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Jorge Cayao
Department of Physics and Astronomy, Uppsala University, Box 516, S-751 20 Uppsala, Sweden

® (Received 2 July 2024; accepted 27 August 2024; published 5 September 2024)

Few-site Kitaev chains are promising for realizing Majorana zero modes without topological protection but
fully nonlocal, which are known as poor man’s Majorana modes. While several signatures have already been
reported both theoretically and experimentally, it still remains unknown what is the nature of superconducting
correlations in the presence of poor man’s Majorana modes. In this paper, we study few-site Kitaev chains and
demonstrate that they host pair correlations with distinct symmetries, entirely determined by the underlying
quantum numbers. In particular, we find that a two-site Kitaev chain hosts local (odd-frequency) and nonlocal
(odd- and even-frequency) pair correlations, both spin polarized and highly tunable by the system parameters.
Interestingly, the odd-frequency pair correlations exhibit a divergent behavior around zero frequency when the
nonlocal p-wave pair potential and electron tunneling are of the same order, an effect that can be controlled by the
on-site energies. Since a divergent odd-frequency pairing is directly connected to the intrinsic spatial nonlocality
of Majorana zero modes in topological superconductors, the divergent odd-frequency pairing here reflects the
intrinsic Majorana nonlocality of poor man’s Majorana modes but without any relation to topology. Our findings

could help understanding the emergent pair correlations in few-site Kitaev chains.

DOI: 10.1103/PhysRevB.110.125408

I. INTRODUCTION

Majorana zero modes (MZMs) emerge in topological su-
perconductors as charge neutral quasiparticles [1-4] and have
attracted an enormous interest because of their potential for
quantum computing applications [5-8]. In one dimension,
topological superconductivity with MZMs has been shown to
appear in the so-called Kitaev chain [9], which consists of
spin-polarized fermions with p-wave superconductivity. Al-
though this type of superconductivity is scarce in nature [10],
it was predicted to occur by combining conventional ingredi-
ents such as spin-singlet s-wave superconductivity, spin-orbit
coupling, and a magnetic field [11,12]. The simplicity of this
proposal has motivated several studies aiming to detect MZMs
but, to date, there is no consensus on whether MZMs have
been observed or not [13].

Part of the challenges is believed to be caused by the
complex experimental setups [1,2], which inevitably enable
the presence of other phenomena that obscures Majorana
physics [13]. To mitigate some of the issues, Kitaev chains
with few sites are now being pursued [14—17], thus offering a
bottom-up engineering approach. In this case, MZMs emerge
at fine-tuned single points in the parameter space, commonly
referred to as sweet spots, but do not exhibit any topological
protection [18]. For this reason, such MZMs were coined as
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poor man’s Majorana modes (PMMMs); see also Ref. [19].
Interestingly, these PMMMs appear as charge neutral quasi-
particles, having zero energy and being spatially nonlocal
[20,21], in the same way as MZMs in topological supercon-
ductors [4]. A unique consequence of the charge neutrality of
MZMs is that it originates a divergent odd-frequency pairing
that is intimately tied to their topology [4,22-24], revealing
that the superconducting pairing with MZMs is highly un-
usual, see also Refs. [25-35].

Under general conditions, the superconducting pairing can
have even- or odd-frequency symmetries, where the paired
electrons forming Cooper pairs have a pair amplitude that
is even or odd in their relative time, or frequency, see e.g.,
Refs. [23,36]. Identifying the pair symmetries can therefore
help understanding the type of emergent superconducting
pairing. Since PMMMs exhibit a charge neutrality similar
to MZMs but lack of topological protection [18,20,21], it is
natural to wonder what is the nature of the emergent super-
conducting pairing in the presence of PMMMs.

