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Non-Hermitian systems exhibit novel phenomena without Hermitian counterparts, such as exceptional points
and the non-Hermitian skin effect. These non-Hermitian topological phenomena are observable in single-particle
excitations of correlated systems in equilibrium, which are described by Green’s functions. In this paper we
demonstrate the appearance of the hinge non-Hermitian skin effect in the effective Hamiltonian that describes
the single-particle properties of an f -electron system. Skin effects result in a strong sensitivity to boundary
conditions, and a large number of eigenstates localize at one boundary when open boundary conditions are
applied. Our system exhibits such sensitivity and hosts skin modes localized around hinges. This hinge skin
effect is induced by a non-Hermitian topology of the surface Brillouin zone. The hinge skin modes are observed
for one-dimensional subsystems located between one pair of exceptional points in the surface Brillouin zone.
This paper highlights that correlated materials are an exciting platform for analyzing non-Hermitian phenomena.
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I. INTRODUCTION

Quantum systems are often inherently open and subject
to dissipative processes. Non-Hermitian operators naturally
describe such open quantum systems, where energy, i.e.,
the eigenvalues of the Hamiltonian, are not necessarily real-
valued. These complex-valued band structures offer novel
topological features that do not have Hermitian equiva-
lents [1–9]. These features include the exceptional point
(EP) [10–20] and the non-Hermitian skin effect (NHSE)
[21–40]. The EP represents a band touching with a de-
generacy of the eigenstates, which makes the Hamiltonian
non-diagonalizable. On the other hand, the NHSE’s extreme
sensitivity of eigenvalues and eigenstates originate from non-
trivial point-gap topology in the bulk. The localized boundary
modes under open boundary conditions are known as skin
modes. Non-Hermiticity is not limited to open quantum sys-
tems [41–45]. It also appears in various other systems, such
as photonic crystals [13,46–56], electric circuits [57–62], and
correlated systems [17,63–72].

Recent studies have revealed the non-Hermitian aspects
of correlated materials. The reason for these non-Hermitian
aspects is that observable quantities are often based on single-
particle or two-particle operators, which can be expressed by
single-particle or two-particle Green’s functions, respectively.
Because single-particle states or two-particle states obtain a
finite lifetime due to scattering, the effective Hamiltonians
describing single-particle and two-particle Green’s functions
are naturally non-Hermitian in correlated materials. There-
fore, non-Hermitian effects have an impact on the single-
particle and two-particle properties that are described by the
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corresponding Green’s functions. The effective Hamiltonian
describing the single-particle properties of correlated mate-
rials includes the self-energy, generally, a complex-valued
non-Hermitian matrix [65,73–75]. The complex-valued eigen-
values of this effective Hamiltonian are related to the
density of states, and the eigenstates affect single-particle
observables. For example, correlation effects in heavy-
fermion systems lead to the emergence of EPs and a
change of the band structure near the Kondo temper-
ature [65,67,70]. Furthermore, it has been demonstrated
that the NHSE can occur in the single-particle Green’s
function [63,64,69].

In Ref. [76] it has been demonstrated that, due to the
enhancement of correlation effects at the surface, localized
EPs appear on the surface of a topological Kondo insulator
for a specific temperature range. Because the imaginary part
of the self-energy in the bulk of the material is smaller, EPs
only exist on the surface but not in the bulk. In this paper
we utilize this observation and demonstrate that these surface
EPs can lead to the emergence of a hinge NHSE in the same
temperature range. Hinge skin modes are, thereby, eigenstates
that are localized along the edge of a surface, i.e., these skin
modes are localized along a one-dimensional (1D) manifold
in a three-dimensional (3D) system [25,77–81].

The argument for the occurrence of a hinge NHSE is as
follows (also see Fig. 1 for a schematic depiction): (1) EPs
appear in the effective single-particle Hamiltonian on the
surface of the material. (2) These EPs induce a nontrivial
point-gap topology for a one-dimensional subsystem of the
surface Brillouin zone (BZ), i.e., paths in the surface BZ pass-
ing in between one pair of EPs. (3) The above subsystem on
the surface is topologically equivalent to the Hatano-Nelson
model [21,82] and thus exhibits an NHSE. As this NHSE only
occurs in a subsystem of the surface BZ, we can conclude the
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FIG. 1. Schematic explanation of the model and the appearance
of the hinge NHSE. Panel (a) shows the positions of EPs of the
original cubic interacting model at finite temperatures [76]. Two EPs
with winding numbers +1 and −1 form a pair. We visualize these
pairs by connecting the corresponding EPs by a black line. Panel
(b) shows the model where the cubic symmetry is broken by strain,
reducing the number of surface EPs. Panel (c) shows the expected
positions of EPs in the rotated, strained, and interacting model at
finite temperatures. Panel (d) shows the hinge NHSE. We use OBC in
the z and y directions and PBC in the x direction. Eigenstates (colored
red) are expected to localize in the rotated system on the z surfaces
for a specific range of momenta in the surface BZ. The green lines
correspond to the kx momenta at which EPs appear in panel (c).

existence of a hinge NHSE in the effective Hamiltonian de-
scribing the single-particle properties of a correlated material.

