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Computing Floquet quasienergies in finite and extended systems:
Role of electromagnetic and quantum-geometric gauges
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We present an approach to compute the Floquet quasienergy spectrum of time-periodic systems. The method
allows to characterize the light-matter interaction in finite and extended structures by carefully addressing the
resolution of the position operator. In periodic systems we discuss the role of the quantum-geometric gauge
freedom of Bloch states and employ a Wannier-based scheme to compute the required matrix elements. As a
consequence, the method is accurate and applicable to a broad range of systems, from atoms and molecules
to cold atomic gases and materials described by density functional theory, as well as model systems. We
demonstrate the applicability of the approach by studying two cases: a particle trapped in a one-dimensional
box and the semiconducting material BC,N. We employ the first example to provide a numerical proof of
the invariance of the Floquet quasienergy spectrum with respect to the choice of electromagnetic gauge. The
analysis of BC,N then serves to illustrate the physical effects described by the quasienergies, such as multiphoton
resonances, and their expected range of occurrence in real materials in terms of external electric field and

frequency of the drive pulse.
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I. INTRODUCTION

The Floquet theory [1,2] offers a versatile theoretical tool
for studying the time-evolution of periodically driven systems.
With its aid, optical phenomena like multiphoton resonances
[3,4] or dynamic localization [5-8] can be naturally described.
Additionally, the Floquet formalism is also useful in the char-
acterization of nontrivial phases [9-11], such as the fractional
Chern insulator [12], or the geometric interpretation of non-
linear optical responses [13].

Over the past two decades, the Floquet theory has been
intensively employed to elucidate the behavior of cold atoms,
where periodically modulated optical lattices simulate the
effects of time-dependent forces [8,14—16]. In this field, Flo-
quet theory proves instrumental in understanding the creation
of synthetic electromagnetic fields [17,18], the interaction-
driven transition from bosonic superfluids to Mott insulator
phases [19,20] or the realization of dynamical structures such
as Majorana fermions [21], among other effects.

Over the past decade, the use of the Floquet theory has
steadily increased in the field of condensed matter. The ex-
perimental discovery of Floquet-Bloch states [22] has paved
the way for the engineering of topological materials whose
properties can be controlled by periodic pulses [23-25]. The
advent of intense ultrafast laser pulse techniques [26,27] has
furthermore allowed the manipulation of properties of solids
with few-cycle fields, including the spin, orbital, and vibra-
tional degrees of freedom [28—32].
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Despite progress on multiple theoretical aspects of the
Floquet formalism, the growing complexity of the target
systems, from cold atoms to condensed matter, requires the
development and deployment of improved numerical tools
as well. A parameter-free approach, capable of accounting
for real-world systems under complex driving forces is nec-
essary for an accurate description of the dynamics accessed
in experiments. A few recent works have taken steps in this
direction by incorporating concepts of the Floquet formalism
into first-principles schemes commonly employed in density
functional theory (DFT) [23,33].

In this manuscript we provide a general numerical ap-
proach to compute two central objects in the Floquet
formalism, namely the effective Floquet Hamiltonian and its
eigenvalues, the so-called quasienergies. These describe rele-
vant time-dependent phenomena such as the aforementioned
multiphoton resonances and dynamical localization, and serve
as a basis for multiple treatments within the Floquet theory
[15,34]. To this end, we develop a scheme based on Wannier
functions that handles arbitrary driving forces and is appli-
cable to a broad range of systems, from simple theoretical
models to real-world materials described by DFT. This tool
is therefore applicable to systems that are commonly studied
in the cold atom and condensed matter communities.

The paper is organized as follows. First in Sec. II we review
the basic properties of the Floquet formalism and formally
prove the electromagnetic gauge covariance (invariance) of
the effective Floquet Hamiltonian (quasienergies). We pro-
vide a numerical verification in Sec. III by considering the
length and velocity gauges in the benchmark particle-in-a-box

©2024 American Physical Society
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system. In Sec. IV we generalize the formalism to deal with
extended systems, where we pay attention to the intricacies
related to the position operator and the quantum-geometric
gauge freedom [35]. We exemplify the use of our approach
in the semiconducting material BC,N in Sec. V, and discuss
relevant features of the quasienergy spectrum, such as avoided
crossings between energy levels. The most technical parts of
the work are described in the appendices.

II. TIME-EVOLUTION OPERATOR, FLOQUET
HAMILTONIAN AND ELECTROMAGNETIC
GAUGE TRANSFORMATIONS

A. Preliminaries
Consider the Hamiltonian operator in absence of external
perturbations:
)
5 p 5o
Hy=—+V(@). €))
2m

If we now apply a time-dependent electromagnetic field, the
system is described by the minimal coupling Hamiltonian [36]

[P — gAG, 1)
2m

where the operators A(i‘, t) and ¢3(i‘,t) are the vector and
scalar potentials, respectively. The Schrodinger equation for
this Hamiltonian reads

H@) = +V(#) + g, 1), 2)

a n
iﬁg [V (2) = H@®) ¢ (). 3

The dynamic evolution of the wave function from an initial
time #; to a final time ¢ can be expressed making use of the
time-evolution operator U (¢, t;):

[y (@) =0, 1) 1Y) . “

This quantity can be formally defined using the time-
dependent Hamiltonian in Eq. (2) as [37]

U(t,ts):exp[%i/ H(z)dr}, 3)

and it obeys the semigroup property

Ut,t) =0, OO, 1), Vi’ €(—o00,00).  (6)

B. The Floquet picture

Let us now consider the time-dependent Hamiltonian of
Eq. (2) satisfying a time-periodic constraint of the form

Ht)=Ht+T), T =27/w, @)

where T defines the period and w its associated frequency.
Any instant in time can be decomposed as t = nT +¢,, n €
Z with t, € [t, t; + T]. Then, making use of the semigroup
property in Eq. (6), one can rewrite the time-evolution opera-
tor as

Ut,ts) = U@, t)I0(ts + T, 1)1". ®)

The quantity inside brackets Ult, + T, 1) is the one-cycle
evolution operator; just as the translation operator by a lattice
vector plays a prominent role in condensed-matter physics,

so does U (ts + T, t;) in the Floquet formalism [34]. Since it
is a unitary operator, one can define the following Hermitian
operator

A h .
He(t,) = iz loglU (s + T, 1)) ©))

known as the effective Floquet Hamiltonian. Its eigenvalues
&, are real and are commonly termed Floquet quasienergies.
Because of the presence of the complex logarithm, these
eigenvalues are not uniquely defined; if ¢, is a valid eigenvalue
of Hr(%,), then the family of eigenvalues

Enm) = &n +mhw, m e 7, (10)

is equally valid; hence, the integer m defines an entire class of
equivalent representatives [34]. In view of this, one can define
a quasienergy first Brillouin zone [1] as

ho
&, € 7[—1,1], (11

to fix the difference between the eigenvalues of 1-71:, that is, the
arbitrary integers m in Eq. (10).