In this paper, we consider a few-site Kitaev chain (Fig. 1)
and investigate the emergence of superconducting pair cor-
relations. By carrying out a full symmetry classification that
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FIG. 1. (a) A superconductor with Rashba spin-orbit coupling
(red) under a magnetic field is coupled to two quantum dots (QDs
in blue). (b) The QDs become superconducting (light red) with a
spin-polarized p-wave pair potential A and a hopping amplitude ¢,
effectively realizing a two-site Kitaev chain. The on-site energies of
the QDs is denoted by & g.
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involves all the quantum numbers in these type of systems,
we find that there are multiple pair symmetries naturally
emerging both locally and nonlocally. In general, local su-
perconducting pair amplitudes appear with an odd-frequency
dependence, while nonlocally the pair amplitudes can ex-
hibit even- and odd-frequency profiles. More specifically, we
demonstrate in a two-site Kitaev chain that the local pair
correlations develop an odd-frequency dependence with a
divergent profile around zero frequency when the nonlocal
p-wave pair potential and electron tunneling are equal (sweet
spot) and at least one on-site energy vanishes. Furthermore,
the nonlocal pair correlations also exhibit a similar divergent
frequency profile but, unlike the local pairing, requires having
distinct on-site energies and at least one of them vanishing.
Away from the stringent sweet spot conditions, the local and
nonlocal odd-frequency pair amplitudes follow a linear fre-
quency dependence, reaching zero value at zero frequency.
The divergent odd-frequency pairing reveals a behavior of the
emergent superconducting correlations that is similar to what
occurs in topological superconductors with MZMs but here
without any relation to topology. Our findings might be use-
ful for understanding the type of emergent superconducting
correlations in few-site Kitaev chains with PMMMs.

The remainder of this paper is organized as follows. In
Sec. II we discuss the allowed pair symmetries in few-site
Kitaev chains. In Sec. III we present the model of a two-site
Kitaev chain, discuss its spectral properties, and demonstrate
the emergence of local and nonlocal superconducting pair
correlations. Finally, we present our conclusions in Sec. IV,

II. PAIR SYMMETRIES IN FEW-SITE KITAEV CHAINS

We begin by providing a general symmetry classification of
the superconducting pair correlations allowed by all the quan-
tum numbers in few-site Kitaev chains. To characterize the
superconducting pair correlations, we employ the anomalous
Green’s function defined as Fy(, ") = (T can(t)cpm(t))
where 7T is the time ordering operator, c,,(#) annihilates an
electronic state in site o of superconductor n at time 7 [37,38].
The anomalous Green’s function ]-"O'}g’(t, t') is also known as
pair amplitude or pair correlation and its formation is fully tied
to the quantum numbers of the two paired electrons, namely,
(n, m), (a, B), and time coordinates (¢,¢"). For instance, the
spin configuration of the Kitaev chain already dictates the spin
symmetry of Fjg since we do not assume any active spin
field: the Kitaev chain consists of spin-polarized fermions [9],
which implies that all the fermions have the same spin and
that the pair amplitude has a spin-triplet symmetry [25-32];
see also Ref. [39].

The symmetries with respect to the other quantum numbers
(n, m), (a, B), and time coordinates (¢, ¢') are not arbitrary but
must respect the fermionic nature of the composed electrons.
Since the pair amplitude behaves as a two-electron wave-
function, it must fulfill the antisymmetry condition such that
Fag(t, t') = —f;,”;(t’, t) under the total exchange of quan-
tum numbers plus exchange of time coordinates [22,23,40].
Similarly, in frequency domain, the antisymmetry condition
implies FJ'(w) = —Fgy'(—w), where F§'(w) is the Fourier

o
transform of ap (&5 t'). Thus, the allowed pair symmetries

TABLE I. Allowed superconducting pair symmetries in few-site
Kitaev chains as a result of the total antisymmetrization of the pair
amplitudes when exchanging frequency, spins, site index, and super-
conducting (sup.) index. In a two-site Kitaev chain, which involves
a single superconducting system, only ETOE and OTEE classes are
present.