The remainder of this paper is organized as follows. In
Sec. II we introduce the model and methods used. In Sec. III A
we prove the existence of EPs on the surface of this system.
This is followed by the demonstration of the NHSE on the sur-
face for a range of momenta in Sec. III B. Finally, in Sec. IV
we summarize and conclude this paper. Appendices are
devoted to the analysis of the T = 0 case and the non-
Hermitian Hamiltonian under open boundary conditions in all
directions.

II. MODEL AND METHOD

A. Model

In this section we explain the details of the model used.
We start with the cubic topological Kondo insulator model,
which was analyzed in Refs. [76,83]. In previous works it
was shown that this model is a 3D strong topological insulator
with three surface Dirac cones on each surface. Furthermore,
it was demonstrated that EPs in the single-particle Green’s
function appear on the surface for a specific range of tem-
peratures [76]. For open boundary conditions (OBCs) in the
z direction and periodic boundary conditions (PBC) in the x
and y directions, eight EPs surround the Dirac cone on the z
surface; the winding number takes W = +1 for four of these
EPs and W = −1 for the others [see Fig. 1(a)]. A branch cut
of eigenvalues connects an EP with winding number W = +1
and another EP with W = −1, which form a pair. Because

of the cubic symmetry of this model, most straight paths
in the BZ pass in between two pairs of EPs or none. We
modify this model here because we expect the occurrence
of a hinge NHSE if a path through the BZ (a 1D subsystem
of the surface BZ) passes in between exactly one pair of
EPs, i.e., intersects one branch cut between two EPs. In the
modified model, the nearest-neighbor hopping depends on the
direction, i.e., tx, ty, and tz are different. For the parameters
chosen here, two pairs of EPs vanish [see Fig. 1(b)]. We
expect that such a modification of the model can be achieved
by strain.

Next, we include a small magnetic field B in the z direction,
which creates a gap in the Dirac cone on the z surface. We in-
clude this magnetic field to demonstrate that the appearance of
the hinge NHSE is not related to the time-reversal symmetry
or Hermitian topology.

The model Hamiltonian of this system reads

H = H0 + Hint, (1)

H0 =
∑

�k

∑
σ={↑,↓}

∑
o={c, f }

εo
�k c†

�k,σ,o
c�k,σ,o

+V
∑

�k,τ1,τ2

c†
�k,τ1,c

c�k,τ2, f sin kxσ
x
τ1τ2

+V
∑

�k,τ1,τ2

c†
�k,τ1,c

c�k,τ2, f sin kyσ
y
τ1τ2

+V
∑

�k,τ1,τ2

c†
�k,τ1,c

c�k,τ2, f sin kzσ
z
τ1τ2

+ B
∑

�k,τ1,τ2,o

c†
�k,τ1,o

c�k,τ2,o
σ z

τ1τ2
(2)

+
∑
i,σ,o

Eoni,σ,o, (3)

where the energy dispersion εo
�k is given as

εc
�k = −2tx cos(kx ) − 2ty cos(ky) − 2tz cos(kz )

+ 4t ′ cos(kx ) cos(ky)

+ 4t ′ cos(ky) cos(kz )

+ 4t ′ cos(kx ) cos(kz )

+ 8t ′′ cos(kx ) cos(ky) cos(kz ),

ε
f
�k = −0.1εc

�k . (4)

The operator c†
�k,σ,o

(c�k,σ,o) creates (annihilates) an elec-

tron with momentum �k, spin direction σ = {↑,↓} in orbital
o ∈ {c, f }. ta, t ′, and t ′′ are nearest-neighbor, next-nearest-
neighbor, and next-next-nearest-neighbor hopping constants.
V corresponds to a nonlocal hybridization between the f and
c electrons, B is a magnetic field in the z direction, and Eo are
energy shifts depending on the orbital ( f or c electrons). The
local two-particle interaction for the f electrons reads

Hint = U
∑

i

ni,↑, f ni,↓, f . (5)

We note that this Hamiltonian is Hermitian. In this pa-
per we use the following parameters: tx/|tz| = −1.24,
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FIG. 2. Noninteracting band structure of the strained rotated
model. Dirac cones appear for OBC in the z direction at �k = (0, 0)
and (π, π ).

ty/|tz| = −0.76, tz = −1, t ′/|tz| = t ′′/|tz| = 0.375, V/|tz| =
0.8, B/|tz| = 0.002, Ec/|tz| = −1, U/|tz| = 16, and E f /|tz| =
−8. The temperature is fixed to T/|tz| = 0.108. We use the
strength of the hopping in the z direction, |tz|, as the energy
unit throughout this paper. We note that the Dirac cones at
(kx, ky) = (0, 0), (π, 0), and (0, π ) are gapped by the small
magnetic field. The expected positions of the EPs on the z
surface (OBC in the z direction, PBC in the x and y directions)
of the original model [76] and the modified model are shown
in Figs. 1(a) and 1(b). As explained above, we expect that
the number of surface EPs will be reduced from eight to four
in the interacting model at finite temperature. Furthermore,
EPs connected by a branch cut, on which the real parts of
two eigenvalues are identical, are linked by black lines in the
schematic pictures of Fig. 1.