C. Electromagnetic gauge transformations
1. Review of the general case

Next, we move on to consider the effect of electromagnetic
gauge transformations on the central Floquet quantities. Let us
first briefly review the general case; the electric and magnetic
fields are given by

E@t)=-Vé@r)— %, Bit)=V xA@), (12)

in terms of the vector and scalar potentials. Under a gauge
transformation, these potentials transform as

NG
ar

with A(r) = A(#, 1) an arbitrary differentiable function. To
lighten notation, we are dropping the dependence of A, the po-
tentials, and the electric and magnetic fields on 7. As required,
the above transformations leave the electric and magnetic
fields invariant. The state vectors corresponding to two dif-
ferent gauges are related by the unitary transformation

A1) =A@+ VAW, §¢) =) — (13)

V(@) = exp[%Am} () . (14)

Then, the invariance of the Schrodinger equation implies that
the Hamiltonian transforms to the primed gauge as [36]
dA@)

dt
Considering the relation of Eq. (14) between the state vectors

in different gauges, the time-evolution operator in Eq. (4) is
seen to transform as

b = expl:%q[\(t)}ﬂ exp[_TiqlA\(l)} —q (15)

U’(t,ts):exp[%lf\(t)]l?(t,ts)exp|:_7iqf\(t5{|. (16)

An additional proof of the above equation employing a factor-
ization theorem was provided by Kobe and Yang [38].
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2. Gauge covariance

In quantum mechanics, an operator O transforms covari-
antly if it transforms as

A iq ~ A —iq
0 = exp[ﬁA(t)]O exp[TA(I)} 17

under a gauge transformation. The eigenvalues of gauge-
covariant operators are gauge-invariant [36].

As an example, the mechanical momentum M= p- eA
follows the transformation relation of Eq. (17), while the
canonical momentum p does not. In general, the Hamiltonian
is not a gauge-covariant operator due to the presence of the
last term in Eq. (15); only in the time-independent case does
it transform covariantly, owing to dA /dt = 0, and the time-
independent energy eigenvalues then are gauge-invariant. As
for the time-evolution operator, in general it is not covariant
due to the different time factors entering the exponentials in
Eq. (16). However, this equation does ensure that its matrix
elemenAts are gauge-invariant, i.e., the probablity amplitude
(YOI (1, t)lY (1)) = (W' OIU' (1, 1) (t)) does not de-
pend on the choice of gauge [38].

In the following, we show that in time-periodic systems the
one-cycle evolution operator and, by extension, the Floquet
Hamiltonian transform gauge-covariantly, which implies that
the Floquet quasienergies are gauge-independent quantities.

3. Time periodicity and the Floquet invariant

Let us reconsider the time-periodic condition of Eq. (7).
For it to hold, both the vector- and scalar-gauge potentials
must be time periodic,

At +T)=A@),
¢t +T) = ).

These conditions, in turn, impose a time-periodic restric-
tion on the gauge transformation operator A(¢) by virtue of
Eq. (13):

(18a)
(18b)

At +T)=A@). (19)

Equation (19) has some subtle consequences involving the
physical conditions for the realization of Floquet compatible
driving. We analyze this in Appendix A. This also has im-
mediate consequences for the gauge transformation property
of the one-cycle evolution operator U (t; + T, t,) discussed in
Sec. II B. Setting t = t; + T in Eq. (16) we obtain

U,(IS + Tﬂ ts)
iq ~ A —iq .
= eXP[EA(IS + T):|U(ts +T,t) exp[TA(ts):|

iq ~ N —iq .
= exp|:%A(ts)]U(tS +T,t) exp|:7A(ts)], (20)

where we used Eq. (19) in the last line. The above describes a
covariant transformation of the type of Eq. (17). Going one
step further and considering the definition of the effective
Floquet Hamiltonian in Eq. (9), we obtain a similar expression
for this related quantity:

A iq ~ A —iq .
Hg(t,) = exp[ﬁA([s)}HF(ts) GXP[YA(&)], 2y

where we used the property log(WQWT) = Wlog(Q)WT that
holds for unitary operators 0O and W [39]. Eq. (21) shows
that the Floquet Hamiltonian is gauge-covariant. This result
then establishes that the Floquet quasienergies of Eq. (10) are
invariant with respect to the choice of gauge. In the following
section, we provide an explicit numerical example of this
assertion.

We conclude this section with a brief remark on the gauge
invariance of the quasienergies. The time-periodic condition
of Eq. (19) is not the most general solution to the functional
dependence problem of Eq. (18). The general solution is given
by f\(t +T)= f\(t) + Tl,Bt, where $ is a real constant with
units of energy. In practice, B acts as a rigid shift of the zero
of the gauge potentials, which implies that only differences in
quasienergies are gauge-invariant under a shift of the zero of
energy. With this remark in place, given that 8 is completely
irrelevant for the dynamics and that the quasienergy spectrum
is only uniquely defined within the quasienergy first Brillouin
zone of Eq. (11), we will disregard it in the rest of the work
and refer to quasienergies as gauge-invariant quantities.

III. PARTICLE IN A BOX

Consider the textbook example of a periodically driven par-
ticle in a box: a particle with mass m and charge ¢ is allowed to
move in one dimension between hard walls located at x = +a.
The unperturbed system is described by the Hamiltonian

. RPPE
Hy = + V (%), (22)
2m
with the potential
N 0, x| < a,
V&) = 23)
00, x| > a.
The energy eigenvalues of this system are given by [37],
22
E, =—" 1 neN. (24)
8ma?
The particle is then subjected to a periodic driving of the form
E(t) = Epcos(wt )ey. (25)

Let us view how to model the action of the external field in
different gauges in practice.

A. Electric dipole approximation: Length and velocity gauges

The electric dipole approximation can be employed when
the wavelength of the radiation is much greater than the scale
of the spatial variation of the system. It is then safe to assume
that the external field does not depend on spatial degrees of
freedom. Within this approximation, we consider the so-called
length gauge [36]:

b(t)=—E@)-#, A(r) =0. (26)
The Hamiltonian is then given by
H®(t)=Hy— qE@t) - F, 27

where the superscript E refers to the explicit dependence on
the electric field, following Ref. [40].

125203-3



ALVARO R. PUENTE-URIONA et al.

