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We establish a universal theory to understand quasiparticle Hall effects and transverse charge-carrier transport
in organic semiconductors. The simulations are applied to organic crystals inspired by rubrene and cover multiple
transport regimes. This includes calculations of the intrinsic Hall conductivity in pristine crystals, which are
connected with a simple description of semiclassical electron transport that involves the concept of closed
electronic orbits in the band structure, which can be easily calculated in density functional theory. Furthermore,
this framework is employed to simulate temperature-dependent longitudinal and transverse mobilities in rubrene.
These simulations are compared to experimental findings, providing insights into these results by characterizing
the nonideality of the Hall effect due to the influence of vibrational disorder. We finally investigate the conditions
for the observation of Shubnikov—de Haas oscillations in the longitudinal resistivity and quantized Hall plateaus
in the transverse resistivity. A clear picture why this is not observed in rubrene is developed. These insights into
classical and quantum Hall effects and their intermediates in organic semiconductors establish a blueprint for

future explorations in similar systems.
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I. INTRODUCTION

Investigating electronic transport by Hall measurements
is of great interest for semiconductors and metals because
Hall transport provides deep insights into the quasiparticle
states, electron-transport mechanisms, and topological prop-
erties of band structures [1]. The universality and efficiency
of a theoretical description of Hall transport is indicated
by the seamless transition between quantum and classical
regimes and its applicability to challenging systems, re-
spectively. High-mobility organic semiconductors (OSCs) are
such systems, for which the classical Hall effect has been
reported in rubrene single-crystal organic field-effect transis-
tors (OFETs) [2]. Subsequent Hall measurements in rubrene
[3-10] at moderately low temperatures and several other
systems [9,11-15] have been performed to study the na-
ture of the charge carriers. A two-dimensional hole gas in
Cg-DNBDT-NW was measured down to temperatures around
10 K [16], in which the Hall mobilities indicate the exis-
tence of band transport. However, so far, no signature of a
possible quantized Hall effect, like the integer quantum Hall
effect IQHE) [17-19], has been observed. The interest in
the topological nature of these quantization phenomena, for
which cryogenic temperatures lead to a step profile in the Hall
resistance, opened a wide research field [17,19-22] but not
yet in OSCs, where even numerical schemes for a quantitative
description of Hall effects are only rarely reported in the
literature [23,24]. Considering the breadth of experimental
and theoretical developments of the Hall effect in various
scientific contexts, its universal understanding covering all
different facets including semiclassical band theories, Berry-
phase physics [17,25], Boltzmann-transport approaches [26],
transient theories involving carrier localization [27-29], and
carrier hopping [30-32], etc. has not been established and
seems out of reach.
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In this work, we develop such a universal theory and
study the dc-Hall effect using an efficient time-domain rep-
resentation [33] for the electrical conductivity based on the
general Kubo formula [33,34]. Within this quantum mechan-
ical framework, we explicitly consider vibrational disorder
arising from the electron-phonon coupling (EPC) to low-
energy molecular vibrations. We study different Hall-transport
regimes in rubrene by varying the strength of the disorder.
While disorder can indeed vary in different experimental se-
tups, our main purpose here is to generate more insights by
this variation. First, we characterize the Hall conductivity
for the states derived from the HOMO (highest occupied
molecular orbital) of rubrene at vanishing disorder. By in-
cluding vibrational disorder, we additionally investigate the
temperature dependence of the Hall effect in bulk rubrene
crystals and compare our results to experimental data. It is
shown that, in the presence of vibrational disorder, different
transport states must contribute to longitudinal and transverse
charge transport in full agreement with experimental findings.
In the presence of weak disorder, in general the Hall conduc-
tivity can become quantized due to the formation of Landau
bands [35], which shows the topological nature of the Hall
effect owing to the intrinsic Berry curvature [20,25,36,37].
We determine the conditions under which Hall plateaus in the
transverse resistivity and Shubnikov—de Haas (SdH) oscilla-
tions in the channel resistivity can be observed and when they
break down.

II. THEORY

A. Hall-transport theory

We first introduce the essential ingredients of the developed
Hall-transport theory and the numerical methods employed,
which are necessary for both the conceptual understanding of

©2024 American Physical Society
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Hall effects and for the practical evaluation of Hall responses
in OSCs. The theoretical basis is a time-domain approach to
study linear responses based on the Kubo formalism [33].
Within this framework, the electrical dc-conductivity tensor
o of effective noninteracting quasiparticles reads
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with the Fermi function f(E) = (e#E~* 4+ 1)~!, the (phe-
nomenological) relaxation time t, and the correlation
functions
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in which the square brackets and the curly brackets denote the
commutator and the anticommutator, respectively. The time
evolution of AX,(t) = X, (t) — %,(0) for the Cartesian direc-
tion o is driven by the Hamiltonian A, describing effectively
noninteracting quasiparticles (see Appendixes A and B for
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The Hall conductivity is given by the antisymmetric part of
the tensor, i.e., oy = 053. Due to the general Onsager-Casimir
relations [38-40] for the electrical conductivity o,8(B,) =
0ga(—B, ), only the antisymmetric part o3} describes a field-
induced Hall voltage Vi = [Vu(B, ) — Vu(—B, )1/2, while the
symmetric part 0,4 is invariant under reversal of the magnetic
field. We numerically evaluate Eq. (1), using a linear-scaling
quantum-transport approach [41], the Lanczos algorithm, and
a Chebyshev expansion for the determination of the functions
.@ixﬁ (E, t). From the computed dc-conductivity tensor o, we

obtain the resistivity tensor by inversion, p = 0.

B. Relation to other Hall-transport theories

In this theoretical section, we shortly discuss how the
present work includes other known Hall-transport approaches
used in the past such as the description of the Hall conduc-
tivity in terms of the Berry curvature [20]. From the present
approach starting from Eq. (1) (see Appendix D for details),
we obtain the Hall conductivity as

iezh (vgmvfm - vfmvgm)
on=—) f(e) ; (6)
4 mzn (gn - 5m)2 + (g)z

with v;, being the matrix elements of the velocity operator
expanded in the quasiparticle eigenbasis of a proper quasipar-
ticle Hamiltonian with eigenenergies &,. In the limit T — oo,

the Hall conductivity is obtained from the thermally averaged
Berry curvature, which is the key property in the theory of the
IQHE.

For the symmetric part of the conductivity o,,, we obtain
from Eq. (1) (see Appendixes B and D) in the limit T — oo
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For o = B, this symmetric part becomes equivalent to the
Kubo-Greenwood-type formula for longitudinal charge trans-
port [41,42].