Finally, we rotate this model in real space by 45◦. This
rotation leads to a change in the positions of the EPs on the
surface BZ, as shown in Fig. 1(c). To obtain a periodic 45◦-
rotated system, we double the unit cell, resulting in a folding
of the band structure. The noninteracting band structure of this
model, using the 45◦-rotated geometry, is shown in Fig. 2.
After this rotation, we expect that there are straight paths
along the kx or the ky direction through the BZ that pass
in between exactly one pair of EPs. These paths fulfill the
necessary conditions for the appearance of the NHSE, which
is the main topic of this paper. In the results section, we will
numerically demonstrate the emergence of these EPs and the
appearance of the hinge NHSE.

B. Method

To solve this model, we use real-space dynamical mean-
field theory (DMFT). DMFT maps each atom of a lattice on
an effective quantum impurity model [84–86]. This mapping
neglects nonlocal correlations. Because we use OBC in the z
direction throughout this paper, correlation effects and, thus,
self-energies depend on the distance of the atom from the
surface in the z direction. We thus map each layer on its
own quantum impurity model [87]. These impurity models are

solved by the numerical renormalization group [88,89], from
which we obtain the layer-dependent self-energies at finite
temperatures. Using these self-energies, we can determine
new effective impurity models. This DMFT cycle is iterated
until self-consistency is reached.

Having obtained self-consistent self-energies, we deter-
mine the effective Hamiltonian, describing the single-particle
properties by the single-particle Green’s function as

G(ω) = (ω + iη − Heff )
−1, (6)

Heff = H0 + �(ω), (7)

where ω is the frequency, H0 is the noninteracting Hamilto-
nian, η is an infinitesimally small, positive adiabatic factor,
and �(ω) is the self-energy. We note that the self-energy
depends on the layer, orbital ( f or c), and the spin direction.
Thus, Heff is a matrix. Furthermore, this matrix is a non-
Hermitian matrix due to the imaginary part of the self-energy.
We stress that correlations play an essential role in the non-
Hermiticity of Heff in this heavy-fermion system. Because the
self-energy is frequency dependent, the effective Hamiltonian
also depends on the frequency. In this paper we focus on
the Fermi energy, ω = 0, and use �(ω = 0). The single-
particle properties of this system are completely determined
by the eigenvalues and eigenstates of this effective Hamilto-
nian. The single-particle properties at the Fermi energy are
thereby mostly given by the eigenvalues with Re(Ei ) ≈ 0,
because then Re(ω − Ei ) ≈ 0. Thus, we will focus on the
eigenvalues of the effective Hamiltonian with a small real part.

The matrix of the effective Hamiltonian depends on the
boundary conditions. We will generally use OBC with 20
layers in the z direction. To demonstrate the hinge NHSE, we
will use two different kinds of boundary conditions in the x
and y directions of the rotated system. First, we will show
results for PBC in the x and y directions. Second, we will show
results for PBC in the x direction and OBC with 40 atoms in
the y direction.

III. RESULTS

A. Energy spectrum of the rotated model

In this section we numerically confirm that EPs emerge as
illustrated in Fig. 1(c). We analyze the energy spectrum and
eigenstates of the effective Hamiltonian, Eq. (7), describing
the single-particle Green’s function in the interacting model
at temperature T/|tz| = 0.108.

Figure 3 shows the real part of the eigenvalues of the
effective Hamiltonian, Heff(ω = 0), for OBC in the z direction
and PBC in the x and y directions. From Fig. 3(a) it becomes
clear that the self-energy arising from correlation effects has a
large impact, especially around the Fermi energy. Low-energy
eigenstates exist around (kx, ky) = (0, 0) and (π, π ), the orig-
inal position of the Dirac cones in the rotated model, but their
shape has changed due to the self-energy. In Figs. 3(b) and
3(c) we show the real part of the eigenvalues over the whole
BZ and a magnification around (kx, ky) = (0, 0), respectively.
We see a band surrounding (kx, ky) = (0, 0). In the magni-
fication of this band, shown in Fig. 3(c), we see that this
band is open and not completely surrounding the 	 point.
Additionally, we have marked the momentum values with
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FIG. 3. Real part of the eigenvalues of the effective Hamiltonian at the Fermi energy. Panel (a) shows the real part of the eigenvalues close
to the Fermi energy along a path in the BZ. Panel (b) shows the real part of the eigenvalues over the full BZ. Panel (c) shows a magnification of
(b) around the (kx, ky ) = (0, 0) close to the Fermi energy. The color in panels (b) and (c) corresponds to the real part of the energy and is just
used to improve visualization. Yellow dots denote a line of momenta connected to the EPs, where the real part of the eigenvalues is degenerate.
The green dots correspond to the position of the EPs, where the line of degeneracies ends. All results are for OBC in the z direction and PBC
in the x and y directions.

degenerate real parts of the eigenvalue as yellow points. This
line of eigenvalues with degenerate real parts suddenly ends.
The end points are marked as green dots. Such an abrupt
ending of a band in the BZ, which is impossible in a noninter-
acting model, is the first evidence of EPs (green dots). As two
EPs are connected by a band of eigenvalues with degenerate
real parts in the BZ, always two EPs form a pair. In Fig. 1 we
have drawn lines between EPs forming pairs.

To prove the existence of EPs in the effective Hamilto-
nian, we calculate a quantity describing the defectiveness of a
matrix,

D = max
i 	= j

1

1 − |〈
R,i|
R, j〉| , (8)

and show it in Fig. 4. |
R,i〉 is the ith right-eigenstate of the
effective Hamiltonian. The right eigenstates are normalized as

FIG. 4. Evidence of EPs in the surface BZ. Panel (a) shows D,
defined in Eq. (8), which diverges at an EP. Panel (b) shows the
square of the absolute value of the eigenstates at each EP [divergence
in panel (a)] over the layer index z. The z dependence, which is iden-
tical at all four EPs, demonstrates that the eigenstates are localized at
the surfaces in the z direction.

