglement entropy towards the maxi-
mal value. The von Neumann entanglement entropy SL(t ) is
defined as

SL(t ) = Avrμ{−Tr{ρ̂L(t ) ln ρ̂L(t )}}, (16)

FIG. 6. Time evolution of the entanglement entropy SL (t ), see
Eq. (16), of a single (most weakly coupled) spin. Main panel: α =
0.86 > αc in the fading ergodicity regime. Inset: α = 0.72 < αc in
the nonergodic regime. Results are shown for various system sizes
L. Solid lines represent the averaged entanglement entropy SL (t ),
while the temporal fluctuations in different Hamiltonian realizations
are denoted by fading colors.

where for each Hamiltonian realization Ĥ (μ), we choose the
same initial state as used in Sec. IV B, and we then average
the results over different Hamiltonian realizations. In Eq. (16),
ρ̂L = Trremain{|ψ (t )〉〈ψ (t )|} is the reduced density matrix of
the single spin (at j = L), obtained by tracing out the remain-
ing spins in the time-evolved state |ψ (t )〉 at time t .

Results shown in Fig. 6 represent the entanglement growth
in the ergodic regime (main panel) and in the nonergodic
regime (inset). We observe that in the ergodic regime, the en-
tanglement entropy grows towards its maximum value, S (t →
∞) → ln 2. The approach towards maximal entanglement en-
tropy is consistent with the ergodic behavior of the system
(however, it is not a sufficient condition; see, e.g., Ref. [48]
for a counterexample). On the other hand, the breakdown of
ergodicity is clearly manifested in the inset of Fig. 6 at α < αc,
in which the entanglement entropy after a long time saturates
to a value that is below the maximal value.

V. CONCLUSIONS

Historically, the ETH ansatz for the matrix elements of
observables was introduced by defining the smooth functions
O(Ē ) and f (Ē , ω) as a refinement beyond the RMT behav-
ior [14,15]. The physical significance of this refinement was
to properly describe the energy dependence of matrix ele-
ments in physical systems that exhibit thermalization. Recent
work has also explored refinements of ETH due to corre-
lations between the matrix elements [49], which give rise,
among others, to nontrivial dynamics of four-point correlation
functions [49–53]. In this work we introduce a new modi-
fication of the RMT framework that concerns the softening
of the fluctuations of matrix elements. We refer to this phe-
nomenon as fading ergodicity, which is characterized by the
breakdown of the conventional ETH. Its physical significance
is to allow for detecting boundaries of ergodicity. In case
of a well-defined ergodicity breaking phase transition in the
thermodynamic limit, fading ergodicity can be considered as
a precursor of the transition point at which the ETH ceases to
be valid.

We provided analytical arguments and showed numerical
evidence in the quantum sun model of ergodicity-breaking
transitions that the breakdown of conventional ETH is not
associated to the breakdown of GOE-like spectral statistics,
since the former occurs when later is still valid. Yet, we
argued that the unconventional form of fluctuations of matrix
elements (i.e., the softening of fluctuations) is still consistent
with thermalization of observables. We expect this feature
to be generic and to have applications in different types of
ergodicity-breaking phenomena.
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APPENDIX A: MATRIX ELEMENTS OF OBSERVABLES

An operator matrix, expressed in the basis of the Hamilto-
nian eigenstates, takes the form

Ô =
D∑

n,m=1

Onm|n〉〈m|, (A1)

where Onm ≡ 〈n|Ô|m〉, On ≡ Onn, and the states |n〉 and
|m〉 denote the Hamiltonian eigenstates with corresponding
eigenenergies En, satisfying Ĥ |n〉 = En|n〉. When studying
ETH, it is important to properly normalize the observ-
ables [19,21,57]. This is achieved, for traceless observables
considered here, via the sum rule from Eq. (2) in the main text.
The latter can be interpreted as requiring the Hilbert-Schmidt
norm of the operator (divided by the Hilbert space dimension
D) to equal one.