PHYSICAL REVIEW B 110, 125203 (2024)

Consider now the gauge transformation
AF 1) =A@) - 7. (28)

Inserting the above and HZ(t) of Eq. (27) into the trans-
formation relation of Eq. (15), the Hamiltonian in the new
gauge, that is commonly referred to as the velocity gauge [41],
becomes

B (t) = expl:%qA(t) -f]ﬁo exp[_TiqA(t) : ?]. (29)

In obtaining the above expression, the d A /dt term of Eq. (15)
was canceled by the position operator term of Eq. (27).

Employing the commutator identity [?;, p;] = ifid; jfl,
HY (t) can be recast as

242
q-A (t)fl, (30)

A%)=Hy— Law) - p+
m

which is the more familiar expression usually found in
textbooks [36,42].

Remark on the velocity gauge

While correct in the ideal case, the Hamiltonian of Eq. (30)
is only valid if one employs a complete set of bands and a
Hamiltonian exactly expressible as Eq. (1) for the calculation
of its matrix elements; but this is hardly ever the case in
practical calculations, where the set of basis states is usually
truncated and therefore the form of Hj is no longer given by
Eq. (1). A clarifying view on this issue has been provided
recently in Refs. [40,43]. The authors noted that, unlike in
the length gauge, the form of the interaction term depends
explicitly on Hy in the velocity gauge. As a consequence, a
truncation of H, implies a different form of the perturbation
when using the expression in Eq. (30), leading to results
that are incorrect. The correct expression for the Hamiltonian
in the velocity gauge, even for a truncated set of states, is
provided by Eq. (29). In Appendix B, we further analyze
this point in the context of the breakdown of the commutator
identity [7;, p;] = ind;;1.

B. Quasienergy dispersion
1. Matrix elements and numerical details

We now turn to the numerical calculation of the quasiener-
gies in the various forms of the Hamiltonian. To provide a
matrix representation, we consider the set of states that make
the unperturbed Hamiltonian in Eq. (22) diagonal, Hy |n) =
E, |n). In this basis, the matrix elements of the Hamiltonian in
the length gauge are given by

HnEm(t)zEn8nm_qE(t)'rnm- (31)

The above involves the position matrix elements r,,,, which
can be computed analytically for this particular system:

16a nm
Fm, n + m Odd, (32)

T, =
e 0, n + m even.
These matrix elements are also employed when computing
the Hamiltonian matrix elements in the velocity gauge from

0.50

0.00

en/hw

—0.25

—0.50

—qFoa/hw

FIG. 1. Quasienergy spectrum of the first 20 states in the first
quasienergy Brillouin zone of a system composed by a particle of
charge ¢ and mass m in an infinite potential well of width a subjected
to a driving given by the electrical field E(¢) = Eycos(wt). The
frequency w is fixed such that fiw = 0.95 x 3i%7%/(2ma?) and E, is
varied in the [0, —10%w/qga] range. The red line shows the spectrum
calculated using the length gauge matrix elements in Eq. (32), &£.
The blue and black lines show the spectrum calculated using the
velocity gauge matrix elements in the form of Eqgs. (34) and (39),
¢! and &2, respectively.

n >

Eq. (29),
Ho (0) = Woy - Er815 - Wi, (33)

Is
with (W), = (exp[%qA(t) - #Dum. Finally, the matrix ele-
ments of the velocity gauge Hamiltonian in the form of
Eq. (30) are given by

G*A% (1)

H (1) = Eydum — LA(t) - Py + Sum (34)
m

which involve the momentum matrix elements:

2ih
nm —

. (35)
0, n + m even

In all cases, we calculate the quasienergy spectrum using a
discretized expression of the one-cycle evolution operator; the
technical details regarding the numerical scheme can be found
in Appendix C.

2. Results

Figure 1 shows the calculated quasienergy spectrum of
the 20 lowest eigenstates as a function of the external field
magnitude in the range Ey € [0, —10/iw/ga]. We have fixed
the frequency w such that the corresponding energy is 5%
red-detuned from the first allowed transition, that is

fiw = 0.95 x (E> — Ey). (36)

This is precisely the case considered in Ref. [34], where the
quasienergy spectrum was calculated using the length gauge.

The figure shows three different calculations corre-
sponding to HE (¢), HY (t), and H'(t). The quasi-energy
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dispersion for HE (¢) and H (¢) agree up to numerical pre-
cision in all the considered driving-field ranges and for all
eigenstates. This offers the numerical verification we were
looking for, namely the gauge-invariant nature of quasiener-
gies as a result of the gauge-covariance of the Floquet
Hamiltonian derived in Eq. (21). In addition, our results agree
completely with the spectrum reported in Fig. 3 of Ref. [34] up
to an irrelevant rigid shift of the whole set of quasienergies. In
particular, Fig. 1 correctly describes the strong dispersion of
the two quasienergies located at ¢/hw =~ 0.35 for low fields,
which correspond to the lowest two eigenstates that are close
to resonance in Eq. (36) [34].

On the other hand, the quasienergy spectrum correspond-
ing to H,X;(t) in Fig. 1 completely deviates from the other
two curves and features a nonphysical behavior; only in the
weak field limit Ey — O does it approach the correct value.
This offers a clear numerical evidence of the inadequacy
of the velocity gauge expression in Eq. (34) for perform-
ing calculations using a finite basis. We have verified that
this deviation decreases as the number of eigenstates in the
calculation increases, as expected. In Appendix B we study
an improved version of the H">(¢) Hamiltonian obtained by
adding an expansion that is introduced in the coming section.

IV. EXTENDED SYSTEMS

The particle in a box described in the previous section con-
stitutes an example of a finite system; atoms and molecules
are real-life examples of this type. In contrast, electrons in a
crystal or atoms trapped in a periodic optical lattice constitute
an extended system. In these cases, the potential entering the
ground-state Hamiltonian, Eq. (1) generally obeys the peri-
odic property

V(#) =V@E+R1, 37
where R is a Bravais lattice vector. When subjected to a time-
dependent perturbation, the calculation of the Hamiltonian
in this type of system requires extra care. The fundamental
reason for the additional difficulty lies in the position operator,
whose representation becomes subtle in an extended system
[35]. In this section we describe the scheme we adopted
to deal with 7 in practical Floquet calculations in extended
systems.

A. Quantum-geometric gauge and representation of 7

Bloch’s theorem states that the eigenstates of the periodic
Hamiltonian Hy are of the form

[Yn(k)) = explik - #] lu,(k)) (38)
with
(1Y) = Yue(r) = e* (),
unk(r +R) = Mnk(r)~ (39)

This basis transforms as irreducible representations of the
Bravais lattice translation operators 7 (R), and its labeling
corresponds to a vector k within the first Brillouin zone (BZ)

of the system [44]. In this extended basis, the closure and
orthogonality properties read

11=/ — )d,ZIMO W],

(Y (Y (k)) = (40b)

respectively, where d is the dimensionality of the system.