〈
R,i|
R,i〉 = 1. This property diverges if two eigenstates of
the effective Hamiltonian are identical, although these eigen-
states belong to different eigenvalues (i 	= j). The fact that
two different eigenstates are identical is evidence of an EP. In
Fig. 4(a) we see that this property diverges at four momenta in
the BZ. We can conclude that there are four EPs in the BZ. We
show the positions of these EPs as green dots in Fig. 3. This
result confirms that our expectation in Fig. 1(c) was correct.
We furthermore show the absolute value of the eigenstates at
the EPs over the layer index z in Fig. 4(b). We see that these
eigenstates are localized on the top and bottom surfaces in the
z direction.

We note that these EPs are stable, while the Dirac cone is
gapped due to the magnetic field and further altered by the
self-energy. Small changes in the Hamiltonian, even breaking
the time-reversal symmetry, do not annihilate these EPs in the
effective Hamiltonian.

B. Hinge skin effect induced by surface EPs

We demonstrate the occurrence of the NHSE for specific
momenta in the system when the path through the surface
BZ passes in between one pair of EPs. In Fig. 5 we show
the eigenvalues of the effective Hamiltonian using PBC in
the x direction and compare the results obtained using OBC
and PBC in the y direction. In Figs. 5(a) and 5(b) we fix
the momentum in the x direction to kx = −0.5, specifying
a path that intersects a branch cut between a pair of EPs
when changing the y direction. In Figs. 5(c) and 5(d) we use
kx = −1, specifying a path that does not intersect a branch
cut between two EPs. In Figs. 5(a) and 5(c) we show the
imaginary part of the eigenvalues over the real part. The black
points denote the PBC spectrum, and the green points denote
the OBC spectrum with 40 sites in the y direction. In Figs. 5(b)
and 5(d) we furthermore show the winding of the spectrum
around a reference energy E0(∈ C) defined as

ω = arg[det(Heff(ky) − E0I)], (9)

which is related to the winding number as

W =
∮

dky

2π
∂ky arg(det[Heff(ky) − E0I]). (10)
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FIG. 5. Comparison of PBC and OBC spectra in the y direction and the corresponding winding around a reference energy E0/|tz| =
0 − 1.6i. We use PBC in the x direction. Panel (a) compares the PBC spectrum (black) with the OBC spectrum (green) for kx = −0.5,
resulting in a path through the BZ that intersects one pair of EPs. Clearly visible is a point gap around Re(E ) ≈ 0. We show in Fig. 7 the
wave functions for all eigenstates inside the red rectangle. Panel (b) shows the winding for the reference energy E0. Panel (c) shows the same
quantities as (a) but for kx = −1. In the PBC spectrum, there is no point gap. Panel (d) shows the absence of any winding for kx = −1 using
the same reference energy as in panel (b).

For kx = −0.5 [see Fig. 5(a)], we see that there are PBC
bands connecting the bulk bands for Re(E )/|tz| < −0.4, with
the bulk bands Re(E )/|tz| > 0.4. These bands clearly form
a loop structure, i.e., a point gap opens. We have con-
firmed that the eigenstates forming this loop structure for
|Re(E )|/|tz| < 0.4 are located on the z surface and that the
bottom and top layers contribute to these eigenstates. The
layer dependence of the eigenstates in this region is thereby
similar to the eigenstates shown in Fig. 4(b). To confirm the
topological point gap, we calculate the winding in Fig. 5(b) for
a reference energy (E0/|tz| = −1.6i) located inside this point
gap. We see that the winding number becomes −2 for this
reference energy. This winding number indicates a winding
of eigenvalues on the top and bottom z surfaces. We note that
the effective Hamiltonian fulfills reflection symmetry in the z
direction. A winding number of −2 is thus consistent with the
fact that these eigenstates are located on the bottom and top
surfaces and that both surfaces contribute. Having confirmed
the existence of a nontrivial point-gap topology in the energy
spectrum, we expect the emergence of the NHSE [38]. Ana-
lyzing the OBC spectrum for kx = −0.5, we see that this loop
structure collapses to a single line in the energy spectrum. This
sensitivity of the energy spectrum on the boundary conditions
is one of the characteristics of the NHSE.

Before analyzing the OBC eigenstates for kx = −0.5, we
show the data for kx = −1, which corresponds to a path
that does not pass in between a pair of EPs. In Fig. 5(c)
we see that for kx = −1 bulk bands above Re(E )/|tz| > 0.5
are not connected to bulk bands Re(E )/|tz| < −0.5. Accord-
ingly, the winding around the reference energy (E0/|tz| =
−1.6i) becomes zero. Thus, we expect the absence of the
NHSE. However, for OBC there are several states for −0.4 <

Re(E )/|tz| < 0.4. These eigenstates are unrelated to the
NHSE but originate in the Hermitian noninteracting Hamil-
tonian, as we demonstrate in Appendix A.

