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Dependence of high-harmonic generation in twisted bilayer graphene on laser pulse ellipticity
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The ellipticity of a laser pulse offers a control knob to tune the efficiency and polarization of emitted
higher-order harmonics. In this paper, we systematically investigate the ellipticity dependence of high-harmonic
generation in various bilayer graphene systems, such as AA-stacked, AB-stacked, and twisted bilayer graphene.
We demonstrate how the underlying symmetries and electronic band structures of different bilayer systems
distinctly contribute to the characteristics of ellipticity dependence, such as elliptical enhancement and elliptical
dichroism. Additionally, we showcase a unique applicability of high-harmonic spectroscopy as a tool for
identifying stacking faults in bilayer graphene systems. Our findings offer valuable insights into the nonlinear
optical interactions of twisted bilayer graphene with different twist angles.
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I. INTRODUCTION

The emergence of miniaturized quantum technologies
traces back to the groundbreaking discovery of graphene [1].
Two-dimensional materials offer unprecedented advantages
across various applications such as sensing, catalysis, en-
ergy storage, and the development of ultracompact elec-
tronic and optoelectronic devices [2–4]. One particularly
fascinating aspect of two-dimensional materials is tunabil-
ity, where techniques like strain engineering and doping
can significantly modify their electronic properties [5–7].
Alternatively, manipulating the stacking configurations in
multilayer two-dimensional systems brings novel physics,
with van der Waals heterostructures as an example [8–10].
Recently, another intriguing stacking engineering approach
was explored, involving the formation of a moiré pattern
through the introduction of a relative twist between the
layers in bilayer systems [11–13]. In particular, twisted bi-
layer graphene (TBG) around the magic angle near 1.1◦
exhibits fascinating physics, including unconventional super-
conductivity [12,14,15], correlated insulator behavior [11,15],
emergent ferromagnetism [16], and a strange metal phase [17]
to name but a few.

High-harmonic generation (HHG) is a strong-field fre-
quency upconversion process [18], pioneered by Ghimire
et al. in semiconductors [19]. In the past decade, high-
harmonic spectroscopy has demonstrated its versatile poten-
tial in characterizing the electronic properties of bulk [20–46]
and two-dimensional materials [47–58]. Specifically, high-
harmonic spectroscopy of untwisted [59–61], and twisted bi-
layer graphene configurations was reported recently [62–64],
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revealing that the spectrum contains valuable insights about
the underlying electronic structure and its symmetries. More-
over, recent studies in various multilayer two-dimensional
materials revealed that the interlayer coupling has a significant
role in the ultrafast electron dynamics [65–72].

It is known that controlling the polarization of the driving
laser field allows one to tailor subcycle electron dynam-
ics, which results in a desired control over polarization and
the efficiency of emitted harmonics [30]. Moreover, distinct
properties of a solid can be probed by optical response
of different laser polarizations. Thus, ellipticity dependence
of HHG provides critical insights regarding the electronic
structure [30,45] as well as the underlying mechanism of
HHG [25]. The ellipticity dependence in monolayer graphene
has recently garnered significant interest due to the anomalous
nature of the enhanced harmonic yield at a specific elliptic-
ity [48]. Although the interesting ellipticity dependence in
monolayer graphene has been explored in detail [60,73–75], a
systematic comparison of the ellipticity dependence of HHG
in different bilayer graphene systems, especially in TBG, is an
unexplored territory.

The present paper focuses on a systematic and detailed
investigation of the ellipticity dependence of HHG from dif-
ferent bilayer graphene configurations. We consider graphene
bilayers with AA-stacked, AB-stacked, and twisted bilayer
configurations. We find that the stacking order influences the
ellipticity dependence significantly. The harmonic yield is op-
timal for a finite elipticity of the driving laser pulse. Moreover,
symmetries arising from interlayer coupling in AB-stacked
and TBG configurations play an important role in determin-
ing the characteristic ellipticity dependence. Furthermore, we
demonstrate that the elliptical dichroism in HHG can serve
as an all-optical characterization tool for stacking faults in
bilayer graphene systems.