In addition, we prove in Appendix E that Eq. (1) is also
equivalent to the Kubo-Bastin [43] formula and to the Kubo-
Bastin-Stréda formula [44], which establishes additional exact
relationships to other numerical schemes used to study charge
transport in (topological) condensed matter systems [45—47].
More specifically, the Kubo-Bastin formula [43] describes the
dc conductivity in the form

2 fe')
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with the correlation function
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which depends on the one-particle Green’s function operator
G*(E) = lim,_o(E — H + in)~". The equivalence of Eq. (1)
with the Kubo-Bastin and the Kubo-Bastin-Stréda formula is
obtained from the decomposition of the correlation function
Cyp(E) into symmetric and antisymmetric parts C;(;,“)(E) =
[Cap(E) + (—)Cpa(E)]/2 yielding

sp(E) = nh;iETr[(S(E — H)do8(E — H)dgl, (10)
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From this decomposition, we obtain the same result for
o, 5 and oy as derived from Eq. (1) and thus demonstrate
the equivalence to the Kubo-Bastin formula in Eq. (8) (see
Appendixes D and E for details). To compare Eq. (1) with the
Kubo-Bastin-Stréda formula, the Hall conductivity is decom-
posed into two terms oy = of; + o7}, where o} is given by

2 o)

d .
oll = 2e_v | aE f(E)Tr[ES(E — B)(Rap —fc,gf)a)],

(12)

which explicitly appears in the Stréda formula and has pre-
viously been used to explain the quantization of the Hall
conductivity [44]. This contribution to the Hall conductivity
is also relevant to explain the intrinsic Hall conductivity in
the disorder-free case (see below) and thus is, interestingly, at
the origin of the semiclassical version of the Hall conductivity
discussed in Sec. III A.
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FIG. 1. Hall effect in rubrene at vanishing disorder. (a) Hall setup for bulk crystals, where a homogeneous magnetic field is applied
perpendicular to the herringbone plane (oS plane). (b) (Left panel) Band structure of the four HOMO bands. (Right panel) Energy-resolved
Hall conductivity oy at 0 K. The axes are flipped (o4 <> Ef) to compare both panels more easily. (c) Energy-resolved density n, at 0 K.
The total charge-carrier concentration n (black) and the analytical result from Eq. (22) (dashed indigo line) are plotted for comparison. The
colored bar in the inset defines different regimes and their energy separation. (d) Contour plot of the Fermi surface at k, = O for all four bands
at different energies. The contour lines are defined by energies of the colored bar in (c). Holelike, electronlike, and open-orbit domains are

indicated.

In addition to covering previous theories, Eq. (1) pro-
vides us with the full quantum-dynamical time evolution of
the involved transport correlation functions. This permits in-
vestigating any transport regime, which otherwise demands
conceptually different theories used previously. It also offers
detailed information on, e.g., the formation of topologi-
cal states on the time scale of localization and scattering
effects.

C. Effective quasiparticle Hamiltonian
and simulation geometry for rubrene

We study the Hall effect for a three-dimensional rubrene
crystal with lateral dimensions of 0.06 pumx0.8 umx 1.6 um,
including around 108 coupled hole orbitals. We focus on the
HOMO-derived states as an example, as holes are the usual
carrier type in rubrene and similar OSCs. In this setup, the
« direction [see Fig. 1(a)] is aligned with the high-mobility
direction of the rubrene crystal, while the 8 direction is per-
pendicular to « and lies also inside the herringbone plane. The
lattice parameters of the crystal are given by a = 26.789 A
(y direction), b = 7.170 A (a direction; see Fig. 1), and ¢ =
14.211 A (B8 direction) of an orthorhombic Bravais lattice and
are taken from the literature [48]. The four rubrene molecules
arrange in a herringbone structure in the «f plane with the
center-of-mass coordinates A = (0, 0,0), B = (%, 0, %), C=
(0, %, 5),and D = (3, g 0). A suitable tight-binding expres-
sion for the four bare electronic bands with a minimal number

of electronic transfer integrals reads

e(k, £, £) = 2eaa+p cos(kyD) + 2eaa+2p COS(2ky D)

kob k
+ deac cos (T) cos (%C)
k kob
4 4epp cos (%a) cos (%),

with the transfer integrals ¢;; taken from prior work [48].
To model hole transport in rubrene crystals, these parame-
ters enter a Hamiltonian of the form

A =" Pe;; + Vij(T)1e]e; + Y VilT)ef e,
i

ij

13)

(14)

which is derived from a Holstein-Peierls Hamiltonian.
Equation (14) includes, besides the above ¢;; between the
molecular orbitals, an effective description of the EPC, where
the matrix elements V;;(T') and V;;(T) (see below) describe a
temperature-dependent vibrational disorder potential caused
by the coupling to low-energy vibrational modes. It also
includes a polaron renormalization factor P caused by the cou-
pling to high-energy vibrational modes (see Refs. [29,49-51]
for details). The Peierls phase ¢;; [52] describes the interac-
tion of the holes with a homogeneous magnetic field and is
generically defined as [52]

e rj
Gij = ﬁ/ dr - A(r), 15)
r;
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with the vector potential A(r) = Bxge, + B'x,eg and the re-
sulting magnetic field B = B, e, with the constant amplitude
B, = B — B'. The contributions to the model Hamiltonian that
arise from EPC are given by (see, e.g., Ref. [51])

¢ +9]
A

2

5 T (142m)

P=e (17)

Here, ¢; are Gaussian random numbers describing the vi-
brational disorder of low-energy modes, which arises from
tracing out these degrees of freedom. /iw, and fiwe are the
vibrational mode energies of the low-energy and high-energy
modes, respectively. n; = 1/(ef ™ — 1) and n; (defined ac-
cordingly) are their thermal occupations, while g’}j and gfj are
the respective coupling constants to the electronic states. The
vibrational disorder is based on ab initio material parameters
taken from Ref. [48] and is a static Gaussian disorder, which
modifies the on-site energies ¢; and the transfer integrals ¢;; €
{eaA+b, EAA+2D, EAB, €ac) Of the rubrene crystal. The mean
strength of the vibrational disorder V;;(T') is determined by
its standard deviation averaged over all HOMO states, which
is obtained from the EPC material parameters as

1
Vitpe (T) = Z (hewy)*(1 + 2ny) (g/z\z)z + ) Zg)z\jg/}:

A J#i
== VOZ(T) + VAZA-H)(T) + VA2A+2b(T)
+ 2VE(T) + 2V (T), (18)

where the sum over j only runs over the next neighbors of i
with respect to the corresponding transfer integral. The sum
over A only includes low-frequency modes below a mode
energy of 75 meV. The temperature dependence of the vi-
brational disorder potential is codetermined by the thermal
occupation 7, of mode A.

In Table I (Appendix F), we summarize the energy pa-
rameters used in the effective polaron model in Eq. (14). We
note that the value for Vaa.op(T) is set to zero since the
EPC constants g4 , ., have not been considered in Ref. [48]
for the second-neighbor transfer integral eaaiop. From
Table I, we see that the vibrational disorder is dominated by
the intramolecular contribution V(7)) and has a total disorder
strength of Vi X = 57.5meV. The polaron renormalization
P obtained from the remaining high-frequency modes is eval-
uated to P = 0.72, which reduces the transfer integrals and
the intermolecular vibrational disorder.

Finally, the cyclotron energy close to the HOMO band edge
reads fiwey. = hieB,, /mcy. with the inverse cyclotron mass

_ Pbc
mcylc = 7\/8AC(28AA+1) + 8caat2n +eac +€ap),  (19)

which is derived from the pristine (but renormalized) HOMO
band structure in Eq. (13). The cyclotron energy near the
HOMO band edge amounts to 0.51 (5.1) meV for a magnetic
field strength of 6 T (60 T).

The results derived from the proposed theoretical frame-
work in Sec. III below, which encompasses investigations of
three transport scenarios, illustrate distinct regimes of Hall

transport. These include semiclassical, quantum, topological,
and localization effects, all integrated within a single frame-
work. There, to illustrate the seamless transition between
these regimes, we vary the EPC-induced disorder strength
from zero to its full material-parameter-based values.