For a better understanding of the nontrivial point-gap
topology, we show Re(E ) over ky for kx = −0.5 (PBC) in

Fig. 6 again. The color corresponds to the imaginary part of
each eigenvalue. We clearly see a crossing of two bands at
Re(E ) ≈ 0 and ky ≈ −0.8. This crossing, i.e., a degeneracy
of the real part, corresponds to the above-mentioned branch
cut connecting two EPs, visualized as yellow dots in Fig. 3(c).
Such a crossing exists only for paths that pass in between a
pair of EPs. Thus, there exists only one crossing, because this
crossing is generated by the EPs. From the color in Fig. 6,
we see that the imaginary parts of these two crossing bands
are different. Thus, these two intersecting bands form the
nontrivial point-gap topology in Fig. 5(a).

Finally, we prove the NHSE on the z surface for
ky = −0.5 by showing the right and left eigenstates for
−0.4 < Re(E )/|tz| < 0.4 over the position in the y direction
(OBC) in Fig. 7. The plotted eigenstates are restricted to those

FIG. 6. Real parts of the eigenvalues over ky (PBC) with
kx = −0.5, resulting in a point gap at Re(E ) ≈ 0. The color corre-
sponds to the imaginary part of the eigenvalues.
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FIG. 7. The amplitude of the right and left eigenstates for
ky = −0.5 over the position in the y direction. We show the right
eigenstates, |
R(y)|2, in panel (a) and the left eigenstates, |
L (y)|2,
in panel (b). The red eigenstates correspond to the skin modes, where
the magnitude of the right (left) eigenstates increases towards the
right (left) side. Green and blue eigenstates correspond to localized
states remaining from the Dirac cones of the Hermitian noninteract-
ing model. The wave functions are normalized as

∑
y |
R/L (y)|2 = 1.

inside the red rectangle in Fig. 5(a). Figure 7(a) [7(b)] shows
the right [left] eigenstates. A large number of right eigenstates
(red color) have an increased absolute value, |
R(y)|2, on
the right side when compared to the left side. The absolute
value of these right eigenvectors has a positive slope over
the y position. The left eigenvectors for the same eigenvalues
[colored red in Fig. 7(b)] have a negative slope. We can thus
conclude that a large number of right eigenstates are mainly
localized on the right side, and the left eigenstates are mainly
localized on the left side of the system with open boundaries
in the y direction. This is the expected behavior of the NHSE,
in which a large number of left and right eigenstates localize
on the opposite edges of the system. We stress that these
skin modes localize around a hinge of the three-dimensional
system; the localization occurs on the z surface for a specific
range of kx values.

Besides these skin modes, there are other eigenstates that
localize at the boundaries in the y direction. These eigen-
states maintain their position of localization when changing
between right and left eigenstates. In Fig. 7 both right and left
eigenstates denoted by green (blue) lines are localized around
y = 40 (y = 0). These eigenstates arise from the original Her-
mitian Hamiltonian and are unrelated to non-Hermiticity, as
shown in Appendix A. These states can be seen in Fig. 5 as
green dots appearing seemingly unrelated to the PBC band
structure (black).

IV. CONCLUSIONS

We have demonstrated the appearance of the hinge NHSE
in the effective Hamiltonian, which describes the single-
particle Green’s function. The used model Hamiltonian is
derived from a three-dimensional strong topological Kondo

insulator under magnetic field and strains. By showing the
energy spectrum along a path passing in between one pair
of EPs, we have demonstrated the existence of a nontrivial
point-gap topology necessary for the emergence of the NHSE.
We furthermore have shown that a large number of right
eigenstates localize at the right boundary for OBC in the y
direction and PBC in the x direction, while the corresponding
left eigenstates localize at the left boundary. All these skin
modes are localized on the boundaries of the top and bottom
z surfaces. Thus, we have demonstrated the emergence of
the hinge NHSE in the effective Hamiltonian, describing the
single-particle properties of this strongly correlated system.

Furthermore, in Appendix B we observe the existence of
localized eigenstates of the effective Hamiltonian under OBC
in all directions. These eigenstates also localize along the
hinges of the bottom and top surfaces or at the corners of
the system. However, the topological origin of these localized
modes is left as a future work.
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APPENDIX A: HERMITIAN BOUNDARY STATES

In this Appendix we analyze the energy spectrum and
wave functions in the Hermitian case at T = 0. At T = 0 the
imaginary part of the self-energy at the Fermi energy vanishes.
Thus, the matrix describing the single-particle properties at
the Fermi energy becomes Hermitian.

In Fig. 8(a) we show the energy spectrum of the rotated
model for OBC in the z direction and PBC in the x direction.
We compare OBC and PBC in the y direction. As expected,
the imaginary part of the eigenvalues vanishes for the Her-
mitian matrix. Furthermore, we see that the PBC spectrum
includes a gap at the Fermi energy, Re(E ) = 0. When chang-
ing to OBC in the y direction, we see eigenvalues inside this
gap. The wave functions of these eigenstates are shown in
Fig. 8(b), demonstrating that these eigenstates are localized at
the boundaries in the y direction. We believe these eigenstates
have the same origin as the localized eigenstates in Fig. 7 that
do not originate from the NHSE.

