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threshold via phonon-mediated stimulated emission
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Excitonic optical transitions in carbon nanotubes (CNTs) have been extensively studied for at least two
decades. However, exploiting these transitions to produce a lasing effect has proven to be unpractical due to
the difficulties of achieving an excitonic population inversion in carbon nanotubes. In this work we show that
lasing is theoretically possible at a much lower exciton population threshold by taking advantage of phonon
stimulated emission. Specifically, the so-called anti-Stokes transitions, where light is generated by the creation
of a phonon and the annihilation of an exciton, can be used to sustain the coherent emission of photons. These
transitions have been overlooked for long due to their low intensity as a consequence of the low occupancy of the
associated phonon branches. We show that the best conditions to achieve the lasing effect are met in CNTs with
(i) excitons of nonzero momentum, (ii) a strong exciton-phonon coupling, and (iii) narrow exciton transitions.

DOI: 10.1103/PhysRevB.110.125412

I. INTRODUCTION

Single-wall carbon nanotubes (SWCNTs) are viable sys-
tems for a range of electronic and optical applications due to
their size and distinctive mechanical, chemical, and electronic
properties. The lowest-lying photoexcitations in semiconduct-
ing SWCNTs are strongly bound, one-dimensional excitons
with binding energies up to 0.5 eV depending on chirality
and diameter [1]. SWCNTs have attracted a lot of attention
because of the distinctive optical properties that result from
their nearly ideal one-dimensional geometry. The mechanisms
of light emission in SWCNTs have been widely explored and
include light-emitting diodes [2], photoluminescence spec-
troscopy [3], THz emitters and detectors [4,5], single-photon
sources [6], defect doping [7], exciton trapping [8], population
inversion of hot electrons [9], Auger processes [10,11], and
Raman scattering [12].

However, an excitonic-population-inversion effect capable
of efficiently sustaining coherent light emission in SWCNTs
has not yet been achieved. For example, Lüer et al. [13]
demonstrated that with a laser fluence of 4 µJ/cm2 (corre-
sponding to an exciton density of 2 × 1013 excitons/cm2),
only 12% of the total exciton population phase space is occu-
pied. At this rate, the complete phase space filling would occur
at 2 × 1014 excitons/cm2, but this in fact does not happen
because of saturation effects limiting the population-inversion
process. This saturation effect is a consequence of scattering
processes involving defects, phonons, and most importantly,
nonradiative dark excitons. Because of this, the exciton pop-
ulation decays in a strongly dispersive manner with exciton
lifetimes that are less than 10 ps [14]. This feature undermines
the attempts to achieve an excitonic population inversion.

However, a comparison with other low-dimensional sys-
tems suggests that a lasing effect can be achieved with the
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help of anti-Stokes Raman scattering [15–20]. In a forward
anti-Stokes process light is absorbed, an exciton is created,
and a phonon is annihilated. These transitions have always
been overlooked due to their low intensity. This is a conse-
quence of the fact that, at room temperature, the population
of high-energy phonons is extremely low and this prevents
measurements of anti-Stokes transitions in individual nan-
otubes [21]. On the other hand, a reverse anti-Stokes process
is also possible: the emission of light by the creation of a
phonon and the annihilation of an exciton. This mechanism is
at the core of research developments in resonant CNT optical
microcavities [22].

In this work we model the absorption and emission of light
in CNTs by solving the full quantum Boltzmann equation. We
employ our method to the example case of (6,5) SWCNTs
but our conclusions remain general. We show that coherent
light emission in CNT samples is possible. We show that this
effect can be achieved at a much lower exciton density without
the requirement of a complete exciton phase space filling.
This mechanism is driven by the emission of anti-Stokes
phonons. We explore a wide range of initial configurations and
determine the optimal conditions under which coherent light
emission is achieved. Our model predicts that light emission
is more efficient at (i) low temperatures, (ii) in the presence
of many excitons with nonzero momentum, (iii) in cases of
strong exciton-phonon coupling, and (iv) when the main exci-
ton peak is narrower than the phonon sidebands. Our findings
are supported by an excellent agreement with pump-probe
experiments for low exciton densities. Most importantly, our
model does not use any close-to-equilibrium approximation to
describe the exciton and phonon populations [23–25].

II. METHODS

A lasing effect is achieved when the process of stimulated
emission overcomes the spontaneous emission and absorption
of a particular transition. In practice, determining under which
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FIG. 1. Scattering mechanisms in this work.

condition we could obtain a net coherent light emission is
equivalent to searching for regions of negative absorbance
coefficient. In this work we model the absorbance of (6,5)
SWCNTs in the frequency range around the E11 bright ex-
citonic peak.

