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Transport and fusion of Majorana zero modes in the presence of nonadiabatic transitions
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We perform simulations for transport and nontrivial fusion of Majorana zero modes in topological super-
conducting quantum wires. We uncover interesting behaviors of nonadiabatic transition associated with the
transport through mini-gate-controlled multiple-segment modulations. Owing to breaking of the initial fermion
parity induced by nonadiabatic transitions, a deviation from the statistics of outcomes of nontrivial fusion
arises and is analyzed. Moreover, we develop a measurement scheme to infer the amount of fermion parity
breaking and nonadiabatic transition probability to excited states, based on the characteristic spectrum of
measurement current by a quantum-point-contact detector, by measurement of the charge occupation dynamics
in a fusion-outcome-probing quantum dot.
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I. INTRODUCTION

The nonlocal property of the Majorana zero modes
(MZMs) and the non-Abelian statistics obeyed by them pro-
vide the foundation for application to topological quantum
computation [1–6]. The nature of the non-Abelian statistics
of the MZMs indicates that braiding the MZMs can result in
quantum state evolution in the manifold of highly degenerate
ground states [7–11]. The non-Abelian nature of MZMs also
indicates that fusing a pair of MZMs can yield an outcome of
either a vacuum or an unpaired fermion (resulting in an extra
charge) [12–18]. In the literature, this is usually termed non-
trivial fusion. These braiding and fusing behaviors are closely
related to each other. In one aspect (the fundamental aspect),
the fusion with two outcomes can serve as a demonstration of
non-Abelian statistics since it indicates the quantum dimen-
sion d > 1 (a degeneracy of the ground state manifold), which
leads to, after braiding the MZMs, a unitary evolution matrix
acting on the degenerate ground state manifold, rather than to
a scalar phase factor on a single nondegenerate state. In the
other aspect, even computationally speaking, braiding is not
needed if one can fuse arbitrary sets of 2 and 4 zero modes
[13].

In practice, typically, both braiding and fusion require
moving/transporting the MZMs in real space. For instance,
for braiding operations, the early and representative scheme is
quantum-adiabatically moving the MZMs by tuning a series
of electric gates to drive different regions of the Majorana
quantum wire into the topological or nontopological regime
[7,8,19,20]. This scheme is motivated by the fact that the
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MZMs will form at the boundaries between the topological
and nontopological regions. With the progress of gating con-
trol techniques, the Majorana moving schemes have gained
renewed interests in the past few years [9,10,21–23]. For fu-
sion, as recently proposed in Ref. [14] and further analyzed in
Ref. [15], nontrivial fusion of MZMs can be demonstrated by
fusing a pair of MZMs from two topological superconducting
(TSC) wires (each wire accommodating two MZMs at the
ends). To demonstrate the most interesting case of nontrivial
fusion, it is required to prepare the initial pair states of MZMs
with definite fermion parities and nonadiabatically move the
MZMs together to fuse, as shown schematically in Fig. 1(a).

For both braiding and fusion, to keep up the topolog-
ical protection, the quantum transport of MZMs should
be adiabatically slow. However, this may contradict other
requirements, such as avoiding the quasiparticle-poisoning
decoherence. Thus, the effect of nonadiabatic transition con-
stitutes an important subject in the Majorana community
[21,22,24–30]. Moreover, how to experimentally measure out
the nonadiabatic transition is another related important and
interesting problem. This has been addressed in an initial
study in Ref. [31], where a transport probe scheme (in terms
of tunneling spectroscopy of Majorana conductances) was
analyzed.

In this paper, following Ref. [14] and going drastically
beyond Ref. [15], we perform simulations based on the lattice
model of Rashba TSC quantum wires for the transport and
fusion of MZMs, starting with the initial state of definite
fermion parity (e.g., even parity). Notice that, in Ref. [15],
the effective low-energy MZMs were directly used to ana-
lyze the fusion and probing dynamics; thus, the nonadiabatic
effects caused by the moving and their consequence to the
result of fusion and probing dynamics cannot be accounted
for. Specifically, in this paper, considering the progress of
the mini-gate-control technique, we simulate the gradual
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FIG. 1. (a) Schematic diagram of mini-gate-controlled transport
of Majorana zero modes (MZMs) and nontrivial fusion of a pair of
MZMs, say, γ2 and γ3, from different Majorana pairs with definite
fermion parities (e.g., even parity) prepared in advance. Based on the
fusion rule γ2 × γ3 = I + ψ , the fused MZMs would yield proba-
bilistic outcomes of vacuum I and a regular fermion ψ . A quantum
dot (QD) is introduced to couple to the fused MZMs for probing
the fusion outcomes, while the charge fluctuations in the QD can
be detected by a nearby quantum-point-contact device (not shown
in this plot). (b) Bogoliubov–de Gennes (BdG) energy diagram of
a TSC quantum wire (taking one of the two wires shown here as an
example, and omitting the labels L and R for the left and right wires).
The transport of the MZM is assumed to start with the even parity
state |0〉, which is described by occupation of the negative energy
state |ψ−E0 〉, as shown in the left panel. In the right panel, a possible
nonadiabatic transition during moving the MZM is conceptually
illustrated.