APPENDIX B: OPEN BOUNDARY CONDITIONS

We analyze the effective Hamiltonian in a system with
OBC in all directions. We diagonalize the effective Hamil-
tonian (including the self-energy) in the rotated geometry,
corresponding to Fig. 1(c). The size of the system in all
three directions is chosen as (Lx, Ly, Lz ) = (10, 10, 5). We
note that this results in a Hilbert space dimension of 4000,
which can still be completely diagonalized. Here, we make the
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FIG. 8. The energy spectrum for OBC and PBC at T = 0 for
the Hermitian effective Hamiltonian. Panel (a) shows the energy
spectrum for OBC and PBC. Clearly visible is a gap in the PBC
spectrum and in-gap states in the OBC spectrum. Panel (b) shows
the wave functions of these in-gap states for OBC in the y direction.
The wave function is normalized as

∑
y |
(y)|2 = 1.

simplification that the self-energy only depends on the layer
index in the z direction, corresponding to a similar situation
as in the previous sections. Then the imaginary parts of the
bottom and top layers are again larger than the imaginary parts
of the middle layers, which would lead to the emergence of
exceptional points on the bottom and top surfaces in a system
with PBC.

In the main text we showed the emergence of the non-
Hermitian skin effect in the y direction using PBC in the
x direction. From the position of the exceptional points in
Fig. 1(c), it is clear that there is also a skin effect in the
x direction when using PBC in the y direction. Thus, the
emergence of a non-Hermitian skin effect on the bottom and
top layers in the x and y direction seems possible. To confirm
this, we show the energy spectrum (imaginary part over real
part) of the fully open system in Fig. 9(a). Comparing these
energies with Fig. 5, we see that there are eigenstates of the
fully open system in the same energy region where we pre-
viously observed the non-Hermitian skin effect. In Fig. 9(b)
we show the amplitude of a right eigenstate [indicated by
the red color in Fig. 9(a)] as a color over the position of the
atom in the lattice. We see that this eigenstate is localized at
the corners of the bottom and top surfaces. This is a corner
state localizing simultaneously in the x and y directions of the
surface layers. Contrary to the results in the main text, where
the skin effect led to a localization at only one boundary,
we now see a localization at two opposite boundaries. We
note that many eigenstates with Re(E) ≈ 0 show a similar
behavior. The localization at two opposite boundaries may be
understood by the fact that the original multiband Hamiltonian
fulfills time-reversal symmetry. The non-Hermitian skin effect
in systems with time-reversal symmetry leads to degenerate
skin modes localized at opposite boundaries. Although, in
the current system, the time-reversal symmetry is broken by

FIG. 9. Energy spectrum and one right eigenstate in the system
with OBC in all directions. We diagonalize the effective Hamiltonian
in the rotated geometry corresponding to Fig. 1(c). Panel (a) shows
the imaginary part over the real part of the energy of the effective
Hamiltonian. In panel (b), the color represents the amplitude of the
right eigenstate [indicated by the red color in panel (a)] over the
position in the system.

a small magnetic field, the breaking of the symmetry is not
very strong. Thus, in the fully open system, we can expect
a mixing of eigenstates localized at opposite boundaries. To
justify this hypothesis, we show the left and right eigenstates
of the f orbital with spin-up in Figs. 10(a) and 10(b) and
the left and right eigenstates of the f orbital with spin-down
in Figs. 10(c) and 10(d). Although time-reversal symmetry

FIG. 10. Right (
R) and left eigenstates (
L) in the system with
OBC in all directions. Panels (a) and (b) show the f -orbital, spin-up
component of the right and left eigenstate [indicated by the red color
in Fig. 9(a)]. The color indicates the amplitude over the position of
the atom in the lattice. Panels (c) and (d) show the f -orbital, spin-
down component of the same right and left eigenstate.
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is broken in this effective Hamiltonian, we can nevertheless
expect that the spin-up and spin-down components behave
approximately in the opposite way. We immediately see that,
as expected for skin modes, these eigenstates localize only in
one corner of the bottom and top surfaces. Furthermore, the
localization of the right and left eigenstates is opposite, which
confirms this fundamental property of skin modes. Finally, we
see that the localizations of the spin-up component and the
spin-down component are also opposite. As the full eigen-
state shown in Fig. 9(b) consists of spin-up and spin-down
components, this state is localized at two opposite corners
of the bottom and surface layers. Based on this argument,

we believe that the skin modes of this multiband system
are localized in two opposite directions on the bottom and
top layers.

Thus, the obtained numerical data indicates the existence
of skin modes that are localized at the hinges or corners of
the bottom and top surfaces under OBC in all directions.
However, we stress that the topological characterization of
the skin modes performed in the main text is only valid for
a system with mixed boundary conditions (OBC in the x and
z directions and PBC in the y direction). The topological
origin of the skin modes in the fully open system is left as a
future work.

[1] Z. Gong, Y. Ashida, K. Kawabata, K. Takasan, S. Higashikawa,
and M. Ueda, Topological phases of non-Hermitian systems,
Phys. Rev. X 8, 031079 (2018).

[2] R. El-Ganainy, K. G. Makris, M. Khajavikhan, Z. H.
Musslimani, S. Rotter, and D. N. Christodoulides, Non-
Hermitian physics and PT symmetry, Nat. Phys. 14, 11 (2018).

[3] K. Kawabata, K. Shiozaki, M. Ueda, and M. Sato, Symmetry
and topology in non-Hermitian physics, Phys. Rev. X 9, 041015
(2019).

[4] Y. Ashida, Z. Gong, and M. Ueda, Non-Hermitian physics, Adv.
Phys. 69, 249 (2020).