II. THEORETICAL METHODS

Graphene possesses a hexagonal unit cell with two
nonequivalent carbon atoms, denoted as A and B. The lattice
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FIG. 1. Lattice structures of (a) AA-stacked, (b) AB-stacked, and (c) twisted bilayer graphene (TBG) systems. The twisted bilayer graphene
in (c) has a twist of 13.17◦ between the layers. The red parallelogram represents the primitive unit cell of the TBG with lattice vectors t1 and
t2. (d) The first Brillouin zone of the untwisted bilayer graphene. (e) The first Brillouin zones of the bottom (black) and top (brown) graphene
layers, along with the resultant Brillouin zone of the TBG (red).

vectors of graphene are given by a1 = a0(-1/2,
√

3/2) and a2

= a0(1/2,
√

3/2) [see Fig. 1(a)]. A bilayer graphene can be
formed by stacking graphene layers in the following config-
urations: (a) AA-stacked bilayer graphene, where the second
layer is placed exactly on top of the first layer [Fig. 1(a)], (b)
AB-stacked bilayer graphene (Bernel stacking), where A-type
atoms in the top layer are positioned on top of B-type atoms
in the bottom layer [Fig. 1(b)], and (c) TBG, characterized by
a relative twist between the bottom and top layers, introduc-
ing a moiré pattern [Fig. 1(c)]. Among these configurations,
AB-stacked graphene is the most energetically stable and
commonly observed experimentally. Note that AB stacking
can be seen as a special case of TBG, where the layers have a
relative twist of 60◦.

In this paper, we investigate TBG structures resulting
from the commensurate rotation of the top layer relative to
the bottom layer, following the methodology described in
Refs. [76,77]. The TBG lattice vectors are defined as t1 =
na1 + ma2 and t2 = −ma1 + (n + m)a2 with n and m as in-
tegers. The primitive unit cell of TBG contains a total of
4(n2 + m2 + mn) atoms [76]. For instance, we obtain a TBG
structure with a relative twist of 13.17◦ with 76 atoms in the
unit cell for (n, m) = (2, 3), as depicted in Fig. 1(c).

The tight-binding model focusing on the pz orbitals of car-
bon atoms effectively describes the low-energy band structure
of graphene [78]. The tight-binding Hamiltonian is given by

Hk = −
∑
μν

ϒμνeik·dμν â†
μkâνk. (1)

Here, ϒμν is the hopping integral between atomic sites μ and
ν with position vectors Rμ and Rν . â†

μk (âμk) is the electron
creation (annihilation) operator at the μth site. We define
dμν = Rμ − Rν , and ϒμν=ϒ(dμν ). The hopping integral for
bilayer graphene is parametrized as [77]

−ϒ(d) = Vπ (d )

[
1 −

(
d · ez

d

)2
]

+ Vσ (d )

(
d · ez

d

)2

, (2)

where d = |d|, and ez is the unit vector along the out-of-
plane direction. The intralayer hopping energy is Vπ (d ) =
V 0

π e−(d−a)/δ0 , and the interlayer hopping energy is Vσ (d ) =
V 0

σ e−(d−c)/δ0 . Here, a is the interatomic distance, c is the
interlayer separation, and δ0 is the decay length. The lattice
and tight binding parameters used are listed in Appendix A.

Let A denote the vector potential associated with its elec-
tric field E, and they are related as E = −∂A/∂t . The time
dependence in the Hamiltonian is introduced via the Peierls
substitution within the dipole approximation as Hk(t ) =
Hk+A(t ). We employ the density matrix formalism to describe
laser-driven electron dynamics. The Liouville–von Neumann
equation of motion [63] governing the density matrix operator
at k is expressed as

d

dt
ρmnk = i[ρ̂k, Ĥk+A(t )]mn − (1 − δmn)

T2
ρmnk. (3)

Equation (3) is solved by projecting the operators onto
the eigenstates of the ground-state Hamiltonian in Eq. (1),
|n, k〉 (ρmnk = 〈m, k|ρ̂k|n, k〉). The last term on the right hand
side accounts for electron-hole dephasing, where T2 is the
dephasing time and δmn is the Kronecker delta. We assume
a dephasing time T2 of 10 fs in the paper. The numerical inte-
gration is performed employing the fourth-order Runge-Kutta
method with a time step of 0.02 fs.