To study the diagonal matrix elements, we restrict the
analysis to the subset of � = 500 eigenstates around the mean
energy Eav = Tr{Ĥ}/D, as sketched in the inset of Fig. 7(a).
For the off-diagonal matrix elements we restrict the analysis
to the eigenstates within a narrow energy window |(En +
Em)/2 − Etarget| < δĒ around the target energy Etarget, as il-
lustrated by the shaded region in Fig. 7(a). We set the target
energy Etarget = Eav and the energy width δĒ/L = 10−3, such
that the ratio of the microcanonical window to the bandwidth
is O(1). In Fig. 2 of the main text and in Figs. 8(a)–8(c) we
study the coarse-grained off-diagonal matrix elements |Onm|2
as a function of their energy difference ω = En − Em. For
each bin, we obtain the values of |Onm|2 by averaging over
a narrow interval around the target ω. We use a fixed num-

FIG. 7. (a) A sketch of matrix elements 〈n|Ô|m〉 studied in this
work. Main panel: The shaded region represents the off-diagonal
matrix elements used to extract their ω dependence. Inset: Diagonal
matrix elements in the middle of the spectrum, around the mean
energy Eav. (b) Average gap ratio r vs α, for different system sizes
L. Vertical dashed line denotes the transition point αc, extracted in
Fig. 3(d) of the main text, while the horizontal solid and dotted lines
show the ergodic and nonergodic values, respectively.

ber of bins, which are evenly spaced on a logarithmic scale
ranging from the mean level spacing ω ∼ 
 (specifically, we
take ω = ωmin = 0.1/D) to ω = ωmax, with ωmax being the
bandwidth of the model. The number of bins is of the order
of hundreds and it increases slightly with the system size.

APPENDIX B: QUANTUM SUN MODEL

The quantum sun model, defined in Eq. (7) of the main
text, represents a system of N + L spin-1/2 particles [33,44–
46]. N particles form an ergodic quantum dot with all-to-all
random interactions (we fix N = 3 throughout the study),
while L particles reside outside the dot. The total Hilbert space
dimension is D = 2N+L. The interactions of spins within the
dot are described by a 2N × 2N random matrix taken from a
Gaussian orthogonal ensemble (GOE) [46],

Ĥdot = 1√
2N + 1

R, (B1)

where R = (A + AT )/
√

2 and the matrix elements Ai, j =
N (0, 1) are sampled from a normal distribution with zero
mean and unit variance. Each of the spins outside the dot
is coupled to a single randomly selected spin within the
dot with a strength of αu j , where α is the parameter that
drives the ergodicity-breaking transition, and uj (with j =
1, 2, . . . , L) are drawn from a uniform distribution, uj ∈ [( j −
1) − 0.2, ( j − 1) + 0.2], except for j = 1 when u1 = 0. The
spins outside the dot are also subject to random magnetic
fields h j , which are drawn from a uniform distribution, h j ∈
[0.5, 1.5]. The diagonal and off-diagonal matrix elements of
observables, discussed in Appendix A, are collected using
Nsamples = 2000 for 11 � L � 5 and Nsamples = 874, 89 for
L = 12, 13, respectively.

The analytical prediction for the ergodicity-breaking tran-
sition point, based on the hybridization condition [44], is α̃c =
1/

√
2 ≈ 0.707. The exact numerical calculations of different

ergodicity indicators predict the value of the transition point
αc that is close to α̃c. For the model parameters considered
here the transition point is estimated to be in the interval
α̃c � αc � 0.75 [46]. In particular, in Fig. 3(d) of the main
text we obtained αc ≈ 0.74 using the divergence of the fluctu-
ation exponent η as the transition indicator. In Fig. 7(b) we
study the standard transition indicator, namely, the average
nearest level-spacing ratio r, shortly the average gap ratio.
Introducing rn = min{δEn, δEn−1}/max{δEn, δEn−1}, where
δEn = En+1 − En is the level spacing between the levels n
and n + 1, we obtain the average gap ratio r by averaging
rn over 500 eigenstates near the center of the spectrum and
over different Hamiltonian realizations. Results in Fig. 7(b)
suggest that the scale invariant point of r vs α, which denotes
the ergodicity-breaking transition point, is quantitatively very
close to αc ≈ 0.74 predicted by the analysis of η in Fig. 3(d).
In the regime α > αc we observe good agreement with the
GOE prediction rGOE ≈ 0.5307 [46].