A. Involved optical transitions

The time evolution of the population of a system of
(quasi)particles can be described by solving the full quantum
Boltzmann equation. In the absence of external fields and by
neglecting the spatial degrees of freedom this reads

∂ fn

∂t
=

∑
α

(
∂ fn

∂t

)
α

, (1)

where fn represents the population of a particle labeled by
the index n, and α runs over all the possible collision terms
between such particles.

In a similar fashion to our previous work [25], we consider
three families of collision terms:

(i) the direct absorption (D) of a photon into an exciton;
(ii) creation of an exciton via the absorption of a photon

and a phonon (anti-Stokes process, AS);
(iii) and the creation of an exciton via the absorption of a

photon and the emission of a phonon (Stokes process, S).
Figure 1 shows a pictorial description of the above scatter-

ing families and the parameters used in this model are listed
in the Appendix for the reader’s convenience.

We refer to fpt , fex, and fpn as the populations of pho-
tons, excitons, and phonons, respectively. Also, since we will
describe the behavior of the system out of equilibrium, the
populations will not be, in general, a Fermi-Dirac or a Bose-
Einstein distribution.

Each transition is constrained by the fermionic or bosonic
nature of the quasiparticles and its probability weighted by
the population phase space factor P (see Fig. 1). We used
the shortened notation fi = 1 ± fi, where the plus (minus)
sign applies for a boson (fermion) quasiparticle. In this re-
spect, it is important to mention that excitons behave as
bosons at very low occupancy, but progressively become more
fermionic at high populations [26]. However, in this work we
are doing the simplifying assumption that excitons behave like
fermions even for low occupancies. This approximation holds
when Pauli blocking mechanisms start to become important
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FIG. 2. Absorption spectrum at equilibrium.

and, as already mentioned above, this happens at a relatively
small filling factor [13] (see Supplemental Material for more
details [27]).

Finally, the probability of a specific transition is propor-
tional to the scattering matrix element (see Appendix for more
details). However the most impactful factors influencing the
spectral shape are the energy and momentum conservation
relations, which are again summarized Fig. 1, where h̄ω/c,
h̄k, and h̄q are the momenta carried by the photon, exciton,
and phonon, respectively, while h̄ω, ε(k), and εν (q) are their
energy dispersion relations.

B. Absorption spectrum

The frequency-dependent absorbance A(ω) is

A(ω) ∝
∑

α

λα (ω) = λD(ω) + λAS (ω) + λS (ω). (2)

In the above equation, λα (ω) represents the scattering rate of
the photon population, i.e., the probability rate of a photon to
be absorbed (or emitted) as a consequence of the interaction
with the excitons and phonons. The label α = {D, AS, S} rep-
resents one of the three possible scattering events we consider
in our model.

The scattering rates λα (ω) are calculated in terms of Boltz-
mann integrals. A full derivation of these integrals is given
in Refs. [24,25] and it is summarized in the Appendix for
the reader’s convenience. As an example, we can write the
scattering rate of a Stokes process as

λS (ω) = 2π

h̄

1

VBZ

∑
G

∫
V 2

BZ

dkdq |gS|2 δk δε P′, (3)

where VBZ is the volume of the Brillouin zone, |gS|2 is the
matrix element of the transition, δk and δε enforce momen-
tum and energy conservation, the summation over G takes
umklapp scattering into account, and P′ = δP/δ fpt is the
derivative of the population factors in Fig. 1.

Figure 2 shows the equilibrium absorption spectrum for
(6,5) CNTs decomposed into the D, AS, and S components.

125412-2



EXCITON LASING IN CARBON NANOTUBES BELOW … PHYSICAL REVIEW B 110, 125412 (2024)

C. Approximated lasing thresholds

It is instructive to write down the integrated peak intensities
for the considered processes,

Iα = h̄
∫

λα (ω)dω. (4)

This quantity is proportional to the total power absorbed by
the α process; it can be directly measured in pump-probe ex-
periments and can be used to estimate the density of excitons
per unit length as a function of the laser fluence and the num-
ber of occupied exciton states [13]. Within this section we will
assume nearly constant matrix elements and h̄VBZ � 2m∗c
(where m∗ is the exciton effective mass). Under these ap-
proximations, the integrated peak intensity of the mentioned
transitions can be evaluated.