Frequency Spin Site index  Sup. index Class
(< —w) (@Bel) (< p) (n < m) (total exchange)
Even Triplet Even Odd ETEO
Even Triplet Odd Even ETOE
Odd Triplet Even Even OTEE
Odd Triplet Odd Odd OTOO

must be antisymmetric under a total exchange of quan-
tum numbers. Taking this into account, under the individual
exchange of frequency (w), site indices («, 8), and super-
conductor indices (n, m), the pair amplitude can be either an
even (E) or odd (O) function. As pointed out in the previous
paragraph, the Kitaev chain involves spin-polarized fermions,
which leaves the spin symmetry to be triplet (T). We find
that there are four distinct spin-triplet pair symmetries that
obey the antisymmetry condition, see Table I. It can be seen
that the superconductor index n (sup. index), as well as the
dot index «, play a role that is similar to the band index
in multiband superconductors [40-44] and sideband index
in Floquet superconductors [45,46], see also Ref. [47]. The
sup. index n becomes active when multiple few-site Kitaev
chains are coupled, e.g., in Josephson junctions [48], which
are expected to be useful for realizing superconducting cir-
cuits. However, by focusing on the pair amplitudes inside a
given superconductor, the sup. index restricts its symmetry
to be even and only two pair symmetry classes are allowed:
even-frequency, spin-triplet, odd under dot index, even under
sup. index or ETOE; odd-frequency, spin-triplet, even under
dot index, even under sup. index or OTEE. While in gen-
eral all the allowed pair symmetries can appear as a linear
combination, and can therefore coexist, the dominance of a
particular symmetry characterizes the type of emergent super-
conducting pairing. Therefore, under general circumstances,
few-site Kitaev chains are expected to host distinct types of
pair symmetry classes.

III. EMERGENT PAIR CORRELATIONS
IN TWO-SITE KITAEV CHAINS

Having discussed the allowed pair symmetries in few-site
Kitaev chains, we now explore their formation in a two-site
Kitaev chain, which consists of two spin-polarized coupled
sites with p-wave pairing, see Fig. 1(b). In the basis W =
(cL, CR, c{, c;), the two-site Kitaev chain is modelled by the
following Bogoliubov-de Gennes (BdG) Hamiltonian:

Hpig = eLn+ T, + erN_T; + 10T, — Any Ty, (1)

where &, is the on-site energy of dot o = L/R, ¢t is the
hopping amplitude, and A the p-wave pair potential. More-
over, N+ = (o £ n;)/2, with n; the ith Pauli matrix in the
site subspace, while 7; the Pauli matrix in Nambu subspace.
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Notably, the minimal Kitaev chain given by Eq. (1) at the
sweet spot e g = 0 and A =t hosts a pair of MZMs, with
their wavefunctions fully located at the left and right sites but
without being topologically protected, namely, Eq. (1) hosts
a pair of PMMMs [18]. Moreover, it is worth noting that
two-site Kitaev chain also holds experimental relevance as it
has been recently realized in superconductor-semiconductor
hybrids [14], see Fig. 1(a). Most of the properties of PM-
MMs have been shown to be similar to those of MZMs in
topological superconductors. However, the nature of the in-
duce superconducting pairing is still unknown. In particular,
being the PMMMs of Majorana origin and having an intrinsic
charge neutrality poses the question about the type of induced
superconducting pairing.

We are here interested in the emergent pair symmetries
under the presence of PMMMs, which, as discussed in
Sec. III, requires the calculation of the anomalous electron-
hole Green’s function. For this purpose, we obtain the Green’s
function of the BdG Hamiltonian given by Eq. (1),

g2 = (8

where w represents complex frequencies unless otherwise
specified. Here, the diagonal components (G and G) rep-
resent the normal electron-electron and hole-hole Green’s
functions, while (F and F) are the anomalous electron-hole
and hole-electron Green’s functions. Note that the normal and
anomalous Green’s functions are still matrices in the subspace
spanned by the two sites, see also Eq. (1). While G enables
the calculation of the spectral function, F' determines the
superconducting pairing. For completeness, in what follows
we explore first the spectral function and then focus on the
emergent pair symmetries.

gggg) = - Hua) . @

A. Majorana signatures in the spectral function

Before addressing the pair correlations, it is worth dis-
cussing the formation of PMMMs. While this can be carried
out in different ways, it is useful to explore the spectral
function not only because it can be directly obtained from
the normal Green’s functions obtained above but, impor-
tantly, also because it can be experimentally accessed via
conductance measurements [49]. Since conductance is often
measured in Majorana experiments [13,14], the spectral sig-
natures of PMMMs can help understanding their formation.
By using Egs. (1) and (2), we find the normal Green’s function
components given by

t*(er — ®) — (er + ©)PLR(®)