APPENDIX C: CHOICE OF OBSERVABLES

The analysis in the main text focuses on the observable Ŝz
L,

where Ŝz
j = σ̂ z

j /2 and σ̂ z
j is a Pauli operator acting on a spin

labeled by index j. Here we extend the analysis to two-point
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FIG. 8. (a)–(c) Coarse-grained off-diagonal matrix elements |Onm|2ρ vs ω, where the density of states ρ is obtained from a small energy
window in the middle of the spectrum. Results are shown for the observables Ŝz

L−1Ŝz
L , Ŝz

dot Ŝ
z
L , and Ŝx

dot Ŝ
x
L , respectively, for different L. (d)–(f)

Eigenstate-to-eigenstate fluctuations of the diagonal matrix elements, δn ≡ |On+1 − On|, vs L, for the same observables as shown in (a)–(c),
respectively. We show the average values of δn in the main panels and the maximal outliers in the insets. Dashed lines are two-parameter fits
to the function a02−L/η.

spin correlations Ŝz
L−1Ŝz

L, Ŝz
dotŜ

z
L, and Ŝx

dotŜ
x
L, where Ŝz

dot and
Ŝx

dot act on a randomly selected spin within the dot.
The results in Fig. 8 show how susceptible are the fluc-

tuations of observable matrix elements to the proximity of
the ergodicity-breaking transition. The behavior of the matrix
elements of Ŝz

L−1Ŝz
L is similar to the behavior of Ŝz

L studied in
the main text: the spectral weight of the off-diagonal matrix
elements is accumulating at low ω [cf. Fig. 8(a)] and the
fluctuations of the diagonal matrix elements gradually soften
when α approaches the transition point [cf. Fig. 8(d)]. The
common property of the observables Ŝz

L and Ŝz
L−1Ŝz

L is that
they measure properties of spins that are at large distance from
the ergodic quantum dot, and hence they exhibit the weakest
coupling in the system.

On the other hand, both observables Ŝz
dotŜ

z
L and Ŝx

dotŜ
x
L

include the operator within the ergodic quantum dot. This
property makes the proximity of the ergodicity-breaking tran-
sition less apparent, as seen in Figs. 8(b), 8(c) and 8(e), 8(f).
For the matrix elements of Ŝz

dotŜ
z
L, the softening of fluctuations

is mild but still noticeable [cf. Figs. 8(b) and 8(e)], while
for Ŝx

dotŜ
x
L, there is no signature of softening [cf. Figs. 8(c)

and 8(f)]. The latter is a consequence of the nonergodic phase
being localized in the computational basis [46], which is the
eigenstate basis of the Ŝz operator. For the observable Ŝx

dotŜ
x
L,

we find that the conventional ETH appears to be valid even

on the nonergodic side of the transition. Hence the matrix
elements of the observable Ŝx

dotŜ
x
L are not expected to contain

any special signatures of the fading ergodicity regime.

APPENDIX D: DISTRIBUTION OF MATRIX ELEMENTS

The distributions of matrix elements of observables that
comply with the conventional ETH are to a good approx-
imation described by a normal distribution (with certain
deviations that are manifested in finite systems [38,58–60]).
We here study the distributions of the matrix elements of
observables in the ergodic regime where the conventional
ETH is not valid. We ask the question to what degree are the
distributions in this regime described by a normal distribution.