The current operator at k is defined as

ĵk = ∇kHk = −i
∑
μν

dμνϒμνeik·dμν â†
μkâνk. (4)

Therefore, the laser-driven current within the density matrix
formalism can be estimated as

j(t ) = 1

Nk

∑
k

Tr(ρ̂k ĵk+A). (5)

Here, Nk is the number of k points. In the present paper, the
reciprocal unit cell is sampled with a spacing of 0.014 Å−1,
while the length of the reciprocal lattice vector of graphene is
2.95 Å−1.
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The high-order harmonic spectrum is obtained by comput-
ing the Fourier transform of the time derivative of the current
as [79]

I (ω) =
∣∣∣∣FT

(
d

dt
j(t )

)∣∣∣∣
2

. (6)

The yield for the nth-order harmonic can be calculated using

the formula Ynω0 = ∫ (n+ 1
2 )ω0

(n− 1
2 )ω0

I (ω)dω.

The vector potential associated with the laser pulse is de-
fined as

A(t ) = Re[A0ep f (t )eiω0t ]. (7)

Here, A0 is the peak amplitude of the vector potential, ω0 is the
frequency of the laser pulse, f (t ) is a sin2 envelope function,
and ep is the polarization vector. The polarization vector of
an elliptically polarized laser pulse with ellipticity ε and po-
larization angle θ can be written as ep = 1√

1+ε2 Rθ · (1, iε)T ,
where Rθ is the 2 × 2 rotation matrix. We employ laser pulses
characterized by a peak intensity of 1011 W/cm2, a wave-
length of 3.2 µm (photon energy of 0.39 eV), and a duration
of 85 fs. Throughout our paper, all laser parameters remain
constant, except for the polarization properties denoted by ε

and θ . The opposite signs of ε denote opposite helicity, where
ε = ±1 corresponds to circularly polarized laser fields, and
ε = 0 indicates a linearly polarized laser field. The results
presented for AA-stacked and AB-stacked bilayer graphene
configurations are performed in a supercell containing the
same number of atoms as the TBG. We use the TBG config-
uration shown in Fig. 1(c) throughout the paper, unless stated
otherwise.

III. RESULTS AND DISCUSSION

Figures 2(b)–2(d) present ellipticity dependence of HHG
calculated for different bilayer graphene systems. The har-
monic yields are normalized to the maximum harmonic yield,
Ynω0 (ε)/ max[Ynω0 (ε)]. To ensure a fair comparison between
different configurations, we align the major axis of the el-
lipse along the �-K direction in reciprocal space as shown in
Fig. 2(a). The following interesting observations can be made.

(i) Symmetric harmonic yields, i.e., the yields of different
harmonics, are insensitive to the incident laser helicity.

(ii) The ellipticity dependence demonstrates strong sensi-
tivity to the stacking configuration of the bilayer graphene.

(iii) The peak harmonic yield occurs at a finite value of
laser ellipticity.

Let us investigate how these peculiar features of the el-
lipticity dependence correlate with the underlying stacking
configuration and the associated electronic structure.

A. Elliptical enhancement and stacking configuration

In atoms, the harmonic yield decays exponentially as the
ellipticity of the driving laser increases. This behavior is
explained by the semiclassical three-step model, where the
recollision probability diminishes with increasing elliptic-
ity [80,81]. However, elliptical enhancement is a characteristic
feature of HHG from semiconductors [25,82]. This phe-
nomenon highlights the existence of an optimal elliptical

FIG. 2. Ellipticity dependence of the harmonic yield when the
major axis of the ellipse is aligned along the �-K direction of the
Brillouin zone, as shown in (a), for (b) AA-stacked, (c) AB-stacked,
and (d) twisted bilayer graphenes. The harmonic yields are normal-
ized to the peak yield of the corresponding harmonic order. Panels
(e)–(g) show the same analysis as (b)–(d) without any interlayer
coupling, i.e., V 0

σ = 0.

polarization state that maximizes the efficiency of HHG in
solids. Thus, understanding the mechanisms underlying the
elliptical enhancement is crucial for optimizing the perfor-
mance of nonlinear optical devices based on bilayer graphene.
Previously, an anomalous elliptical enhancement has been ex-
perimentally observed in monolayer graphene [48]. Moreover,
the elliptical enhancement in monolayer graphene, compared
to AB-stacked bilayer graphene, was discussed in Ref. [60],
which is consistent in the present case.

We follow Refs. [25,82] to understand the mechanism of
elliptical enhancement. It is known that there are multiple
optical paths that contribute to HHG in solids [20]: Excit-
ing electrons between different energy bands contributes to
interband polarization. Moreover, laser-excited electrons can
be driven within the respective band, giving rise to intraband
current. These competing mechanisms interfere constructively
or destructively, depending on the energy and polarization
of the emitted harmonic, resulting in a peculiar ellipticity
dependence.