GrLL(w) = D) )
_ t*(eL — w) — (6L + @)Pr(®)
Grr(w) = D) ’
_1[A* =1+ (6L + @) (er + )]
Gir(w) = D) )
GrL(w) = GrLr(w), 3

where  Pirryy(@) = [A% + (eLr) + @)(era) — @)]  and
D(w) = (A2 — 12 + eLer)* — (212 + 2A% + &2 + &})w* +
w*.  Also, GiLirr) = GLLrr) (60 = —&), Gir®L) =
—GLrRL)(E« = —&¢). For simplicity but without loss of
generality we focus on the spectral function in the left
site obtained as Af(w) = —ImTrGir(w +in) where 7
is an infinitesimal positive number enabling the analytic
continuation to real frequencies w [37]. To access A via
conductance, the left site of the two-site Kitaev chain can
be coupled to a normal lead [49,50]. In Fig. 2 we present
Af{ (w) as a function of real frequency w and on-site energies
eL.r. The top and bottom rows correspond to the spectral
function at sweet spot A =t and away from it A # t. The
immediate feature we observe is that the spectral function
reveals the energy levels of the two-site Kitaev chain [18],
which read Ej = V2 + &2 — (—1)VAT + ei|, where
e+ = (e £er)/2 and s =0 (s = 1) labels the two lowest
(excited) levels. The features of the energy levels in spectral
function is of course expected because the poles of the
Green’s function Gy, are directly connected to the spectrum
of Hpqg, see Eq. (2).

In the sweet spot A =¢, when one of the on-site ener-
gies vanishes, the spectral function Af (@) develops a large
value at zero frequency, as seen in Fig. 2(a). This can
be understood by noting that Gpp(w) given in Egs. (3)
develops a zero-frequency resonance at eg =0 and A =
t, namely, Gip(w) = [w(w + er) — 2A%]/{w[w® — (4A% +
&})1}; the zero-frequency resonance is then evident from
the 1/ dependence of Gyp. This zero-frequency resonance
corresponds to having E =0 at A =t and eg = 0, which
corresponds to the energy of PMMMs [18]. By inducing a
finite on-site energy in the right dot, the spectral function
develops a bowtie-like profile around zero frequency and ac-
quires large zero-frequency values only when the left on-site
energy vanishes, as seen in Fig. 2(b). Similarly, in the case of
having equal on-site energies, the spectral function becomes
large at zero frequency only when such energies vanish, see
Fig. 2(c). We can therefore conclude that the emergence of
PMMMs is reflected in large zero-frequency values of the
spectral function.

Away from the sweet spot condition, when A # ¢, the
situation becomes drastically different, see Figs. 2(d)-2(f). In
this case, when one of the on-site energies is fixed at zero,
the spectral function acquires a diamond-like profile around
zero frequency but does not reach large zero-frequency val-
ues, see Fig. 2(d). A finite right on-site energy then leads to
an asymmetric profile with respect eg = 0, inducing a large
zero-frequency spectral weight at g = (1> — A?)/er. For
equal on-site energies e; g = &, the spectral function exhibits
large zero-frequency values at ¢ = £+/t> — A2, as observed
in Fig. 2(f). Away from the sweet spot A # ¢, however, no
PMMMs exist [18]. Only at the sweet spot stable zero-energy
states appear with large spectral weights.

B. Emergent pair amplitudes

We now explore the symmetries of the emergent pair am-
plitudes, which we obtain from the anomalous Green’s func-
tions. By using Egs. (1) and (2), we find that the anomalous
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FIG. 2. Spectral function in the left dot A{ as a function of frequency w and on-site energies. Panels (a)—(c) correspond to A =t with
er =0, er = 0.5, e g = ¢. Panels (d)—(f) the same as in (a)—(c) but at A = 0.5¢.