Figure 9 shows the distributions of the absolute values of
diagonal matrix elements of observables Ŝz

L and Ŝz
dotŜ

z
L, for a

fixed system size and for different values of α. Their main
feature is that the distribution broadens upon decreasing α,
which is consistent with the softening of fluctuations in the
regime of fading ergodicity.

The dashed lines in Fig. 9 represent the Gaussian probabil-
ity density functions (PDFs). Given a positive random variable
z, the corresponding Gaussian PDF is given by

P̄(z) = 2√
2πσ 2

exp

{
− z2

2σ 2

}
, (D1)
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FIG. 9. PDFs P(|Onn|) of the diagonal matrix elements of ob-
servables: (a) Ô = Ŝz

L and (b) Ô = Ŝz
dot Ŝ

z
L , for the system size L = 12.

Dashed lines indicate fits to the Gaussian PDF from Eq. (D1). We
numerically subtract the smooth structure function O(Ē ) to study the
distribution of fluctuations.

where a prefactor 2 appears in the numerator because we study
the distribution of absolute values [60].

While the Gaussian PDFs in Fig. 9 provide accurate de-
scriptions for the numerical distributions at large α, they also
exhibit deviations at lower α in the tails of the distributions. To
quantify the deviations from the Gaussian PDF as functions of
both α and L, we compute the normalized variance [19]

�O = 〈z2〉
〈z〉2

, (D2)

which yields �O = π/2 for a Gaussian PDF from Eq. (D1).
We complement this measure by computing the Binder
cumulant

B = 〈z4〉
3〈z2〉2

, (D3)

which yields B = 1 for the Gaussian PDF, and the Kurtosis

K = 〈(z − 〈z〉)4〉
〈(z − 〈z〉)2〉2

, (D4)

which yields K = 3 for the Gaussian PDF.
Figure 10 shows the dependence of the Gaussianity mea-

sures from Eqs. (D2)–(D4) on α, for the observable Ŝz
L and

different system sizes L. We observe that the PDFs are indeed
close to a Gaussian PDF at large α, and notable deviations
occur when the transition point is approached. However, the
dependence on system size shares certain similarities with
other ergodicity measures such as the average gap ratio r
studied in Fig. 7(b). This suggests a possibility that in the
thermodynamic limit L → ∞, the PDFs are close to Gaus-
sian in the entire ergodic phase. The vertical dashed line in
Fig. 10 represents the critical value αc obtained by fitting
the divergence of the fluctuation exponent η in Fig. 3 using
Eq. (10). Notably, all the Gaussianity measures studied in
Fig. 10 exhibit a scale invariant point that is very close to the
extracted value of αc from Fig. 3.

In Fig. 11 we also study the distributions of the off-
diagonal matrix elements at fixed α and different system sizes
L. The dashed line, which is the prediction of the Gaussian

FIG. 10. Measures of Gaussianity for the diagonal matrix ele-
ments of Ŝz

L vs α, for different system sizes L. (a) The subtracted
normalized variance �O − π/2 from Eq. (D2), (b) the subtracted
Binder cumulant B − 1 from Eq. (D3), and (c) the subtracted Kur-
tosis K − 3 from Eq. (D4). Horizontal dotted lines are the results for
the Gaussian PDF. Vertical dashed lines denote the transition point
αc obtained from Fig. 3(d) in the main text.

PDF from Eq. (D1) for the larger system size, exhibits a good
agreement close the peak of the PDFs, while deviations can
be observed in the tails of the distributions. In the insets of
Fig. 11, we also consider the distribution of ln |Omn|. For a
random variable x = ln z, where z is distributed according to
Eq. (D1), its distribution [shown as solid lines in the insets of
Fig. 11] takes the form

P̃(x) = 2ex

√
2πσ 2

exp

{
− e2x

2σ 2

}
. (D5)