III. RESULTS
A. Intrinsic Hall conductivity

The first Hall-transport scenario is the intrinsic limit of
vanishing disorder, where we focus only on the Hall-transport
properties stemming from the HOMO-band structure. In this
first scenario, the coupling to low-energy vibrations, i.e., the
vibrational disorder, is neglected, while the coupling to high-
energy vibrations is included via a polaron renormalization
factor of P = 0.72. We numerically evaluate the conductivity
tensor in the herringbone plane [« plane; see Fig. 1(a)]
and calculate the Hall conductivity oy at a magnetic field
strength of B, = 6T, which is a typical modest value used
in experiments. In Fig. 1(b) (right panel), the energy-resolved
Hall conductivity (at 0 K for simplicity) is compared to the
pristine band structure of the four HOMO bands [left panel
in Fig. 1(b)] in rubrene bulk crystals. The results show an
intrinsic Hall effect in the absence of disorder, which we now
analyze in more detail.

We make two major observations. (i) The Hall conductiv-
ity is monotonically increasing from the top of the HOMO
band around Er = 250 meV. However, this trend persists only
down to a Fermi energy of around 100 meV. In this en-
ergy region, it shows a clear holelike behavior, where the
magnetic-field response agrees with the usual right-hand rule
[see Fig. 1(a)] as described by a fully classical model of
the Hall effect. At lower energy (Eg < 100 meV), oy drops
rapidly to zero or turns even negative, which cannot be
explained by a reasonable classical model and requires a
quantum mechanical description. (ii) Despite the absence of
disorder in the present scenario, one cannot observe any quan-
tization effect in oy even at T = 0 K.

To understand these observations and the distinct energy
dependence of the Hall conductivity in Fig. 1(b), we analyze
it by relating oy to the total carrier concentration # to quantify
the number of hole states that contribute to the Hall effect.
We thus define the density n, that is characteristic for oy
according to

en, = ouB,. (20)

n, is compared to the total carrier concentration » in Fig. 1(c).
This shows that at low concentrations n, agrees with n for
Er > 103meV (or n < 0.28 holes per molecule). In addition,
we find that, for n < 0.28, en, is also equal to the Hall
density eny, which implies ny = n, = n and thus describes
an ideal Drude-like Hall effect (ng = n) of the holes with
a Hall resistance of py = o !, At lower Fermi energy, Ny
decreases rapidly (between 80 meV < Er < 100meV) and
almost vanishes for even lower energies. Since we do not ob-
serve any quantization effects in oy and py, we conclude that
the obtained energy dependence of the Hall conductivity is
an intrinsic property of the pristine band structure and should
coincide with a semiclassical electron-transport theory [53].
Motivated by these numerical findings and going beyond
the specific rubrene crystals, we have derived a simple and
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general analytic expression for the intrinsic Hall conductivity
from the full quantum description in Eq. (1). In absence of
disorder and for a purely two-dimensional system (taken for
simplicity), the intrinsic Hall conductivity yields the semiclas-
sical expression

eN [* d A.(E) —Ay(E)

sc dE f(E)-=
on FETE Qy

— 21
5y @)

This result involves the area difference A.(E) — A,(E) en-
closed by all semiclassical quasiparticle orbits (both electron-
and holelike) at energy E in the Brillouin zone (BZ). o
furthermore depends on the total number of electronic states
N, the chemical potential u, while Q257 is the BZ volume (see
Appendix C for details of this derivation). For the particular
case of rubrene, the Hall conductivity at zero temperature can
further be approximated from Eq. (21) as

on = ——{nl1 = OEr — E))] —n.OEr )}, (22)
Y

with the Heaviside step function @(E). The energies Ej; ~
103 meV and E, &~ —202 meV are introduced as the criti-
cal energies that separate energy domains where the Fermi
surface describes closed holelike and electronlike orbits.
Figure 1(d) illustrates these orbits as contours for k, = 0.
Equation (22) describes the fact that for a Fermi energy of
Er > E;, an ideal holelike Hall effect is observed, i.e., og =
en/B,, and for Ep < E, an ideal electronlike Hall effect, i.e.,
oy = —en, /B, (with the electron concentration n, = 1 — n),
is observed. For E, < Ep < Ej, the Hall conductivity vanishes.
This is because the orbits are open in full agreement with the
numerical results of en, in Fig. 1(c). The closure of the orbits
with changing energy can be seen in Fig. 1(d).

At this point we should emphasize the quality of these
findings. Within the full quantum-mechanical treatment of oy
(including the possible topological nature of the Hall conduc-
tivity) we have shown here that, in the absence of quantization
phenomena and under conditions of sufficiently low disorder,
the intrinsic Hall conductivity can be effectively explained.
This explanation relies exclusively on analyzing the semiclas-
sical orbits within the pristine band structure of the specified
material (at zero magnetic field). This picture also captures
transitions between ideal and nonideal Hall effects. Moreover,
we find that the absence of quantization of the Hall conductiv-
ity is due to the relatively small energy spacing of the Landau
bands at moderate fields of B, = 6T. The level spacing is
competing with the band dispersion along the direction of
the magnetic field, which is larger in the present case. This
establishes the conditions under which such semiclassical re-
sponses may arise. We finally note that Eq. (21) can also be
derived by assuming a priori a semiclassical regime of the
Hall effect [54,55]. It is closely related to the presence of
Lifshitz transitions [56] in the pristine band structure de-
scribing changes in the topology of the Fermi surface when
changing the Fermi energy. Thus we find this regime to be a
part of the present and more general Kubo approach.

B. Temperature-dependent Hall effect in bulk rubrene crystals

We continue our analysis of the Hall effect in rubrene
by studying its temperature dependence at a magnetic-field

strength of 6 T. In addition to Sec. IIT A, we now include the
vibrational disorder based on our molecular parameters for
the EPC in rubrene. To characterize the present Hall-transport
regime, we calculate the Hall mobility uy, the channel mobil-
ity u, and the Hall density eny, which can be measured in Hall
probes. More explicitly, these quantities are obtained from the
resistivity components, yielding
L - S 5!
B, pn enpPoy PH
where p,, = p is the resistivity along the high-mobility di-
rection and py is the Hall resistance along the g direction
[see Fig. 1(a) for comparison]. The resistivities p,, and pg
are obtained from inversion of the full dc-conductivity tensor
obtained from Eq. (1).

To get detailed insights into this Hall-transport regime, we
analyze the dependencies of uy and u on the relaxation time
T and on the carrier concentration n. In Fig. 2(a), we plot
the Hall mobility as a function of 7, which turns out to be
almost constant for v > 50 fs and varies only slightly with
temperature. On the other hand, the channel mobility u in
Fig. 2(c) has a stronger dependence on t and decays at larger
times. Note that large t can be associated to weaker external
relaxation effects. This decay with 7 is a consequence of the
vibrational disorder entering the Hamiltonian in Eq. (14) and
leading to carrier localization, due to multiple scattering, at
time scales of around 100 fs to 200 fs in agreement with the
time scale of transient localization [27,29] in the absence of
magnetic fields. This dependence suggests that the transport
states contributing to the channel mobility become localized
for intermediate times t and only the more extended transport
states survive at larger times. In stark contrast, these local-
ization effects for @ are not found in uy. This means that
vibrational disorder has a smaller effect on those transport
states that respond to the magnetic field by deflection, which is
in full agreement with experimental findings [2] (see below).

Furthermore, we show in Figs. 2(b) and 2(d) that the
mobilities for a fixed value of t do not vary significantly
with the carrier concentration r at least for n < 1072 that are
achievable experimentally. That is, the transport characteris-
tics are quite homogeneous at the top of the HOMO band and
therefore should not depend much on the gate voltage.