Green’s function components are given by

P _ 2wt A
L(w) = D)’
2wt A
Fr(w) = —m,
— A
Fh(w)= —w(gl;)(wg)l“) ,
22 )
Fra(@) = A(A t“+ eLeR — )’ @)

D(w)

where o represents complex frequencies, Fﬁ; = (Fir £
Frp)/2, and D(w) is given below Eq. (3). Moreover,
FLL(RR) = FLL(RR)(Sa g _‘90() and Fle:{(RL) = _Fle:Q(RL)(Ea g
—&4)- Equations (4) represent the emergent superconducting
pair amplitudes in a two-site Kitaev chain, which puts us
in position to identify their symmetries following Sec. III.
As discussed in Sec. III, the pair symmetries depend on the
quantum numbers associated to the site indices, sup. indices,
spins, and frequency. Since here we consider a single su-
perconducting system, the pair amplitudes can only be even
under the exchange of such a sup. index. Moreover, since we
deal with spinless fermions, the pair amplitudes have a spin-
triplet symmetry, see Sec. III. Thus, all the pair amplitudes
in Eqgs. (4) are spin-triplet and even in the sup. index. The
remaining symmetries, with respect to the site indices and fre-
quency, however, are not the same for all the pair amplitudes

in Egs. (4) and, as we will see below, will determine the type
of emergent superconducting pairings.

Locally, the on-site pair amplitudes Fiprr) are evidently
even under the exchange of the site index o = L, R and odd
functions of frequency w; note that D(w) = D(—w) is an even
function of w and Fy1,rr) exhibit opposite sign [51]. Thus, the
local pair amplitudes exhibit an odd-frequency, spin-triplet,
even-site, even-sup. symmetry, which corresponds to the sym-
metry class OTEE of Table 1. This pair symmetry class is the
only type of local emergent superconducting pairing emerging
in these type of systems; note that the two-site Kitaev chain
does not have a local superconducting pair potential, revealing
that the OTEE class is indeed an emergent superconducting
pairing. When it comes to the nonlocal pair amplitudes Fle:z’
the expressions given in Egs. (4) are already symmetrized with
respect to the site index: F%; is even under the exchange of L
and R, while F{ is odd. Moreover, Egs. (4) already reveal that
FJ{ and is an odd function of w while F{; is an even function
of w. With these considerations, together with the spin-triplet
and even-sup. index symmetries, it is already clear that F}
and F correspond to the OTEE and ETOE symmetry classes
of Table 1. Thus, nonlocally, the two-site Kitaev chain hosts
two types of superconducting correlations, with the OTEE
being entirely induced while the ETOE pairing tied to the
parent p-wave pair potential.

Therefore, two-site Kitaev chains host two types of su-
perconducting pairing, OTEE locally while OTEE and ETOE
nonlocally, provided the parent superconductor is spin polar-
ized and p wave. It is now necessary to inspect the behavior
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FIG. 3. (a)—(c) Absolute value of the local pair amplitude in the left dot |Fi | as a function of frequency w and on-site energy & at A =t

and eg = 0, 0.5, er. (d)—(f) |FLL| as a function of w at distinct ep_ g.

of these emergent pair correlations as a function of the system
parameters and contrast their presence under the presence and
absence of PMMMs.

C. Pair amplitudes at the sweet spot A =¢
In the sweet spot regime A = ¢, but still maintaining finite
on-site energies, the pair amplitudes given by Eqgs. (4) are
given by

Fii(@) 2wt?
w) = ,
H w* — (42 + & + })w? + el e}
Fag (@) 2wt?
w) = — ,
RR w* — (4% + &} + e})w? + el ed
w(er — et
Ft(w) = ,
k(@) wt — (42 + & + e} )w? + el e}
_ (sLer — W)t
FRL(CU) = (5)

wt— (42 + &} + e})w? + kel

To visualize the behavior of these pair amplitudes, in Figs. 3
and 4 we plot the absolute value of the local (1) and non-
local (F%) amplitudes in the sweet spot A = ¢. In both cases
we show the pair amplitudes as a function of frequency @ and
on-site energies e g [Figs. 3(a)-3(c) and Figs. 4(a), 4(b), 4(e),
and 4(f)] and also the sole frequency dependence at fixed e, g
[Figs. 3(d)-3(f) and Figs. 4(c), 4(d), 4(g), and 4(h)]. The first

feature we identify is that the pair amplitudes reveal the for-
mation of the energy levels discussed in the spectral function
in the previous subsection, expected because both quantities
share the same denominator, see Eqgs. (4) [and also Egs. (3)
and (5)]. The numerators of Egs. (4) develop some interesting
dependencies purely associated to the type of emergent pair
correlation.