The band structures corresponding to different stacking
configurations are compared in Appendix A [Figs. 9(a)–9(c)].
It is apparent that differences in band dispersions and inter-
band dipole matrix elements lead to distinct interband and
intraband contributions to harmonic emission. The interband
electron dynamics is governed by the coupling term ep · pmn,
where pmn is the momentum matrix element between mth
and nth energy bands. So, the polarization vector of the
laser field, ep, also has a strong role in determining the ul-
trafast electron dynamics. The band structures of the AA-
and AB-stacked bilayer graphene configurations consist of
four bands in the primitive unit cell [60]. Consequently, elec-
trons in the valence bands have a maximum of two interband
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FIG. 3. Ellipticity dependence of the harmonic yield for finite
(black, T2 = 10 fs) and infinite (red) dephasing time in (a) AA-
stacked, (b) AB-stacked, and (c) TBG configurations. All harmonic
yields are normalized to the peak yield.

channels for excitations. Conversely, the band structure of
the TBG with Nat atoms comprises Nat/2 valence and Nat/2
conduction bands when calculated in the primitive unit cell.
Therefore, each electron in the valence band has Nat/2 in-
terband channels to the conduction bands. These additional
interband channels in TBG give rise to its peculiar ellipticity
dependence and result in much pronounced elliptical enhance-
ment compared to AA-stacked and AB-stacked bilayers (see
Fig. 10). In short, nonlinear processes and their dynamic
interference are considerably different in different bilayer
graphene configurations, resulting in the stacking-sensitive
ellipticity dependence, as shown in Figs. 2(b)–2(d). Further-
more, the intraband contribution dominates near the Fermi
energy, primarily due to the limited joint density of states
for the interband transitions [60]. Consequently, the elliptical
enhancement is weak for the third-order harmonic. Note that
a correlation between the band structure and HHG from TBG
has been established, which can be utilized to characterize the
magic angle of the TBG [64].

We further investigate the significance of electron-hole
dephasing on the observed ellipticity dependence. Figure 3
compares the ellipticity dependence of harmonic yield with
and without accounting for dephasing. It is noteworthy that
the presence of dephasing significantly alters the harmonic
yields, particularly for the fifth harmonic in AB-stacked bi-
layer graphene and the fifth and seventh harmonics in TBG.
This underscores the importance of including appropriate de-
phasing channels in modeling high-order harmonic processes.

Let us turn our discussion to the role of interlayer coupling
in the ellipticity dependence as shown in Figs. 2(e)–2(g). We
consider two graphene layers arranged as in Figs. 1(a)–1(c)
without any interlayer coupling, i.e., V 0

σ = 0. The results in

FIG. 4. Direction-resolved contributions to the ellipticity depen-
dence in (a) AA-stacked, (b) AB-stacked, and (c) TBG configura-
tions. Harmonic yields are resolved along the major (orange) and the
minor (blue) axis of the polarization ellipse. All harmonic yields are
normalized to the peak of the total yield (black).

Figs. 2(e) and 2(f) are identical to that of monolayer graphene,
while Fig. 2(g) is for two layers of graphene in a twisted
configuration. It is interesting to note that the ellipticity de-
pendence of the AA-stacked bilayer graphene [Fig. 2(b)]
resembles that of monolayer graphene [Fig. 2(e)]. This is
in agreement with previous work on monolayer and AA-
stacked bilayer graphene exposed to a linearly polarized laser
field [60]. It was attributed to the comparable interband ma-
trix elements resulting from the same point group symmetry
of these materials [60]. On the other hand, interlayer cou-
pling strongly modifies the harmonic emission in AB-stacked
and TBG configurations. In TBG, we observe differences
in the ellipticity dependence compared to that of monolayer
graphene, even without interlayer coupling as evident from
Fig. 2(g). This is because the polarization vector of the laser
field is aligned along different symmetry directions for the
top and bottom graphene layers [63]. Thus, the interference
of currents from different layers creates a distinct ellipticity
dependence compared to monolayer graphene. Therefore, the
arrangement of atoms in TBG is also an important factor
determining its characteristic ellipticity dependence.

