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Transition between scattering regimes of two-dimensional electron transport
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We examine two-dimensional electron transport through a long narrow channel driven by an external electric
field in the presence of diffusive boundary scattering. At zero temperature, we derive an analytical solution
of the transition from ballistic to diffusive transport if we increase the bulk disorder strength. This crossover
yields characteristic current density profiles. Furthermore, we illustrate the current density in the transition from
ballistic to hydrodynamic transport. This corresponds to the Gurzhi effect in the resistivity. We also study the
influence of finite temperature on current densities and average current in this system. In particular, we analyze
how a particular scaling law of electron-electron scattering with respect to temperature affects the current along

the channel.
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I. INTRODUCTION

In recent years, the field of two-dimensional (2D) electron
transport has advanced remarkably [1-6]. The emergence of
ultraclean two-dimensional materials such as Ga(Al)As het-
erostructures, graphene, or transition-metal dichalcogenides
(TMDCs) has sparked developments both experimentally and
theoretically [7-31]. In 2D systems, bulk scattering is less
dominant than in their 3D counterparts. Consequently, it is
possible to efficiently reduce impurity scattering in these sys-
tems. This possibility allows us to explore other than diffusive
transport regimes in the laboratory, such as ballistic trans-
port, hydrodynamic transport, and their crossovers. Special
focus lies on channel geometries as a setup for a 2D sys-
tem with boundaries [19,21-25]. Particular transport regimes
show characteristic flow profiles, which are observable in the
laboratory [21,32].

A theory of ballistic transport of a 2D electron gas in the
presence of electron-electron interactions in a channel has
been developed in Ref. [19]. It has been predicted that the
average current diverges logarithmically for weak electron-
electron scattering. This divergence stems from longitudinal
modes that do not scatter at the boundaries of the channel. We
further develop this theory by different means: (i) We derive
an analytical solution based on Meijer-G functions for the
current density and the average current valid for arbitrary im-
purity scattering and weak electron-electron scattering rates.
(i) We study the current density if we crossover between dif-
ferent transport regimes (ballistic, diffusive, hydrodynamic).
Interestingly, the profile of the current density for ballistic
transport and hydrodynamic transport (with diffusive bound-
aries in a channel geometry) look alike. Those profiles differ,
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however, for diffusive transport. (iii) We analyze the temper-
ature dependence of transport for particular scaling laws of
2D electron-electron scattering. We obtain analytical results
under the assumption that impurity scattering is dominating
over electron-electron scattering.

This paper is organized as follows. We introduce our model
of a 2D electron system in a channel geometry in Sec. II.
In Sec. III, we present the analytic solution for the current
density and the average current describing the transition from
ballistic to diffusive transport. In Sec. IV, we show current
density profiles illustrating the transitions between differ-
ent transport regimes (ballistic, diffusive, hydrodynamic). In
Sec. V, we extend the theory to finite temperature. We pay
particular attention to the temperature dependence of the av-
erage current in channel geometry. We conclude in Sec. VL.

II. MODEL

We consider 2D electron transport through a long but
narrow sample of length L and width W, where L > W,
schematically illustrated in Fig. 1. We are interested in the
linear response to a homogeneous electric field Ey along the
sample in the x direction. The response is described by a
nonequilibrium part in the distribution function f. Hence, the
distribution function takes the form

f=fo+df, (1)

where fj is the equilibrium Fermi distribution.

The distribution function depends on a number of param-
eters related to the setup, the applied field, and the scattering
mechanisms that we analyze in our work.