transport of MZMs by modulation of multiple segments from
nontopological to topological transitions and uncover inter-
esting behaviors of nonadiabatic transition associated with
this type of modulation. Being of great interest, owing to
partly (weakly) switching to an opposite-parity zero-energy
state, which is mediated by the nonadiabatic transition to
high-energy excited states, we notice that the initial fermion
parity will be broken by some amount. Accordingly, the result
will suffer some deviation from the statistics of outcomes
of nontrivial fusion. Following Refs. [14,15], by consider-
ing the use of a quantum-point-contact (QPC) detector and
a quantum dot (QD) to probe the outcomes of nontrivial
fusion, very importantly, we will develop a scheme to infer
simultaneously both the degree of fermion parity breaking and
nonadiabatic transition probability to excited states, based on
the characteristic spectrum of QPC measurement current. The
proposed scheme of probing either the intrinsic fermion-parity

breaking of MZMs or their nonadiabatic transition probability
to excited states should be of great interest to the Majorana
community, considering that this type of study is lacking in
the literature, to the best of our knowledge.

II. MODEL AND THE BOGOLIUBOV–DE
GENNES FORMULATION

For the various realizations based on proximitized
semiconductor/superconductor (SM/SC) hybrid structure,
the TSC quantum wire can be described by a discretized
lattice model as follows [21]:

HQW = − W

2

∑
iσ

(c†
i,σ ci+1,σ + c†

i+1,σ ci,σ )

+ (W − μ)
∑

iσ

c†
i,σ ci,σ + Vz

∑
iσσ ′

c†
i,σ (σ z )σσ ′ci,σ ′

+ αso

2

∑
iσσ ′

[c†
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i+1,σ ′ (iσ y)σσ ′ci,σ ]

+ �
∑

iσ

(ci,↑ci,↓ + c†
i,↓c†

i,↑). (1)

Following Ref. [21], in the simulations of this paper, we
choose the wire parameters (in a reduced arbitrary system
of units) as the hopping energy W = 1, the supercon-
ducing gap � = 0.3, the Zeeman energy Vz = 0.4, the
spin-orbit-interaction (SOI) strength αso = 0.3, and the chem-
ical potentials μ = μT = 0 and μ = μnT = −0.45 for the
topological and nontopological regimes.

For the purpose of numerical simulation of moving the
MZMs within the Bogoliubov–de Gennes (BdG) formalism,
the BdG Hamiltonian matrix HBdG can be obtained through
the following identity:

HQW = 1
2 �̂†HBdG�̂, (2)

where �̂ = (c1↑ · · · cN↑, c1↓ · · · cN↓, c†
1↑ · · · c†

N↑, c†
1↓ · · · c†

N↓)T

is the so-called Nambu spinor. The BdG Hamiltonian ma-
trix HBdG can be also understood as being constructed under
the basis of electron and hole states of the lattice sites,
i.e., {|e jσ 〉, |h jσ 〉; j = 1, 2, . . . , N}. Accordingly, the wave
function of the TSC wire can be expressed as |�(t )〉 =∑

j,σ (u jσ (t )|e jσ 〉 + v jσ (t )|h jσ 〉), which is the solution of the
time-dependent BdG (TDBdG) equation i∂t |�〉 = HBdG|�〉.
To identify the low-energy states (from which the MZMs are
defined) and nonadiabatic transitions to the excited Bogoli-
ubov quasiparticle states, it is useful to recast the wire state
as

|�(t )〉 = α0|ψ−E0〉 + β0|ψ+E0〉 +
∑
n �=0

(αn|ψ−En〉+βn|ψ+En〉),

(3)

in which the instantaneous eigenstates are obtained through
HBdG(t )|ψ±En (t )〉 = ±En(t )|ψ±En (t )〉. In the BdG formalism,
the negative energy state |ψ−En〉 is the charge-conjugated
counterpart of the positive energy state |ψ+En〉, holding the
particle and antiparticle corresponding relation.