In the case of the local pair amplitudes Fi1/rr, Wwhen one
of the on-site energy vanishes (e.g., eg = 0), we find that they
acquire large zero-frequency values irrespective of the finite
value of the other on-site energy (e.g., 1), see Fig. 3(a) for
|FLL|. By inspecting the frequency dependence of |Fip| at
er = 0 and different e in Fig. 3(d), we observe that |Fj |
has a divergent profile around w = 0 irrespective of the value
of er; see also gray curves in Figs. 3(e) and 3(f). To un-
derstand this intriguing divergent frequency dependence, we
write down the local pair amplitudes given by Egs. (5) at
er = 0, obtaining

272

w? — (4% + 8%):|’

1
Hir(w) = > |:

1 212
FRr(w) = —— [ﬁ (6)

® 412 + ¢7) :|’
which at low frequencies can be approximated by
Firr(@) =~ F[1/2w)] F [w/(BA)]. It is thus evident
the emergence of local pair amplitudes with a divergent
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FIG. 4. (a), (b) Absolute value of the nonlocal pair amplitudes || as a function of frequency w and on-site energy & at A = and
er = 0, 0.5. (¢), (d) |F;%| as a function of w at distinct values of &1 r. (¢)—(h) Same as (a)—~(d) but for [F].

profile near zero frequency [Figs. 3(a) and 3(d)]. Since the
local pair amplitudes correspond to the OTEE pair symmetry
class, their odd-frequency symmetry is fully determined by
having a divergent frequency dependence. As noted in the
Introduction, having divergent odd-frequency pair amplitudes
is a unique property of topological superconductors with
MZMs, associated to topology and revealing the Majorana
nonlocality [25-32]; see also Refs. [4,22-24]. In the present
case, however, our minimal two-site Kitaev chain in the sweet
spot hosts PMMMs without any topological properties, but,
surprisingly, we find divergent odd-frequency pairing. This
occurs because even in the two-site Kitaev chain, it is possible
to realize a pair of fully nonlocal zero-energy PMMMs in
the same way as MZMs. The relation between Majorana
nonlocality and divergent odd-frequency pairing can be
further understood by noting that Majorana operators fulfill
a self-conjugation property y;r = y;, which occurs when
MZMs are fully nonlocal and charge neutral [4], namely,
well separated from each other without any energy splitting
and spatial overlap between them. Thus, taking into account
yf = ¥, the anomalous pair correlation (f) of a Majorana
operator can be written as f ~ (y,-yf) = (yiyi) = 1/ow.
Thus, the Majorana nonlocality, inherited by both MZMs in
topological superconductors and PMMMs in few-site Kitaev
chains, naturally produce a divergent odd-frequency pairing
as a strong signature of their unusual superconducting pairing.

The large values of |Fr| are also seen when eg # 0 in
Figs. 3(b) and 3(e), where the local pair amplitude forms
a divergent profile near zero frequency only when ¢ = 0,
consistent with the discussion presented in the previous para-
graph. A similar behavior occurs when both on-site energies
are equal in Figs. 3(c) and 3(f), giving rise to divergent values
of |FiL| only when both energies vanish. Thus, having both
on-site energies with finite values results in local pair ampli-
tudes that vanish at @ = 0, which occurs because in this case
there is a linear frequency dependence in the numerator of

Egs. (5); hence, the local pair amplitudes approach linearly to
zero frequency. This behavior is observed in red and green
curves of Figs. 3(e) and 3(f), supporting the idea that the
divergent frequency behavior is a unique property of the sweet
spot regime with A = ¢ and vanishing values of either of the
on-site energies.