There is a gauge freedom in the definition of Bloch func-
tions; we shall refer to it as the “quantum-geometric” gauge
freedom, to differentiate it from the electromagnetic one dis-
cussed in Secs. II and III. Consider a set of N eigenstates of
Hy. Then, at each wavevector k, a unitary rotation { among
the states can be performed

(40a)

Q) 8umdk — k),

N
> U ) 9 ()) (41)

n=1

[V, (K)) =

such that the orthogonality and closure properties in Eq. (41)
are left invariant [45]. In the special case where U is chosen
diagonal, U,,,, (k) = 8,,,e'*® . the rotated Bloch functions re-
main eigenstates of the Hamiltonian, but this need not be the
case for a general unitary rotation that mixes different bands.
In analogy with the discussion in Sec. IIC2 for the
electromagnetic gauge transformation A (), some operators
transform gauge-covariantly under I/ whereas others do not.
The Hamiltonian Hy, for instance, is gauge-covariant under
U, namely Hj(k) =U T(k)Hy(k)U (k) where each operator is
represented by an N x N matrix [46]. On the other hand,
consider the matrix elements representing the Berry connec-
tion, a quantity that plays a central role in the discussion of
quantum-geometric properties of solids [47]:
&) = i <un(k>| ). 42)
Because of the presence of the derivative in its definition, the
transformation under 2/ acquires an extra piece [46],

U(k)
k;

J

£ (k) = U (k)& (k)U(K) + i Uk,  43)

and therefore does not transform covariantly in general.

Let us now come to the position operator. One can show
(see Appendix D) that, in the Bloch representation, the opera-
tor can be expressed as [35]

dk ddq s
"= D) [¥m ), (44
’ /BZ /BZ (27'[)d Z D)y 1Y (@) (Y (B)|,  (44)

n,m=1

where D is the covariant

derivative [43,48]
(Dj)nm = _8nm3k/8(k - lI) -

quantum-geometric

T k) —q).  (45)

As implied by its name, this object transforms covariantly
under U , even if the individual pieces that conform it do not
[c.f. Eq. (43)]. Therefore, finding a matrix representation of 7
reduces to computing the matrix elements of Eq. (45).

In the language of differential geometry [45], we are an-
alyzing a fiber bundle whose base manifold is the d-torus
(the BZ), the typical fiber is the N-dimensional Hilbert space
where the |u,(k)) are defined and the gauge group is U (N).
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For each variable k; parametrizing the base manifold, there
exists an associated covariant derivative (i) and connection
form &/(k). These objects are required to provide a notion
of parallel transportation and are solely defined though their
respective transformation properties.

B. Perturbative expansion in the velocity gauge

The above considerations need to be taken into account
for calculating Floquet quasienergies in extended systems
through the Hamiltonian H(¢) in either form, length gauge
[Eq. (31)], or velocity gauge [Eq. (33)]. The most challenging
aspect is numerical implementation: taking the derivative of
the delta function in Eq. (45) is problematic since it involves
the nonlocal difference k — ¢. It is worth noting that the
difficulty faced here is more severe than that encountered in
the perturbative analysis of optical responses of solids. In
the latter case and taking as reference the length gauge, 7
always enters the response coefficients via commutators with
an operator O, which is the well-defined covariant derivative
of operator 0o [40,48,49]

A A Ao Ak &
DJ[O]E[D1,0]=/ —

BZ (277: )d n,m=1

90, (k)

X S ——
ok;

In the case that concerns us, on the other hand, calcu-
lating H(r) via the length gauge expression of Eq. (31)
requires computing the position matrix element plainly. Pre-
vious works [34,50-52] have proceeded by considering just
the interband piece of the Berry connection, namely by
approximating

— i€ k), O(k)]nm:| [V (k) (Ym ()| . (46)

Fum(K) 2= (1 = 8 )E,,,,, (). (47)

While this has the obvious advantage of not having to deal
with the delta-function piece in Eq. (45), it appears to have
several drawbacks. In the first place, information of the intra-
band contribution to the Berry connection (proportional to §,,,)
is completely lost. As for the discarding of the delta-function
piece, it seems a rather uncontrolled procedure considering
the highly singular nature of this contribution. Finally on a
more fundamental level, Eq. (47) maintains gauge-covariance
only under a diagonal transformation of the form U, (k) =
8ume®® [gauge group U(1)], but it is not gauge-covariant
under a general transformation U [gauge group U (N)].

In view of this, we have opted to work in the velocity gauge
as it allows a perturbative treatment that can be truncated in
a controllable fashion. By replacing # — iD and using the
Baker-Campbell-Hausdoff lemma [37] in Eq. (29) one gets
[40,48]

M

. 1 (—q)" & & N_—
H<f>=ﬁ}i;nooZ,;( DTS A 0D 1], @8)
n=0 "'

n

n
i Jj=1la;=1
which is a power series of objects involving the successive
application of the quantum-geometric covariant derivative of
Eq. (46) on Hy. In a practical calculation one needs to con-
sider a finite number M of expansion terms. Their explicit
element-wise expression can be straightforwardly obtained

100

\,
ot
T
e
[T
=W N =

errar(\) (%)

107! 1 10!

A

FIG. 2. Proxy to the relative error made by keeping only M
terms in the series expansion of the driving inducing operator
exp [%A(l) - 7] for logarithmically spaced values of A.

using Eq. (46). In this work we evaluate the above terms by
employing the so-called Wannier interpolation technique; a
description of the gauge choice and further technical details
are given in Appendix E.

Quantifying truncation errors

Equation (48) is a power series expansion on the external
field. Let us consider that the action of the covariant derivative
on H, contributes an amount that is of the order of some
characteristic length scale /. Then, each term in the expansion
introduces the multiplicative factor

h_ eE (49)
n nhw

acting on Hy, which is proportional to the electric field ampli-
tude E and the length scale /, and inversely proportional to the
characteristic driving frequency w, owing to A ~ E /w. The
parameter A defined above is helpful in classifying different
driving regimes.