As schematically shown in Fig. 1(a), we will consider
the transport and fusion of the Majorana modes γ2 and
γ3, with an aim at demonstrating the nontrivial fusion rule
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γ2 × γ3 = I + ψ . This rule implies that the fused MZMs
would yield a probabilistic outcome of the vacuum I or a
regular fermion ψ . For this purpose, γ2 and γ3 should come
from different Majorana pairs with definite fermion parities.
To be specific, the above nontrivial fusion rule can be exam-
ined through the following state transformation [12,14]:

|012034〉 = 1√
2

(|023014〉 + i|123114〉). (4)

Here, the regular fermion number states |n12n34〉 and |n23n14〉
are defined through different combinations of the four Majo-
rana modes. For instance, n12 is the particle number of the
regular fermion f12, associated with the Majorana modes γ1

and γ2. Other particle number states are defined in the same
way. Therefore, in practice, we need to prepare the initial
state |012034〉 and adiabatically move the Majorana modes
γ2 and γ3 together to fuse. According to the proposal in
Ref. [14], this can be realized as follows. By means of mini-
gate-voltage control, first, move γ2 and γ3 to the ends of the
two wires, close to γ1 and γ4, respectively; then empty the
possible occupations of the regular fermions f12 and f34 by
introducing tunnel-coupled side QDs and modulating the dot
energies (while the QDs are also tunnel coupled to outside
reservoirs). Starting with |012034〉, move γ2 and γ3 from the
two terminal sides back to the central part to fuse such that
εM �= 0. In the basis of n12 and n34 occupations, the fused state
is still |012034〉, but in the basis of n23 and n14 occupations,
two possible outcomes with n23 = 0 or 1 will be generated, as
shown above in Eq. (4).

Following Refs. [11,14], starting with |012034〉 but to sim-
ulate the possible nonadiabatic transitions, we need to convert
the description from the occupation number states to the BdG
positive and negative energy states. We thus consider sim-
ulating moving the MZMs γ2 and γ3 with the initial state
|ψ−EL

0
, ψ−ER

0
〉. This is actually the dual counterpart of starting

with |112134〉, which should be converted into the initial state
|ψ+EL

0
, ψ+ER

0
〉, for the sake of moving the simulation within

the BdG framework. Here, we introduced the superscripts L
and R to denote the left and right TSC wires.

III. MAJORANA TRANSPORT AND NONADIABATIC
TRANSITION

The transport of MZMs can be realized via the control of
mini-gates as proposed in Ref. [14], i.e., sequentially changing
the chemical potentials of segments of the quantum wire, to
realize transitions from the nontopological to the topological
regime. Specifically, we assume the modulation of the chem-
ical potential μ j (t ) of the jth segment occurs according to
μ j (t ) = {1 − f [(t − t j )/τ ]}μnT + f [(t − t j )/τ ]μT, with f (s)
a monotonically increasing function and satisfying f (0) =
0 and f (1) = 1. Following Ref. [21], we assume f (s) =
sin2(sπ/2). For an m-segment modulation scheme with total
time T , the time of moving through each segment is τ =
t j+1 − t j = T/m ≡ Tm. In this paper, we consider the follow-
ing interesting problem: For the same T , what is the difference
of nonadiabatic transition between different choices of m and
Tm? This type of information should be useful for experiments
along this line.

FIG. 2. Taking the 4-segment mini-gate-controlled moving se-
quence as an example, (a) the dynamical evolution of the occupation
probabilities of the negative eigenstate |ψ−E0 (t )〉, the positive eigen-
state |ψ+E0 (t )〉, and all the excited states; and (b) the energy diagram
of the instantaneous eigenstates |ψ−E0 (t )〉 and |ψ+E0 (t )〉. The inset
in (b) is the same result as in the main figure, only using a smaller
range of vertical coordinate to enlarge the visual effect. To determine
P−E0 (t ) and P+E0 (t ), it is necessary to properly track the evolution
of |ψ−E0 (t )〉 and |ψ+E0 (t )〉 in the presence of Majorana energy os-
cillations (positive and negative energy crossings). Parameters of
the topological superconducting (TSC) quantum wire used in the
simulation are referred to the main text below Eq. (1).