For the nonlocal pair amplitudes FLJ‘]E, both correspond to
distinct pair symmetries and this is reflected in Figs. 4(a)—
4(d) and Figs. 4(e)—4(h) for the OTEE FJ{ and ETOE pair
symmetry classes, respectively. To understand this behavior
we write down Fi% from Egs. (5) at eg = 0 and obtain

Pt . 1 eLt
W@ == e |

_ t
Py () = —[m} 7

Thus, at vanishing one on-site energy (e.g., er = 0), the OTEE
class |F; % | exhibits large values at zero frequency as a function
of e but vanishes at ¢, =0, see Fig. 4(a) and the green
arrows; see also gray curve in Fig. 4(c). The large zero-
frequency values of |FL*1'{| remain robust under variations of
eL # 0, provided eg = 0; for eg # 0, |FL4];| gets large values
only near w = 0, see also Fig. 4(b). Thus, when one of the on-
site energies is finite and the other vanishes, |FLJ§| develops a
divergent profile near zero frequency, see red and green curves
in Fig. 4(c) and also gray curve in Fig. 4(d). This divergent
profile is similar to what we found for the local pair amplitude
discussed in previous subsection and can be understood to
be a consequence of the Majorana nonlocality. This stems
from the fact that, given distinct Majorana operators, obeying
the self-conjugation Majorana property because of Majorana
nonlocality, a pair correlation between two of them still yields
a divergent odd-frequency nonlocal pairing, in the same way
as it happens for the local pair amplitudes in Eqs. (6). Thus,
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FIG. 5. (a)—(c) Absolute value of the local pair amplitude in the left dot || as a function of frequency w and on-site energy e at A = 0.5¢

and eg = 0, 0.5, er. (d)—(f) |FLL| as a function of w at distinct ep g.

having F; as a divergent odd-frequency nonlocal pairing in
the presence of PMMMs can be interpreted as a measure of
Majorana nonlocality. For finite on-site energies, however, no
divergent profile is obtained: |F{ ;| is peaked at the frequencies
of the energy levels occurring away from zero frequency and
vanish at eg = ¢, see green arrows in Fig. 4(b) and red curve
in Fig. 4(d). Away from this vanishing value but at distinct
on-site energies, we find |F;%| to depend linearly on w when
approaching zero frequency, see green curve in Fig. 4(d) and
third expression in Egs. (5).

In contrast to the behavior of the nonlocal OTEE pairing
F %, the nonlocal ETOE pair amplitude F;; does not vanish
at any on-site energy and does exhibit any divergent pro-
file at zero frequency even at vanishing on-site energies, see
Figs. 4(e) and 4(g). This behavior directly follows Eq. (7),
which shows that F{; only captures the gap edges when
either (or both) of the on-site energies vanish. At finite on-
site energies, |F{x| has a dip near zero frequency, whose
minimum value at @ =0 reaches || = |t|/|sLer|, see
Eq. (9).

We have therefore obtained that two-site Kitaev chains in
the sweet spot A = ¢ exhibit local OTEE pair amplitudes with
a divergent odd-frequency dependence around zero frequency,
provided one or both on-site energies vanish. Moreover, the
nonlocal OTEE pair symmetry class also exhibits a divergent
odd-frequency dependence around zero frequency, as long as
either of the on-site energies vanishes and & # egr. Thus,
the divergent odd-frequency profile of the emergent local and

nonlocal pair correlations constitute a characteristic of the un-
conventional superconducting state with PMMMs. It is worth
noting that local and nonlocal pair correlations are expected to
play an important role in local and nonlocal transport [52,53],
which happens when attaching leads to the left and right
sides of the two-site Kitaev chain studied here. In particular,
Andreev reflection and crossed Andreev reflections can be
directly determined from the local and nonlocal squared pair
amplitudes [52,53], respectively. In this regard, having local
and nonlocal pair correlations with distinct functionalities, as
we obtain here in the presence of PMMMs, is expected to
induce distinct conductance signatures that would allow to
identify the type of dominant superconducting pairing.

D. Pair amplitudes away from the sweet spot A # ¢

To inspect the behavior of the emergent pair amplitudes at
A # t, we directly plot Egs. (4) in Figs. 5 and 6 for the local
and nonlocal components, respectively. In Figs. 5(a)-5(c) and
Figs. 6(a), 6(b), 6(e), and 6(f) we show the absolute value
of the pair amplitudes |Fip| and |FLﬂl§| in the @ — e, plane
at eg =0, 0.5, er.. Moreover, Figs. 5(d)-5(f) and Figs. 6(a),
6(b), 6(e), and 6(f) we present the frequency dependence of
|FiL| and |Ff§| at fixed values of e r. The first and general
observation in both the local and nonlocal pair amplitudes
is that they reveal the energy levels seen in the spectral
function in Figs. 2(d)-2(f). There exist, however, slight differ-
ences between the local and nonlocal pair amplitudes, which
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stems from their particular dependence on the system param-
eters since both belong to distinct pair symmetry classes, see
Sec. [II B and also Sec. I1I and Table 1.