In the case of direct absorption we can write

ID ∼ 2π

h̄
|gD|2[1 − 2 fex(
)], (5)

where fex(
) is the exciton population at the 
 point, k = 0.
The absorption becomes negative when fex(
) � 0.5. This
condition ensures the presence of lasing when the CNTs are
placed in cavity resonant with the associated optical transi-
tion and corresponds to the usual requirement of population
inversion for any conventional laser. As we have mentioned
earlier, it has been shown experimentally that experimentally
achievable exciton populations at the bottom of the E11 band
are far smaller than this threshold, meaning that experimental
approaches are still far from reaching excitonic populations
that might sustain lasing.

If instead we look at the two phonon-assisted transi-
tions, under the simplifying assumptions mentioned above, we
obtain

IAS ∼ 2π

h̄

|gAS|2
VBZ

(Npn − Nex − 2NexNpn), (6)

IS ∼ 2π

h̄

|gS|2
VBZ

(1 + Npn − Nex − 2NexNpn), (7)

where Ni = ∫
dk fi(k) is the total population of the ith species.

For optical phonons at equilibrium and a sufficiently flat dis-
persion, Npn is proportional to the Bose-Einstein distribution.
Again, we must search for the condition where the integrated
peak intensities are negative. We observe that for S transitions,
Eq. (7) predicts a very large exciton population to achieve
a negative absorption. On the other hand, Eq. (6) predicts
that, in the case of low temperatures (Npn ∼ 0), any nonzero
exciton population will produce a negative absorption for AS
transitions. At sufficiently low temperatures, the threshold
will be far lower than the requirement of population inversion
for direct transitions.

While the above result is not completely preserved for
more realistic situations, our accurate numerical study will
lead to very similar conclusions even when the system is more
realistically described.

D. Numerical details

We compute the above integrals using the TORTOISE
package [23,24]. This tool is capable of solving the full

Boltzmann Equation without any close-to-equilibrium ap-
proximations. The numerical parameters used to describe the
system are identical to the ones used in our previous published
paper and are listed in the Appendix for the reader’s con-
venience [25]. However, differently from the previous work,
in this paper we explore a wide range of initial boundary
conditions, with a particular focus on laser realization.

III. RESULTS AND DISCUSSION

To address the realistic thresholds for lasing in CNTs at
different frequencies, we compute the absorption spectra as a
function of some representative out-of-equilibrium excitonic
populations. We chose the following test cases:

(i) excitons generated optically by a laser,
(ii) excitons in thermal equilibrium at a given temperature,
(iii) excitons generated in doped CNTs,
(iv) excitons in a highly nonthermal configuration.

As we will see later in this section, we have observed that only
the value of the exciton population at 
 and the total number
of excitons Nex will play a primary role in our conclusions,
while the other details will more marginally affect our results.
For this reason, we choose to show only the absorbance ob-
tained from excitons generated in doped CNTs, and show the
remaining ones in the Supplemental Material [27].

Figure 3 shows the total absorbance obtained in a system
of doped CNTs. The inset shows the actual form of the ex-
citonic population and the corresponding chemical potential.
Both panels (a) and (b) share some similar features: a main
prominent peak at 1.24 eV (E11 exciton), and two phonon
sidebands at ±0.2 eV on the left and right of the main peak.

In panel (a) the exciton population has been kept fixed at
thermal equilibrium at 300 K while the phonon population
varies as a function of the temperature. We see that both the
Stokes and anti-Stokes peaks increase as the phonon tempera-
ture increases (cf. dashed arrows). This behavior is confirmed
by looking at Eq. (6) and Eq. (7), where the population factors
of all transitions depend linearly on Npn at the first leading
order. Also, it is important to note the main exciton peak is
unaffected by the phonon temperature.

The situation is much different for panel (b). In this case
the phonon population has been kept fixed at thermal equi-
librium at 300 K, while the exciton population varies with
respect to the doping level (see inset). Specifically, we tuned
the doping level by changing the exciton chemical potential
from 0.99 eV (undoped) to 1.12 eV (very doped). We see
that as the exciton population increases, the whole absorp-
tion spectrum greatly reduces. Specifically, we observe two
important effects. The weakening of the main excitonic peak
at 1.24 eV, also known as ground state (GS) bleaching, and a
region of negative absorbance close to the anti-Stokes peak at
∼1.05 eV, which represents the emission of light by the sys-
tem. The first effect, also observed in the work by Lüer et al.
[13], is caused by a Pauli blocking mechanism that forbids the
creation of excitons at the 
 point and thus greatly reduces the
absorption of light. As previously stated, this effect is maxi-
mum (i.e., zero absorbance) when the excitonic filling factor
at the 
 point is 1/2. However, as already mentioned, such
very high threshold for lasing is currently not experimentally
achievable.
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FIG. 3. Total spectra as a function of photon energy, phonon, and exciton populations.