In Fig. 2, we first display the basic behavior of a
nonadiabatic transition associated with the multiple-segment
modulation for moving the MZM in a single wire. To be
specific, we consider a quantum wire with N = 50 lat-
tice sites and the modulation segment number m = 4, with
thus each segment having 10 lattice sites. In this paper,
we always consider moving the MZM in the wire from a
side topological segment with 10 lattice sites, as schemat-
ically shown in Fig. 1(a). In Fig. 2(a), we illustrate the
dynamical evolution of P−E0 (t ), P+E0 (t ), and Pex(t ), which
are, respectively, the occupation probabilities of the initial
state |ψ−E0〉, the positive-lowest-energy state |ψ+E0〉, and
all excited states. Here, Pex(t ) is simply defined through
Pex(t ) = ∑

n �=0[|αn(t )|2 + |βn(t )|2] from Eq. (3) or, equiva-
lently, through Pex(t ) = 1 − [P−E0 (t ) + P+E0 (t )]. Without loss
of generality, here, we consider moving a MZM in a single
wire, thus omitting the superscripts L and R (which have
been introduced to denote the left and right wires). We find
that, when moving the MZM through each segment, via gate-
voltage control, a nonadiabatic transition takes place, which
reduces P−E0 (t ) and increases Pex(t ) and P+E0 (t ). In this con-
text, we may first remark that the nonadiabatic transition to the
same type of BdG state, i.e., the type of positive and negative
energy states, is for the same reason of nonadiabatic transition
governed by quantum mechanics. However, the nonadiabatic
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FIG. 3. Nonadiabatic transition probabilities to excited states
Pex = 1 − (P−E0 + P+E0 ) vs the total moving time T for different-m-
segment moving schemes, with m defined as T = mTm. Parameters
of the topological superconducting (TSC) quantum wire are given in
the main text below Eq. (1).

transition to the different types of states involves the splitting
or formation of a Cooper pair and is possible owing to the
existence of a large number of unpaired normal electrons in
the SC.

Then let us discuss the results of Fig. 2(a) in more de-
tail. The dip and peak behaviors of P−E0 (t ) and Pex(t ) are
owing to the closing of the superconducting gap, during
crossing from the nontopological to the topological regime,
thus suffering a relatively stronger nonadiabatic transition.
We also notice that the probability P+E0 (t ) is much smaller
than Pex(t ). This seemingly contradicts the adiabatic con-
dition in quantum mechanics since the energy difference
of |ψ+E0〉 from |ψ−E0〉 is much smaller than the excited
quasiparticle states from |ψ−E0〉. We may understand this
important point as follows. In Ref. [11], it was pointed out
that the particle-hole symmetry would prohibit direct tran-
sition between the particle-hole symmetric eigenstates, i.e.,
+En,−En = i〈ψ+En (R)|∂t [ψ−En (R)]〉 = 0, while the Berry
connection matrix is defined more generally as ±En,±Em =
i〈ψ±En (R)|∂t [ψ±Em (R)]〉, with R denoting the time-dependent
system parameters. Then we know that there is no direct
nonadiabatic transition coupling between |ψ+E0〉 and |ψ−E0〉.
The appearance of nonzero small P+E0 (t ) is thus caused by an
indirect nonadiabatic transition process, i.e., from |ψ−E0〉 to
|ψ+E0〉 mediated by the excited quasiparticle states.

We may remark that, to determine P−E0 (t ) and P+E0 (t ), it is
necessary to track the time-dependent evolution of the states
|ψ−E0〉 and |ψ+E0〉. In Fig. 2(b), we display the eigenenergies
of these two states. We find that the positive and negative en-
ergies interchange after passing through a crossing point when
the MZM moves through each segment. This is the so-called
Majorana oscillation phenomenon [32–34], owing to the fact
that, in realistic finite-length quantum wires, the Majorana
modes hybridize and the hybridization energy oscillates as a
function of the Zeeman energy, chemical potential, or wire
length. Properly addressing this issue is essential to obtain the
results in Fig. 2(a); otherwise, sudden jumps of occupation
would be wrongly obtained.

In Fig. 3, we display the nonadiabatic transition probability
to excited states Pex(T ) for its T (total moving time) depen-
dence. This qualitatively corresponds to the Landau-Zener

FIG. 4. Additional insight into the results shown in Fig. 3, from
the transient behaviors of the nonadiabatic transition probabilities of
different m-segment moving schemes, with m defined as T = mTm,
while T is the total moving time, as exemplified by setting (a) T =
1000, (b) T = 2000, and (c) T = 4000. Indeed, weaker nonadiabatic
transition is found for moving through more mini-gate-controlled
segments (larger m) but with the same total time T . Parameters of
the topological superconducting (TSC) quantum wire are given in
the main text below Eq. (1).

tunneling behavior, with an increase of T , say, causing the
nonadiabatic transition to become weaker. Here, we compare
the results of three different transport schemes, which are
specified by m = 1, 2, and 4 for, respectively, the 1-, 2-, and
4-segment transport schemes. Interestingly, we find that the
nonadiabatic transition is weaker for the transport by means
of multiple-segment modulation.