To finally compare our results, characterized by a distinct
time and concentration dependence, to experimental data, for
which this information is not directly available, one needs to
fix certain values for v and n. For the carrier concentration,
we use n = 2.5 x 10™* holes per molecule, which is similar
to the experimental value of roughly 10'° cm~2 and which
has already been used to calculate the mobilities shown in
Figs. 2(a) and 2(c). To fix the relaxation time t, we match the
numerically calculated value of the ratio u/uy = ny/n with
the experimental ratio u"/up®™ = ™ /n® of Ref. [2]
[cf. Fig. 3(d)]. This is possible because of the consistency
of experimental and theoretical results. More specifically, we
find in Fig. 3(a) that ny/n also decays over time at fixed n
and is almost constant in the entire HOMO band at fixed t
[see Fig. 3(b)]. Therefore, equating the mobility ratios yields
the relaxation times as indicated by circles in Fig. 3(a). We
find that the resulting transport time scales, ranging from
50 fs at 300 K to 250 fs at 180 K, are consistent with the
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FIG. 2. Temperature-dependent Hall transport in bulk rubrene crystals at 6 T. (a), (c) Time dependence of the Hall mobility and the channel
mobility for temperatures between 140 K and 300 K in steps of 20 K. (b), (d) Concentration dependence of the Hall mobility and channel
mobility for fixed T of 50 fs, 150 fs, and 250 fs at 300 K. In (a) and (c), the carrier concentration is fixed to n = 2.5x10~* holes per molecule.

transport time scale within transient localization theory [27].
In contrast to transient localization theory, in which 7 is re-
lated to characteristic time scales of low-energy vibrations,
the value of t is here determined from the comparison of the
experimental and the theoretical Hall density, fixing v as a
free parameter. We emphasize that this is not a contradiction
to transient localization theory since the present values of
are smaller than the typical time scale of low-energy vibration
modes, which is the upper limit of the time scale where the
vibrational-disorder model is a valid treatment of the EPC.
Based on the fixed values for n and t, we calculate the
temperature-dependent mobilities shown in Fig. 3(c). For
comparison, Fig. 3(d) shows the experimental Hall measure-
ment carried out by Podzorov et al. [2] on vacuum-gated
rubrene single-crystal OFETs. Both theoretical and experi-
mental results agree in that Hall and channel mobilities are
equal at room temperature but differ at lower temperatures
according to uyg > p. This indicates the formation of lo-
calized carriers due to vibrational disorder at low 7. We
note that the temperature dependence of the channel mo-
bility o in Fig. 3(c) especially its downturn towards lower
temperatures [with du(T)/dT > 0] is a direct consequence
of the treatment of the EPC as vibrational disorder within
the transient localization approach. Given that the validity
of transient localization is limited to transport time scales
of up to a few hundred femtoseconds and may not extend
to the lowest temperatures, we there also consider different
predicted mobility behaviors. For instance, in diagrammatic

Monte Carlo-based approaches without an assumed relax-
ation time, it was suggested that an activated temperature
dependence [du(T)/dT > 0] at low temperatures only oc-
curs at elevated EPC values [57,58]. This suggests a possible
limitation of transient localization theory, at least for studied
models that involve a single high-frequency vibration mode
and a single charge carrier in a one-dimensional model crystal.
However, a more detailed comparison is clearly beyond the
scope of this work. In general, the theoretical results are in
good qualitative agreement to experimental mobility values;
still we note that also static disorder caused, e.g., by surface
disorder or impurities might lead to a mobility downturn due
to carrier localization.

We note that the difference between the channel and Hall
mobilities has been explained previously with a phenomeno-
logical model put forward by Yi et al. [7]. In this model, the
difference is attributed to the presence of two distinct types
of charge carriers: bandlike carriers and hopping carriers, the
latter of which do not respond to the magnetic field. Different
to this minimal semiclassical model, in our approach all types
of transport states and all of their potential coherent interfer-
ences are naturally included. An attempt was made to apply
such phenomenological models for illustration, but the results
were not satisfactory, which might be due to the absence
of clearly distinct types of carriers or the effect of multiple
scattering and localization. Instead, the understanding of the
Hall transport in rubrene can be enhanced by analyzing the
density n, = ouB,, defined in Eq. (20) and connect the present
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FIG. 3. Temperature-dependent Hall transport in bulk rubrene crystals at 6 T. (a) Time dependence of the Hall density for temperatures
between 140 K and 300 K in steps of 20 K. (b) Concentration dependence of the Hall density for fixed v of 50 fs, 150 fs, and 250 fs at
300 K. In (a) the orange circles indicate the experimental reference values obtained in Ref. [2]. The gray dashed lines in (a) and (b) indicate
the equality between the carrier density and the Hall density n = ny. (c) Theoretical Hall and channel mobilities. (d) Experimental Hall and

channel mobilities taken from Ref. [2].

Hall-transport regime to the intrinsic disorder-free case dis-
cussed above (Sec. III A). Specifically, for n, we find similar
dependencies on the carrier concentration n and on t with
its decay over time (cf. Fig. 4). For a fixed value of 7, the
ratio n, /n changes only weakly in the entire HOMO band,
which is similar to wy, w, and nyg/n. This result indicates
that the number of states that respond to the magnetic field
also increases uniformly with » for carrier concentrations up
to 10~!. The difference to the intrinsic case discussed earlier,

@)

however, is very pronounced and eventually quite insightful.
While the Hall density ny, both in the disorder-free and in the
disordered case, is of the order of the carrier concentration
ng ~ n (see above), the density n, is now five orders of
magnitude smaller than n. This behavior is totally different
to the pristine case, where we found n, ~ n for n < 0.28
holes per molecule, which we attributed to the distribution of
holelike, electronlike, and open orbits in the HOMO band of
rubrene [see discussion of Fig. 1(c)]. In stark contrast here, the

b)

3x10°F — T 3 3x10° T
= — 140 K — 7= 50fs
z —7=150fs T=300K 1
5 5 t=250fs
2x10°r 2x10 .
EX S
< :><
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0 50 100 f 150 200 250 0 10° 102 I
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FIG. 4. Time and concentration dependence of n,. (a) Time dependence of the density n, for temperatures between 140 K and 300 K in
steps of 20 K. (b) Concentration dependence of the density n, for fixed T of 50 fs, 150 fs, and 250 fs at 300 K.
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FIG. 5. IQHE in a rubrene monolayer at 60 T for reduced disorder strengths. (a),(c),(e) Hall density ny and n, as a function of the
charge-carrier concentration for disorder strengths of 2.9 meV, 17.4 meV, and 23.0 meV. The carrier concentration n (solid black line) is also
plotted for comparison. (b),(d),(f) Resistivity components p and py as a function of the total charge-carrier concentration for disorder strengths
of 2.9 meV, 17.4 meV, and 23.0 meV. The dashed horizontal lines are the universal plateau heights of the IQHE regime.

vibrational disorder leads to a breakdown of this semiclassical
orbital picture since n, /n &~ 107> is much smaller.

Moreover, this behavior indicates the breakdown of any
semiclassical transport picture as a consequence of multiple
scattering at the vibrational disorder. Still, even in this regime,
we find an ideal Hall effect (n = ny) at around room tempera-
ture and only moderate nonideality factors of about 0.5 when
reducing temperature below 200 K. This ideal Hall effect
in the transient localization regime is therefore distinguished
from the semiclassical one in the intrinsic regime.