The second and most important effect is the emission of
light as a consequence of the exciton-phonon interaction. This
effect causes excitons to decay by the emission of a photon
and a phonon; see Fig. 1 (AS). We observe that, as stated ear-
lier in the method section, the lasing threshold of this process
is much lower than in the case of the GS bleaching. We start to
observe a negative absorbance at a 
 filling factor of roughly
0.26 and a total exciton density of 0.24 nm−1 (cf. curve with
1.08 eV doping). These densities are lower than the theoretical
population-inversion threshold, but still very high to achieve
experimentally [13]. This is due to the overlap between the
main and the AS peaks. As mentioned previously, the AS
peak can become negative for any nonzero exciton population
Nex. However, the lasing effect is suppressed by the large
positive absorption due to the tail of the main exciton peak.
By looking at Fig. 2 and bearing in mind the lasing conditions
from Eqs. (5) and (6), we see that we need a very high total
exciton population Nex so that the AS peak can overcome the
absorption of the main peak. This suggests that, despite the
predictions of Eq. (6), to achieve a lasing effect from the AS
transition we need a narrow main exciton peak (i.e., long-lived
excitons), a moderate filling factor at the 
 point, and many
excitons with nonzero momentum (i.e., Nex > 0).

Now we turn our attention to the integrated peak intensities
of the individual transitions. Figure 4 shows the direct, anti-
Stokes, and Stokes peak area as a function of the four test
cases. Panel (a) shows that the D peak decreases linearly
with a constant negative slope [cf. Eq. (5)]. Several very
important findings can be extracted: (i) because of the form
of Eq. (5), the slope is proportional to the value of the matrix
element |gD|2 at the 
 point, (ii) the point of intersection
at x = 0 equals h̄|gD|2/2π , and (iii) the point of population
inversion happens at exactly half occupancy fex(
) = 1/2.
These findings are extremely important because they can
be used to better interpret pump-probe experimental results.
Specifically, one can estimate the coupling strength |gD|2 and
calculate the number of excited excitons at 
 by a linear
regression fit. Note however that these findings have to be con-
sidered with care, since we are neglecting second-order effects
like two-photon excitations and single-particle electron-hole
excitations.

Similarly, Figs. 4(b) and 4(c) show the individual depen-
dence of the Stokes and anti-Stokes integrated intensities as
functions of the phonon temperature (blue color scale) and
exciton total population (x scale). The pink shaded region
represent the region of negative absorbance, which becomes
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available only to the AS transition. We observe two trends:
(i) the integrated peak intensities decrease as a function of
the exciton population, and (ii) the integrated peak intensities
increase as function of the phonon population. Also, we see
that the slope of the AS curve is proportional to the anti-
Stokes coupling strength while the Stokes coupling strength
is proportional to the power difference between the AS and S
integrated peaks. These properties tell us that for an efficient
lasing effect we need a strong exciton-phonon coupling and
an efficient cooling of the sample.

Very interestingly, we also find that this effects depend on
the total exciton population Nex and does not depend on the
actual form of the population function shown in the inset of
Fig. 3 (see also the Supplemental Material [27]). This means
that a broader excitonic population spanning many k states
in the Brillouin zone will produce a stronger lasing effect.
In practice, excitons with nonzero momentum (such as those
arising from thermalization and secondary scattering events)
are more likely to decay with the emission of an anti-Stokes
phonon and a photon.

Finally, to validate our model, we compare our results to
the pump-probe experimental data published by Lüer et al.
[13] (see Supplemental Material [27] for details, and also
Refs. [7,13,28]). Figure 5 shows an excellent agreement be-
tween our theory and the experimental data. We observe that
for small exciton densities our model correctly reproduce the
linear dependence between the exciton population and the D
peak intensity. However, at high exciton densities our theory
fails to describe the saturation effect visible at the far right side
of Fig. 5 (cf. isolated point). There are a couple of reasons
for this. First, the differential absorbance �A is a different
quantity than the integrated peak intensity ID. Although they
retain the same behavior for small laser fluences, they can
diverge quite substantially depending on the broadening of
the main peak and as a consequence of the overlap with the
phonon sidebands. Second, the two quantities Iabs and fex(
)
are linearly dependent only for the ideal case of a Dirac-
delta excitonic population centered at 
. In real systems,
thermalization effects, high laser fluences, and exciton-
exciton and exciton-phonon scattering broaden the excitonic
population.