Results in the insets of Fig. 11 reinforce the observation from
the main panels that the deviations from the Gaussian PDF
occur mostly in the tails, i.e., for large values of matrix ele-
ments. The deviations are larger in Fig. 11(a) [at α = 0.86]
than in Fig. 11(b) [at α = 0.92], suggesting similar finite-size
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FIG. 11. PDFs of off-diagonal matrix elements of the observable
Ô = Ŝz

L , studied in the energy interval ω < 100
, for (a) α = 0.86
and (b) α = 0.92. Main panels: P(|Onm|) vs |Onm|. Dashed lines are
the fits of the Gaussian PDF from Eq. (D1) to the largest system
size. Insets: P(ln |Onm|) vs ln |Onm|. Solid lines are the fits of the
corresponding Gaussian PDF from Eq. (D5) using the same variance.

phenomenology as observed in Fig. 10 for the diagonal matrix
elements.

APPENDIX E: DETAILS ON QUANTUM DYNAMICS

In Sec. IV B of the main text, we studied the dynamics
of the expectation value of observable Ŝz

L after a quantum
quench, see Eq. (11). We choose the initial state |ψ0〉 such
that we minimize the finite-size effects due to the existence of
a many-body mobility edge in the quantum sun model [61].
Specifically, for a given Hamiltonian realization, denoted as
Ĥ (μ), we select a single initial state |ψ0〉 that is a product
state in the computational basis |i〉 (i.e., an eigenstate of Ŝz

L),
such that the energy of this state, εi = 〈i|Ĥ (μ)|i〉, is closest
to the mean energy, εi ≈ E (μ)

av . Formally, Eq. (11) can be
expressed as

Q(t )(μ) = 〈ψ0|eiH (μ)t Ŝz
Le−iH (μ)t |ψ0〉, (E1)

and further rewritten as

Q(t )(μ) =
∑
n,m

c(μ)∗
n c(μ)

m

(
Sz

L

)
nm

e−i(E (μ)
m −E (μ)

n )t , (E2)

where the coefficients {c(μ)
n } are obtained from the overlaps

between the initial state |ψ0〉 and the Hamiltonian eigenstates,
c(μ)

n = 〈n(μ)|ψ0〉.

In the long-time limit, the expectation value approaches
predictions of the diagonal ensemble (provided the spectrum
has no degeneracies) [13],

Q(μ)
DE ≡ lim

t→∞Q(t )(μ) ≈
D∑

n=1

∣∣c(μ)
n

∣∣2(
Sz

L

)
n. (E3)

The expectation values of observables in the diagonal ensem-
ble depend on the initial state of the system via the coefficients
|c(μ)

n |2. We compare the diagonal ensemble prediction to the
microcanonical ensemble average for the same Hamiltonian
realization and at the same mean energy εi,

Q(μ)
ME ≡ 1

Nεi,
ε

∑
|E (μ)

n −εi|<
ε

(
Sz

L

)
n, (E4)

where Nεi,
ε
is the normalization factor and the width 
ε

of the microcanonical ensemble is sufficiently small. In prac-
tice, we either set 
ε = 5 × 10−2, or, if the sum in Eq. (E4)
contains too few elements (which may be the case for small
systems), we select Nεi,
ε

= 10 eigenstates with energies
E (μ)

n closest to εi, regardless of 
ε . We then define the
averaged differences between the diagonal and the micro-
canonical ensembles via Eq. (12), which is studied vs L
in Fig. 4(a) of the main text. The averaging over Hamilto-
nian realizations in Eq. (12) is carried out over Nsamples =
500 for L � 8 and Nsamples = 400, 800, 753, 435, 64 for L =
9, 10, 11, 12, 13, respectively.