From these results we conclude that the presence of vibra-
tional disorder (or disorder in general) has three significant
effects. (i) The decay of u as well as ny/n and n, /n with the
relaxation time t, indicating the presence of localized states,
which do not spread after having reached their typical local-
ization length. This reduces the absolute value of n, yielding

a net value of orders of magnitudes smaller than in the pristine
case. (ii) The difference between longitudinal and transverse
response in the presence of disorder leads to nonidealities with
nyg < n. (iii) Sufficiently large disorder can further lead to the
intermixing, i.e., the hybridization of energetically separated
holelike, electronlike, and open-orbit energy domains, which
can also lead to a breakdown of the ideal Hall effect with a
different characteristic.

Notwithstanding the detailed analysis of the present Hall-
transport regime, no indication of possible quantization effects
in the transport characteristics were found. Beyond the
straightforward observation that the temperatures considered
in Sec. III B are generally too high and magnetic fields possi-
bly too low to observe quantization effects, there are primarily
other reasons for their absence, prevailing even at sufficiently
low T and high B, . Fortunately, the proposed theory facilitates
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exploration of the transport regime, where the IQHE could
emerge in organic semiconductors, and we wish to illustrate
the conditions for the case of rubrene in the following section.

C. IQHE in rubrene monolayers with disorder

We finally study the conditions for the emergence of the
IQHE in rubrene monolayers with herringbone geometry in
the presence of weak disorder. This scenario is suggested
by transistor geometries where Hall transport occurs at the
crystal surface in contact with the gate dielectric, leading to
an ultrathin transport channel. For instance hexagonal boron
nitride may be used as a dielectric layer to generate large-area
crystal domains [10]. For the observation of the IQHE, a cer-
tain amount of disorder is needed to generate localized states
near the edges of the Landau bands, leading to a vanishing
channel resistance p and a quantized Hall resistance py of
ou = h/(e?v) with v being an integer [17]. To model single
herringbone planes of rubrene, we simply disregard the small
electronic coupling perpendicular to the herringbone plane.
Furthermore, we set the temperature to O K and increase B,
to 60 T to prepare suitable IQHE conditions, which can be
realized in high-magnetic field labs [59]. Vibrational disorder
is known to exist in rubrene at room temperature and we
determine its value to Vo X = 57.5meV (cf. Appendix F).
Taking this as a reference value, we study different strengths
of reduced disorder (relative to Ve X) in the following.
Figure 5 compiles the calculated eny, en,, and the resistivities
p (a direction) and py. We start in Figs. 5(a) and 5(b)
discussing very small disorder strengths of 2.9 meV, which
is below the spacing of the Landau-band centers (= 5 meV).
This value indeed leads to resistivity quantization in Fig. 5(b).
Figure 5(a) shows that the Hall density ny equals n, at those
carrier concentrations at which the Hall plateaus appear in py,
while p vanishes in Fig. 5(b). The plateaus appear exactly with
the quantized values of //(e?v), which is the famous IQHE.
The regions of vanishing channel resistance p are accompa-
nied by pronounced SdH oscillations, indicating the presence
of localized states.

The certainly stronger disorder in experiments can obscure
this quantization of py under the chosen conditions for tem-
perature and magnetic field. Therefore, assessing the stability
of the IQHE against a stronger disorder is critical. When the
disorder strength is increased to 30% of VgggK (17.4 meV),
the previously distinct plateaus get smeared out [Fig. 5(d)],
which coincides with the vanishing of the step structure of ny
plotted in Fig. 5(c). The density n, only shows oscillations
with varying carrier concentration indicating the pronounced
intermixing of Landau bands due to the larger disorder. De-
spite the absence of clean Hall plateaus, we still observe clean
SdH oscillations in p in Fig. 5(d). Further increasing the disor-
der to 40% of Vggg K (23.0 meV) leads to a breakdown of the
IQHE. Even the SdH oscillations, which are generally more
resilient to stronger disorder, begin to diminish [see Fig. 5(f)].
Synchronously, the Hall density in Fig. 5(e) starts deviating
from the charge-carrier density (ng < n), indicating that the
Hall effect becomes nonideal. We explain this by the reduced
localization length of transport states and the intermixing of
Landau bands with different Chern numbers [60—62] caused
by the increasing amount of disorder. The intermixing of the
Landau bands is a consequence of the finite bandwidth of

the HOMO of rubrene leading to a complex superposition
of different transport contributions. This reasoning for the
transport regime of the IQHE is fully consistent with our
interpretation of the Hall-transport regime for bulk crystals in
Sec. III B. More explicitly, we conclude that the intermixing of
Landau bands with different Chern numbers is similar to the
intermixing of holelike, electronlike, and open-orbit energy
domains as described above. We conclude that the intermixing
of Landau bands and the intermixing of the three types of
orbits is particularly important for OSCs since their typical
electronic bandwidths remain usually below several hundreds
of meV and must include both Landau bands with different
Chern numbers as well as electronlike and holelike energy
domains in the band structure in full agreement with the
results for rubrene (cf. Figs. 1, 4, and 5).

IV. SUMMARY AND CONCLUSION

In summary, this theoretical framework allows covering a
variety of transport regimes, the concept of closed quasiparti-
cle orbits in the BZ, temperature-dependent Hall transport in
the presence of vibrational disorder, and topological quantum
effects such as the IQHE. The regimes have been character-
ized by distinctive relationships between different densities
and distinct mobility responses. The approach allows rational-
izing in detail available experimental data and can be readily
applied to the wide class of organic semiconducting materials.
This will also support the interpretation of Hall measurements
in the future and we hope to inspire further research in this
direction.

ACKNOWLEDGMENTS

We would like to thank the Deutsche Forschungsgemein-
schaft for financial support [Projects No. OR-349/3 and
No. OR-349/11 and the Clusters of Excellence e-conversion
(Grant No. EXC2089) and MCQST (Grant No. EXC2111)].
Grants for computer time from the Leibniz Supercomputing
Centre in Garching are gratefully acknowledged.

APPENDIX A: DERIVATION OF THE dc CONDUCTIVITY

In this Appendix and in Appendix B, we derive Eq. (1)
of the main text based on an efficient time-domain approach
of the Kubo formalism [33]. For this purpose, we need to
consider the general Kubo formula for the dc conductivity
o4p based on the linear response of the electric current density
Jo = Tr(pjy) to a constant electric field Eg [34],

62 o)
o= [t fun 0, (A1)
vV Jo
with the linear-response function f,,,,(t). We may express
JSuouxy (£) in terms of spatial displacement operators A%, (7) =
X, (t) — %4(0) as derived previously [33]:

1 d Bh d
wt)==——|tan | —— |DF )+ D_. )|, (A2
Juw®) 2hdt|:an<2 d;) () F xax,s()} (A2)
where the displacement-operator anticommutator function

(DAF) is defined as
D (1) = Tr(po{AZe (1), AZp(1)})

XaXp

(A3)
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and the displacement-operator commutator function (DCF) is
defined as

Dy ., () = —iTr(po[ARa (1), Akp(1)]).

The square brackets and the curly brackets denote the com-
mutator and the anticommutator of the spatial displacements,
respectively. The time evolution of the involved operators is
governed by the Hamiltonian H, while for the thermal av-
erage the grand-canonical equilibrium density operator py =
e PH=N) /Tr(e=BH-1N)) is used. We note that the initial
values of the DAF and the DCF vanish, i.e., Dﬁxﬁ 0) =

As a first step of the derivation of Eq. (1), we prove that
Egs. (A1) to (A4) can be written as

(A4)

© jim [£Lpr Ip
a0 = 27 M| 5 P O+ 7Pn O]

Towards this end, the second term in Eq. (AS) is readily
obtained via time integration,

(A5)

e2 0 62

— dt —D_ (¢ — 1

v Jy 4 g P = oy A0
The first term of Eq. (1) is derived from the first term in
Eq. (A2) and requires more steps. It can be identified with
the time-symmetric part of the linear response function

1 /Bhd
Foor, @) = —tan< 5 dt)dt ;xﬁ(t).