For the nonequilibrium part of the distribution function é f,
it is common to use the ansatz

0
8f = <—a—];0>h, @)
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FIG. 1. Schematic illustration of the 2D electron channel of
width W with an external electric field E, applied in longitudinal
direction.

where € is the electron energy. In semiclassics, which is the
regime in which we are interested, f is a function of time,
space, and momentum f(X, p, t). We directly drop the time
dependence as we want to study stationary solutions. Since
we assume L > W, we also drop the x dependence as our
distribution should not depend on the longitudinal direction
in this regime. This leaves us with f = f(y, p). Next, we
introduce the angle ¢, chosen as the angle of the electron ve-
locity with the normal of the left sample edge (cf. Fig. 1). The
electron velocity and therefore also the electron momentum is
expressed through this angle via

P=m-v=m-v(e)- CS;((ZZ))) 3)

where m is the electron mass. The corresponding kinetic equa-
tion is given by

v(e)(cos(w)z—h — sin(go)eEo) = St[h]. )
y

The collision integral St[A] on the right-hand side of Eq. (4)
includes electron-electron scattering and scattering due to dis-
order. We use a simplified form of the collision integral that
satisfies these constraints [18,23],

Stlh]l = —yh + yeePIh] + vaPolhl, ®)

where Yy = y; + Ve 1s the total (energy-independent) scat-
tering rate; y,. and y, are the electron-electron and disorder
scattering rates, respectively. Pyand P=P_| + Py + P, are
projectors of A(p) onto the subspaces {1} and {1, e*}. Since
we consider zero magnetic field the terms proportional to
Py[h] vanish [23,24], which implies particle conservation. In
the analytical results presented in Secs. III and V below, we
neglect the P[h] term, which is a reasonable approximation
if y.. < y4 [19]. However, we keep the P[h] term in our
numerical analysis presented in Sec. IV.

We assume fully diffusive Fuchs boundary conditions [33]
[34], parametrized as

T
h(_W/27(p):Clv - A <(p< 57 (6)
3
hW /2, 9) = ., % << 7” )

Here, ¢; and ¢, are quantities that correspond to the average
value of the distribution function over all angles associated
with electrons reflected from the respective other edge. They

are defined as

1 372
o= / dg' cos(pHh(=W/2,¢), ()
/2
1 /2 ,
=3 / dg’' cos(¢ )h(W/2, ¢'). ®)
- /2

Due to these boundary conditions, the probability of an elec-
tron being reflected on the sample edge is independent of the
reflection angle ¢ at a given boundary. Moreover, the trans-
verse component of the electron flow vanishes at the edges and
therefore, due to the continuity equation with the absence of
magnetic field, everywhere. These considerations imply that
¢; + ¢, = 0. For any antisymmetric function h(£W/2, ¢) in ¢
this results in ¢; = ¢, = 0.

Combining Eqgs. (4) and (5) with the aforementioned ap-
proximation, we obtain the simplified kinetic equation

ah
cos(p) - — eEpsin(p) = ~y'h, (10)
y

with y' = U(ZF). In Eq. (10), we replace € by €f in the velocity

v(e), as we are interested in the low-temperature regime,
kgT < €f, for now. All terms in Eq. (10) have the dimension
(energy/length). We divide the equation by (§;) to arrive
at a dimensionless equation. Introducing the dimensionless
variables

h . eEgW
h = 0= )
€F €F
A y N ’
= = W’
y W Y=Y

and inserting them into the kinetic equation yields

oh . .
cos«m; — Epsin(p) = —ph, (11)
b

which we now analyze in detail.

III. CROSSOVER FROM BALLISTIC TO DIFFUSIVE
TRANSPORT

It is straightforward to solve Eq. (11) with boundary con-
ditions (7) [19]. The result can be written as

o o
by = BSn@ 1 (CPOEDNE )
7 cos(9)

where the index =+ indicates the solution satisfying the bound-
ary condition for the left and right edge, respectively. We are
interested in the current density in the longitudinal direction,

dp

Qrh)?’ (13)

Jx(y) = 26/ v 8 f

and the corresponding average current I = [ dyj.(y). For
simplicity, we normalize the current density and drop the
index x to arrive at j(§) = e,f*v((y;), where D = 2 is the
two-dimensional density of states. Then, the normalized,
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longitudinal current density can be expressed as

/2 o 2 A 1
R e AR )] P
np TP cos(p)