In Fig. 4, taking a few different values of T as examples,
we detail what happens in the moving process for each mov-
ing scheme. We see that, for the one-step moving, strong
nonadiabatic transition occurs around the superconducting-
gap-closing place, while for the multiple-segment moving
scheme, multiple nonadiabatic transitions take place near the
gap-closing points in moving through each segment, as ob-
served in the m = 2 and 4 curves. However, the summed
probability of the multiple nonadiabatic transitions becomes
smaller with the increase of the segment numbers of mini-gate
control. This may partly explain the reason for the results in
Fig. 3.

We may mention that our above result is only from lim-
ited numerical simulations (for small number of segments).
The above result is basically consistent with that revealed
in Ref. [30], where the transport of MZMs was simulated
using the Kitaev chain model and analyzed by a generalized
Landau-Zener transition formula. In Ref. [30], it was con-
cluded that, to reduce nonadiabatic transition, there exists an
optimized choice of m for the multiple-segment control of
MZM transport. However, as shown in Ref. [21], the Rashba
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TSC quantum wire is more complicated, and the nonadiabatic
transition in the Rashba TSC quantum wire does not agree
well with the Landau-Zener transition formula. Whether or
not the conclusion of Ref. [30] is valid for the Rashba TSC
quantum wire seems an open question, which needs further
systematic studies.

We may also mention that our results of the manipulation
time T dependence display a large range of nonadiabatic
transition behaviors. However, the range of T we simulated
corresponds to moving velocities below the critical velocity
vc determined from the inequality of adiabatic condition, as
given by eqs. (38) and (43) in Ref. [26]. Qualitatively speak-
ing, after violating that condition, the nonadiabatic transition
effect will be obvious. However, such an inequality condition
(which is used to define the critical velocity vc) does not
mean something like the sharp condition (critical point) in
phase transition phenomena. Below vc, there exists also a
considerable nonadiabatic transition. We also noticed that,
in Ref. [27], it was concluded that, when the domain-wall
moving velocity is larger than the effective light speed (like the
critical velocity vc), i.e., the Majorana mode is in superluminal
motion, the Majorana mode will become unstable, say, with a
transition taking place from a localized to an extended state.
However, this remarkable result likely needs more careful
and serious examinations, especially by numerical simulations
using various non-Dirac types of electron models.

IV. FERMION PARITY BREAKING AND ITS
CONSEQUENCE

After moving the MZMs γ2 and γ3 to the central part (be-
fore fusing and coupling to the probing QD), the nonadiabatic
transition analyzed above would render the states of the left
and right wires as |�μ(t )〉 = αμ|ψ−Eμ

0
〉 + βμ|ψ+Eμ

0
〉 + (· · · ).

Here, μ denotes L and R, and (· · · ) stands for the compo-
nents of excited states. Noting that Majorana fusion and probe
coupling to the QD are dominantly taking place within the
subspace of low-energy states, the high-energy excited states
will be gapped out in the fusing and probing process. Then the
wire state after moving can be expressed as

|�LR(0)〉 = (αL|012〉 + βL|112〉) ⊗ (αR|034〉 + βR|134〉). (5)

Here, the states of MZMs have been converted to the number
states of regular fermion occupation. This product state has
four components. Indeed, the fusion rule of Eq. (4) accounts
for the most interesting case from the state |012034〉.

However, as pointed out in Ref. [13], nontrivial fusion
can be reasonable for any initial state with definite parity.
Therefore, we carry out the following transformation rules
[15]:

|112134〉 = 1√
2

(|014023〉 − i|114123〉),

|012134〉 = 1√
2

(|114023〉 + i|014123〉),

|112034〉 = 1√
2

(|114023〉 − i|014123〉). (6)

Based on Eqs. (4) and (6), one can check that the average of
the parity P23 = iγ2γ3 is zero for any of the four states. That

is, for any (initial) state |n12n34〉 with definite parity, the fusion
of γ2 and γ3 will result in the statistical average 〈P23〉 = 0,
as formally proved in Ref. [13]. This result reflects the key
feature of nontrivial fusion with equal weight outcomes of I
and ψ .