Next, we use that the second derivative of the DAF with
respect to ¢ can be expressed with the time-symmetric part
of the current-current correlation function

D, ().  (A6)

(AT)

Suovy (1) = 3Tr(Ro{D5(0), Do (1)}) (A8)
according to
d2
—_ 4 pt
Mﬁ )= 137 D ,,®). (A9)
Its substitution into Eq. (A7) yields
Bh d
tan
Jouny @) = ﬂ%é‘;vﬁ ). (A10)
2 dt

As a next step, we express S,‘fa
and obtain

t ﬁi 1 oo
£ n&)—ﬁ%(—/ do e"“fsgsvﬁ(w)), (A11)

2
2 di ©

v (t) by its Fourier transform

which can be simplified by applying the differential operator
onto the exponential function, yielding

Bhow
ﬂ jor tanh (52)
Mﬂ @) = dw ﬂhw —S, (@) (Al2)
Calculating the time integral results in

o0 " ﬁ (o] l'

dt > (1) = — do | t8(w)+ —

0 ah 2 —00 w

anh (229)
X ﬂTSU Uﬁ((,()). (Al3)
2

Since the function Stsv (t) is real and time symmetric, its
Fourier transform S%

wevy (@) is @ symmetric. Due to this sym-
metry, the second term on the right-hand side of Eq. (A13)
vanishes because an odd function is integrated over a sym-
metric interval. Consequently, we remain with the first term
given by

[ dtf,ﬁsxﬂm—ﬁs,?vﬁ( =0)
0

:,3/ dtS,, (1)

£ pt
/ dt dtZD" 2 (D) (Al14)
This identity can be integrated over time yielding the desired
form of the first term of Eq. (AS):

'B/ dt—DJr (t)_éhrn dDJr ),

dl‘2 XaXp o dt XaXp (AlS)

because also the time derivative of D;xﬁ (t) vanishes at zero
time. We thus have shown that the dc limit of the electrical
conductivity is given by Eq. (AS5) in its general form.

We proceed by introducing a finite relaxation time 7 and
rewrite Eq. (A5) as

Oup = ran;oaaﬂ(T)’ (A16)

with
1= e [t e )
(A17)

which we evaluate explicitly for noninteracting quasiparticles
in Apppendix B to obtain Eq. (1).

APPENDIX B: DERIVATION OF THE de¢ CONDUCTIVITY
FOR INDEPENDENT QUASIPARTICLES

To obtain Eq. (1) of the main text, we assume quasi-non-
interacting (fermionic) quasiparticles, which applies if the
Hamiltonian of the system has the common form

H=Y"edex, (B1)
k

with the eigenenergies &; and the fermionic creation and anni-
hilation operators é,‘{ and ¢. Based on this assumption, we can
further simplify the many-body thermal averages in the DAF
and the DCF by applying Wick’s theorem [63]. In general, we
can write the electric dipole operator in terms of the fermionic
eigenmodes as

ek, =e Zxklckcl (B2)

The corresponding displacement operator is then simply eval-
uated as

Afy(t) =) (en@) —

kl

Dxgete =Y Axg e,

(B3)
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For the DAF, we thus find
D;;xﬁ(’) = f dE/ dE'f(EN[1 — f(E)]Tr[8(E — H)A%, (1)S(E' — I-?)Afcﬂ(t) + H.c.], (B4)

where we have introduced the spectral projection operator §(E — H) and the completeness relation 1 = ffooo dE §8(E — H) with
respect to the one-particle spectrum of the Hamiltonian. For the second derivative of the DAF, we obtain

2

d—D;;xﬂ(t) = 2/00 dE foo dE'f(EN[1 — f(E)] cos(

t(E —E)
dr? >

h

x Tr[8(E — H)d, (0)8(E' — H)dg(0) + H.c.]. (B5)

From this relation, we find
i

%] 1d2 o0 o0 1
dte *—DF (1) =2h dE dE'f(EN[1 - f(E)]-———%*——
| aret it o =2mn [ a [ aprann - g D =

2

x Tr[8(E — H)0,(0)8(E" — H)0g(0) + Hec.]. (B6)

In this expression, we see that the energy integrals include a convolution with the Dirac series 8;(E — E') = hi/(w1)/[/* /T +
(E — E’)?], which corresponds to a match in the one-particle energies E = E’ in the limit T — oo. For the one-particle DAF,
which is introduced in Eq. (2), we obtain

00 . d2 o) . R
/ dte - ﬁ%gm (E,t)= 2717%/ dE'§.(E — E"Tr[8(E — H)?dy(0)S(E" — H)Dp(0) + H.c.]. B7)
0 —00

Therefore, using Eqgs. (B6) and (B7), we find

* . d x C [ df(E) &
B /O de s —5Di, 0= /0 dte /_ N dE == 5D (o 1)

+ / dt f dE f dE'O(,(E — ENLf(E) — f(E)). (BS)
0 —00 —00

The above relation includes the expression used for the calculation of the symmetric part of the electrical conductivity tensor
in Eq. (1). The residual term in Eq. (B8) vanishes for degenerate states, i.e., for E = E’ and for i/t < E — E’, i.e., if external
relaxation mechanisms are considered small against the energy differences (as usually considered). Thus we approximate the
full DAF with the one-particle DAF as

00 L d2 00 . 00 df(E) dZ
ﬂ[) dte ’ﬁpj;xﬂ(t)%—/o dte r\/_oodEWﬁg’;:Xﬁ(E’t) (B9)

for any given relaxation time t. In the limit T — oo, we find the identity

. d . * (> df(E) & < dfE) . d
4t _ _ i’ WAE) & o+ _ aiE) & o+
,Btlirgo T waxﬁ(t) = rlglolo ; dte /_OO dE 1E 4P QXW(E,t) f_oo dE 15 tlirgo T Qxaxﬂ(E,t). (B10)
The DCF can be evaluated equivalently to Eq. (B5):
oo
Dx_uxﬁ(t) =/ dEf(E)“@);xﬂ(E,t), (B11)
—o0
where @x’u 5 (E, 1) is the one-particle DCF given in Eq. (3). Collecting the two expressions in Egs. (B10) and (B11) yields
Oup = rILII;oGaﬂ(T)’ (B12)
with
e? [ Y 1 df(E) d? 1 d
« =— dte - dE|—=———=9F (E,t)+ -f(E)—92_, (E,1)|, B13
Gap(D) ZV/O e /W [ S T B+ BT )} (B13)

which is Eq. (1).
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APPENDIX C: INTRINSIC HALL CONDUCTIVITY
AND ORBITING PICTURE

In this section, we evaluate the intrinsic Hall conductivity
in the absence of disorder and connect it to semiclassical
expressions from semiclassical band theory. As a first step, we
write the quasiparticle Hamiltonian without external potential
but coupled to the operator for the vector potential A,

H=H® — qA). (CI)

Here, we consider a homogeneous magnetic field B =V x A,
which we may realize using the symmetrlc gauge for the
operator of the vector potential A= 1B x X. We now set
the magnetic field to B = B,e,, where e, is perpendicu-
lar to the transport directions e, and eg yielding the vector
potential A=(-B fcﬂ /2, By % /2 0). We now introduce the
kinetic momenta #% = p, + gA, and nﬂ =ppg £ qAﬂ. This
transformation can be used to express both the position and
canonical momentum operators with frai/ p according to

1
o Ao oAt ~—
Xog = qB (77/3 _775) Pa = 2(775 +7Tﬁ ),
A 1 (A— A+) A 1(A++/\—) (Cz)
g = —@F T — 7D, =AY+ 7).