N /3”/2 Eysin(p)’ | —exp 70 -3) do
/2 Ty cos(p)
(14)

The analytical solution of the remaining integral over the
angle ¢ is given by

E
i6) = é[Z(l +2§)%9° (15)
+

0’2 )]
1 1 5
2570 07 0

0,2 ..
where G%:g(%(l j:2j1)2f/2|l Lo 0) denotes the Meijer-G
2’ 2? 9
function. The average current associated with this current

density takes the form
)
14
G Y-
3,5( 4

This result for the current is valid for arbitrary y within the
validity regime of the Boltzmann Eq. (10). In the limit y — O,
we obtain in leading order

1
— 47TG§:2<E(1 +29)%9?

EoW]? ﬂEoW
3 29

1
=, 0,2
27 9
11 _%’0,0) (16)

272

f:

I 2w [ ( 1 ) 1 }
—=—|In{—-)+I@2)+=-—-1T|, (17)
E() T Y 2
where I" is Euler’s constant. Note that Eq. (17) resembles
Eq. (22) in Ref. [35]. For  >> 1, the current given by Eq. (16)
becomes [ o % This is visualized via the resistance R = % o
7 in Fig. 2(d). It marks the Drude regime, where boundary
scattering is not contributing to the current.

We emphasize that Eqs. (15) and (16) describe analytically
the full crossover from ballistic to diffusive transport in a
channel geometry with diffusive boundary conditions.

IV. CURRENT DENSITY PROFILES

In the following, we present and analyze current density
profiles for different transport regimes (ballistic, diffusive,
hydrodynamic). Some results are based on analytical solutions
presented in the previous section. Others are derived numeri-
cally.

In the limit < 1, the current density (15) shows
parabolic behavior, illustrated in Fig. 2(a). This feature is
somewhat counterintuitive but known. It can be viewed as
a current density that resembles the shape of hydrodynamic
electron flow in weakly interacting systems (hydro without
hydro). It stems from the combination of ballistic transport
with diffusive boundary scattering. For y > 1, we observe the
transition to the diffusive regime, which has the characteristic
flat form of the current density [29] due to dominant bulk-
impurity scattering. This crossover from ballistic to diffusive
transport is fully described by our analytical results.

Note that Eqgs. (15) and (16) also describe transport
regimes, in which electron-electron scattering is relevant as

long as the corresponding scattering rate is weak enough [see
Fig. 2(b)]. Exploiting the numerical methods described in
Ref. [36], we solve Eq. (4) taking into account all terms in the
collision integral (5) with two parameters y,. and ;. Then,
we are able to reproduce the results of Ref. [35]. However, we
go beyond these results by a careful comparison of the current
densities if we crossover between different scattering regimes.
We mention in passing that the numerical results for $,, = 0
coincide with the analytical results given by Egs. (15) and (16)
[37].

In Fig. 2(b), we show the transition from ballistic to hy-
drodynamic transport for two different values of 7;. We find
that the transition to the hydrodynamic regime, characterized
by the parabolic form of the current density, occurs only for
smaller values of §,. Instead, for larger values of y;, impurity
scattering in the bulk is dominant. This is most pronounced
for §; > 1, as illustrated in Fig. 2(c). In this case, the cur-
rent density can no longer take a parabolic form even for
very large values of 7., > 7,. Increasing the electron-electron
scattering rate then just enhances the flat range of the cur-
rent density. This phenomenon can also be observed in the
resistance, which becomes linear for $; > 1 for all values
of .., displayed in Fig. 2(d). The linear behavior sets in
earlier for stronger electron-electron scattering. This occurs
because the strong scattering between electrons as well as
electron-impurity scattering hinders the majority of electrons
from undergoing diffusive scattering at the boundaries. In-
deed, the characteristic time for a diffusive transition across
the channel is 1, ~ W2v;2()/d + y..). Hence, the role of the
boundaries becomes negligible in the limit 7, — co, which
can be achieved by tuning y,. as well as ;.