[5] E. J. Bergholtz, J. C. Budich, and F. K. Kunst, Exceptional
topology of non-Hermitian systems, Rev. Mod. Phys. 93,
015005 (2021).

[6] K. Yokomizo and S. Murakami, Non-Bloch band theory of non-
Hermitian systems, Phys. Rev. Lett. 123, 066404 (2019).

[7] K. Esaki, M. Sato, K. Hasebe, and M. Kohmoto, Edge states
and topological phases in non-Hermitian systems, Phys. Rev. B
84, 205128 (2011).

[8] Y. C. Hu and T. L. Hughes, Absence of topological insulator
phases in non-Hermitian PT -symmetric Hamiltonians, Phys.
Rev. B 84, 153101 (2011).

[9] V. M. Martinez Alvarez, J. E. Barrios Vargas, and L. E. F. Foa
Torres, Non-Hermitian robust edge states in one dimension:
Anomalous localization and eigenspace condensation at excep-
tional points, Phys. Rev. B 97, 121401(R) (2018).

[10] W. D. Heiss, The physics of exceptional points, J. Phys. A:
Math. Theor. 45, 444016 (2012).

[11] M. Müller and I. Rotter, Exceptional points in open quantum
systems, J. Phys. A: Math. Theor. 41, 244018 (2008).

[12] H. Shen, B. Zhen, and L. Fu, Topological band theory for non-
Hermitian Hamiltonians, Phys. Rev. Lett. 120, 146402 (2018).

[13] M.-A. Miri and A. Alù, Exceptional points in optics and pho-
tonics, Science 363, eaar7709 (2019).

[14] W. Wang, X. Wang, and G. Ma, Non-Hermitian morphing of
topological modes, Nature (London) 608, 50 (2022).

[15] J. C. Budich, J. Carlström, F. K. Kunst, and E. J. Bergholtz,
Symmetry-protected nodal phases in non-Hermitian systems,
Phys. Rev. B 99, 041406(R) (2019).

[16] R. Okugawa and T. Yokoyama, Topological exceptional sur-
faces in non-Hermitian systems with parity-time and parity-
particle-hole symmetries, Phys. Rev. B 99, 041202(R) (2019).

[17] T. Yoshida, R. Peters, N. Kawakami, and Y. Hatsugai,
Symmetry-protected exceptional rings in two-dimensional

correlated systems with chiral symmetry, Phys. Rev. B 99,
121101(R) (2019).

[18] M. M. Denner, A. Skurativska, F. Schindler, M. H. Fischer, R.
Thomale, T. Bzdušek, and T. Neupert, Exceptional topological
insulators, Nat. Commun. 12, 5681 (2021).

[19] C. C. Wojcik, X.-Q. Sun, T. Bzdušek, and S. Fan, Homotopy
characterization of non-Hermitian Hamiltonians, Phys. Rev. B
101, 205417 (2020).

[20] Z. Yang, A. P. Schnyder, J. Hu, and C.-K. Chiu, Fermion
doubling theorems in two-dimensional non-Hermitian systems
for Fermi points and exceptional points, Phys. Rev. Lett. 126,
086401 (2021).

[21] N. Hatano and D. R. Nelson, Localization transitions in
non-Hermitian quantum mechanics, Phys. Rev. Lett. 77, 570
(1996).

[22] S. Yao and Z. Wang, Edge states and topological invariants of
non-Hermitian systems, Phys. Rev. Lett. 121, 086803 (2018).

[23] M. Ezawa, Non-Hermitian boundary and interface states in
nonreciprocal higher-order topological metals and electrical cir-
cuits, Phys. Rev. B 99, 121411(R) (2019).

[24] C. H. Lee and R. Thomale, Anatomy of skin modes and topol-
ogy in non-Hermitian systems, Phys. Rev. B 99, 201103(R)
(2019).

[25] X.-W. Luo and C. Zhang, Higher-order topological corner states
induced by gain and loss, Phys. Rev. Lett. 123, 073601 (2019).

[26] D. S. Borgnia, A. J. Kruchkov, and R.-J. Slager, Non-Hermitian
boundary modes and topology, Phys. Rev. Lett. 124, 056802
(2020).

[27] K. Kawabata, M. Sato, and K. Shiozaki, Higher-order non-
Hermitian skin effect, Phys. Rev. B 102, 205118 (2020).

[28] K. Kawabata, N. Okuma, and M. Sato, Non-Bloch band theory
of non-Hermitian Hamiltonians in the symplectic class, Phys.
Rev. B 101, 195147 (2020).

[29] S. Longhi, Unraveling the non-Hermitian skin effect in dissipa-
tive systems, Phys. Rev. B 102, 201103(R) (2020).

[30] K. Zhang, Z. Yang, and C. Fang, Correspondence between
winding numbers and skin modes in non-Hermitian systems,
Phys. Rev. Lett. 125, 126402 (2020).

[31] K. Zhang, Z. Yang, and C. Fang, Universal non-Hermitian skin
effect in two and higher dimensions, Nat. Commun. 13, 2496
(2022).

[32] N. Okuma and M. Sato, Non-Hermitian topological phenom-
ena: A review, Annu. Rev. Condens. Matter Phys. 14, 83
(2023).