Working with the above assumption, the driving inducing
operator exp[%’A(t) - #] can be approximated by ¢*. Then, we
can define a proxy to quantify the relative error made by
keeping M terms in the series Eq. (48),

M lan
Zn:O n_l)\

errM(A) =1- .
e

(50
In Fig. 2 we illustrate the error estimates up to M = 4. Let
us first focus on A < 1, where central dynamical effects such
as multiphoton resonances are expected to take place [34]. In
this range, the M = 2 approximation already yields an error
below ~10%, while for M > 2 the error goes below ~1%.
Therefore, it appears reasonable to expect that keeping the first
few terms in the expansion of Eq. (49) suffices to provide a
fair estimate of this important regime. For A > 1, on the other
hand, the error in Fig. 2 quickly increases above ~10% even
for M = 4. This regime corresponds to the large electric-field
or slow driving-frequency limit.

V. GRAPHITIC BC,N

In this section we present the results of the calculations of
Floquet quasienergies using the extended-system approach of
Sec. IV for the case of the material BC,N.
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A. Technical details

BC;N is a layered semiconductor composed of alternating
zigzag chains of carbon and boron nitride. Among its several
polytypes, we consider the most stable noncentrosymmetric
structure identified in Ref. [53], namely the A2. It belongs
to the Pmm2 space group (No. 25, unconventional setting
6, (a, —c, b)), with an orthorhombic lattice with constants
a=247A,b=432A, c =644 A. As analyzed in detail in
Ref. [54], the system is left invariant under the mirror opera-
tion M,, which will be important in the following discussion.

We have conducted an ab-initio analysis for this mate-
rial. The first step consisted of a density functional theory
calculation using the QUANTUM ESPRESSO [55] package.
We employed a 10 x 10 x 10 k-mesh both for the self-
consistent calculation of the ground state as well as for
the subsequent non-self-consistent calculation of the energy
eigenvalues and Bloch eigenfunctions. The core-valence in-
teraction was treated by means of scalar relativistic projector-
augmented-wave pseudopotentials that had been generated
with the Perdew-Burke-Ernzerhof exchange-correlation func-
tional. The pseudopotentials were taken from PS library,
generated using the ATOMIC code by A. Dal Corso v.6.3, and
the energy cutoff for the plane-wave basis expansion was set
at 70 Ry. In the next step, we constructed maximally localized
Wannier functions using the WANNIERI0 package [56]. After
discarding the two lowest-lying bands, we considered a set of
eight disentangled Wannier functions around the Fermi level
to span the “inner” energy range [57] [—3.33,3.35] eV. As
initial projections, we considered p, atom-centered orbitals
for all atoms.

In order to calculate the quasienergy spectrum e&,(k),
we implement the time-discretization method detailed in
Appendix C, with matrix representation of the Hamiltonian
H( ;) given by the different methods discussed in Sec. IV B:
the length gauge, Eq. (48), and the velocity gauge Eq. (49)
keeping terms up to M =1, M =2 and M = 3. We have
performed a time complexity analysis of the algorithm in
Appendix F, where we have studied the computational cost
of the different methods presented in the manuscript.

B. Band structure

‘We show the band structure of the last four valence and first
four conduction bands of the system along the k, = 0 plane in
Fig. 3. These bands are expected to account for most of the
optical transitions that will be discussed. The figure shows
that the bands are packed in pairs, with an almost constant
energy difference between pair elements along the displayed
path. The bands in the X — S path have definite parity with
respect to the M, point group operation, which we denote as
A,. The eigenvalue with respect to this symmetry operation
(£1) is denoted by a red over line for the eigenvalue +1 and a
blue over line for the eigenvalue —1.

C. Quasienergy dispersion
1. General properties and quality of approximations
We study the case where the system is subjected to a
periodic driving given by the linearly polarized electrical field

E(t) = E cos(wt)é,, (51)

E.(k) — Er (eV)

—
o
w
=
—~

FIG. 3. Band structure of mirror-symmetric BC,N along the
k,=0 I'=X—-S—Y—-T path in the BZ and in the
[—9.0,11.5] eV energy range centered around the Fermi energy.
The displayed bands have a definite parity with respect to the M,
point group operation, A,, which is displayed as a colored over line.
The red (blue) overline represents the +1 (—1) eigenvalue.

and we consider the dipole approximation. Figure 4 shows
the quasienergy spectrum of the eight bands considered in
Fig. 3 as a function of the electric field amplitude. The calcu-
lations were performed at k-point k = (1/2, 1/4,0) (crystal
coordinates) lying along the X-S line, and fixed frequency

0.50 -
I~ (LUMO, 16) — Vel M=1
— Vel M=2
2 T Vel. M =3
= " —  Len. Eq. (47)
= )
o
s
N B
i
o 000 f
2Q 7
e
Il : —
I N e,
e N7
w v i
(LUMO, 15) / p
~0.50 . P £ BT A
10® 10° 1010
E (V/m)

FIG. 4. Quasienergy spectrum of the last four valence bands and
first four conduction bands of mirror-symmetric BC;N in the BZ
pointk = (1/2, 1/4, 0) in crystal coordinates. The spectra have been
calculated with the Hamiltonian given in four different approxi-
mations: keeping terms up to M =1 (blue), M =2 (red), M =3
(yellow) in the series Eq. (49) and calculation done by employ-
ing the approximation Eq. (48) (black). The driving field is given
by E(t) = E cos(wt)é,, where E is varied and iw = 0.5 eV. The
tuples (n, m) near the y axis of figures denote the corresponding
band index for the HOMO (n = 4) and LUMO (n = 5) states and
quasienergy representative in the £ — 0 limit, respectively, such
that limg_,¢ €,(k) = E, (k) — mhw. The noninteracting, intermediate
and continuum regimes are separated by vertical lines. The dashed
oval denotes a single photon resonance between HOMO and LUMO
states. In the implementation of Eq. (C2), the period T = 27 /w has
been discretized in 513 steps.
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hw = 10 meV

0.50

hw = 0.25 eV

hw = 0.75 eV

(a)

~

(1/2,1/4,0)]/hw

enlk

—0.50

(c)

(LUMO, 11)

E (V/m)

E (V/m)

FIG. 5. Quasienergy spectrum of the last four valence bands and first four conduction bands of mirror-symmetric BC;N in the BZ point
k = (1/2,1/4,0) in crystal coordinates. The spectra have been calculated with the Hamiltonian in two different approximations: keeping
terms up to M = 1 (blue), and M = 2 (red) in Eq. (49). The driving field is given by E(¢) = E cos(wt)é,, where E is varied and iw = 10 meV
(a), 0.25 eV (b), and 0.75 eV (c). In (b), we highlight the correction of an avoided crossing between HOMO and LUMO states. In the
implementation of Eq. (C2), the period T = 27 /w has been discretized in 513 steps.

hw = 0.5 eV, which corresponds to an almost resonant ex-
citation between the highest occupied molecular orbital
(HOMO) and the lowest unoccupied molecular orbital
(LUMO). The figure includes three results calculated in the
velocity gauge obtained by keeping a different number of
expansion terms in Eq. (48);uptoM = 1, M = 2,and M = 3.
In addition, we have also included results calculated using the
length gauge approximation of Eq. (47), employed in other
works.