We further explore the direction-resolved contribution to
the ellipticity dependence in Figs. 4(a)–4(c). The harmonic
yields are calculated for the current components along the
major and minor axis to the polarization ellipse. Interestingly,
for all the bilayer graphene configurations, the peak harmonic
yield at finite ellipticity (for harmonics higher than third)
is dominantly polarized along the minor axis of the ellipse.
This is in agreement with the experimentally observed anoma-
lous ellipticity dependence for monolayer graphene [48]. The
intensity of the laser field along the major axis of the po-
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larization ellipse (Imajor) is proportional to 1/(1 + ε2) and
the intensity along the minor axis (Iminor) is proportional
to ε2/(1 + ε2). Therefore, the ratio of these intensities is
Iminor/Imajor = ε2. It is apparent that the generated harmonics
do not follow this trend. This peculiar ellipticity dependence
shows how the polarization states of the emitted harmonics
drastically differ from the polarization of the laser field. How-
ever, for linearly (ε = 0) and circularly (|ε| = 1) polarized
laser fields, the emitted harmonics show characteristics sim-
ilar to the laser field, with Y minor

nω0
/Y major

nω0 ≈ ε2.
The ellipticity dependence for other TBG configurations

is presented in Appendix C. The preceding conclusions can
be applied to TBG configurations of different twist angles.
Additionally, we observe a significant enhancement of cir-
cularly polarized (|ε| = 1) fifth and seventh harmonics in all
TBG configurations studied [Figs. 11(a)–11(c)]. In short, the
stacking modifications through interlayer twist can be utilized
to optimize the efficiency and polarization of higher-order har-
monics. So far, we have focused on the ellipticity dependence
of laser pulses, specifically when their major axis aligns with
the �-K direction of the Brillouin zone. In the following, we
will explore the symmetries of harmonic yield as a function of
the polarization axis of the laser field.

B. Anisotropic ellipticity dependence and elliptical dichroism

In contrast to the circularly polarized laser, the elliptically
polarized laser offers an additional in-plane degree of free-
dom beyond helicity, i.e., polarization direction. The relative
orientation of the sample and the laser polarization can be
controlled through the polarization rotation, denoted as θ

[see the definition of ep following Eq. (7)]. Figures 5(a)–5(c)
demonstrate the anisotropic modulation of harmonic yields
as a function of the laser’s polarization for different bilayer
stacking configurations. Here, the laser ellipticity is held con-
stant at ±0.3, and θ is defined relative to the �-K direction in
the Brillouin zone. Note that the following observations and
their physical interpretations hold true for other values of ε.

The polarization angle dependence on harmonic yields
depicted in Fig. 5 is strongly sensitive to the stacking configu-
ration, similar to the ellipticity dependence observed in Fig. 2.
Remarkably, we observe a phenomenon known as ellipti-
cal dichroism, where the harmonic yield differs for opposite
helicities of the laser pulse, i.e., Ynω0 (ε) �= Ynω0 (−ε). The
elliptical dichroism is less pronounced for AA-stacked bilayer
graphene [Fig. 5(a)] in comparison to AB-stacked [Fig. 5(b)]
and TBG configurations [Fig. 5(c)]. Moreover, the anisotropic
elliptical dichroism exhibits the symmetry pattern Ynω0 (ε, θ )
= Ynω0 (−ε,−θ ), where θ can be defined with respect to either
of the high-symmetry directions (�-K or �-M). As a special
case, the harmonic yield is unaffected by the helicity of the
laser pulse when the major axis of the ellipse is aligned along
�-K (also shown in Fig. 2) and �-M.

Next, we explore how the observed elliptical dichroism
is linked to the symmetries of the bilayer graphene and the
laser pulse. Figures 6(a)–6(c) show the relevant symmetries
of the bilayer graphene configurations with respect to the
�-K direction of the Brillouin zone (red dashed lines). All
bilayer graphene configurations possess a twofold rotational
axis (C2) that passes through the layers [62]. Additionally,

FIG. 5. Polarization-direction dependence of harmonic yields
for (a) AA-stacked, (b) AB-stacked, and (c) TBG configurations.
The green (pink) lines represent harmonic yields for an elliptically
polarized driver with an ellipticity of +0.3 (−0.3). The angle of
polarization, θ , is defined with respect to the �-K direction of the
Brillouin zone.

AA-stacked bilayer graphene has a vertical reflection plane
(σv), as illustrated in Fig. 6(a).