Accordingly, let us consider the statistical average of P23

over the wire state |�LR(0)〉, given by Eq. (5). Let us reexpress
this state in the basis {|n14n23〉}. Simple algebra yields

|�LR(0)〉 = 1√
2

(A+|014〉 + B+|114〉)|023〉

+ i√
2

(A−|114〉 + B−|014〉)|123〉. (7)

Here, we introduced A± = αLαR ± βLβR and B± = αLβR ±
βLαR. If we only consider the fusion of γ2 and γ3 (but not
coupling to the QD), the fusion just removes the energy de-
generacy between |023〉 and |123〉 but renders the above state
unchanged, except a phase factor exp(−iεMt ) attached to |123〉
(with εM the coupling energy of γ2 and γ3). This observation
indicates that 〈P23〉 is the same before and after the fusion of
γ2 and γ3:

〈P23〉 = − 1
2 (|A+|2 + |B+|2) + 1

2 (|A−|2 + |B−|2)

= −2 Re[(αLαR)∗(βLβR) + (αLβR)∗(βLαR)]. (8)

From this result, we see that nonzero 〈P23〉 is caused by
the nonadiabatic-transition-induced mixing of |112〉 and |134〉
into the initially prepared left and right wire states |012〉 and
|034〉, thus violating the definite parity condition of each wire.
In other words, the nonadiabatic transition would induce a
breaking of the initial fermion parity associated with the
MZMs. Furthermore, the result of nonzero 〈P23〉 is caused by
the interference among the 4-MZMs states, between the two
even-parity states, and between the two odd-parity states. In
Fig. 5, we numerically demonstrate the effect of the fermion
parity breaking caused by nonadiabatic transition, by plotting
the nonzero 〈P23〉, together with the probabilities of remaining
in the initial state and going to the opposite parity state. As
will become clear in the following, this mechanism of leading
to 〈P23〉 �= 0 can be inferred through a careful analysis for the
QD occupation dynamics.

V. PROBING DYNAMICS AND INFORMATION
EXTRACTION

Following Ref. [14], let us couple a nearby QD (with a
single energy level εD) to the fused MZMs γ2 and γ3, with
coupling amplitudes λ2 and λ3. In the picture of the regular
fermion f23, the coupling Hamiltonian reads as

H ′ = (λNd† f23 + λAd† f †
23) + H.c., (9)

where d† is the creation operator of the QD electron. Phys-
ically, the first term describes the usual normal tunneling
process, and the second term describes the Andreev process
owing to Cooper pair splitting and recombination. The re-
spective coupling amplitudes are associated with λ2 and λ3 as
λN,A = λ2 ± iλ3. We assume that the QD is initially prepared
in an empty state |0d〉, and the probe-coupling-caused state
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FIG. 5. Breaking of the initial fermion parity caused by nona-
diabatic transition. (a) Degree of 〈P23〉 �= 0 vs the moving time,
indicating a violation of the statistics of nontrivial fusion outcomes,
with definite initial parity, which requires 〈P23〉 = 0 [13]. (b) and
(c) Associated probabilities of remaining in the initial state and going
to the opposite parity state, after moving the Majorana zero mode
(MZM) in a single wire. In essence, 〈P23〉 �= 0 is a consequence of
quantum interference between the two different parity states (see the
main text for details). Parameters of the topological superconducting
(TSC) quantum wire are given in the main text below Eq. (1).

evolution is described as

Uc(t )|0230d〉 = αA(t )|0230d〉 + βA(t )|1231d〉,
Uc(t )|1230d〉 = αN(t )|1230d〉 + βN(t )|0231d〉, (10)

where Uc(t ) is the coupling-caused evolution operator.
Let us denote |�tot (t )〉 = Uc(t )[|�LR(0)〉 ⊗ |0d〉]. The QD
occupation is then obtained as

Pd(t ) = 〈�tot (t )|d†d|�tot (t )〉
= 1

2 [|βA(t )|2MA + |βN(t )|2MN]. (11)

Here, MA,N = |A±|2 + |B±|2, playing the role of modification
to the result of the ideal case (in the absence of nonadiabatic
transition), i.e., Pd(t ) = 1

2 (|βA|2 + |βN|2). Also, after a simple
derivation, we obtain the charge transfer probabilities into the
QD through the two channels (associated with the two fusion
outcomes), as

|βN,A(t )|2 = RN,A sin2(�N,At ). (12)

Here, we have defined RN,A ≡ |λN,A|2/�2
N,A, while �N,A =√

�2
N,A + |λN,A|2 (with �N,A = |εD ∓ εM|/2) are the charge

oscillation frequencies through the two channels.
Following Refs. [14,15], we consider monitoring the

charge occupation of the QD by a QPC detector. We con-
sider performing continuous weak measurement to extract
the dynamical information of charge occupation in the QD
from the output current power spectrum SI (ω). As shown
in Refs. [35–38], the structure of the current power spec-
trum is SI (ω) = S0 + Sd(ω), where S0 is the frequency-free

background noise, and Sd(ω) is the information-contained
part. More specifically, Sd(ω) is the Fourier transforma-
tion of the correlation function Sd(τ ) of the dot occupation
(nd = d†d):

Sd(τ ) = Tr[ndeL|τ |(ndρst )]. (13)