Figure 4 distinguishes three regimes as a function of E,
which we have separated by vertical lines for the case of
the velocity gauge results as a guide to the eye. The first
is the noninteracting regime of small E, where quasienergy
bands are virtually flat. The second is an intermediate electric-
field regime where the onset of dispersion takes place and is
the physically most interesting one. Among other features,
this regime shows wide, pronounced avoided crossings that
mark multiphoton resonances, which we study in detail in
Sec. V. C2 below. The third regime is the continuum limit of
large E, which corresponds to A > 1 [c.f. Eq. (49)] wherein
transitions between virtually all energy levels are possible,
yielding a featureless continuum spectrum.

We turn next to analyze the different levels of approxi-
mation. The figure shows a rather good agreement between
the velocity gauge approximations; the change in the main
spectral features like the avoided crossing between the HOMO
and LUMO states at E ~ 5 x 108 V/m, is well below 10%.
According to the discussion of Sec. IV B 1 and Fig. 2, the error
with respect to the exact result is expected to be below 1 %
for the calculation with M = 3. In contrast, the length gauge
result clearly deviates from the velocity gauge results and
overestimates the value of E for the onset of dispersion and
the spectral features therein, in some cases by more than an
order of magnitude. This exemplifies the uncontrolled nature
of the approximation of Eq. (47), where the contribution to
the quasienergy of the discarded terms is not guaranteed to be
small.

In Fig. 5 we inspect the dependence of the quasienergy
spectrum on the driving-specific frequency for selected values
hiw = 10 meV (a), 0.25 eV (b), and 0.75 eV (c); we only show

results calculated in the velocity gauge since the length gauge
approximation of Eq. (47) differs by more than an order of
magnitude as in the case depicted in Fig. 4. The displayed fea-
tures indicate that the electric field required to trigger the onset
of interactive dynamics and the continuum limit roughly scale
with w, in accordance with the definition of the A parameter
in Eq. (49). Furthermore, all frequencies show an acceptable
agreement between the two velocity gauge approximations up
until the continuum limit. This implies that the accuracy of a
given approximation to the series in Eq. (48) does not appear
to depend strongly on the driving-specific parameters.

2. Avoided crossings, multiphoton
resonances, and generalized parity

To conclude the analysis of our results we study in more
detail the phenomenon of avoided crossings, which signal a
strong coupling between the Floquet states involved [34,50].
As reviewed in Sec. II B, a Floquet quasienergy [c.f. Eq. (10)]
is defined by the two integers n and m that denote the band
index and quasienergy representative in the £ — 0 limit,
respectively:

éin}) en(k) = E (k) — mhow. (52)
Using the wording of Ref. [50], the index m represents “how
many photons have to be subtracted from E,, in order to arrive
in the quasienergy first Brillouin zone”.

Employing group theory arguments [44], it can be checked
that if the eigenvalues at a given k have a definite parity under
a improper symmetry operation, such as a mirror M,, then
these also have a definite parity under the combined operation

k. — —k,,

t—>1t+T/2. (53)

Pk, t) = {
The Wigner-von Neumann non-crossing theorem [58] states
that if only one parameter is varied, in this case the electric
field amplitude E, then states with the same parity cannot
cross. Then, the avoided crossing between pairs (n, m) and
(n',m") mark a multiphoton resonance between bands n, n’
with energy hiw|m — m'|.
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For conciseness, let us exemplify these notions by focusing
on the avoided crossing at E ~ 5 x 108 V/m between the
HOMO and the LUMO states highlighted in Fig. 4. Since k
lies along the X — S line for this case, the quasienergies have
a definite parity under P given by [34,50],

Py = A(—=1)", (54)

where A, is the parity with respect to the M, operation, as
introduced in the discussion of the band structure in Fig. 3. In
the case of the HOMO and LUMO states we have Agomo =
—Arumo = —1, while the representatives are m = 14 for the
HOMO and m’ = 15 for the LUMO state (notice that transla-
tion between quasienergy first Brillouin zone is accompanied
by a shift in the representative in Fig. 4), hence Pyomo,14 =
PrLumo,15- From the group theory perspective, the quasiener-
gies corresponding to these states cannot cross and therefore
undergo an avoided crossing that marks a one-photon reso-
nance since |m — m/| = 1.

Figure 5 displays the representative of the HOMO and
LUMO states for varying frequency; as expected, it decreases
with increasing w. Following the same line of argument as
before, one concludes that for iw = 10 meV [Fig. 5(a)] and
how = 0.25 eV [Fig. 5(b)] the states cannot cross given that
Promo.m = PLumo,w in both cases (see representative indices
in the left hand side of the figures). As expected, the smaller
w is, the more photons intervene in the multiphoton reso-
nances; we observe a five-photon resonance for 7iw = 0.25 eV
at E &~ 1.1 x 10% V/m (see inset), while for @ = 10 meV the
avoided crossing takes place at E ~ 8.0 x 10° V/m marking
a 119-photon process, but it is too narrow to visualize. Note
that the values of the electric field needed to trigger these
multi-photon resonances are in the range of experimentally at-
tainable values. For iw = 0.75 eV on the other hand, Fig. 5(c)
displays no direct interaction between the HOMO and LUMO
states given that Puomo.9 = —PLumo.11» implying that the
noncrossing theorem does not apply. This could be explained
by considering response theory arguments, since the driving
frequency is larger than the band gap atk = (1/2, 1/4, 0), the
states cannot be coupled by light.

VI. SUMMARY AND OUTLOOK

In this work, we have studied two central quantities of the
Floquet theory, namely the effective Floquet Hamiltonian and
its eigenvalues, the quasienergies. In the first part of the work,
we have analyzed the implications of the electromagnetic
gauge freedom in the transformation properties of these quan-
tities. This subject has attracted relatively little attention in the
literature so far, and it appears to have been only studied using
perturbation theory up to second order in the external field
[59,60]. Here we have explicitly proved the gauge covariance
of the effective Floquet Hamiltonian, which ensures the gauge
invariance of the quasienergy spectrum to all orders. We have
provided a numerical example of the latter by discussing the
results obtained in the velocity and length gauges for a parti-
cle trapped in a one-dimensional box subjected to a periodic
drive.