125114-8

https://doi.org/10.1103/PhysRevX.8.031079
https://doi.org/10.1038/nphys4323
https://doi.org/10.1103/PhysRevX.9.041015
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1103/RevModPhys.93.015005
https://doi.org/10.1103/PhysRevLett.123.066404
https://doi.org/10.1103/PhysRevB.84.205128
https://doi.org/10.1103/PhysRevB.84.153101
https://doi.org/10.1103/PhysRevB.97.121401
https://doi.org/10.1088/1751-8113/45/44/444016
https://doi.org/10.1088/1751-8113/41/24/244018
https://doi.org/10.1103/PhysRevLett.120.146402
https://doi.org/10.1126/science.aar7709
https://doi.org/10.1038/s41586-022-04929-1
https://doi.org/10.1103/PhysRevB.99.041406
https://doi.org/10.1103/PhysRevB.99.041202
https://doi.org/10.1103/PhysRevB.99.121101
https://doi.org/10.1038/s41467-021-25947-z
https://doi.org/10.1103/PhysRevB.101.205417
https://doi.org/10.1103/PhysRevLett.126.086401
https://doi.org/10.1103/PhysRevLett.77.570
https://doi.org/10.1103/PhysRevLett.121.086803
https://doi.org/10.1103/PhysRevB.99.121411
https://doi.org/10.1103/PhysRevB.99.201103
https://doi.org/10.1103/PhysRevLett.123.073601
https://doi.org/10.1103/PhysRevLett.124.056802
https://doi.org/10.1103/PhysRevB.102.205118
https://doi.org/10.1103/PhysRevB.101.195147
https://doi.org/10.1103/PhysRevB.102.201103
https://doi.org/10.1103/PhysRevLett.125.126402
https://doi.org/10.1038/s41467-022-30161-6
https://doi.org/10.1146/annurev-conmatphys-040521-033133


HINGE NON-HERMITIAN SKIN EFFECT IN THE … PHYSICAL REVIEW B 110, 125114 (2024)

[33] D. Nakamura, K. Inaka, N. Okuma, and M. Sato, Universal
platform of point-gap topological phases from topological ma-
terials, Phys. Rev. Lett. 131, 256602 (2023).

[34] M.-H. L. Xiujuan Zhang, Tian Zhang and Y.-F. Chen, A review
on non-Hermitian skin effect, Adv. Phys.: X 7, 2109431 (2022).

[35] K. Sone, Y. Ashida, and T. Sagawa, Exceptional non-Hermitian
topological edge mode and its application to active matter, Nat.
Commun. 11, 5745 (2020).

[36] R. Lin, T. Tai, L. Li, and C. H. Lee, Topological non-Hermitian
skin effect, Front. Phys. 18, 53605 (2023).

[37] F. K. Kunst, E. Edvardsson, J. C. Budich, and E. J. Bergholtz,
Biorthogonal bulk-boundary correspondence in non-Hermitian
systems, Phys. Rev. Lett. 121, 026808 (2018).

[38] N. Okuma, K. Kawabata, K. Shiozaki, and M. Sato, Topologi-
cal origin of non-Hermitian skin effects, Phys. Rev. Lett. 124,
086801 (2020).

[39] T. E. Lee, Anomalous edge state in a non-Hermitian lattice,
Phys. Rev. Lett. 116, 133903 (2016).

[40] S. Lieu, Topological phases in the non-Hermitian Su-Schrieffer-
Heeger model, Phys. Rev. B 97, 045106 (2018).

[41] J. Wiersig, Response strengths of open systems at exceptional
points, Phys. Rev. Res. 4, 023121 (2022).

[42] F. Minganti, A. Miranowicz, R. W. Chhajlany, and F. Nori,
Quantum exceptional points of non-Hermitian Hamiltonians
and Liouvillians: The effects of quantum jumps, Phys. Rev. A
100, 062131 (2019).

[43] F. Song, S. Yao, and Z. Wang, Non-Hermitian skin effect and
chiral damping in open quantum systems, Phys. Rev. Lett. 123,
170401 (2019).

[44] T. Haga, M. Nakagawa, R. Hamazaki, and M. Ueda, Liouvillian
skin effect: Slowing down of relaxation processes without gap
closing, Phys. Rev. Lett. 127, 070402 (2021).

[45] K. Ding, Z. Q. Zhang, and C. T. Chan, Coalescence of
exceptional points and phase diagrams for one-dimensional
PT -symmetric photonic crystals, Phys. Rev. B 92, 235310
(2015).

[46] T. Ozawa, H. M. Price, A. Amo, N. Goldman, M. Hafezi, L. Lu,
M. C. Rechtsman, D. Schuster, J. Simon, O. Zilberberg, and I.
Carusotto, Topological photonics, Rev. Mod. Phys. 91, 015006
(2019).

[47] C. E. Rüter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev, and D. Kip, Observation of
parity–time symmetry in optics, Nat. Phys. 6, 192 (2010).

[48] A. Regensburger, C. Bersch, M.-A. Miri, G. Onishchukov,
D. N. Christodoulides, and U. Peschel, Parity–time synthetic
photonic lattices, Nature (London) 488, 167 (2012).

[49] B. Zhen, C. W. Hsu, Y. Igarashi, L. Lu, I. Kaminer, A. Pick, S.-
L. Chua, J. D. Joannopoulos, and M. Soljačić, Spawning rings
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