The local pair amplitudes, which have OTEE symmetry,
vanish at zero frequency irrespective of the value of the
on-site energies e g, as observed in Fig. 5 for |Fip|; the
same occurs for |Frr|. A close inspection reveals that |Fi |
approaches zero frequency linearly [Figs. 5(d)-5(f)], which
is dramatically different to the divergent frequency profile
around zero frequency at the sweet spot A = ¢, see Figs. 3(a)
and 3(d). Expanding the first and second expressions of
Egs. (4) at = 0, and taking only the first order, we obtain
Fiprr ~ +(2t Aw)/ (A — 12+ e er)?, confirming the linear
frequency dependence at low frequencies. Moreover, to con-
trast the divergent and linear frequency dependencies of the
local pair amplitudes at (away from) the sweet spot A =1,
it is worth expanding them around ¢ = A. Keeping the first
order and e g = 0, we obtain

2A? 20(t — A)A

F t=A)~x =% :
LL/RR( ) w(@? —4A%) T w(w? — 4A2)?

®)

The first term clearly shows the divergent frequency depen-
dence when approaching zero frequency at the sweet spot
t = A, while the second term reveals that deviations from
t = A produces a linear in frequency contribution to the local
pair amplitudes.

For the nonlocal pair amplitudes |F% |, which posses OTEE
and ETOE symmetries, respectively, we find that the OTEE
pair amplitude |FL*1'2| vanishes either at zero frequency or when
the on-site energies are equal &, = er. The vanishing OTEE
pair amplitude (|FL§| = 0) can be seen in Figs. 6(a) and 6(b)
and in the gray and red curves of Figs. 6(c) and 6(d); see
also green arrows in Figs. 6(a) and 6(b) indicating |FL§| =0
at equal on-site energies. To understand how |F;%| vanishes,
it is useful to expand it at w = 0 and, keeping the first or-

der, we find Ff ~ £(w(er — e1)A)/(A? — 12 + L er)?; this
expression also reveals that |F; | vanishes in a linear fashion
when approaching zero frequency, as indeed seen in Figs. 6(c)
and 6(d). In contrast to the OTEE pair class, the ETOE pair
amplitude |F; ;| remains finite at zero frequency and when
both on-site energies are equal, see Figs. 6(e)-6(h). It can
only vanish when w?> = A — 12 4 g &g, as seen in Egs. (4).
This is, however, a very stringent condition and the |F{ ;| can
be thus expected to be in general finite. In fact, by expand-
ing F{; at zero frequency and keeping the first order, we
obtain F; ~ A/(A? —1? + g1 er), thus demonstrating that
F, remains finite even at zero frequency, unlike |F;% |, which
vanishes in this case.

IV. CONCLUSIONS

In conclusion, we have considered few-site Kitaev chains
and investigated the emergence of superconducting pair cor-
relations. Under general circumstances, we have shown that
distinct pair symmetries are allowed to form in these systems
as a result of the multiple existing quantum numbers. In the
case of a two-site Kitaev chain, we found local pairing with an
odd-frequency dependence, while nonlocal pair correlations
with both even- and odd-frequency components. While in gen-
eral the odd-frequency components are linear, we discovered
that they acquire a divergent profile around zero frequency in a
fine-tuned sweet spot occurring when the parent pair potential
and electron tunneling are of the same order and at least one
on-site energy tuned to zero. Since these sweet spot regime
corresponds to the phase with poor man’s Majorana modes,
which are fully nonlocal, self-conjugate, and charge neutral,
we have interpreted the divergent odd-frequency pairing as a
signature of charge neutrality and spatial nonlocality, intrinsic
to Majorana quasiparticles. The results presented here can be
of use to understand the nature of superconducting correla-
tions in few-site Kitaev chains.
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