The second part of the analysis has been devoted to the
methodology and implementation in extended systems. To
this end, we have carefully considered the resolution of

the position operator, whose interpretation corresponds to
the quantum-geometric covariant derivative in this context.
We have found it convenient to work in the velocity gauge,
where the Hamiltonian can be recast as a power series of
objects involving the applied electric field and the successive
application of the covariant derivative on Hy. This expansion
can be truncated at the desired order, hence the Hamilto-
nian can be approximated in a controlled way. Furthermore,
we have shown that all objects involved in the formal-
ism can be computed efficiently by employing the so-called
Wannier-interpolation technique, rendering high accuracy to
the approach. We have demonstrated the method’s capability
by reporting the quasienergy spectrum of the semiconducting
material BC;N, where we have identified multiphoton res-
onances at experimentally attainable electric field and drive
frequency values.

We expect the method to be useful in the computation of
Floquet quasienergies, specially in cold atomic gases and real
materials, given the adequacy of Wannier functions for de-
scribing extended systems. When needed, the precision of the
results can be improved straightforwardly by including further
terms in the expansion of the Hamiltonian of Eq. (48). Addi-
tional physical effects not analyzed in the present manuscript,
such as dynamical localization in momentum space [51] or the
emergence of Floquet-Bloch bands in topological insulators
[24], are natural targets for future studies.
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APPENDIX A: NO NET MOMENTUM TRANSFER

The “Floquet condition” Eq. (19) and thus the time pe-
riodicity requisite of the gauge potentials imposes that both
the electric and magnetic fields in Eq. (12), be time periodic
without a d.c. component. This means that in order for the for-
malism to hold, the physically applied electromagnetic field
must obey the “no net momentum transfer” condition. As a
consequence, the most general form of these fields is given by

oo d
E@. )= Y Ei#) cos(not —¢}) e, (Al

n=1 i=1

and
oo d
B#.0)=>_Y Bi#)cos (nowt —g}) e, (A2)
n=1 i=1

respectively, where d is the dimensionality of the system, e;

are the unitary vectors in each dimension i and E (B}, ¢, are
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the amplitude and phase corresponding to the n-th harmonic
and the i-th Cartesian component, respectively.
In the case of the velocity gauge Eq. (29), A(¢) is related to
E(t) as
t
A= —/ E(t)dr. (A3)
l/
Here, ¢’ is completely arbitrary and we fix it such that A(t') =

0. Then, A in the velocity gauge is related to the functional
form of E given in Eq. (A1) as

At)
oo d Ei
-y Y

n=1 i=1

sin (nwt — ¢}) — sin (nwt’ — ¢})] e;

(A4)

APPENDIX B: EXPANSION OF THE INTERACTION
HAMILTONIAN IN THE PARTICLE IN A BOX EXAMPLE

In this Appendix we consider the expansion of the velocity
gauge interaction Hamiltonian of Eq. (48) up to M = 2 for the
case of the particle in a box studied in Sec. III. Given that the
system does not have k dependence, the resulting Hamiltonian
matrix elements can be written as

HY (1) = Eydum — 1A(t) Do

Z gA’ (t )A’ ®)

(=DI7j, Pilum- (B1)

Note that since the operators 7 and p are resolved in a finite
basis, [, p;] = ihd; jfl does not hold. This Hamiltonian can
be regarded as an improved version of H,ﬁl(t) of Eq. (34).

Figure 6 compares the quasienergy spectrum calculated
using the approximation of Eq. (B1) with the exact result of
Eq. (33) (corresponding to V curve in Fig. 1). The quasiener-
gies of the two lowest energy states that are close to resonance
are perfectly described in the whole range. Other low-lying
states, such as the two that display an avoided crossing at
—qEpa/hiow ~ 6, are also very well described. In contrast, the
highest energy states whose quasienergies show barely no dis-
persion are only well described at low values of —gEpa/hw.
As mentioned in the main text, results can be improved in two
ways: by considering additional terms in the series expansion
of Eq. (48) or employing a larger basis set of states.

APPENDIX C: NUMERICAL DISCRETIZATION
OF THE TIME-EVOLUTION OPERATOR

In this Appendix we elaborate on the numerical scheme
used to calculate the eigenvalues of the effective Floquet

J

en/hw

—qFoa/hw

FIG. 6. Quasienergy spectrum of the first 20 states in the first
quasienergy Brillouin zone of a system composed by a particle of
charge g and mass m in an infinite potential well of width a sub-
jected to a driving given by the electrical field E(t) = E; cos(wt).
The frequency o is fixed such that fiw = 0.95 x 3#*72/(2ma®) and
E, is varied in the [0, —10/iw/qa] range. The blue line shows the
spectrum calculated using the velocity gauge matrix elements in the
form of Eq. (34) and the red line shows the spectrum calculated using
Eq. (B1), ¢/ and £, respectively.

Hamiltonian. To this end, we describe the method employed to
compute the one period time-evolution operator U (t, + T, 1),
which then allows to obtain Hp (z,) from Eq. (9). The numeri-
cal scheme discretizes the time interval [¢, 5 + T'] according
to

j—1

t—t;j=t,+T 1:ts+6t(j—1),

J €l N,

(ChH
and we then consider the Suzuki-Trotter expansion of the one
period time-evolution operator [61],

t

. N
Oty + T, 1,) =exp —% > stH (1) + 06
j=1

N, .
=] exp[—%&ﬂ(tj)] +0@t?),  (C2)

j=1

for a number of discretization points N.

The aim is to calculate the matrix U(t; + T, t;) of the
time-evolution operator, so this approach requires a matrix
representation of H( ;) for each j, which is considered in the
main text in the context of the dipole approximation for the
length and velocity gauges.

APPENDIX D: RESOLUTION OF 7 IN EXTENDED SYSTEMS

In this Appendix we show that the resolution of 7 in the Bloch state basis leads to the definition of the covariant derivative D
given in Eq. (45) in the main text. We use the resolution of the identity Eq. (40a) and the resolution of # in Eq. (44), so

dkdlq &

= /B ] fB oo Zl V(@) (V@) P 19 () (Y (B

(D)
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dik dlq

d
/Bz /Bz 0y o ) Zl /n;dd P VUm(@) (Y (@Ir) r ([ (k) (Ya (k)]

dlk dq

where in the last line we have used the definition of (r|y, (k)) given in Eq. (39). By using the property,

we manipulate the term inside square brackets and complete the derivative,

We now integrate over r each term in this sum separately,

and

[ et 0 V) = 50k - )
R4

where Q¢ is the unit cell volume, and £ is the Berry connection, also defined in Eq. (42) in the main text. So,

(D2)
d
/B ) /B Rl Z / A U O] 10 @) (B (D3)
Vil (r) = ire™ u (r) + €V g (r) (D4)
Yk ()Y (1) = (=i Vi (r) + iV e (0) Y, (1) )
= (=) ViV, OV (r) + i 07 () Vit ().
A r(=)V i OV ) = (=D)Vi | drn, )Y () (D6)
R4 R4
= (=) (Y@ () = (=) (27)" 8, ViS(k — ), (D7)
- / drig (N Viuu (r) = 2 )8 (k — q)&(k), (D8)
(D9)

fR LAY, (1) = (=D 8 Vid (k — @) + (278 (k — )EK).