In Fig. 2(d), we illustrate nonmonotonic variations of the
resistance R for fixed values of 4. For instance, for small val-
ues 74, R first increases with increasing .. (Knudsen effect)
and then decreases with increasing 7,, (Poiseuille effect). The
crossover from Knudsen to Poiseuille as a function of §,, is
known as the Gurzhi effect.

V. FINITE-TEMPERATURE CURRENT AFFECTED BY
ELECTRON-ELECTRON SCATTERING

In this section, we investigate the influence of finite tem-
perature on average current and current density. We restrict
ourselves to weak electron-electron scattering, i.e., Y. <K V4.
This assumption allows us to neglect the P[fz] term in Eq. (5).
We start with the solution to the kinetic equation displayed in

Eq. (12) and reintroduce the energy dependence by v(e) =

R i;"e. This implies that we assume a quadratic dispersion

relation of the electrons. In this section, we keep the physical
dimension of the relevant parameters and observables of our
model for now, to precisely consider the energy and tempera-
ture dependence of transport. Then, Eq. (12) is modified as

h(3, ¢, €) = Eosinly)v2me |:1—exp (

ym

_ 7Gx gm
cos(p)+/2me '
(18)
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FIG. 2. (a) Transition from ballistic (§; = 0.1) to diffusive (7, = 10) transport in the current density j(9). Dots are numerical results, and
solid lines are the corresponding analytical results. (b) Transition from ballistic to hydrodynamic transport as a function of J,, in the current
density j(¥) for §; = 0.1 (green curves) and , = 1 (blue curves). (c) Current density j(¥) for $, = 10 at different values of 7,.. (d) Resistance
R= @ as a function of y, at different values of $,.. The inset zooms in and compares the numerical result (dots) and the analytical result
(solid line) given by Eq. (16) in the regime .. < 7,. In (b)—(d), solid lines show analytical results and all other lines (dashed, dotted, dashed

dotted) are numerical results.

where Ey = eEgW, 7 = yW, and § = % The relevant inte-
gral for the current density is given by

dp

@y )

o) = 2e/ v5f

where e is the elementary charge, v the velocity vector, and
8 f the nonequilibrium part of the distribution function. We
use the same ansatz, § f = (—%) fz(y, @, €), as before. Next,
we transform the momentum vector p to polar coordinates and
switch from momentum to energy integration. This results in

7(}7)=/d6/d<pe 2m€< %) (Sin((p))ﬁ(?,w,e).

2725 U 9e ) \cos(p)
(20)

We now address the current density that stems from charge
carriers in an energy window around the Fermi energy €5 of
size kgT, i.e.,

kgT .

- e et 7 /2me
() = —— de | a

](y) 27T2h2 ,/E‘F]‘BJ E/; (p

kgT
X (Sin(q)))fl(y, @, €).

cos(p) @n

The prefactor of 1/kgT ensures that, in the limit 7 — O,
the results of the previous section are recovered. Since the
transverse direction of the current density vanishes, we are
left with the longitudinal current density j,(¥). For simplicity,
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we drop the index x in the following. Inserting /.. (, ¢, €) specified in Eq. (18), we obtain for j, (),

ek ertksT/2 € ., y(F+ 3)m
j+ () = —/ de/ dp—sin(p)“| 1 —exp| —————=—— |. (22)
* 7212 kgT Jep—iyr 2 —z Y P cos(p)v/2me
A similar expression can be written down for j_(§) determined by /_ (¥, ¢, €) specified in Eq. (18). Solving these integrals, the
full current density j(¥) = j+(J) + j—(F) can again be expressed in terms of Meijer-G functions as

ol

zh? \4

. eEomy (1
jG) = (— +y2> +

oo MG =)
>4\ 4(kpT + 2€r)