Here, as usual, we consider the current power spectrum of
steady state ρst. The steady state is defined by the stationary
solution of the master equation ρ̇ = −i[H, ρ] + κD[nd]ρ ≡
Lρ, where the Lindblad superoperator is defined as D[x]ρ =
xρcx† − 1

2 {x†x, ρc}, and κ is the QPC measurement rate.
For each channel of charge oscillations associated with I or

ψ (i.e., n23 = 0 or 1), under the condition of weak-coupling
measurement, one can obtain the individual spectrum as
[15,35–38]

S( j)
d (ω)  �2

j

4�2
j

κRj/2

ω2 + (κRj/2)2

+|λ j |2
8�2

j

κ
2

(
1 − Rj

2

)
(ω − 2� j )2 + [

κ
2

(
1 − Rj

2

)]2 . (14)

Here, we use j = N, A to denote the two charge transfer chan-
nels, say, the normal tunneling and Andreev process. From
Eq. (11), we know that the two channels are independent of
each other. We thus expect the total spectrum to be a weighted
sum of the individual S(N)

d (ω) and S(A)
d (ω), as follows:

Sd(ω) = 1
2

[
MNS(N)

d (ω) + MAS(A)
d (ω)

]
. (15)

Indeed, as shown in Fig. 6, full agreement is demonstrated
between this analytic result [together with Eq. (14)] and
the numerical result from computation using the full states,
Eqs. (7) and (10), and the master-equation-based Eq. (13).

From Eqs. (14) and (15), as shown in Fig. 6, we know that,
in Sd(ω), two characteristic peaks will appear at ω = 2�N

and 2�A. The heights of the two peaks are given by hN =
MNh(0)

N /2 and hA = MAh(0)
A /2, while h(0)

N and h(0)
A are, based

on Eq. (14), known as

h(0)
j = 1

4κ

Rj

1 − Rj/2
. (16)

Then one can extract the modification factors from the heights
of the peaks through MN = 2hN/h(0)

N and MA = 2hA/h(0)
A .

Very importantly, one can check the following relation:

MN − MA = 2〈P23〉. (17)

This indicates that we can infer the deviation from the statis-
tics of outcomes of nontrivial fusion in the ideal case, which
requires 〈P23〉 = 0. Also, in the symmetric case, say, |αL| =
|αR| = |α0| and |βL| = |βR| = |β0|, we find another important
relation:

MN + MA = 2(|α0|2 + |β0|2)2. (18)

From it, one can infer the nonadiabatic transition probability
to excited states in each wire, i.e., Pex = 1 − (|α0|2 + |β0|2).

In practice, rather than measuring the various parameters to
determine h(0)

N and h(0)
A according to Eq. (16), one can obtain

them in a more practical manner as follows. As initializing
the empty occupation n12 = 0 and n34 = 0 of the regular
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FIG. 6. The characteristic spectrum Sd(ω), the Fourier transform
of the quantum dot (QD)-occupation correlation function, singled
out from the quantum-point-contact (QPC) output current spectrum
of continuous weak measurement. The exact numerical result (solid
green line) is compared with the theoretically approximated result
(dashed red line) based on Eqs. (14) and (15), and perfect agreement
is demonstrated. From the location of the two peaks, one obtains the
characteristic frequencies �N and �A of charge oscillations associ-
ated with the fusion outcomes ψ and I . Importantly, as analyzed in
detail in the main text, from the heights of the two peaks, one can
infer the degree of breaking of the initial fermion parity (definite
parity) caused by nonadiabatic transitions, which is characterized
by a nonzero 〈P23〉, and infer the probability Pex of nonadiabatic
transition to all the excited states. In addition to the parameters of
the topological superconducting (TSC) quantum wire given below
Eq. (1), the numerical results shown in this plot are from a choice
of other reduced parameters as λ2 = λ3 = λ, εD = εM = 1.5λ, and
κ = 0.4λ. Notice that, to guarantee only the subgap low-energy-
states involving the charge transfer dynamics, the condition λ � �

is required.

fermions f12 and f34, we can assume the same way to empty
the occupation of the regular fermion f23 associated with the
fused MZMs γ2 and γ3, by introducing an additional tunnel-
coupled side QD (electron-mediating QD) and modulating the
dot energy level ε̃D in resonance with the Majorana energy
εM, while the electron-mediating QD is tunnel coupled to an
outside reservoir with the Fermi level lower than ε̃D. This can
ensure n23 = 0. Starting with it, perform the measurement of
steady-state current power spectrum, one can obtain the single
peak height h(0)

A at ω = 2�A. To obtain h(0)
N , after ensuring

n23 = 0 as explained above, one can input an electron from
the reservoir into an occupation of the regular fermion f23

through the electron-mediating QD by increasing the Fermi
level of the reservoir above ε̃D. Then starting with n23 = 1
and performing the steady-state spectrum measurement, one
can obtain the single peak height h(0)

N at ω = 2�A. Finally, we
remark that, to realize the definite occupation result n23 = 0
or 1 as described above, the Andreev process should be sup-
pressed. This requires a weak coupling of the regular fermion
f23 to the electron-mediating QD, i.e., with the coupling
strength much smaller than εM and ε̃D.