Plugging this result into Eq. (D3) leads to the definition of D given in Eq. (45) in the main text.

APPENDIX E: WANNIER INTERPOLATION

At the implementation level, we have resolved the oper-
ators mentioned in the main text in the quantum-geometric
gauge known as the Wannier gauge. The idea is that local-
ized Wannier functions |nR) can be used to construct Bloch

states [47]
— Zeik-R |nR> ,
R

which provide a basis to resolve Hy and /. In practice, the
Wannier functions |nR) are calculated using the WANNIEROO
[56] package. In general, the [\ (k)) s are not eigenstates
of any operator, but provide a smooth basis with respect
to k that allows for interpolation of k-dependent quanti-
ties, the so-called Wannier interpolation. The basic building
blocks of the formalism are the position and Hamiltonian ma-
trix elements in Wannier basis H\Y, (R) = (n0|Hy|mR) and

A(3) (E1)

0 nm
£/V(R) = (n0|§|mR), respectively. Their Fourier transforms
yield
Hy' (k) =" e*®H) (R), (E2)
R
(E3)

V) =) RV R),
R

and k-space derivatives of these terms can be computed
straightforwardly [46,62,63].

Once these quantities are computed in a certain quantum-
geometric gauge, we have means to resolve H(t). In the

(

velocity gauge expression, each individual term of the
expansion Eq. (48) is explicitly quantum-geometric gauge-
covariant. Therefore, we have proceeded by using the Wannier
interpolation technique to compute the matrices representing
Do .. Do [1-70] in the Wannier gauge. Then, we obtain the
matrices of HV (k,t), UV (k,t; + T, t;), and HY' (k, ;) in the
Wannier gauge by using Egs. (9), (48), and (C2), respectively.
For the computation of the expansion terms of Eq. (48), we
have used

A oHY o
(D/(Hobyy, = — 2 =il Hy'],,, (B4
J

and the analogous expressions for higher order terms
(D'DI[H,DY,, --- by employing Eq. (46). In the case of the
length gauge approximation of Eq. (47), H(t) is not gauge-
covariant and is evaluated in the quantum-geometric gauge
that diagonalizes the Hamiltonian. In this case, we first calcu-
late the matrices H,)" (k) and &/ ¥V (k) in the Wannier gauge and
transform them to a new gauge by diagonalizing H," (k) and
using their respective gauge transformation properties. That
is, for this case we define the gauge transformation U/ (k) in
Eq. (41) as the gauge transformation diagonalizing H," (k).
This defines the so called “Hamiltonian” gauge H, where the
matrices H}!(k) and &/ Y (k) are calculated. It is in this gauge
that we compute the approximation Eq. (47) and calculate,
using the length gauge, the matrix H(k, ) in the quantum-
geometric Hamiltonian gauge. We then proceed as in the
velocity gauge case and calculate the matrix H{l(k), which
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as the superscript indicates is calculated in the Hamiltonian
gauge.

APPENDIX F: TIME COMPLEXITY ANALYSIS

In this Appendix we briefly analyze the time complexity
related to the calculation of the quasienergy spectrum. We
start by analyzing the complexity of the method in terms of
the internally fixed variables, namely those variables which
do not correspond to the physical setting of the calculation and
just control the precision. These include the number of states
of the crystal spectrum, N, leading to N x N matrices repre-
senting Hy and £/. The number of steps for the discretization
of the one-cycle time evolution operator in Eq. (C2), N;, and
the calculation method employed to resolve H (¢ i), where we
distinguish between finite and extended systems. In the case
of extended systems we employ Eq. (48) (ExV) and in the
case of finite systems we further distinguish between velocity
and length gauge expressions, Egs. (29) (FnV) and (27) (FnE),
respectively.

By virtue of Eq. (C2), the computation of the one-cycle
time evolution operator requires computing N; matrix expo-
nentials of size N x N, which are then multiplied sequentially.
Then, by virtue of Eq. (9), a further diagonalization is required
to obtain the quasienergy spectrum. Each N x N matrix mul-
tiplication has, at most, a time complexity of O(N 3) [64],
while the diagonalization procedure, carried out by LAPACK’s
ZHEEV routine, which employs the QR algorithm, involves
a time complexity of O(N?) [64]. The matrix exponential
operation involves two matrix multiplications and a single
diagonalization. This leads to a complexity

O(C) + O(N,(N* +2N* + N?) + N?)
= O(C) + O((4N; + 1)N?), (F1)

where C is the time complexity associated with the resolution
of H(t;) in any of the FnE, FnV, and ExV cases.
The FnE case requires adding d + 1 matrices, thus

C™E = O(dN?), (F2)

the FnV case requires computing two matrix exponentials and
two matrix multiplications, leading to

C™YV = 02 x 3N 4+ 2N?%) = O(8N?). (F3)

Lastly, the ExV case requires computing M objects, the
successive actions D® ... D*[H,], each of which can be
considered an N x N x d’ array, where [ € [1, M]. Each ob-
ject is contracted d x I times with the Ay, (¢)s, the vector
potential components, obtaining M matrices of size N x N,
which are then summed together. The calculation of a sin-
gle D% ... D% [H,] array involves summing [-times nested
commutators, thus it involves a computational complexity
of O( x N*). The contraction with the Ay, (7)s involves a
computational complexity of O(d x I x N?) and the addi-
tion of M matrices involves a computational complexity of
O(M x N?). Thus, ignoring O(N?) contributions,

M
CcPY = O(N3 x Zz)
=1

(M]\ﬁ) . (F4)

Finally, we deal with the functional dependence that the
quasienergy spectrum has with respect to externally fixed vari-
ables, namely with respect to the amplitudes E!, phases ¢! and
frequency w in Eq. (Al). This accounts for 2 x N x d + 1
variables, where N, stands for the number of harmonics con-
sidered in Eq. (Al) and d for the dimensionality. Finally,
the spectrum also depends functionally on k in the case of
extended systems, thus

8,,Ean(Ell,...,E,f’,h,goll,...,go,”f,h,a),k). (F5)

Each variation of any of the external variables involves a

multiplicative increase of time complexity, since the algorithm
must be run again for each external variable permutation.
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