-2,1
3 3
T2 T2 _29 -2

-2,1
3 3
T2 T2 _23 -2

If we integrate the coordinate y over the width of the channel,
we arrive at the average current

eEoWmyp  eEgWm?*y3
3nh? 641 kT

< |21~ my? -3 -2,1
3,5 3 3 5
4(kBT_2EF) _57_57_25_2’ -2

2 3
my R |
—Gg’; — 32 5 .24
’ 4(kBT+2€F) _27 _57_51 _21 _2
For low temperatures k3T < €p, we can expand Eq. (24) up
to second order in kgT /€F, yielding
_ eEoWmy  eEgWm?y3
3 i 6417 er

20 m?z(%-Fi)z
24\ 4(kgT + 2¢r)

ksT \* 72
+( 22 F my- . (25)
26]: 86]:
where we define the function F(z) as

3 2
— - 0
I (z) =—G§’é( 3 %2’ 5 ’ 2 2)
’ _E’ _37_2’_ ’_

1 -3,0,1
+6G§:§(Z‘_§ N _2,3)' (26)
We note that, in the limit 7 = 0, Eq. (25) becomes Eq. (16).
As verified in Sec. IV [cf. Fig. 2(d)], the analytical result for
the current (25) resembles the full numerical result for weak
electron-electron scattering rates (¥, < 74)-

In general, electron-electron scattering is temperature
dependent, while impurity scattering does not depend on tem-
perature. To mimic this behavior, we use the following ansatz
for the total scattering rate,

)7 =¥Vs+ )7ee = 77d + C(kBT)aa (27)

eEgm®p? [ (1 ! 20 —
6arisT |\2 7 7) | 724\ T a4 T = 26p)

1 4 20 mj}z(%‘i‘j’)z
—a5) g2 22 T
+<2+y> [ “( 4kaT —267)

my*(3 =)

-2,1
3 3
T2y 7T 2 _27 _2

-2,1
3 3
T2 T2 _27 -2

(23)

(

where we assume ¥, > C(kgT )* to stay in the validity regime
of our analytical approach. We keep the exponent « as a
variable to be able to follow it in the expression below. In
general, @ = 2. Inserting this ansatz into Eq. (25), we obtain
in leading order of C(kgT )* /74,
eEOWm?d eEOWmZ)”/d3
3 i 647 €r

~2

_G2! my

x |: 3,5( 8¢y
ksT\* 72
(5B (Y
261: 86[:
eEonC(kBT)“

3 h?

~2
my
_G*!
x |: 3’5( 8€F
kT \? 72
(5B (Y
261: 86[:
eEgWm?292C (kgT )™
645 er

eEgWm?392C (kgT )™
64h%ep

3
)
_39 T2y T 72 _27 -2

2

kBT 2 m]72
+H =) H— | 28
(261:) <86F ( )
where H(z) is defined as
3
—-5,0,0
H(z):—G%:;(z 3 3 21)
T2y T2y T T4
3
—5,0,0,1
~|—Gi’é(z 3 s )
’ _57_55_57_27152
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We emphasize that Eq. (28) describes analytically the full
crossover of the average current from ballistic to diffusive
transport at finite temperatures in the presence of weak
electron-electron scattering in a channel geometry with diffu-
sive boundary conditions. In principle, it can be employed to
determine the exponent «. For small temperatures, o should
be equal to 2 in 2D electron transport, even if we take into
account a mode-dependent scattering rate [27,28]. The reason
is that the electron-electron scattering rate of the long-lived
modes at small temperatures is predicted to scale as 72 with
temperature 7'. Those modes should be the most relevant ones
in the validity regime of Eq. (28), i.e., weak electron-electron
scattering.

VI. CONCLUSIONS

We derive an analytical solution for the current density
and average current at zero temperature that describes the
transition from ballistic to diffusive transport. Additionally,
we analyze the transition between different scattering regimes

(ballistic, diffusive, hydrodynamic) numerically. We illustrate
these transitions by characteristic current density profiles.
They imply that it is difficult to distinguish ballistic from
hydrodynamic transport based on current density profiles. In
the regime of weak electron-electron scattering as compared
to impurity scattering, we derive an analytical expression for
the temperature dependence of the average current in channel
geometry with diffusive boundaries.
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