Let us examine the dynamical symmetries related to an el-
liptically polarized laser interacting with the bilayer graphene.
We begin by considering a case where the major axis of the

FIG. 6. Spatial symmetries associated with (a) AA-stacked,
(b) AB-stacked, and (c) TBG configurations. Symmetry transforma-
tions of the Lissajous profile of the vector potential when the laser
field has its major axis (d) along the �-K direction of the Brillouin
zone, and (e) rotated by the polarization angle θ . Red dashed lines
indicate the �-K direction of the Brillouin zone. σv indicates the
vertical symmetry plane, and C2 is the axis of twofold rotational
symmetry.

115415-5



M. S. MRUDUL PHYSICAL REVIEW B 110, 115415 (2024)

laser field is aligned along the �-K direction of the Bril-
louin zone. The Lissajous profile illustrating this scenario is
presented in Fig. 6(d). In this case, applying a σv or C2 oper-
ation to the Lissajous profile reverses the helicity of the laser
field. In other words, reversing the helicity of the laser field is
equivalent to applying the σv or C2 symmetry on the lattice.
Since bilayer graphenes are invariant under these symmetry
operations [Figs. 6(a)–6(c)], harmonic yields corresponding
to the opposite helicities remain identical as shown in Fig. 2.

Now, we generalize the symmetry arguments when the ma-
jor axis of the elliptical laser field is rotated with a polarization
angle θ . The scenario is depicted in Fig. 6(e). Here, applying
the spatial symmetry σv or C2 on the lattice is equivalent
to transforming the polarization state of the laser field as
(ε, θ ) → (−ε,−θ ). Thus, the dynamical symmetry dictates
the observed symmetries of the harmonic yield as Ynω0 (ε, θ )
= Ynω0 (−ε,−θ ) [45]. Note that �-K and �-M are perpen-
dicular symmetry directions for a hexagonal lattice. Thus,
when the major axis of the ellipse aligns along the �-K di-
rection, the minor axis aligns with the �-M direction and vice
versa. Therefore, the same dynamical symmetry arguments
can be translated to explain the absence of elliptical dichroism
when the major axis of the ellipse is along the �-M direction.

Note that in Ref. [41], the authors proposed that elliptical
dichroism of harmonics can be used as a probe to identify the
topological phase, which was recently debated in Ref. [45].
So, it is essential to understand what are the symmetries
responsible for the elliptical dichroism in HHG. Finally, it is
important to remark that the dynamical symmetries presented
above do not provide a quantitative description of the elliptical
dichroism. The extent of elliptical dichroism strongly depends
on the interlayer coupling, band structure, and underlying
symmetries.

C. Layer-resolved contributions

In this section, we delve into the layer-resolved contribu-
tions to the ellipticity dependence of HHG. The layer-resolved
contributions to the current can be estimated using the
operator,

ĵl,k = −i
∑
μ,ν∈l

dμνϒμνeik·dμν â†
μ,kâν,k, (8)

where the summation is restricted to the atomic sites in the
lth graphene layer [62,63]. The total current comprises the
intralayer contribution as defined above and interlayer contri-
bution where hopping between atomic sites of different layers
is considered [see Eq. (4)].

Figures 7(a)–7(c) illustrate the layer-resolved high-
harmonic ellipticity dependence for different bilayer graphene
configurations. The major axis of the ellipse is aligned along
the �-K direction of the Brillouin zone, consistent with Fig. 2.
We observe that the total harmonic yields (black lines) are
dominated by intralayer contributions (blue lines). Interest-
ingly, the top and bottom layers contribute identically to the
harmonic yield for AA-stacked bilayer graphene [Fig. 7(a)].
In contrast, the harmonic yields differ for the top and bottom
layers in AB-stacked [Fig. 7(b)] and TBG [Fig. 7(c)] configu-
rations.

FIG. 7. Layer-resolved contributions to the ellipticity depen-
dence of HHG in (a) AA-stacked, (b) AB-stacked, and (c) TBG
configurations. Harmonic yields are normalized to the peak yield
estimated from the total current j (black). Orange and green lines
denote harmonic yields estimated from the current generated in the
bottom (j1) and top (j2) layers, respectively.