This turns out to be convenient since the Hamiltonian then
solely depends on the kinetic momenta 7, and ﬁﬁ_ . The ki-
netic momentum operators satisfy the commutation relations

[fg g 1= [ﬁ; H=ingB,,

(7 71 =[#y, 251 = (R, g =[5, 7,1 =0. (C3)

We now evaluate the Heisenberg equation of motion for the
kinetic momentum operators:

af@)=0, #,()= quaA_(z)
A+ A — ﬁ
g (1) =0, fiy (1) = —qBy -——(1), (C4)

and find a simple relation between the time derivatives of the
position and the kinetic momentum operators

7t (1) = qB, (1), (C5)

7ty (1) = —qB, Dy (0). (C6)

To evaluate the Hall conductivity oy for this case, we
decompose it into two terms

on = oy + ops (C7)
with
2 o)
of = £ dE f(E)Tr[8(E — H)(0,[ReG(E), %]
2V )
— 9[ReG(E), £,])], (CY)
oll = o[ dE f(E)Tr i5(E — H)(RaDp — Rp0q)
H= v | o dE «Th TR
(C9)

where ReG(E) = (E — H)™! is the real part of the Green’s
function. This decomposition of oy is derived in detail in
Appendixes D and E. We first calculate the second term of
the Hall conductivity o}{ by using the equations of motion for
the kinetic momenta,

Tr[8(E — H) (D35 — Dpxe)]
1 Y A— A — A — A —
= 2—B2Tr[8(E—H)(7Ta T[ﬂ —7Tﬂ T, )], (ClO)
i

where we have used that the operators #; and ﬁf}" commute
with the Hamiltonian. We note that the expectation value only
depends on the conjugate operators 7, and & 5 -

To obtain the semiclassical result for the Hall conductivity,

we now substitute the quantum mechanical trace with the
integral over the phase space

. 1
Tr[6(E — H)(...)] — W / dxydxgdp,dpg

X 8(E —e(m, ,mg))(...), (ClD)

which we can substitute with the integral over the kinetic
momenta using the coordinate transformation in Eq. (C2):

/dxadxﬁdpadpﬂ S8(E —e(m,,, n/;))(. ..)

1
~ (2nheB,
x 8(E —e(m,,, n/;))(. L.

Since the total number of states is given by

(2m h)?
/dn;dn;dn;dng

(C12)

N = /OO dE Tr(8(E — H))

1

"~ QnheB, 7 (€13)

g =g -
fdna dngdm, dmg,
we obtain its semiclassical result as

92
~ (27mheB,)*’

with Q being the phase-space volume of the kinetic momenta:

Q:/dn;dn;:/dna_dnﬁ_.

The expectation value entering the Hall conductivity then
reads

(C14)

(C15)

TH8(E — H)(#, 75 — 5 #;)]
= ]i/dn_dn_(S(E —e(m, ,m )W, m, —m, ),
19 o« 47 o« T NI g = T Tg
(Cl16)

where the integration over the kinetic momenta 7, and 7,
amounts to the phase-space volume 2 since the integrand is
independent of these coordinates for the present model. We
now may substitute the integral over the phase space of kinetic
momenta with the integral along all quasiparticle orbits of
constant energy (which represents the Fermi surface in the
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case of a 2D system):
N o e ..
R dm, drrﬂ S(E — &(m, , Ty (7, Ty — g7, )

N

T (i m; — ;7). (C17)
Q orbits |V7r<9(7ta_» 7Tﬁ )| p p

Using the equations of motion to substitute |V, e(r,, Ty )| =
|| /eB, , we obtain

N
— T————— (@[, T, — T, 7,)
Q Jomies  |Vatlrg, g« P TP
N eB
= — drn —Ln n; —a; 7]
Q orbits |71'| «h p e

(C18)

& (/ )
= dm x| .
Q orbits y

The y component of the integral forbits dm x mis related to the
area A.(E) — Ay(E) enclosed by all semiclassical orbits with
energy E via

(/ dm x n) = 2[A.(E) — A(E)]
orbits y

leading to

(C19)

T AN A A A Ao A (E) — Ap(E)
r[§(E — H) (7, g — fig 7, )] =2NeB, ———.

(C20)

We now see that the expectation value is proportional to the
difference of the areas A.(E) — A, (E) covered by electronlike
and holelike states in the phase space, which are enclosed by
all quasiparticle orbits with energy E. Thus we obtain the Hall
conductivity o} as

eN [

B,V J o

d A.E)—Ay(E
dE f(E) ( )Q nE)

I __
oy =

(C21)

In the same way, the remaining term o} can be obtained using
Tr[8(E — H)([%5, 0.ReG(E)] — [%y, DgReG(E)])]
1 N R
= = Trl8(E — H)(#, [#5, ReG(E)] + H.c)]. (C22)
e’B; «h

The semiclassical result of this expectation value is obtained
by substituting the commutator under the trace with the
Poisson bracket:

[......]— ihgB,{...,...} (C23)
We find
o8 Tr[8(E — H)(#, [#; . ReG(E)] + H.c.)]
ighN
— dr - V,ReG(E)
e orbits
=0, (C24)

because the real part of the Green’s function at energy E is
constant along all quasiparticle orbits. Therefore, we obtain

(C25)

1
oy =0,

which means that o}; vanishes identically in the semiclassical
limit. We thus obtain for the total intrinsic Hall conductivity
as given in Eq. (21)

d A(E) —Ay(E)

sc I eN >
H TOH T By dEf(E)_dE ) ,
Y —00 BZ

(C26)

where we have substituted the phase-space volume 2 with
the volume of the Brillouin zone in the reciprocal space
via Q = A’Qpz and redefined A.(E) — Ap(E) with the area
enclosed by the quasiparticle orbits in the reciprocal space.
Based on the numerical results for the Hall conductivity, we
may approximate the Hall conductivity solely in terms of the
specific distribution of closed and open orbits associated with
electron- and holelike behavior. We have found the following
intuitive expression for the Hall conductivity (at zero temper-
ature):

ou(Ep) ~ ——Be {ne®(Er — E.) — (1 — n)[l — O(Er — Ep)]},
12
(C27)

which agrees with Eq. (22) if we set the carrier density of the
holes to n = n, = 1 — n,. The energies E, and E;, correspond
to the critical energies, up to which closed electronlike and
holelike orbits appear at the Fermi energy Ep.

We now connect these general findings to the results for
the intrinsic Hall conductivity of rubrene in Figs. 1(b) to
1(d). The energy dependence of oy in Fig. 1(b) [or Fig. 1(c)
for eny] can be explained if we consider only the holelike
orbits with a Fermi energy larger than 103 meV (and for
zero temperature). In this case, all quasiparticle orbits are
closed and the area difference A, (Er) — A, (EFR) is equal to the
area covered by the occupied hole states in the BZ Ay (Er),
which is related to the carrier concentration n = Ny.(Eg)/V
by n/N = Aocc(Ep)/2pz with the number of occupied states
Nocc(Er). Then, from Eq. (C26) we immediately get oy =
qN/(B,V)As(Er)/2z = en/B, . This ideal behavior is per-
fectly satisfied in Figs. 1(b) and 1(c) for Fermi energies above
103 meV, i.e., the holelike states. If the Fermi energy lies
between these values, the orbits are open in the BZ and the
Hall conductivity becomes zero in qualitative agreement with
the numerical result of Figs. 1(b) and 1(c). Then for Fermi
energies below —202meV a very small domain of electron-
like orbits manifesting as a small negative peak in Figs. 1(b)
and 1(c) is observed in full agreement with the pristine band
structure of rubrene.