VI. SUMMARY AND DISCUSSION

For the purpose of demonstrating the nontrivial fusion
of MZMs, which requires a preparation of initial state of

Majorana pairs with definite fermion parity and moving the
MZMs (to be fused) together from distant locations, we
performed simulations of moving a MZM in a TSC quan-
tum wire. We simulated the gradual moving of a MZM
through modulations of multiple segments from nontopo-
logical to topological transitions and displayed interesting
behaviors of the nonadiabatic transition. We also analyzed
in detail the result of intrinsic fermion-parity breaking of
MZMs by identifying its origin of being induced/mediated
by the nonadiabatic transition to high-energy excited states
and analyzed its consequence to the result of nontrivial fusion
of two MZMs. Moreover and most importantly, we devel-
oped a scheme to simultaneously infer both the degree of
fermion parity breaking and nonadiabatic transition probabil-
ity to excited states, based on the characteristic spectrum of
measurement current, by using the locations and heights of
two characteristic peaks. We are not aware of similar studies
in the literature, and this probing protocol should therefore be
of great interest to the Majorana community.

About the deviation from the statistics of outcomes of
nontrivial fusion, owing to fermion parity breaking during
moving the MZM in each single TSC quantum wire, we may
add some more discussions as follows. In our simulation of
moving the Majorana mode, we only consider two Majorana
modes in a single wire (e.g., γ1 and γ2). Associated with
the fermion parity breaking, the state transfer sequence is
|012〉 → |1n〉 → |112〉. Here, to be more clear, we use the
number-state representation. In the first process, a Cooper pair
is split into two electrons, with one electron being excited to
the gap-above quasiparticle state |1n〉, while another electron
is submerged into the sea of background normal electrons.
In the second process, the electron is transitioned from the
quasiparticle state to the subgap (near zero-energy) state. As
a result, the occupation of the subgap state of a single wire
(e.g., the left wire) is αL|012〉 + βL|112〉. For the two wires,
the total state is a product of the two wire states, as shown
by Eq. (5). Then owing to the appearance of |112〉 and |134〉
(i.e., violation of the fermion parity of each single wire), the
quantum average of the parity operator P23 = iγ2γ3 becomes
nonzero 〈P23〉 �= 0, which differs from the result 〈P23〉 = 0,
i.e., the prediction for the statistics of the nontrivial fusion
outcomes [13].

We notice that, in Ref. [22], the 4-MZM qubit is con-
sidered for possible qubit loss (escape from the subspace of
qubit states), bit-flit error, and phase-flip error, mediated by
the nonadiabatic transition (through the excitation spectrum),
owing to moving the Majorana mode and/or noise-caused
fluctuations. For the bit flip between the logic states |012034〉
and |112134〉, an effective coupling between γ2 and γ3 may
be explored to describe it, using the coupling Hamiltonian
H ′ = iε23γ2γ3, which is like the parity operator P23 = iγ2γ3.
In Ref. [22], the qubit flip error |012034〉 → |112134〉, mediated
by the nonadiabatic transition through the gap-above ex-
cited states, experiences the following state transfer sequence:
|012034〉|0n〉 → |112034〉|1n〉 → |112134〉|0n〉, where |1n〉 and
|0n〉 correspond to the excited state |ψ+En〉 occupied and
unoccupied. The underlying physics of the first process is
associated with splitting of a Cooper pair, while the sec-
ond process is a usual quantum transition from |ψ+En〉 to
|ψ+E0〉.
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The essential difference between the result of bit-flip error
in Ref. [22] and ours is, for the flip error of the 4-MZM qubit
|012034〉 → |112134〉, the total fermion parity is conserved;
while in our case, the result |012〉 → |112〉 indicates a violation
of the fermion parity, in a closed single wire. In our opinion,
the latter effect is of more interest. In practice, this effect can
be measured along the analysis in this paper. To restrict the
nonadiabatic transition occurring in each single wire, the two
wires should be interrupted at the center by a gate-controlled

potential barrier [see Fig. 1(a)], before the two MZMs (to
be fused) are moved close to each other (during the moving
process). The fusion can be realized by lowering the barrier
after the two MZMs are moved close to each other.
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