Next, we analyze the symmetries associated with the layer-
resolved ellipticity dependence for AB-stacked and twisted
bilayer graphene configurations. Let the nth harmonic yield
calculated for the lth graphene layer be defined as Y l

nω0
(ε). The

harmonic yields from each layer exhibit elliptical dichroism,
where Y l

nω0
(−ε) �= Y l

nω0
(ε). Concisely, the harmonic yields of

the top and bottom layers under the flip of helicity are related
as Y 1

nω0
(−ε) = Y 2

nω0
(ε). In monolayer graphene, the distinct A

and B carbon atoms are related by the reflection symmetry, σv

[see Fig. 1(a)]. This symmetry governs the excitation under
opposite elliptical helicity, resulting in symmetric harmonic
yields in graphene [Fig. 2(e)]. Notably, in AA-stacked bilayer
graphene, the in-plane symmetry between A and B atoms
is preserved [Fig. 6(a)]. Consequently, electrons in the top
and bottom graphene layers are excited identically under an
elliptically polarized driver, as shown in Fig. 7(a).

On the other hand, in AB-stacked bilayer graphene, the
reflection symmetry connecting A and B atoms within the
layer is broken due to the interlayer coupling [Fig. 6(b)].
The absence of the in-plane symmetry results in elliptical
dichroism of the layer-resolved harmonic yield. In addition,
the C2 symmetry exchanges top and bottom layers, resulting
in the characteristic relation observed in Fig. 7(b). The same
explanation of AB-stacked bilayer graphene is applicable for
the TBG, where the σv plane is absent, and the C2 axis is
present [Fig. 7(c)].

D. Stacking fault and elliptical dichroism

Up to this point, we have established how the stacking con-
figurations of bilayer graphene result in its different ellipticity
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FIG. 8. The high-harmonic ellipticity dependence in panels
(b) and (e) corresponds to distorted bilayer graphene configurations
shown in panels (a) and (d), respectively. Panels (c) and (f) present
the same analysis as (b) and (e), respectively, but without interlayer
coupling. The yield of each harmonic is normalized to the peak yield.

dependence. Moreover, the layer-resolved harmonic yields are
mutually related for opposite laser helicities in AB-stacked
and twisted bilayer graphene configurations. This leads us to
the natural question: How effective is this method in identify-
ing stacking faults in bilayer systems? This section explores
the elliptical dichroism resulting from stacking faults in the
bilayer graphene.

Figures 8(a) and 8(d) show two bilayer configurations with
stacking misalignment, created by a relative displacement be-
tween the layers of AA-stacked [Fig. 8(a)] and AB-stacked
[Fig. 8(d)] bilayer graphene. Here, all atoms in the top
graphene layer are displaced by the vector � = 
0(1, 1, 0),
where 
0 = 0.14Å. Note that this change does not affect the
periodicity or the lattice vectors (or reciprocal lattice vectors)
of the material. Thus, the Brillouin zone of the misaligned
bilayer remains the same as that of the pristine bilayer. We
refer to the structure in Fig. 8(a) as m-AA and the structure in
Fig. 8(d) as m-AB.

Figures 8(b) and 8(e) present the ellipticity dependence
for m-AA and m-AB bilayer graphene configurations, re-
spectively. The major axis of the ellipse aligns along the
�-K direction of the Brillouin zone, consistent with Fig. 2.
We observe strong elliptical dichroism for harmonic orders
higher than third, with the effect being more prominent for
the m-AB structure. The elliptical dichroism arises due to
the absence of σv or C2 symmetry in the misaligned bilayer
graphene configurations. It is noteworthy that even a minor
stacking mismatch results in a significant elliptical dichroism.
The elliptical dichroism in higher-order harmonics due to
stacking faults in different TBG configurations is presented in
Fig. 12.

Figures 8(c) and 8(f) show the ellipticity dependence in
the absence of interlayer coupling for m-AA and m-AB
configurations, respectively. As the intralayer symmetries
are not broken and �-K is still a high-symmetry direction
for the individual layers, there is no elliptical dichroism
in this case. Thus, the harmonic ellipticity dependences
in Figs. 8(c) and 8(f) are identical to that of monolayer
graphene.

Thus, the ellipticity dependence is a powerful tool in ex-
ploring the stacking configurations and stacking faults in
bilayer graphene systems. It is important to mention that
Raman spectroscopy is another robust all-optical tech-
nique that characterizes graphene and graphene-derivative
structures [83,84]. In particular, Raman spectroscopy can
characterize the stacking configurations by probing the out-
of-plane vibrations [85]. On the other hand, we demonstrated
here that the high-harmonic spectroscopy strongly depends
on the interlayer coupling and the resultant symmetries. So,
high-harmonic spectroscopy can be used as a complementary
technique that can probe interlayer phonon modes with sub-
femtosecond temporal resolution [86–88].