We note that Eq. (C27) [i.e., Eq. (22)] is only an ap-
proximate realization of Eq. (C26) [i.e., Eq. (21)] and may
further depend on the details of the band structure in, e.g.,
three-dimensional bulk systems and if more complex band
structures are considered, which may include multiple elec-
tronlike, holelike, and open-orbit domains.

APPENDIX D: EQUILIBRIUM VALUE
OF dc-CONDUCTIVITY TENSOR

To prove the semiclassical expression for the Hall conduc-
tivity in Eq. (21) of the main text, we need to determine the
equilibrium value of the dc conductivity based on Eq. (1) for
T — 00. After this derivation and in Appendix E, we connect
the present time-domain approach with known forms of the
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dc conductivity derived within the Kubo formalism such as
the Kubo-Bastin formula [43] and the Berry curvature that
enters the TKNN formula [20,36]. Hence we evaluate the time
integral in the symmetric part of the conductivity tensor o,
in Eq. (4). In the energy eigenbasis, we find for 0,4

ﬂ emh

S
Uaﬁ =

Xy@al—ﬂ&w@nem

M%%+%m) (D1)
=v¥% (0) as a short-

where we write the matrix elements vy, o

hand notation. This expression is the equlhbrlum value for
the symmetric part of the conductivity and generalizes the
Kubo-Greenwood formula for longitudinal charge transport
[41,42], which can be seen by using the completeness relation
1= /% dESE —H):

Be*mh
Vv

/ dE f(E)[1 — f(E)]

G&ﬂ

x Tr(8(E — H)d,8(E — H)vﬂ). (D2)

The evaluation of the time integral in the Hall conductivity
for independent particles [see Eq. (5)] results in the following
expression:

Z f(En)
OH = —7, Vum rtzln - vfmxmn)
g, — em

where we have used the matrix elements of the veloc-
ity operator v, = i(e, — &u)X,,,/h. Furthermore, we may
alternatively derive the Hall conductivity by using the follow-
ing identity:

2

dr?

(D3)

Dy, (6) = —2fif40,(0) — Dy, (1)

- _21 Zf(gn) nm mn - Unmvmn)

mn

(t(sn - Sm))
x cos ( ————),

where f,,1,(0) is the linear response function of the velocity
operators at zero time [33]. We then find for the Hall conduc-
tivity

(D4)

Vi)
nm mn vnm vmn

2
”hZﬂm

5

mn —&m )2 ( f )
The equilibrium value for the Hall conductivity for t — oo is
hence obtained as

_lehzf(”) o mn_

Y — Em)?

(D5)

ﬂd)

nm - mn

) (D6)
which describes the thermally averaged Berry curvature
[20,36]. Using the spectral-projection operator, we obtain the
Hall conductivity as
) h %)
on= 2| aE fEYTY
Vi Jow

- 1
X |:8(E—H)<Uam HC):| (D7)

Thus the equilibrium value of the dc conductivity can equiva-
lently be written as

_ enh df (E)
Oup = — v dE d—T t(8(E — H)0,8(E — H)vﬂ)
+ om, (D8)

which we derived directly from Eq. (1).

APPENDIX E: RELATION OF THE dec CONDUCTIVITY
TO THE KUBO-BASTIN FORMULA

In this Appendix, we show the equivalence of the dc con-
ductivity used in this work with the Kubo-Bastin formula
[43] based on the equilibrium values of the symmetric and
the antisymmetric parts of the dc conductivity derived in
Appendix D. We start with the symmetric part of the conduc-
tivity and discuss its relation to the Kubo-Bastin formula. For
this purpose, we introduce the Green’s functions

1 1
GYE)=1lm ———— = lim ———— (ED
n—0E —H % in oo E—H+ 2
where the real and the imaginary parts are given by
A 1 . E-H
ReG(E)= —— = lim —————, (E2)
E—A g Ay ()
h
ImG(E) = —w8(E — H) = — lim —————.
T—00 (E H)2 (ﬁ)
(E3)
The Kubo-Bastin formula for the Hall conductivity reads [43]
) e2 oo
O_fgstm = 7/ dE f(E)Cyp(E), (E4)
—00

with f(E) being the Fermi function and C,g(E) being the
correlation function

dGH(E)

Cup(E) = ih Tr|:®a8(E — H)dg - Hc:| (ES)

To prove the equivalence to the present version of the dc
conductivity based on Eq. (1), we may decompose C,g(E) as
follows:

Cotﬂ(E) =

with C357(E) = [Cap(E) + (—)Cpa(E)]/2 yielding

Cop(E) + Coy(E), (E6)

N d V4 V5
Cop(E) = mh—=T[S(E — H)iu3(E — H)iy). (E7)

~tte) |

(E8)

aﬂ(E) = lrlTI'|:8(E —H)<Uam

which can be proven straightforwardly. Consequently, we find
for the dc conductivity

eEnh

UBaStin — /Oo dE f(E)i
ap v ] & dE

x Tr{8(E — H)0u8(E — H)dgl +ou,  (E9)
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where the Hall conductivity is obtained from the antisymmet-
ric term Cgy (E) in the Kubo-Bastin formula. Using integration
by parts for the energy integral involving Cj,(E) in the
Kubo-Bastin formula, we readily obtain the equilibrium value
of the dc conductivity of Eq. (DS),

Bastin __ _s
Oup = aﬁ—f—aﬂ

(E10)

= Oqup;

which is equivalent to Eq. (1) in the limit 7 — oco. We fur-
thermore can split the antisymmetric term Cj into two terms
yielding

s — Ll 4 S E By — Dete)
“f = 27 |dE wp e

+ Tr[8(E — H)(Do[ReG(E), %3] + H.c.)].  (E11)
Hence the Hall conductivity is decomposed into
on = oy + opy, (E12)
with
A N
of = — dE f(E)Tt[8(E — H)
2V )
x (04[ReG(E), k5] + H.c.)], (E13)
e (> d
ol = — dE f(E)Tr| ——8(E — H) (R dp — Xp04) |.
2V ) dE
(E14)

We note that o} also appears in the Stieda formula [44]. The
above decomposition of the Hall conductivity can be used to
prove Eq. (21) (see Appendix C), i.e., the semiclassical result
for the Hall conductivity.

APPENDIX F: MATERIAL PARAMETERS
OF THE EFFECTIVE POLARON MODEL
WITH VIBRATIONAL DISORDER

In Table I, we summarize the material parameters for the
electronic coupling and the vibrational disorder (at 140 K
and at 300 K) entering the effective polaron Hamiltonian in
Eq. (14) of the main text.

TABLE I. Summary of material parameters used in the effective
polaron Hamiltonian in Eq. (14). The values for the vibrational
disorder are shown for the highest and for the lowest temperatures
that have been investigated throughout this study. The molecular
parameters for the electronic transfer integrals and the vibrational
disorder are based on an ab initio study of the electron-phonon
coupling in rubrene [48].

Material parameter Value (meV)
On-site energy 0.0
EAA+D 134.0
EAA+2D —10.7
EAC 28.6
EAB 4.1
VoK 52.1
VK 20.9
VK, 0.0
V/_fgo K 8.7
AR 0.9
V40K 48.2
V/_\'j_f\‘ﬂr'g 15.1
ViK, 0.0
V0K 6.3
yoK 0.6
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