We note that the initial value Q(t = 0)(μ) at the quantum
quench is either +1/2 or −1/2, depending on the polarization
of the spin at j = L in the initial state |ψ0〉. To study properties
of time evolution after averaging over different Hamiltonian
realizations, we then introduced the spin-spin autocorrelation
function C(t ) in Eq. (13). We calculate C(t ) by first defining
the autocorrelation function for a single Hamiltonian realiza-
tion,

C(t )(μ) = 〈ψ0|Ŝz
L(t )Ŝz

L(0)|ψ0〉, (E5)

which is related to Q(t )(μ) from Eq. (11) as C(t )(μ) =
sz

LQ(t )(μ), with sz
L = 〈ψ0|Ŝz

L|ψ0〉. We then obtain C(t ) by av-
eraging over different Hamiltonian realizations,

C(t ) = Avrμ{C(t )(μ)}. (E6)

The time evolution of C(t ) is shown for α = 0.86 in Fig. 4(b)
in the main text.
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[47] P. Łydżba, M. Mierzejewski, M. Rigol, and L. Vidmar, General-
ized thermalization in quantum-chaotic quadratic Hamiltonians,
Phys. Rev. Lett. 131, 060401 (2023).

[48] L. Vidmar, L. Hackl, E. Bianchi, and M. Rigol, Entanglement
entropy of eigenstates of quadratic fermionic Hamiltonians,
Phys. Rev. Lett. 119, 020601 (2017).

[49] L. Foini and J. Kurchan, Eigenstate thermalization hypothesis
and out of time order correlators, Phys. Rev. E 99, 042139
(2019).

[50] A. Chan, A. De Luca, and J. T. Chalker, Eigenstate correlations,
thermalization, and the butterfly effect, Phys. Rev. Lett. 122,
220601 (2019).

[51] C. Murthy and M. Srednicki, Bounds on chaos from the eigen-
state thermalization hypothesis, Phys. Rev. Lett. 123, 230606
(2019).

[52] S. Pappalardi, L. Foini, and J. Kurchan, Eigenstate thermal-
ization hypothesis and free probability, Phys. Rev. Lett. 129,
170603 (2022).

[53] A. Dymarsky, Bound on eigenstate thermalization from trans-
port, Phys. Rev. Lett. 128, 190601 (2022).

[54] http://www.hpc-rivr.si
[55] http://eurohpc-ju.europa.eu
[56] http://www.izum.si
[57] M. Mierzejewski and L. Vidmar, Quantitative impact of inte-

grals of motion on the eigenstate thermalization hypothesis,
Phys. Rev. Lett. 124, 040603 (2020).

[58] J. Wang and W.-G. Wang, Characterization of random features
of chaotic eigenfunctions in unperturbed basis, Phys. Rev. E 97,
062219 (2018).

[59] M. Haque, P. A. McClarty, and I. M. Khaymovich, Entan-
glement of midspectrum eigenstates of chaotic many-body
systems: Reasons for deviation from random ensembles, Phys.
Rev. E 105, 014109 (2022).

[60] M. Kliczkowski, R. Swietek, L. Vidmar, and M. Rigol, Average
entanglement entropy of midspectrum eigenstates of quantum-
chaotic interacting Hamiltonians, Phys. Rev. E 107, 064119
(2023).

[61] K. Pawlik, P. Sierant, L. Vidmar, and J. Zakrzewski, Many-
body mobility edge in quantum sun models, Phys. Rev. B 109,
L180201 (2024).

134206-12

https://doi.org/10.1103/PhysRevLett.131.060401
https://doi.org/10.1103/PhysRevLett.119.020601
https://doi.org/10.1103/PhysRevE.99.042139
https://doi.org/10.1103/PhysRevLett.122.220601
https://doi.org/10.1103/PhysRevLett.123.230606
https://doi.org/10.1103/PhysRevLett.129.170603
https://doi.org/10.1103/PhysRevLett.128.190601
http://www.hpc-rivr.si
http://eurohpc-ju.europa.eu
http://www.izum.si
https://doi.org/10.1103/PhysRevLett.124.040603
https://doi.org/10.1103/PhysRevE.97.062219
https://doi.org/10.1103/PhysRevE.105.014109
https://doi.org/10.1103/PhysRevE.107.064119
https://doi.org/10.1103/PhysRevB.109.L180201