IV. SUMMARY

In summary, we studied the ellipticity dependence of
high-harmonic generation in various bilayer graphene con-
figurations such as AA-stacked, AB-stacked, and TBG. We
demonstrated that different bilayer graphene structures show
anomalous elliptical enhancement in the higher-order har-
monics. The ellipticity dependence is strongly anisotropic and
exhibits elliptical dichroism when the major axis of the ellipse
aligns along a direction other than high symmetry directions.
Moreover, we demonstrated that the elliptical dichroism is
related to the spatial symmetries of the bilayer graphene.
Further, the elliptical enhancement and dichroism in different
bilayer graphene configurations are strongly sensitive to the
stacking configuration and the electronic band structure. In
addition, we demonstrated that a slight stacking fault results
in pronounced elliptical dichroism in the bilayer graphene.
Thus, ellipticity dependence can be used as a potential char-
acterization technique to probe numerous bilayer graphene
configurations. Moreover, we propose high-harmonic ellip-
ticity dependence as a complementary technique that has
potential to probe coherent interlayer phonon modes with
subfemtosecond temporal resolution.
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APPENDIX A: ELECTRONIC BAND STRUCTURES

The lattice and tight-binding parameters are adapted from
Ref. [77]. The nearest-neighbor distance, a, is 1.42 Å, with a
lattice parameter of a0 = 2.46 Å, and an interlayer separation
c = 3.35 Å. The intralayer and interlayer coupling strengths
are V 0

π = −2.7 eV and V 0
σ = 0.48 eV, respectively. The decay

length of the hopping integral is approximately 0.184a0, cho-
sen to match the dispersion of AB-stacked bilayer graphene.
All hopping within the limit d < 4a is considered. We use the
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FIG. 9. Electronic band structures for (a) AA-stacked, (b) AB-
stacked, and (c) TBG configurations. Here, TBG with a twist angle
of 13.17◦, as depicted in Fig. 1(c), is considered.

same hopping parameters for different stacking configurations
shown in Figs. 1(a)–1(c). The band structures for different
stacking configurations are compared in Figs. 9(a)–9(c). Note
that that the bands for AA-stacked and AB-stacked bilayer
graphene are calculated in the supercell with the same number
of atoms as TBG.

APPENDIX B: HHG SPECTRUM

HHG spectrum for AA stacked, AB stacked, and TBG
configurations are compared in Fig. 10. The results for lin-
early polarized pulse (ε = 0) and elliptically polarized pulse
(ε = 0.3) are shown respectively in Figs. 10(a) and 10(b).

FIG. 10. HHG spectrum for AA-stacked (blue), AB-stacked (or-
ange), and TBG (green) configurations for a laser with ellipticity (a) ε

= 0.0 and (b) ε = 0.3. Here, TBG with a twist angle of 13.17◦, as
depicted in Fig. 1(c), is considered. The laser parameters are the same
as in Fig. 2.

FIG. 11. Ellipticity dependence of TBG with twist angles of
(a) 9.43◦, (b) 7.34◦, and (c) 6.01◦. The yield of each harmonic is
normalized to the maximum yield.

APPENDIX C: ELLIPTICITY DEPENDENCE FOR OTHER
TWIST ANGLES

The high-harmonic ellipticity dependences for TBG with
different twist angles are presented in Figs. 11(a)–11(c). Fig-
ure 11(a) corresponds to a twist angle of 9.43◦ [(n, m) =
(3, 4)], with 148 atoms in the unit cell. Figure 11(b) corre-
sponds to a twist angle of 7.34◦ [(n, m) = (4, 5)], with 244
atoms in the unit cell. Figure 11(c) corresponds to a twist
angle of 6.01◦ [(n, m) = (5, 6)], with 364 atoms in the unit
cell.

APPENDIX D: PROBING STACKING FAULTS IN TBG

The high-harmonic ellipticity dependences for TBG of
different twist angles with stacking faults are presented in
Figs. 12(a)–12(d). The misalignment between the layers of
TBG is created by displacing the top graphene layer by the
vector �.

FIG. 12. Ellipticity dependence of the harmonic yield for dis-
torted TBG with twist angles of (a) 13.17◦, (b) 9.43◦, (c) 7.34◦, and
(d) 6.01◦. The yield of each harmonic is normalized to the peak yield.
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