TABLE I. Phonon modes and energies in meV.

nth mode A E1 E2

3rd 36.5 (RBM) 50.5 76.4
4th 110 (oTO) 109 108
5th 195 (G–) 194 189
6th 197 (G+) 195 192

IV. CONCLUSION

We investigated the optical properties of (6,5) SWCNTs
and found that a lasing effect can be achieved via the decay
of an exciton and the emission of a phonon. This process
requires a much lower lasing activation threshold compared
with the main direct excitonic transitions. However, in the
specific case of (6,5) SWCNTs, this threshold is still not low
enough to achieve experimentally. The main factors under-
mining the lasing effect are the vicinity and the broadening
of the main excitonic peak. Thus, for an efficient lasing effect
several conditions must be met: (i) a narrow main excitonic
peak (i.e., long-lived excitons), (ii) a strong exciton-phonon
coupling (higher power absorbed by the AS transition), (iii) an
efficient cooling of the sample, and (iv) a high population of
excitons with nonzero momentum. The latter can be achieved
as a consequence of thermalization processes or scattering
events. The power emitted is linearly proportional to the total
exciton population.
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APPENDIX: PARAMETERS OF THE MODEL

We describe the absorption (and emission) of light in (6,5)
SWCNTs as a system of interacting excitons, phonons, and
photons.

Band structure and lifetimes. The band structure of exci-
tons is approximated by a parabolic dispersion with a given
exciton mass and binding energy. In this paper we only model
the lowest-lying exciton with mass m11 = 0.21me and energy
E11 = 1.24 eV, where me is the bare electron mass [29,30].
Among the six phonon branches, we only consider the top four
nonacoustic modes, since the former have negligible coupling
with excitons [31]. Also, phonon bands are modeled as nearly
flat bands in the vicinity of the scattering regions and their
energy is taken from theoretical calculation for consistency
[31]. We label each phonon mode using the standard group
theory nomenclature, namely A, E1, and E2 phonons [32].
Table I lists the phonon modes considered in this work.

Each transition bears an inherent broadening arising
from the many-body nature of the interaction. We as-
sign a Lorentzian linewidth to each quasiparticle and use
Matthiessen’s rule to account for the total broadening of a
scattering event. The values used in this work are shown
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TABLE II. Exciton and phonon broadenings in meV.

E11 Ai E i
1 Ei

2

45.7 1.8 2.9 2.9

in Table II and are taken from theoretical and experimental
data [33–35].

Collision integrals and matrix elements. In the case of a
four-leg scattering, the collision integral on the right-hand side
of Eq. (1) can be written as(

∂ f1

∂t

)
12–34

= 2π

h̄

1

V 2
BZ

∑
G

∫
V 3

BZ

dk2dk3dk4

∣∣g34
12

∣∣2
δk δε P34

12 .

(A1)

The above equation describes the interaction between two
particles in an initial state |12〉 that scatter into a final state
|34〉. Each state is labeled by the wave vector quantum num-
ber, k1, k2, k3, and k4, respectively. Similarly, the individual
populations of the initial and final states are f1, f2, f3, and
f4. Equation (A1) is a fourth-order integral operator that
represents the rate of change of population f1 as a conse-
quence of the interaction with f2, f3, and f4. We have g34

12 =
〈12|V̂ |34〉 = g(k1, k2, k3, k4); these are the matrix elements

of the interaction V̂ between the initial and the final state. In
this work, g34

12 are approximated with averaged constant values
obtained from the literature [36,37] or fitted to experiments
when not available [25]. Energy and momentum conservation
are enforced by

δk = δ(k1 + k2 − k3 − k4 + G),

δε = δ(ε1(k1) + ε2(k2) − ε3(k3) − ε4(k4)), (A2)

where εi(ki ) are the energy dispersion relations described
above. And finally the population term P34

12 is given by

P34
12 = f̄1 f̄2 f3 f4 − f1 f2 f̄3 f̄4, (A3)

where f̄i = 1 ± fi, and the plus and minus signs apply to
bosonic and fermionic particles, respectively.

Light absorption. The absorption (or emission) of light is
computed as the functional derivative of the collision integral
with respect to the photon population [cf. Eq. (3)]. For exam-
ple, given the above four-leg scattering, the quantity

λ1(k1) = δ

δ f1

(
∂ f1

∂t

)
12–34

(A4)

is the probability rate of change of population f1, as a conse-
quence of the interaction with f2, f3, and f4 [24].
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